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GEODESICS IN CONICAL MANIFOLDS

MARCO GHIMENTI

ABSTRACT. The aim of this paper is to extend the definition of geodesics
to conical manifolds, defined as submanifolds of R™ with a finite number
of singularities. We look for an approach suitable both for the local ge-
odesic problem and for the calculus of variation in the large. We give
a definition which links the local solutions of the Cauchy problem (1.1)
with variational geodesics, i.e. critical points of the energy functional. We
prove a deformation lemma (Theorem 2.2) which leads us to extend the
Lusternik—Schnirelmann theory to conical manifolds, and to estimate the
number of geodesics (Theorem 3.4 and Corollary 3.5). In Section 4, we
provide some applications in which conical manifolds arise naturally: in
particular, we focus on the brachistochrone problem for a frictionless par-
ticle moving in S™ or in R™ in the presence of a potential U(x) unbounded
from below. We conclude with an appendix in which the main results are
presented in a general framework.

1. Introduction and basic definition

The existence of geodesic is one of most studied problems in the calculus
of variation. In this paper we want to study the presence of geodesics in a par-
ticular kind of manifolds, called conical manifolds, that appears in a natural way
in some optimization problem (see Section 4.1).

We define the following type of topological manifolds.
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236 M. GHIMENTI

DEFINITION 1.1. A conical manifold M is a complete n-dimensional C° sub-
manifold of R™ which is everywhere smooth, except for a finite set of points V.
A point in V is called vertex.

Usually there are two ways to introduce geodesics in a smooth manifold:

e (Local Cauchy problem) A geodesic is a solution of a suitable Cauchy
problem, i.e. given p € M, v € T,M, we look for a curve ~:[0,¢] — M

such that
Dy =0,
(1.1) 7(0) = p,
7(0) = v.

e (Global Bolza problem) We consider the path space on M:

Qg :={y € H'([0,1], M) : 7(0) = p, +(1) = q},
Q= {y € H'([0,1], M) : 7(0) = 7(1) = p},

a geodesic is a critical point of the energy functional defined by
1
EQ—R, E(y) = / I (s)[2 ds.
0

In conical manifolds the Cauchy problem (1.1) is not well posed, and the
solution is neither unique, nor continuously dependent from the initial data.
The functional approach gives us an easy result on minimal geodesics. However,
this approach is not completely useful: we can not easily define a critical point
of energy different from minimum, because the energy is not a C'! functional.

Furthermore, the usual generalization of the derivative, the weak slope, can-
not be applied to our case, because it requires some conditions on the mani-
folds M which are not satisfied in the case of conical manifolds. The weak slope
was introduced by Marco Degiovanni and Marco Marzocchi in [4] (see also [1]-
[3]). Moreover, we refer to [5], [10] for a weak slope approach to geodesic problem
and to [7] for a detailed comparison with our approach.

We give the following definition of geodesics, that appears to be the most
suitable one for this kind of problem.

DEFINITION 1.2. A path v € Q) is a geodesic if and only if

(a) theset T =T, :={s € (0,1) : y(s) = v} is a closed set without internal
part,

(b) Dsy' =0 for all s € [0,1]\ T,

(c) |7'|? is constant as a function in L1.

I Hereafter we simply note £ when we not need to specify the extremal points of paths.
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We note that a geodesic may not be a local minimum for the length func-
tional, for example, we consider a Euclidean cone and a broken geodesic passing
through the vertex. However, this definition allows us to prove the main theorem
of this paper (see Corollary 3.5).

THEOREM 1.3. Let M be a conical manifold, p € M. Then there are at least
cat ) geodesics.

We are relating Definition 1.2, which is local, with the topology of the path
space, which is a tool of the calculus of variation in the large; furthermore, this
approach allows us to find also non minimal geodesics.

Unfortunately, it’s not easy to compute cat 2 for conical manifolds. Set

05, = {v € C°([0,1], M) : 7(0) = p, (1) = g}
We know that, for a smooth manifold, there is an homotopy equivalence

(1.2) Q;f’q ~ Q.

)

(for a proof see, for example [8, Theorem 1.2.10]). In general this result is false
for conical manifolds; we show it by an example.

EXAMPLE 1.4. Let M = {(z,xsin(1/x)), * € R} C R% This is an 1-
dimensional conical manifold with vertex O = (0,0). Let p,q € M be two
opposite points with respect to O: we have that, while ;7 is connected, €2, 4 is
not, so the usual homotopy equivalence (1.2) does not hold.

Even if an explicit calculation of cat Q in general is very difficult, in Sec-
tion 4, we will give a criterion for which (1.2) holds. Moreover, we show some
applications in which conical manifolds appears naturally.

2. Deformation lemmas

We want to prove that our definition of geodesic is compatible with the energy
functional, i.e. if there is no geodesic of energy c, then there is no change of the
topology of functional E at level c. To do that, we prove a deformation lemma
(Theorem 2.2), that is the main result of this section.

DEFINITION 2.1. Given p € M we set

QP =Qb = {y €y : E(y) < b},
Qb :Qz)p ={y€Q,:a<E(y) <b}.
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THEOREM 2.2 (Deformation lemma). Let M be a conical manifold, p € M.
Suppose that there exists ¢ € R such that Q° contains only a finite number of
geodesics. Then if a,b € R, and a < b < ¢ are such that the strip [a,b] contains
only reqular values of E, Q% is a deformation retract of QP.

In order to prove this theorem, we must study the structure of Q¢. For the
moment, we consider a special case.

We suppose that M has only a vertex v, and we study the special closed
geodesic vy for which there exists an unique o such that vo(o) = v. We set
E(70) = co and we suppose that there exists a,b € R, ¢y < a < b, such that Q°
contains only the geodesics 7y (so 22 contains no geodesics).

At last let us set
o 1
L= [ L= [ ik
0 o

We identify now two special subsets of Q8. Let
(2.1) Y={yeQ:velmy},
for every v € ¥ it exists a set T such that v(s) = v if and only if s € T'. Let

(22) o ={y€X:Ds(s) =0and |y|*is constant

on every connected component of [0,1]\ T'}.

Indeed, we will see in the proof of the next lemma that, if v € £, then ([0, 1]) =
Y/([0,1]), so Xq is the set of the piecewise geodesics that are equivalent to vo up

to affine reparametrization.
LEMMA 2.3. X is compact.

PrOOF. If v € ¥y, only two situations occur: either there exists a unique
7 such that v(7) = v, or there exists [r, 72| such that v(t) = v if and only if
t € [11,72]. In fact, if it were two isolated consecutive points s1, s2 € T such that
v(s;) = v, then,we can obtain by reparametrization a geodesic v; # v in Q°,
that contradicts our assumptions (this proves also that ([0, 1]) = 40([0, 1])).

Now take (7v,)n C Xo. For simplicity we can suppose that there exists a
subsequence such that for all n there exists a unique 7, for which ~,(7,) = v
(else, definitely, there exists [7,}, 72] such that 7, (t) = v if and only if s € [7}}, 72],
but the proof follows in the same way).

If we consider ||v||g1 = E(y), then we have a < ||v,|| < b, hence, up to
subsequence, there exists 7 such that ~,, — 7 in weak-H! norm and uniformly.
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Also, we know that for all n there exists 7, such that ~,(,) = v and

Yo <08> for s € [0, 7],
Tn
= l1—0 o—T,
Yo 54+ n for s € (1p, 1].
1—m7, 1—7,

It exists 0 < p < 1 such that p < 7, <1 —p, in fact

Tn 1
R L AR
2 T 2 1
o " el 0 l1-0 rof 1—0 o —Th
_ |19 hl d
) () + =] e (e 5 ) o

o 1—0 [° 12 I3
_7 / g (') ds’ + ~—2 / g 2(s') ds' = —L 4 2
Tn 0 0
SO

1—7, orn (1=0)1—m7,)’
L? L?
b> Nt S Tn > —,
OTn ob
and ) )
L L
b> —2 = <l —2
“U-0)l-m) b(1— o)
So a subsequence exists such that 7, — 7, p <7 <1 — p. Obviously
o o
—5 — —s,
Tn T
1—0 +O’—Tn l1—0 +a—7’
s — s .
1—7, 1—m7, 1—7 1—7
So for almost all s we have
Yo <05> for s € [0, 7],
- T
(2.3) Yo — A(s) = )
—Ts+ 2T for s € (7,1]
R T s o

Both +,, and 7 are continuous, because g is continuous, so the convergence in
(2.3) is uniform; furthermore, ¥ = 7 for the uniqueness of limit.
We have also that

bl = 2L L2 L, L Il
= — —_—  — —_— =
Tn orn  (1—0o)(1—1,) ot (1—-0)1-7) i
1
SO Yn Az, 7 and a < [[7]| < b, hence 7 € Xy, that concludes the proof. O

Now we shall prove two technical lemmas which are crucial for this paper.

LEMMA 2.4 (Existence of retraction in Xg). There exist R D Yo, v,t € R
and a continuous function ng: R x [0,t] — Q such that, for allt € [0,t], B € R,
(a) nr(B,0) =B,
(b) E(mr(B,1)) — E(B) < —vt.
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Proor. We proceed by steps.

Step 1. At first we want to prove that, for any v € Xq, there are £, d, v € RT,
and a local retraction H: B(vy,d) x [0,¢] — € such that

e H(B3,0) =B,

o E(H(B,t)) — E(B) < —vt,
for all t € [0,t], B € B(v,d). Furthermore, we will see that d is independent
from ~.

By hypothesis there exists an unique o € [0, 1] such that vo(c) = v. Further-
more, because E(vg) = co, we know also that |y)|> = ¢y almost everywhere. Let
v € Yo, then Im(v) = Im(7p). In analogy with Lemma 2.3 we suppose, without
loss of generality, that there exists an unique 7 € [0, 1] such that v(7) = v, and
both v'|(0,7), ¥'|(r,1) are constant, although we cannot say if they are equals. We
can choose a suitable change of parameter ¢ such that v((s)) = 70(s). By this
way we can construct a flow for 7 as follows:

7(@(2)3) for s € [0, a(t)),

(Gt 3) b

where a(t) = (1 — t)7 + to. Notice that

H(v,t) = v(pi(s)) =

Y(po(s)) =7(s),  v(p1(s)) =0(s)
and
V(1) = v =7(p1(0)) = v(pe(a(t))).
We recall that I(y0/(0,0)) = L1, 1(Y0l(e,1)) = L2: obviously

[ =[] o

Furthermore
P 2 { I, r
“ s ==,
@wmﬂmm e
]| <[]
S = 9
@wm>wm e
then

a(t) 2 1 L2
E(H(y,t) = /o a(t1)2 ds + /a(t) m ds

L% o? L3 (1-0)* o2  (1-0)?
‘ﬂmwwﬂww”&w+hwg

) _ [ (1-0)? i
S EHOL) = CO((1 —a)? (a(t>>2)'

SO
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It is easy to see that, either for o <7 as for o> 7, we have OE(H(y,t))/0t <0,
for all t € [0,1), as expected. More over, because there is a p > 0 such that
p <7 < 1—p (as shown in the previous lemma), we can find ¢, v such that

aE(H(%t)) <2v forallte[0,1].

Now we want to extend H in a neighbourhood of ~: it is useful, for finding
that, to work on the whole space H'(I,R"). As above we consider v € .
Let By = B ('R (4, d) N Q). For all 8 € By we can say

B=y+(B-—7)=7+4 [[8]| <d
We can extend H as follows:
H(B,t) = H(y +6,t) = v(pi(s)) + (i (s)).

Obviously Im(3) = Im(H(8,t)), so H(B,t) € Q.
We want to show that there exists a d > 0 such that

E(H(G,t)) — E(8) < —vt for all 5 € By,

E(H(B,t)) /l'YSDt "+ 0(pu(s /Iv )+ (s

/ (e ]2 — ()P + / 5(pr(s)) 2 — [8'(s) 2
/ (e(s)) 6(pu(s))) - / ' (5),6(5)-

We have already shown that

/ (e()' P — [ (3)]? < —2wt.
Let
! 2 g "2 s
A= i 16(¢:(s))|* d /I6 )| ds,
B = [ tats <>>>ds—/0< '(5),8'(s)) ds

The term A can be estimate as follows, remembering the definition of ¢y (s):
a(t) T ! ! T—1 a(t)— 7 ! !
A:/ 5(3) —|—/ 5( s+ > —/ §'(s))?
o e | o e =1 am—1) | 7 P
_ [7]2 / " 7 (o70) i
at)] Jo a(t)
2 1
- [
0

o] L G =)

2 2
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T / s - )P

§'(s)|? +Z (t) /|6’

< "at) -t / e
a(t) -1
1 1
< |7 - af(t)| max [@)@)_1]/ 5()2 < K||8|put < Kd® -1
in fact |7 — a(t)| = |7 — o|t. Furthermore, K depends only on 7, because there

exists p > 0 such that 7 € [p,1 — p| (as shown in Lemma 2.3).
In the same way we can estimate B:

~T [ sy + 5 / et}

a(t) (t)
T—al(t T
()/O
<t|7—a|max[a(1t),1_la(t)}/o< 18 < Kid-t,

a(t)
where, as above, K is a constant depending only on ~p.

T—a

(60 )| + |

Now, putting together all the pieces we have
E(H(B,t)) — B(B) < —2ut + Kd*t + K dt < —vt
if d < min(v/Ky,/v/K).

Step 2. We want to prove that, for all it exist a 0 < ¢ < £ such that

H(B(B,d),t) C B(B,(1+¢)d’)
if B(8,d") C B(y,d), t <t. We start proving that, for any 3,5, € B(v,d),

(8, ) — H(B1, DI 2 < ((t)) / g —512(6@5) s
() ﬂ'—ﬁi'Q(Tils ZiT)dS
(5 )/lﬂ srmar () [ - s

gmax<a )/ 18— Bi12(r) dr < M1 — BullZye

for all ¢, where M (¢) is a continuous function such that M (0) = 1.
In particular for all € > 0 there exists ¢ > 0 such that for ¢t < ¢

(60105, 0) < (14 5 )18 = Al




GEODESICS IN CONICAL MANIFOLDS 243

So, if B; € B(B,d’), for alle >0 a t exists such that

< <1+ Z)d’+ gd’ <(1+e)d

for all 0 < t < ¢, because H(S,t) is continuous in ¢. Notice that t is independent
from f31, so we have that, chosen 8 and d’ such that B(5,d’) C B(v,d), then for
every € > 0 there exists ¢ > 0 such that

(2.4) H(B(B,d'),t) C B(3,(1+¢e)d) forall 0<t<{.

Step 3. We have now to compound all these retraction. We follow an idea
shown by Corvellec, Degiovanni and Marzocchi in [2, Theorem 2.8], and we
combine it with the compactness of 3.

Take d as in the first step. Then (J, B(v,d/4) covers ¥o. By compactness
we can choose

N
d
Y1,-.. ,YN such that gB(’yi, 4) D Y.
Set B(v;,d/4) = B;, R =J, B; and v = min; v, and H; = H.,. Let
9 HY(I, M) — [0,1]

a partition of unity referred to B;.
We want to define a sequence of continuous maps 7y: R X [O,?h] — Q, for
h=1,...,N, defined as follows:

Hi(B,91t) for 3 € By,
m(8,6) = { 16} outside,
| Hu(n—1(B,1), 9nt) for € B,
m(B,1) = { Nh—1(8,1t) outside.

We want that, for all A,

(1) mn(8,0) = B,
(2) E(m(8.0) = E(8) < —vt 3, s,
(3) for all 7 and all e there exists ¢;, such that

h-1(Bi,t) C B(yi, (1 +e)""1d/4) if0<t <t

The proof of the first two conditions is obvious. The last condition, that
assures the good definition of 7, will be proved by induction on h.
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(a) Case h = 1. If B; = By then 71(8,t) = H1(3,9t). Hence there exists ¢
such that, if 0 <t < t
d
d(y1,m(B,t)) = d(v1, H1(B,91t)) < (1 + 5)1-
In fact we know that there exists ¢ such that

Ao, 1a(8,0)) < (1),

for all 0 <t <t and ¥; <1, s0o 91t <t <.

If By N B; =0, then n,(B;,t) = B; for all ¢, so the proof is obvious.

Finally, if B; N B; # 0, we know that B(v;,d/4) C B(y1,d), so we can say
that n,(B;,t) = H1(B;,Y1t), hence we can repeat the above deduction. Taking
the minimum of ¢ so found (they are a finite number) we can conclude.

(b) Inductive step. Let np_1 be such that, given € > 0, for all ¢ there exists
a t,_; for which

_ d ~
Nh-1(Bs,t) C B(’yi, (1 +5)h14> for all 0 <t <ty

At first notice that we can choose e such that n,_1(Bp,t) C B(vn,d), so 1y, is
well defined.
Either if B; = By, or if Bj, N B; = () the proof is obvious.
Let By, N B; # 0. If B € B; \ By, then n,(3,t) = ni_1(8, 1), so
_qd d
d(yh,n(B,1)) < (L+e)" 11 <(1 +5)h1~

Otherwise, by inductive step

— d
nh—l(Bha t) CB (’}/h, (1 + €)h14),
and, by (2.4) we have that there exists a t such that

Hatmor (0.0 € B (on. (1)

if 6€ B,NB; and 0 < t < t, so the proof follows immediately. Because we have
N iterations, we choose £ such that (1 + &)Y < 2, and we define

t= m}}n{tg, » previously found}.

By compactness ¢ > 0.
Set nr = 1, so we find a continuous map ng: R x [0,¢ — Q such that

. nR(ﬁvo) =g,
o Em:(B,1) — BE(B) < -t XN 9 = —ut,
for every € R, 0 <t <%, .
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LEMMA 2.5. For any U D X there exist t, v € RY and a continuous func-
tional ny: Q8 \ U x [0,7] — Qb such that

(a) nu(-,0) =id,
(b) E(nu(B,1)) — E(8) < —vt,
for all t € [0,], for all 3 € Q2 \ U.

PRrROOF. We look for a pseudo gradient vector field F', such that, if ny is a
solution of

25) {%@w=ﬂ%

nu (0, ) =id,
then there exists v > 0 such that E(ny(t,v)) — E(y) < —vt.

For every S neighbourhood of ¥, we have that —V E is a good gradient field
on 02\ S, in fact E is smooth and satisfies the Palais Smale condition outside S,
so, for Q% \ S does not contain critical points of E, we know that there exists
a 19 € RT such that —||VE||? < —vy. By integrating (2.5) with F = —VE we
have that E(nu(7y,t)) — E(y) < —wot if nu(y,t) € Q8 \ S for all ¢.

Now let S; be a neighbourhood of S and let U be a neighbourhood of ¥g:
we look for a pseudo gradient vector field on S \ U. Although E is non smooth,
we can define dE(y)[w] for every v € £\ U, and for a suitable choice of w. It is
sufficient to take w vector field along v with

sptw C {s:v(s) # v}.

There exists v such that for every v € £\ U we can find w, for which
dE(y)[wy] < —2v1. This is possible because we can find a partition 0 = s9 <
... < 8 = 1 such that v(s;) = v and v & Im~|(,, s,,,). Called v; = 7|(s,,5,.,) We
can shorten it by a vector field w; along +;, leaving its extremal point fixed, so
we obtain a vector field w, along v with

sptwy C {s:7(s) #v}, and dE(v)w,] < —2u4,

in fact for these variations the (PS) condition for energy holds. Moreover, 3\ U
does not contain any stationary point for these kind of variations.

Without loss of generality suppose now that exists a global chart (V| ¢),
0 € V C R” such that ¢(0) = v. The metric of M, read on V| lead us to
consider a matrix (g;j(x)):; whose coefficients are discontinuous at 0; if v is a
path on V we can compute is energy by taking

Mw:/%wmww

For the sake of simplicity we suppose also that g;;(z) = g(x)d;;(z) where J;;
are the coefficient of Euclidean metric. The general case does not present further
difficulties.
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Now we pass to coordinates (V,¢). Because vy € Q, if ||y — 11]|a < € then
there exists C' € RT such that ||y — 71||z~ < Ce by the Sobolev immersion, so

also |[o(v) — ¢(71)|[z= < Ce.
In coordinates dE(+)[w] has the following form:

A (y)[w] = / g ds + / (Vg Wyl ds,

where w € H'(I,V). Note that, even if Vg does not exist everywhere, it is well
defined on sptw.

We have proved that for every v € £\ U exists w, such that dE(y)[w,] <
—2u1; obviously we can prove the same for every v € S; \ U. Given v € S;\ U
and w, as above, it exists a neighbourhood V,, of 7y such that

dE(m)wy] < —vq for all yy € V.

Let ||y — v1]lm < €, then

/g(v)v’w; - /g(%)viw; < /9(7)(7’ — ), +/(g(7) —g(m))mw,
< sup gy —7llzellw']| 2
tespt wy

+ sup [g(7) = g(y)llrillez|w'l[ 2 < comst. -e,
tespt wy

in fact g(y) € C*°(spt w,), so sup g(7y) is bounded. Furthermore, because

v =mlle= <C-e suplg(y) —g(m)] < C-e.

In the same way

/ (Vg(1)swa) 7|2 - / (Vag(m), wy) i

< / (Va()w) (72— I?) + / (Vg() = Vg(m), wy)li[? < const. -e.

So dE(v)[wy] — dE(y1)[wy] < C - we can choose a neighbourhood V,, for all
v € 81\ U, such that

dE(m1)[wy] < —1n for all v € V.

The sets V,, covers the whole Sy \ U. Let V,, be a locally finite refinement of V.
Let 3; be a partition of the unity associated to V,,. Then

Fl = Zﬂiw’yi

is a pseudo-gradient vector field on S; \ U (for the details of such a construction
see [15]). Now let a; be a partition of the unity associated to Sy \ U, Q% \ S, then

F = alFl — OéQVE
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is the vector field we looked for, in fact we can find ny because F is a Lipschitz
vector field by definition. Even if E isn’t smooth, we can differentiate it along
the direction of F, so

Bl (1) = B) = [ LBl (7)) dr

= / 4B ()l (.7 dr = [ 4B G (3,7 ).
Let v = min(vp, v1). Therf
Bl (.0) = E) = [ a1 dB (3,7 ] — sl [V B (3, )2
= [ S tnamta (] - [V E G,

t t
S/ —alzﬂm—awoé—/ v < —vt. O
0 0

From Lemmas 2.4 and 2.5 we get the following result.

THEOREM 2.6. Let M be a conical manifold with only a vertex v, and con-
sider the special closed geodesic g for which there exists an unique o such that
Yo(o) = v. Set E(vp) = co. Suppose that there exist a,b € R, ¢y < a < b such
that Q¥ contains only the geodesics vy. Then Q° ~ Q.

PRrROOF. Given R as in Lemma 2.4, we choose U and V neighbourhoods of
Y such that

S50 CUCVCR.
We know that, for such an U, there exists a retraction 7y defined as in Lemma 2.5.
For the sake of simplicity we will suppose that 7y and ng (see Lemma 2.4) are
defined for 0 < ¢t <1 and that v is the same for both of them.
Let 6;: Q" — [0,1] a continuous map such that

91‘(] 507 91|Qb\vEl.
Then we define a continuous map

uleb x [0,1] — 0o, pui(B,t) =nu(B,01(5)1).

We know that E(u1(8,t)) — E(8) < —vth1(B), so u1(Q°,1) € VUQ 7. In fact,
if u1(B,t) ¢ V for all ¢, then E(uy(83,t)) — E(B) < —vt, so ui(3,1) € Qb=v.

By p1 we have retracted Q° on Q=% U V. Now we define a continuous map
02: Q% — [0, 1] such that

91'%,”/2 = 17 91|Qb7u =0.
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Then set

P2 VUQPTY x [0,1] = Q% ua(B,t) = nr(B, 02(B)t);

o is a continuous map that retracts V U QY= on QP~*/2. By iterating this
algorithm we can retract continuously Q° on Q°. d

Now we can prove the deformation lemma.

PrROOF OF THEOREM 2.2. Let {7;}i=1,...~ be the set of geodesics in QOb.
We start defining some special subset of 2%, as in (2.1) and (2.2); let

Y={y€Q :ImynNV # @}
(we recall that V' is the set of vertexes); for i =1,... N, set
¥, ={y € X:~v = up to affine reparametrization}.

We note that for i # j then X; N X; = ), because the geodesics are different.
For these ¥; we can find a retraction ny as in Lemma 2.4: indeed, for every
U> UZN:O ¥; there exists a retraction 7y on Q8 \ U in analogy with Lemma 2.5.
Finally, we compound these two maps 7y and ny following the proof of Theo-
rem 2.6 and we conclude. O

THEOREM 2.7 (Second deformation lemma). Let M be a conical manifold,
p € M. Suppose that there exists ¢ € R such that Q¢ contains only a finite
number of geodesics and that there exists a,b € R, a < b < ¢ such that the
strip [a,b) contains only reqular values of E. Set Z the set of geodesics and
Zy, = Z N E7L(b), then there exists a neighbourhood U of Zy, such that

P\ U ~ Q.

PrROOF. We can prove this corollary following the lines of Theorem 2.2. [

As previously said, Lemma 2.4, which is crucial for this work, is based on
a generalization of [2, Theorem 2.8]. Indeed, using a slight modification of the
weak slope tool, this result and the deformation lemmas can be reformulated in a
more general context. This theoretic frame is briefly discussed in the Appendix.

3. Category theory

First, we recall some well known results relative to the Lusternik and Schni-
relmann category. This theory was presented in [9] in a finite dimensional frame-
work, then generalized to Banach manifold by R. Palais [14].
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DEFINITION 3.1. Let X be a topological space, A C X. If A # ) we say
that

cat A=catxA =k

if and only if k is the least integer for which there are F,... , F} closed con-
tractible subsets of X such that (J,, F}. covers A. We define also

cat) = catx® = 0.

THEOREM 3.2. Let X be a topological space. Then:

(a) if AC B C X then catx A < catx B,
(b) if A,B C X then catx AU B < catx A + catx B,
(¢) if A,B C X, A closed, and there is n € C(]0,1] x A, X) such that

B=n(1,A), n0,u)=u foralueA,

then catx A < catx B,
(d) Y is a topological space, y €Y, then catx iy (A x {y}) + catx A.

PrOOF. The points (a), (b) and (d) are trivial. We have only to prove (c).
By hypothesis, we can find Fi, ..., F; such that B C F; U...U Fj. Set

C;={ue A:n(l,u) € F}.

Obviously, C; are closed and contractible. Since Cy U...UCy covers A we obtain
the thesis. O

By Theorem 2.7 we are able to reconstruct the category theory for the energy
functional defined on a conical manifold.

LEMMA 3.3. Let M be a conical manifold, p € M. Suppose that there exists
¢ € R such that Q¢ contains only a finite number of geodesics. Let ¢ < € a critical
level for E. Then, set U a neighbourhood of Z. there exists € > 0 such that

cat Q¢ < cat Q¢ + cat U.

PrROOF. We know, by the second deformation lemma, that Q¢ is a defor-
mation retract of Q7€ \ U: applying Theorem 3.2 we obtain

cat QT < cat QT \ U +cat U < cat Q¢ + cat U. O
THEOREM 3.4. Let M be a conical manifold, let p € M and let a < b € R.
Then Q8 contains at least cat Q° — cat Q* geodesics.

PROOF. We suppose that there is a finite number of critical levels in [a, b]
(otherwise there is nothing to prove). Set a < ¢y < ¢1 < ... < ¢ < b these
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critical levels, and set, for all ¢, U; a neighbourhood of Z.,. We know that there
exists an ¢ such that for all ¢

(3.1) cat Q¢ T¢ < cat Q9% + cat U;.
By iterating (3.1), and using the deformation lemma, we obtain

cat Q¢ < cat Q¢ 4+ cat Uy, < cat Q%1€ 4 cat Uy,
k
<cat Q%27 fcatUp_y +cat U, < ... < cat QO ¢ + Z cat U;.
i=0
Because cat QP < cat Q1€ and cat Q¢ < cat Q% we have that

k
cat QP — cat Q* < Z cat U;.
i=0

Suppose now that there are a finite number of geodesics for any critical level.
Because every point has a contractible neighbourhood, we can choose U; such
that
catU; < #Z,,,
thus
cat Q¥ — cat Q* < Z H#Ze,. O
i

From Theorem 3.4 the main result of this paper follows.

COROLLARY 3.5. Let M be a conical manifold, p € M. Then there are at
least cat ) geodesics.

PRrooF. If there is an infinite number of geodesics, there is nothing to prove.

Otherwise, we can apply the previous theorem and we conclude by a limiting

process. (consider that Q~! = () and that Q° ~ Q for b > 1). O
4. An application

We show a topological lemma necessary to provide some applications.
Let X a smooth submanifold of R". Given g € L>™°(X,R"), set

1
BO) = [ o)l P s
We set

G(I,X) ={y€CI,X): E(y) is well defined and finite},
G(SY, X) = {y € C%S", X) : E(y) is well defined and finite}.

Obviously we have that
HY(I,X)C G(I,X)cC%I,X), HYS',X)cG(S',X)ccC’ S X).
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We recall that

Q =0Q,X = {yeH'([0,1],X) : v(0) = 7(1) = p},
0> =QrXX ={yeC’S", X):9(0) =~(1) =p},

as previously defined. We define also the free loop space on X as

A =AX ={ye H' (S, X)},
A® = A®X = {y e C°(S', X)}.

In analogous way we set G (resp. G)) the subspace of A (resp. 2°°) in which F
is well defined and finite, according with previous definitions. These definitions
allow us to formulate the following lemma.

LEMMA 4.1. Let X,g and E(-) be as above. Then

catgG > catpos A

catg,G)p > catge 2.
In particular, if X is a connected and non contractible manifold then

(4.3) cat G, = cat Q°° = oo.

PROOF. We show only (4.1), then (4.2) follows in the same way. Because X
is a smooth manifold, it is well known that there is an homotopic equivalence
between A and A (see e.g. [8, Theorem 1.2.10]). Then

catpo A = catpo A,

Now, because A C G C A*°, we have catgG > catpye A = catpo A, that proves

(4.2).
Formula (4.3) is a standard result and can be found, for example in [6,
Corollary 1.2] O

By this result we can compute cat {2 in some concrete case, as shown in the
next example.

ExAMPLE 4.2. Let M C R™ a compact conical manifold, V' the set of its
vertexes. Suppose that there exists a compact smooth manifold X C R* and an
homeomorphism t: M — X such that ¢, € C>®(M\V,X), then there exists
g* an induced metric on X defined by
) . { gw—l(p)(dw71<v)v (dwil(w)) on XV/’(V)a

*
gp(v,w) : .
P 0 otherwise.



252 M. GHIMENTI

If |[dyp~1| € L>°(X), we have that ¢g* is bounded with respect to the Euclidean
metric of X and that

Qyp-1(p) (M) = G,(X) := {'y € C°([0,1], X) : /0 g;|7’|2 < oo}.

In this case, we can apply Lemma 4.1 to compute the category of based (or free)
loop space of M.

We also state an immersion theorem that is, in some sense, the converse of
previous example.

THEOREM 4.3 (Nash immersion for conical manifolds). Let X a smooth man-
ifold and let g a continuous non negative and bounded bilinear tensor such that
there exist V' a finite set of points and g is smooth and positive defined on X \'V.
Then:

(a) IfV = {x}, then, for N sufficiently large, there exists M C RN a conical
manifold and a continuous map v: X — M such that Vv @5 @ Cc
1sometry.

(b) If V. = {x1,... ,x}, for every x; it exists p; > 0 such that B(x;, p;)
is isometric (in the sense above specified) to some conical manifold
M; C RV,

PrOOF. We start proving (a). By hypothesis, (X \ V,g) is a Riemannian
manifold, so, by Nash theorem [12], it can be embedded in R, for N sufficiently
large. Let ©: X \ V' — M be this embedding.

We can continuously extend ¢ to the whole X. In fact, let {z,}, be a
Cauchy sequence converging to z; because g is bounded, then {¢(z,)}, is a
Cauchy sequence in RY, so there exists y € RY such that lim(x,) = y. Set
Y(x) := y: obviously we have that

T/)(BX(»T?P)) - BRN (yvr)a

and r 229 0, so ¥ is continuous at z.

Then, set M := ¢(X), we have that M is a conical manifold with vertex y,
isometric to X.

To proof (b), it is sufficient to choose p; such that B(z;, p;) are all disjoint.
Then we apply the previous result with X = B(x;, p;). O

By this result, we formulate a result which will be useful in the next of this
paper.

THEOREM 4.4. In the above hypothesis, we have that

number of geodesics in X > cat G
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PrOOF. If X has an unique vertex, it is isometric to a conical manifold M.
Then, by applying Lemma 4.1, we obtain the proof. If the manifold X has several
vertexes, we are in the case (b) of previous theorem.

Anyway, by the local isometries, we can prove an analogous of deformation
lemma for geodesics in X. Also an analogous of Theorem 3.4 follows. This,
paired with Lemma 4.1 gives us the proof. O

4.1. Brachistochrones. In this section we want to study the brachistocro-
nes problem. A brachistochrone is a curve v which minimizes the time of transit
for a particle moving from a point p towards a point g. We study this problem
on (S™, (-, -)) an Euclidean sphere embedded in R"*!. We suppose that the
particle moves in the presence of a potential U: S™ — R without friction. Also,
we are interested to any curve stationary for the time of transit functional.

Be p,q € S™, E € RT the energy of the particle, U € C*(S™,R) the given
potential. It is well known that, if there exist ¢1,co € R such that

—o<c <U(-)<ca<E,

then this problem is equivalent to the geodesic problem for the Riemannian
manifold

(S”,g = p = E<_U(>$)>

and that the metric g is equivalent to the Euclidean metric on S™, so the problem
has always a solution. Furthermore, it is also well known that a solution exists
even if the upper bound on U(z) does not exists.

In this section we want to study the problem for a given potential
UeC>®(S"\V,R)
where V = {z1,... 2z} a finite set of points on the sphere, and
U(r) =5 —c0.

As we will see in the next section, potential in S™ with these kind of singularities
may appear from non singular potential defined in R™.

For the sake of simplicity, we suppose that there exist ¢ > 0 for which £ >
¢>U(-). We define a metric on S™ by

< ) >
g =0z = E — U(ﬁ)
0 otherwise,

on S™\V,
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and we look for g,-geodesics between two given points p,q € S™. Set, as usual
0 n 1 ! A
G(p) =17 C[0,1],5"):1(0) =1(1) =p, 5 | 9(+,7) <oop,
0

Gr.0) = {7 € COMO.115) 20 =p 20 =a. 5 [ 97 <o),

we know that g satisfies the hypothesis of Lemma 4.1, so cat G(p) = oo.

It’s easy to prove that there is an homotopy equivalence between G(p) and
G(p,q), in fact, for any given couple of points p, ¢, there exists a continuous
curve v which joins them, with E(v) < co (because g is bounded). Then there
is a map

i:G(p) = G(p,a), B— B+,
where 3 + v is the usual composition of paths.

Of course there exists the inverse map

i G(p.q) = G(p), B~ B+ (=)

and 7! o4 is homotopic equivalent to lam-
By the above consideration and by Nash theorem we have that

oo = cat G(p) = cat G(p, ¢) = number of geodesics between p and ¢,

thus we can count the number of brachistochrones on the sphere in presence of
our potential U.

4.2. Brachistocrones in R™. A more interesting application is the study
of the same brachistochrone problem in R™ (indeed this was the very beginning
of our research). Let U € C*°(R",R) and E > 0 such that

o E>U(x),
e —U(xz) =0(|z|*) when |z| > 1, for some a > 0.

We are looking for brachistocrones joining two given points p, ¢ € R™ in presence
of potential U(x). As above we look for geodesics in

< Tyl >
R" =
where 1/(E — U(x)) € C*(R™, R\ {0}) N L>°(R™).
We can map R” in S™ C R™ + 1 by the stereographic map 7. The inverse

map is
S\ N c R**! - R™

Y1 z1 Y1/(1 = Yny1)

Yn+1 In Yn/(1 = Yny1)



GEODESICS IN CONICAL MANIFOLDS 255

where N is the north pole of S™. As usual we can induce a metric ¢g* on S™
defined by

Gr—1(y(dr o, dr (w)) on S™\ N,

9" (y)(0,w) = { X oy N

It is easy to see that

1
dr 1| = O(),
|dm™"| =
that, read on R", becomes
1
|drt = O()
|z|

So, if @ > 2, then g* is bounded with respect to the Euclidean metric on S™,
and we can apply Lemma 4.1.

Furthermore, by Nash embedding, there is an isometry with a compact con-
ical manifold, so we can easily state that there is an infinite number of brachis-
tocrones joining p and ¢, although we cannot say if they are bounded in R", and
so physical meaningful.

5. Appendix. The theoretic frame

As said, our deformation lemmas (Lemma 2.2 and Theorem 2.7) are obtained
modifying a weak slope theory resutlt. In this section we present the k-slope, a
generalization of the weak slope, which allows us to reformulate the main results
of this paper in a more general framework.

We start recalling the definition of weak slope.

DEFINITION 5.1. Let (X, d) be a metric space and let f: X — R be a contin-
uous functional. The weak slope of f at u € X (noted |df]|(u)) is the supremum of
0’s in [0, 00) such that therer exists ¢ > 0 and H: B(u,d) x [0,0] — X continuous
with

(5.1) d(H(v,t),v) <t,
(5.2) f(H(v,t)) = f(v) < —ot,
for every v € B(u,d), t € [0,0].

Due to (5.1) we can prove a deformation property for continuous functionals
([2, Theorem 2.8]): this inequality allows us to compound the local maps H
finding a global retraction.

Unhappily, these tools are not completely useful for our purposes. In partic-
ular we was not able to prove an estimate like (5.1). In our work we override
these difficulties using the compactness of sets ¥; and compounding explicitly
all the local retractions. This method has a generalization that we present here.
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5.1 The k-slope. We define an extension of weak slope which will be called
k-slope.

DEFINITION 5.2. Let (X, d) be a metric space. Let f: X — R be a continuous
functional and let u € X. We define the k-slope of f at u € X (noted |dj f|(u))
as the supremum of o € [0, o) such that exist § > 0, k,: [0, 6] — R continuous,
k. (0) = 0, and a continuous map H: B(u, d) x [0,d] — X which satisfies

(5.3) d(H(v,t),v) < ku(?),

for all v € B(u,d), for all ¢t € [0, 4].
In analogy with the weak slope theory we can prove the following property.
PROPOSITION 5.3. If f is continuous, |dy f| is lower semi-continuous.

PRrROOF. If |di f|(u) = 0 the proof is obvious. Otherwise, for any 0 < o <
|di f|(u) there exist § and H:B(u,d) x [0,0] — X as in Definition 5.2. Let
up — u. Definitively we have uj, € B(u,§/2), so we can take the restriction of
H to B(up,d/2) x [0,6/2], to have |di f(up)| > o. This completes the proof. O

Obviously we say that u € X is a critical point if |dy f|(u) = 0.

5.2. The deformation lemma. We are able now to formulate the wanted
deformation property.

THEOREM 5.4. Let (X,d) be a metric space, and f: X — R a continuous
functional. Suppose that o € RY emists such that |dif|(u) > o for all u € X.
Let C' C X be a compact subspace such that

(5.5) ku(t) <t forallue X\C.

Then there exists a 7 € RT and a continuous function p: X x [0,7] — X such
that

p(u,0) =u for allu e X,
f(p(u,t)) — flu) < —ot forallue X, te|0,7].

Before proving Theorem 5.4, we prove two deformation lemmas for C' and
X \ C analogues to Lemmas 2 4 and 2.5. To conclude the proof we will attach
the retractions found.

We recall a topological lemma by John Milnor useful for the next results.
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LEMMA 5.5 (Milnor’s lemma). Let {Ugs}aca be an open cover of a paracom-
pact space X. There is a locally finite open cover V; x refining {Us} such that
VianVy, = 0 if X # .

PRroOF. For the proof we refer to [13, Lemma 2.4]. Here we report only how
to construct the open cover {V; x}i a.

By an initial refinement we can take {U,} locally finite. Then, let A; be the
set of (j + 1)-ples A = {ap, ... ,a;} of elements in A. Let {¢,} be a partition
of unity with spt ¢, C Uy. For A € A; let

Vix={zeX:p,>0ifacland o, < p, iff a € A, v ¢ A},
so we have found our locally finite open cover Vj y. O
With this lemma, we prove the deformation results.

LEMMA 5.6 (Deformation lemma for C'). Let (X, d) be a metric space, and
C C X be a compact set. Let 0 € RT and let f: X — R be a continuous function
such that

|dp f|(u) > o for allu € C.
Then there exist C > C, 7 € R* and B C x [0,7] — X a continuous functional
such that:
(a) n(u,0) =u for allu e C,
(b) fn(u,t)) — f(u) < —ot for allu e C, t €[0,7].

PrOOF. We know by hypothesis that |dy f|(u) > o, so for every u € C there
exist a §, > 0, a continuous map k,:[0,d,] — RT, k,(0) = 0, and a continuous
function

Hy: B(u, ) X [0,0,] — X
satisfying (5.3) and (5.4). By Milnor’s Lemma we know that the open cover
{B(u,6,/2), u € C} admits a locally finite refinement {Vj : j € N, A € A;}
such that

AFEp=VixnV;, =0.
By compactness of C' we can suppose that {V; } be a finite family. In particular
there will be an hy and a finite number of elements in A; such that the family
{Via:j=1,...,ho, A € A;} covers the whole C.
Let 9, 5: X — [0,1] be a family of continuous functionals with

ho
spt ¥ a C Vi, Z Z Pa(u) = 1.
J=1 €A,

For every (j,A) let Vj x C B(ujx, 0y, ,). To simplify the notations set d; x =
Oujns Kjx = ku, , and Hj x = H,,; ,. Let 7o be a positive real number such that



258 M. GHIMENTI
0 < 79 < mindj x, so every k;  is well defined on [0, 79]. Let
= \/ kia(t)
FA
let 7 be a positive real number such that

1 ind;
max k(t) < (NI

t€[0,m1] =2 ho 3=, #A;°

Set 7 = min{r, 71}
Now, called C' = U] , Vja, we want to define a sequence of continuous map
nn: C x [0,7] — X such that

h
(5.6) d(nn (v, t),v) < Z > k@ia)),

(5.7) [ (v, 1) = fv) < (i XA: )

First of all we set
H17,\(v,1917,\(v)t) ifve V1y>\,
m(v,t)

v lf’t}¢ U VL)\'
AEA,

Obviously #; satisfies (5.6) and (5.7); now we proceed by induction: assume that
we have defined 7, satisfying (5.6) and (5.7). For every v € Vj, \ we have

h—1
1
<3S (h—1) > #A, -
Ao, J=1 AEA, Fo3at) = ) 5 # thl[g.,)i]k() 25}“\’

hence np—1(v,t) € B(up,x,0n,2), so the map

Hpa(Mh—1(v,t), Ipx(0)t) if v E Vi,
nn(v,t) =

Nh—1(v,t) ifogd U Vi,
AEA
is well defined and satisfies (5.6) and (5.7). Now we set

77(”» t) = Tho (u7 t)’

so we have that n: C x [0,7] — X is continuous. Furthermore,

that concludes the proof O
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In this lemma we have used the compactness of C' to compound the local
retractions without using the property (5.1) of the weak slope. To find a retrac-
tion on X \ C we must suppose that k,(t) < ¢t and proceed as in Degiovanni,
Marzocchi and Corvellec work [2].

LEMMA 5.7 (deformation lemma for X \ C). Let (X,d) be a metric space,
o € Rt and f: X — R be a continuous function such that

|[di fl(uw) > o for allu € X.
Suppose also that there exists a compact set C C X such that
(5.8) ku(t) <t forallue X\C,
where ky, is defined as in (5.3). Then exist 7 € RT and n: X \C x [0,7] = X a
continuous functional such that
(a) n(u,0) =wu for allue X\ C,
(b) f(n(u,t)) = f(u) < —at for allue X\ C, t € [0,7].

ProOOF. For all details see [2, Theorem 2.8]. We note only that the proof is
quite similar to Lemma 5.6, but for proving that 7y, is well defined we must use
the inequality (5.8) to obtain a good estimate of d(nn—1(v,t),v). O

By Lemmas 5.6 and 5.7 the proof of main theorem follows as usual.

PROOF OF THEOREM 5.4. Let V C X be such that C C V C C. We can also
choose V such that B(V, p) € C for some p > 0. Set n¢ and nx\c the retraction
found respectively in Lemmas 5.6 and 5.7. For the sake of simplicity we suppose
that they are defined for all ¢ € [0,1]. Let #: X — [0,1] be a continuous map
such that

Oilc =0, Oilx\v =1,
and let 6 =1 — #;. Then we define a continuous map p1: X x [0,1]: — X by

nx\c(u, 01(u)t) forue X\ C,
M1 (uv t) = .
u otherwise.

We know that

flpa(u,t)) = f(u) < —otbi(u)  and  d(p(u,t),u) < 16y (u).

Now let

ne(p(u,t), 02(u)t) for u eV,
o= w1 (u,t) otherwise.

We found that
d(:ul(uﬂ t)7u) < el(u)t <p ift< Py
0 g is well defined on X x [0, p].
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Obviously we have that po(u,0) = 0 for all w € X. Furthermore, if u € X\ V

we have that

flpz(u, 1)) = fu) = f(p(u,t) = fu) < —ot,

and, if u € V, then

fpa(u, 1)) = f(u) = f(no(pa(u, t), 02 (w)t)

) = f(u)
= f(ne(pi(u, ), 02(u)t)) = fpa(u, ) + fpa(u, ) = f(u)
< — oby(u)t — b (u)t = —ot.

So, we set 7 = p and pu = pz and we conclude the proof. 0

We provide a final remark: we observe that if there exist a compact set

C C X, then we are allowed to weaken the standard definition of weak slope.

This improvement is useful only in C, because the compactness allows us to

compound the local retraction explicitly.

In X \ C we must recover condition (5.1) adding the hypothesis (5.5) of

Theorem 5.4: in a non compact set this estimate makes possible a continuous

composition of local retractions.
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