Topological Methods in Nonlinear Analysis
Journal of the Juliusz Schauder Center
Volume 25, 2005, 41-68

CONDITIONAL ENERGETIC STABILITY
OF GRAVITY SOLITARY WAVES
IN THE PRESENCE OF WEAK SURFACE TENSION

BoRris BUFFONI

ABSTRACT. For a sequence of values of the total horizontal impulse that
converges to 0, there are solitary waves that minimise the energy in a
given neighbourhood of the origin in W?22(R). The problem arises in the
framework of the classical Euler equation when a two-dimensional layer
of water above an infinite horizontal bottom is considered, at the surface
of which solitary waves propagate under the action of gravity and weak
surface tension. The adjective “weak” refers to the Bond number, which is
assumed to be sub-critical (< 1/3).

This extends previous results on the conditional energetic stability of
solitary waves in the super-critical case, namely those by A. Mielke ([7])
and by the author ([1]). Like in the latter, the method is based on di-
rect minimisation and concentrated compactness, but without relying on
“strict sub-additivity”, which is still unsettled in the present case. Instead,
a complete and careful analysis of minimising sequences is performed that
allows us to reach a conclusion, based only on the non-existence of “vanish-
ing” minimising sequences. However, in contrast with [1], we are unable to
prove the existence of minimisers for all small values of the total horizontal
impulse.

In fact more is needed to get stability, namely that every minimising
sequence has a subsequence that converges to a global minimiser, after
possible shifts in the horizontal direction. This will be obtained as a con-
sequence of the analysis of minimising sequences. Then exactly the same
argument as in [1] gives conditional energetic stability and is therefore not
repeated.
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1. Introduction

This work is about the minimising sequences of the functional

Toopu(w) := Koo (w) +

Loo(w)
defined for w # 0 in a small ball

Uso = {w € W R) : |[wllwe2@y <7}, 7>0.

The parameter p > 0 is proportional to the total horizontal impulse, K (w) is
the sum of the capillary and gravity energy, and L (w) is proportional to the
kinetic energy. The associated Euler equation is

2

Kl (w) = #w)gcgo(w»

the solutions of which correspond to solitary capillary-gravity water waves. There
are other variational formulations leading to the same equation, for example
the critical points of Ko (w) — y2Loo(w) are solutions to K. (w) = v2L. (w),
where v > 0 is proportional to the propagation speed and is related to p by
v = pLoo(w) ™1 if w is a critical point. The distinctive property of Juo , is that
the set of its global minimisers is energetically stable as a whole (in some weak
sense) provided each minimising sequence tends to it (see [1], [7]).

Let {u,} be a minimising sequence of Ju ,, in Us \ {0}. Its behaviour near
the origin is under control because K, is non negative and L., is quadratic pos-
itive definite, so that lim,, g Jeo,u(w) = +00. Its behaviour near the boundary
OUs is less obvious but it can be shown as in [1] that a minimising sequence
exists such that

(11) sup ||un||W272(]R) <.

The idea is first to deal with periodic waves of large period P > 0 and to find
minimisers of the corresponding functional Kp(w)+ p2Lp(w)~! by a regularisa-
tion procedure (see [2]). The minimising sequence {u,} C W22(R) is then built
from a sequence {wp, } of periodic solutions with P,, — co. As a priori estimates
are available for solutions, this gives (1.1).

All minimising sequences satisfying (1.1) are “non-vanishing” in the sense
that

lim inf max{|[un || Lo @), 47| L= @) } > 0.

This is a particular instance of the general concept of non-vanishing introduced
by P. L. Lions in [5], [6] (see also [3]). A direct consequence is the existence of
a critical point weo # 0: let {¢,} C R be such that

max{[|un || Lo @), [t Lo ) } = max{|un (En)], ug, ()}
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and observe that {u,(- +t,)} is a minimising sequence that has a subsequence
converging weakly in W22(R) to a limit we, satisfying

max{|weo (0)], [we (0)[} > 0.

In this paper t denotes a spatial variable and there will be no explicit dependence
on time as we are only concerned with stationary solutions.

Up to this point there is no difference between weak and strong surface
tension; it is only when dealing with strict sub-additivity that the two cases
depart from each other. If

c(p) = inf{Jw p(w) : w € U \ {0}} >0,

then strict sub-additivity means the existence of po > 0 such that

c(pr + p2) < ce(p) + c(p2)

for all pq, pa > 0 with p1 + pe < po. Whereas strict sub-additivity is proved
in [1] for strong surface tension, it is still unsettled for weak surface tension
(however non-strict sub-additivity is known to hold, see Theorem 4.2). In the
theory of compactness by concentration, strict sub-additivity is what forbids a
minimising sequence {u,} to split into two parts {us,} and {ua,} that move
apart as n — 0o.!

In the weak tension case we need therefore to study minimising sequences
that we allow to split into two or more (possibly infinitely many) parts. This
leads to the following result (Theorem 4.8): for all small p, there exists a finite
or infinite sequence {w; : 1 < j < m} C Ux \ {0} with m € {2,3,...} U {o0}
such that

2

Z ijH%/V2~2(R) < 7’2 and Z ICOO(’U}]) H ) = C(/_L)

+
1<j<m 1<j<m Zl§j<m Eoo(wj

Indeed, given a minimising sequence {u,} C U \ {0} of J , that satsifies

(1.1), there exists such a sequence {w; : 1 < j < m} with

Uny = > wy(- _tj’q)H =0

1<j<k W12(R)

lim lim sup
k—m q—00

and
lim |t; g —tjql =00 foralll<i<j<m,
q—00
for some subsequence {uy,,} and some sequences {¢; , : ¢ € N} C R.
Define

= pinf max Loolwy)
1<j<m Zngm Loo(w;)

>0,

IE.g. un = ui,n + uz,, with ui »(t) = w(t +n) and us ,(t) = w(t — n) for some function
w # 0. This kind of splitting is called “dichotomy”.
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where the infimum is taken over all such m and sequences {w; : 1 < j < m}.
Our main result states that every minimising sequence of J 5 that satisfies
(1.1) cannot split and therefore conditional energetic stability is established for
the value . This leads to a sequence converging to 0 of values of the total
horizontal momentum for which conditional energetic stability holds true, that
is, Theorem 19 in [1] holds true.?
An important preliminary step is to show the inequality ¢(u) < 2u. Together
with the normalisation
u {0

) € WH2(R) \ {o}} =1,

it implies for any minimising sequence {u, } and large enough n that
Moo (n) = Koo (un) — (1/2)K5(0) (wn, un)
1
- ilcgo(o)(unvun) - FLQ'COO(un)_l + joo,u(un)

=207/ (1/2)K5(0) (un, n) [ Lo (un) + Too ()
< - 2/Jf + joo,u(un) < Oa

IN

which is at the core of the non-vanishing of {u,}. To prove c(u) < 2u, we shall
estimate Joo,,(u) for u of the type

Uy (t) = ad(at) coswt + a?(at) cos 2wt,

where @ > 0 is a small parameter roughly proportional to p (the exact rela-
tionship is to be determined), w > 0 is a wave number depending on the Bond
number that leads to spatial 1:1 resonance ([4]), and ¢, € C§°(R) are to be
determined so that ¢(u) < 2 for small . For strong surface tension, the test
function is of the type

us(t) = ozzgf)(at),

3 is roughly proportional to u. The test function w,, does not give

where now «

rise to the estimates needed in [1] to show strict sub-additivity.

2. Periodic water waves

We first recall some functional features of the normal derivative operator N
that is used in the formulation of the water-wave problem. For more explana-
tions, we refer to [1]. Let L% denote the subspace of L2 (R) made of P-periodic

loc

real-valued “functions” and let W5* := W;>?(R) N L3 for s > 0.

2L in [1] is the same as the one used in the present work only up to a positive factor
that depends on the Bond number, but this is irrelevant when stating the stability result, for
this factor can be integrated into p2.
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The normal derivative Nu € L% of u € W};Q is defined by

27k cosh(2mk/ P) . —
Pemh(@nk/p) ' for k€ ZA{0} Nuo =T,

and the normal derivative Nu € L?(R) of u € W12(R) by

(2.1) Nuy =

— scoshs . . ==~
(2.2) Nu(s) = . u(s) for s € R* and Nu(0) = u(0).

The linear operator N is self-adjoint in L% and in L?(R), positive definite, its
spectrum does not contain 0 and it commutes with differentiation in VVFQ;2 and
W?22(R). Moreover, for all n > 1, there exists a constant C,, > 0 such that

1/2
(2.3)  [Nu(t)] < Cp{1 +dist(t, supp(u))}"+<1/2>{ / (w—u")? ds}
supp(u)

for all w € W22%(R) with compact support supp(u) (C,, is independent of the
size of the support).

We can use the same notation for N when it acts on W5 as when it acts
on WH2(RR) because it is in fact defined more generally in the space of tempered
distributions as the pseudo-differential operator with symbol

{scoshs ifs 40,

sinh s
1 at s =0.

(2.4) F(s) ==

It follows that if u € W22(R) has compact support and v € W5, then

/vNudt:/qudt,
R R

where N is defined by (2.2) in the left-hand side and by (2.1) in the right-
hand side. Moreover, vp € Wp* defined by vp(t) = > kez u(t + kP) satisfies
(Nvp)(t) = > ez (Nu)(t+EkP), where the convergence of the series is in L{s, (R)
and in the space of tempered distributions. Also limp_.., vp = u uniformly on
every bounded interval.

To get periodic water waves of large period P > 0, let

P/2
Up = {w e Wp*: / (w" 4 w)? dt < Rg}
—P/2

with Ry € (0,1/2), and define the functionals Kp, Lp, Mp € C®(Up,R) by

P/2
Kp(w) = /P/2 {ﬁ\/W + (14 Nw)? — B(1+ Nuw) + %wQ(l + Nw)} dt,

1 P/2
(2.5) Lp(w) = fA/ wNw dt,
2 Jopp

Mp(w) =Kp(w) — S Kp(0)(w,w),
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where the parameters A\, § are positive and

. A+ Bs?
A—mf{ 5 .s>0}>0.

Since f is continuous and f(s) = 1+ (1/3)s% + O(s*) as s — 0, the infimum is
reached at some s > 0, denoted by w, if A\=1and 0 < 8 < 1/3:

B 1+ fw?
A= T

The factor A has been introduced so that the normalisation

o {Kp(0)(w, w)
1nf{ 2Lp(w)

€(0,1), w>0.

;wveﬁ\{o}}:1

holds if P € (2n/w)Z, which we assume from now on (the infimum in the nor-
malisation is then reached at functions in the linear span of coswt and sinwt).
In fact w > 0 is unique. To see this, note that, for all s > 0,

1+ 65— Af(s) >0

with equality at s = w. Since f"/(s) < 0 for all s > 0, the third derivative of
the map s — 1+ (52 — Af(s) is strictly positive for all s > 0, which implies the
uniqueness of w > 0.

The parameters A\, 5 > 0 can be seen as non-dimensional gravity and surface
tension. For y > 0, a critical point w € Up \ {0} of Kp + p2Lp" satisfy

(2.6) 0= —v*Nw + Mw +wNw + N(w?/2)}

w’ 1+ Nw

+ BN ~1y,
\/w’2 + (14 Nw)?

-6
\/w’2 + (14 Nw)?

where v = VAuL p(w)~1 is the non-dimensional propagation speed of the corre-
sponding periodic water wave. The formula for v is obtained from

which is the coefficient in front of £(w) in the derivative of Kp + u?£L5". The
fourth parameter is the depth of the two-dimensional layer of water, which can
be chosen to be 1 without loss of generality. Clearly only two parameters among
A, B, v are mathematically relevant, for we can divide (2.6) by any of these
parameters.

In (2.5) and (2.6), we now set A = 1 and assume that 0 < 8 < 1/3 and that
P e (2r/w)Z.
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THEOREM 2.1. The positive numbers Re and x > 0 can be chosen indepen-
dently of u and P > 0, such that, for all p > 0 small enough and P > P, in
(2m/w)Z with P, large enough (depending on ), there exists w, € W;,’Q \ {0}
satisfying the following properties:

P/2
sup / (—wh +wp)?dt < K*u < R3,
{P>P.,Pe(2r/w)L} J —P/2
(2.7) sup{|Nwp(t)|: P > P,, P € 2r/w)Z, t € R} <1/2,
sup{|wp(t)|: P> P,, P € (2r/w)Z, t € R} <1/2,

the minimum
2

. I 2,2
min < Kp(u) + :uGW’,0</
{ P) Lp(u) F —P/2

is attained at u = wp,

P/2

(u—u")?dt < Rg} <2u

(2.8) sup{Mp(wp): P>7P,, Pe (2n/w)Z} <0
and

(2.9) 0= —viNwp +wp +wpNwp + N(wh/2)
!/

wh 1+N
+ BN + Nwp SR

\/w (1+ Nwp)? \/w + (14 Nwp)?

where v,, = 2u{ffplé32 wyNw, dt} =" = p/ALp(wp)™* < 2V/A and g < 1/3
has been fixed arbitrarily at the beginning of this section.

The remaining of this section is devoted to its proof, which consists in ap-
plying the abstract result of Section 2 in [1] to

(2.10) Xo=1L% Aw=-w"4+w and X,=Wpg?> forn>0.
The norms are defined by
ok 2\ n
ol = ol = 3 (1+ (%) )t

in particular,

and
P/2 P/2 )
\|w||g:/ {—w”+w}2dt:/ (W + 2w + w?) dt.
—P/2 —P/2
Note that max|u| < |Ju|; if P > 2, which is assumed from now on. Also
max |Nu| < |lul|2 and max |[v/| < |Jull2. We choose Ry so small that

(2.11) sup |[Nw| < 1/2 and sup|w'| < 1/2
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for w € Up. Note that

P/2
Kp(w) = /_P/2 [Bw + (1L Nwp — 51+ Nu) + %w2(1 + Nw)
/2

P/2 w 1
:/ {ﬁ +2w2(1+Nw)}dt,
22 Uy fur? 4 (14 Nw)? + (14 Nw)

P/2
Kp(w) > / {(25/7)10'2 + (1/4)w?} dt > const.||w]|?,
-P/2
" _ F/2 /2 2 2
Kp(0)(w,w) = {Pw'” + w*} dt > const.||w]|7,
-P/2

where the various constants do not depend on p and P.

To check the assumptions of the abstract theorem of Section 2 in [1], we first
modify them by replacing integration over (—P/2, P/2) by integration over R.
We are thus looking for u € W2?2(R) such that
(2.12) / lu—u"|?dt < R3 and Koo(u)+ p2 Lt (u) < 2pu,

R

where

12
Koolu) = 8 .
I e

Loo(u) = %A/RuNudt.

1
di+ / u*(1+ Nu)dt,

=

Since, for |s| < 1,

11 1 5
Vids=14-s— s>+ —s>— —st 4+ ...
ts=lags s Y Tt T

we get
2 1 /2 1 /2 1 /4 1 12 2
w4+ (14 Nu)?2 — (1+ Nu) = QU QU Nu — U +§u (Nu)* + ...
We set
(2.13) u(t) = ap(at) coswt + ah(at) cos 2wt,

where ¢, € C§°(R) will be chosen later and a > 0 is small. We get

u'(t) = — awd(at) sinwt + o*¢’ (at) cos wt
— 2way(at) sin 2wt + o’y (at) cos 2wt,
u”(t) = a’¢" (at) coswt — 202¢ (at)wsin wt — ap(at)w? cos wt

+ " (at) cos 2wt — 2039 (at) 2w sin 2wt — o) (at)4w? cos 2wt
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and, for all n € N (remember (2.4)),
Nu(t) = f(w)ag(at) coswt + f(2w)ay(at) cos 2wt
(/@) — f"(w)w) (02 (at) simwt)
( "(2w) — " (2w)2w) (Y’ (at) sin 2wt)
J(@)(=(1/2)0%" (at) coswt + 26 (at)w sin wt)
+ f”(2 Yoy (at)2w sin 2wt + R(t),
where the remaining term R is a function of ¢ in L>(R)N L?(R) such that o *R

is uniformly bounded in L>°(R) and o~ "/?R is uniformly bounded in L?(R).
Indeed if ¢ = 0 (for simplicity), we have

[(a-)et } (s) = a-la(s ”),

(67

—

Fi () = 3{ 1)+ F@)(s -)

+
= o=

+

€ = N

|
‘TA +
M/—\
—N
<)
N
»
ol
&
N———
S
-
7 N
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+
S
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——

+

|

I:U
=
)

\
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)
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R
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I
&
~

+

=
+
=

+
£
<

~

~( S+ w
a
and

Nu(t) = A(w ) ()+B( Had(at) sinwt} — C(w)u" (1)
/ IR _(as)(s — wa)3P(s — wa ")} ds

2\/271'

n / eiatS{R+(as)(s+wa_1)3$(3+w0z_1>}d37

2\/ﬂ R
where |Ry(s)| < const. for all s € R.

Since the two integrands are absolutely integrable, uniformly in «a, the two
integrals are bounded functions of ¢, uniformly in «. The two integrands are
also square integrable, uniformly in «, and therefore the two integrals seen as
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functions of at are square integrable, uniformly in «. The formula for Nu(t)

follows now from

Aw) = (@) — 0f (@) + 3" @)

B) =f'@) ~ '), Cw) ==,
J@) = A) + Bw)w + C(w)w”

Going back to (2.13), we get the following estimates:

/}Ru2dt:2/¢dt+ /1/} gt + 0(a),
/Ruadt:7/¢2dt+*/ﬂ§¢/2dt+2a3w24w2dt+o(a4),
/uNudt /¢2dt

+7 f(2w) /w dt + " (w /¢’2dt+0( ),

/uzNudt = /a2¢2(at) €08 2Wtf( 2w) e (at) cos 2wt dt
e 2

cos wt

+ / 200 (at)a?ip(at) f(w)ap(at) coswt dt + O(a*)
R

*{2f( >+f2w}/¢ (t)dt + O(a),

/u’QNudt = /a w?¢?(at) CO; 2Wtf(Zw)oz P(at) cos 2wt dt
R

+ / 20w (at)2a’wip(at) o’ Wtf(w)aqb(ozt) coswt dt + O(a*)
R
=%t {f(w) = 3120} [ FOu0de+0ad),
/u dt =aPw /¢ sin® (wt/a) dt + O(a?) = 3a3w4/¢4dt+0(a4),
R R

h/u”uvm2ﬁ::/}xw¢(aﬂﬂﬁf%ff(wyf¢%awdt+cxaﬂ
R R

3 2

- /¢ ) dt + O(at).

Setting 1 = Lo (u), we obtain

Koo (u) + :u2£<;ol (u) = 2p = Koo (u) — Loo(u)

:i(awz/RqF dt+a3/R¢'2dt+4a3w2/Rw2 dt)
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a’ Buw? 1 3a3 Buw?
=20 s - o} [eva- 20 [ ot
a3 Buw?

(6] a3
+—5 fz(w)/qu“(t)dtJrZ/R¢2dt+z/Rw2dt

O£3
+ SR+ f)} [ oar

_ é 2 3 2 1 3 12 } 3
3 {Qaf(w)/Rd) dt + 2« f(Qw)/Rw dt + f"(w)a /Rqﬁ dt 3 +o(a”)
= aj{w& +1— Af(2w)}/ 2 dt
= j
3
+ GBS w) = F20) + 21 () + £} [ 0
3 3
+ (=300 + 4ﬁw2f2(w)}/Rq54 dt+ 525 - Af”(w)}/R¢’2 dt + o(a®)
because fw?+1—Af(w) = 0 by the definitions of w and A. Since 852 +1—Af(s)
reaches its unique minimum at s = w, we also get
B2w)? +1—Af(2w) >0, 206w —Af(w)=0 and 28— Af"(w)>0.

This gives

1 (w) 2w
2.14 = d A= .
S ) T BT [0 R )

Note that 2w f(w) —w? f’(w) > 0 because the derivative of the map s — 2sf(s) —
s2f!(s) is strictly positive for all s > 0, as it can be seen from the fact that

f"(s) <0 for all s > 0. Setting
Y = :L'¢2,
R = i{ww? +1-Af(2w)},

g — é{_@w2(4f(w) — f(2w)) +2f(w) + f(2w)},
1
T = o {-30w" + 48021 ()},
U = 026 - AF" (@),
we get
(2.15)  Koo(u) + p2 L (u) — 2

:a3{Rx2+Sx+T}/¢4dt+a3U/q§’2 dt +o(a®) < 0
R R

if z is such that Rz? + Sz + T < 0, ¢ is chosen appropriately (note that U > 0)
and « > 0 is small enough. Since R > 0, such a choice of z is possible provided
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that S2 — 4RT > 0, that is

{=Bu?(4f (w) — f(2w)) +2f(w) + f(2w)}?
—{4Bw® + 1 — Af(2w) H{—38w* + 48w? f2(w)} > 0.
Thanks to (2.4) and (2.14), this is a rational function of w and e, and it has
been checked using “maple” that its graph stays above the horizontal axis for all
w > 0.
For small & > 0 and for large enough P > 0 in (27/w)Z, we now check the
assumptions of the abstract theorem with up defined by

up = Zu( +kP).

kEZ

In fact they follow from

P
up — U// at
P

/ |u —u"|*dt for large P > 0,
R

Nu = F}im Nup in LS (R),
sup [Nup||p~m) <1/2 if & > 0 is small enough,
P>2

Plim Kp(up) = Koo(u) and Plim Lp(up) = Loo(u)

by Lebesgue’s dominated convergence theorem.

3. Solitary water waves

Here we repeat the argument of Section 4 in [1]. Our aim is to find w €
W?22(R) and v > 0 such that, almost everywhere,
(3.1) 0= —v*Nw+ {w+wNw + N(w?/2)}

/

w’ 1+ Nw

+ BN -1
\/w’2+(1+Nw)2 \/111’24—(1—&—]\711))2

Let p > 0 be fixed and small enough. By (2.7), there exists a sequence P,, — 00
in (2m/w)Z and ws € W22(R) such that {vp, } converges to some v, € (0,2)]
and, for every bounded interval I, wp, — we weakly in W*2(I) and w} — wl,

-p

in L*°(I) as n — oo. We can also assume that, for every bounded interval I,
Nwp, — Nwp,, — 0in L>®(I) as n,m — oo, and therefore that Nwp, — Nwso
in the space of tempered distributions and in L{ (R).

We now multiply (2.9) in which P = P,, by an arbitrary smooth function with
compact support and take the limit n — oo, which shows that we, € W22(R)

satisfies equation (3.1). Moreover,

(3.2) /R(—w;’o + weo )2 dt < O(p).
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It remains to discuss how this argument can be modified to yield that w., Z 0.
For P > P, in (27/w)Z, we get from

P/2 1

Mp(wp) =3 dt

N |

U}, 2
P
—P/2 \/w’P2+(1+pr)2+(1+pr)

1 [F/2
+ - / whNwp dt
2J ps

the estimate

P/2
Mp(wp)| < KB / W (] + |[Nwpl) dt
—P/2

1 P/2 )
+ptmaxton(l) [ fwh o+ wp’}
27 ¢ —-P/2
P/2

<{max |wp(t)| + max |wp(t)|} 2Kﬁ+1 / {w%—kw;f}dt
@ t 2 P/2

for some K > 0 independent of P. From (2.8), we deduce that
inf{mfmx|wp(t)| + max |wp(t)]: P> Py, Pe(2n/w)Z} > 0.
We now set @Wp(t) = wp(t+tp), where tp is such that
mas{ (£, [wh (tp) [} = max{max [wp (1), max [wp(6)]}

and replace in the previous argument the family {wp} by {@Wp}. The correspond-
ing wo, € W22(R) is then not identically 0 because max{|ws(0)], |w’,(0)|} > 0.

4. Analysis of minimising sequences

For p > 0 let us define the functional

2

Toen(10) = Koolw) + 72

with e, (0) := 00, on the set Usy = {w € W22(R) : |w||w22(r) < 7} where r
is the real number Ry or any smaller positive number (it can be decreased when
needed; Ry has been introduced in Theorem 2.1).

For p1 > 0 small enough, from the sequence of periodic water waves {wp, }
we can easily construct as in [1] a sequence {u,} € Usx, C W?2(R) that is
minimising:

2

£oo(un) — C(,u) = inf{lcoo(w) + UZﬁoo(w)fl we Uoo},

Koo(un) +
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that converges weakly in W22(R) to ws, Z 0, that stays away from the boundary
of Us:

(4.1) lim sup [[uy, |22 @) < /2
n—oo
and such each u,, has compact support. Moreover,

lim inf max{m?x [un(t)], max lu, ()]} >0
because wq, # 0.

When § > 1/3, we proved in [1] the strict sub-additivity of the map (0, ug) >
w— c(p), that is,

c(pr + p2) < c(pa) + c(p2)

for all py1, e > 0 such that p; + po < po. In the present situation in which
0 < 8 < 1/3, we do not know if strict sub-additivity holds, but sub-additivity
does hold, as we shall see. But first let us state a useful lemma.

LEMM 4.1. Consider an increasing sequence {my} C {2,3,...} U {oo} and
a sequence (parametrised by n € N) of sequences {u;, : 1 < j <mp} C Usx \{0}
such that each uj,, is compactly supported, the convex hulls (denoted co) of the
supports of uin and uj, are disjoint if i # j,

li inf  dist g ) . ) —
Jim 1§i£}<mn ist(cosupp(u;,n ), cosupp(u; ,)) = 00

and
Z Hujm”%,vz,z(m <r? foralln € N.

1<j<mn
Under these hypotheses

(4.2) lim (coo< Z uj,n> - Z Eoo(uj,n)) =0
e 1<j<mn 1<j<mn,

and

(4.3) lim (icoo< Z uj,n> - Z lCoo(uj,n)> =0.
e 1<j<ma, 1<j<m,

Proor. With the help of (2.3), we get for fixed n and j such that m,, > j

1<i<mg,
i#]
—2+(1/2) 1/2
< 02{1 + dist (t, U supp(ui,n) } { Z ||Ui}n|%;[/2.2(R)}
i#] Lsi<m,
i#j

—2+(1/2)
< 02{1 + dist (t, U supp(um) } r/?

i#]
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and therefore

lim sup
n—ee tesupp(uj,'n)

N( > ui’n>(t)—Nuj’n(t)’ =0

1<i<my,

for all 1 < j < lim,,—,o My, uniformly in j. This implies (4.3).
Inequality (2.3) is proved in [1] from

Nu(®) = [ alt = )(u(s) ~u'(s)) ds

for all u € W22(R), where g is in L?(R) and decreases at 4-oo faster than [¢|=*
for any k > 1. Choosing k = 3, we obtain for fixed j and large enough n (so
that my, > j)

/ N ( Z ui’n) Ujn dt‘
R

i#]
Sconst.//|g(s)|
R JR

:const./
|s|>dist (supp(ui,n ),5upp(uj,n))
. {/ > {tin(t—s) —uf,(t - s)}uj,n(t)‘ dt} ds
Bz
< const. Z dist (supp(u; ), supp(u; ) 2 |s,n |l w22 m) | Uj,n || L2 (R) -
i#]

Z{um(t —5) —u,(t - s)}u]n(t)‘ dsdt

i#]

l9(s)|

Summing over j,

ZJ:/RN(ZUM>UM dt‘

i
< const. » > " dist(supp(ui ), Supp(tjn)) [t n w22 ) . w22 m)
it
:= const. Z Z QG jTiX 5,
JEZ €T
with
dist(supp(ui,n ), supp(u;jn))~2 if 1 <4,j < my, and i # j,
o; =
" 0 otherwise,

and
{ [winlwee®) if1<i<my,
Xr; =

0 otherwise.
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We perform now a relabelling Z > p — i(p) (that depends on n) so that if
Tip) 7 0 and 41y # 0 then supp(u;(y),») is to the left of supp(u;41),n), and
so that if () # 0 and z;(,) # 0 with p’ > p then x;(,41) # 0. Hence

; /R N ( > un> Ujp dt‘

i

< const. Z Z Qi(p),i(p+a) Ti(p) Ti(p+q)
q€EZ pEL

< const. Z SUD &j(p),i(p+q) Z Li(p)Li(p+q)
q€Z pEL pEZL

2
< const. Z i, Z SUD Qj(p),i(p+q)
kez  qez PEL

-2
< const. r? inf  dist(s -2
<const. r {1§k1<%<mn is (supp(uk,n),supp(ul,n))} gq
q

-2
< const. r2{ inf dist(supp(uk,n),supp(ul,n))} —0
1<k<i<my

as n — 00. It easily follows that

nan;O Z/R {N( Z%n) - N(uj7n)}uj7,,b dt — 0
j i

and that (4.2) holds. O

THEOREM 4.2. There exists pg > 0 such that

c(pr + p2) < e(pr) + c(p2)

for all py, po > 0 satisfying p1 + pe < po.

PrOOF. Let {u1,} and {us,} be minimising sequences with respect to p;
and g, respectively, that satisfy (4.1) and such that each wu;, has compact
support. Making shifts in the ¢-variable, we can further assume that

lim dist(cosupp(us n),cosupp(usz,,)) = oo.

n—oo

By Lemma 4.1,

lim (ICoo(ul,n + u2,n) - Icoo(ul,n) - ’Coo(u2,n)) =0

n—oo

and

lim (L:oo(ul,n + Ug,n) - Eoo(ul,n) — L (UQ,H)) =0,

n—oo
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which leads to

c(pn + p2) < Mminf Too iy 4y (W15 + u2,0)

(11 + p2)? }
Loo(ulm) + ‘COO(/U/Q,”E)

n—oo

= liminf {Koo(ul,n) + Koo (uz,n) +

IA

2 2
lim {/coo(ul,n)juicoo(um)Jr o S L }

n—oo Eoo (ul,n) [-:oo (U27n)

=c(p1) + c(p2)
thanks to the inequality

2 1— 2
(4.4) T S o<y <t,
Yy I-y

with equality exactly when z = y. (|

The next theorem deals with what is called dichotomy in the standard con-
centration-compactness principle. Its proof can be found in [1].

THEOREM 4.3. Let {u,} C U be a sequence that converges weakly in
W22(R) to some wo, € Uy and that satisfies

lim sup ||uy, ||W2’2(R) <

n—oo

Replacing {u,} by one of its subsequence if necessary, there exist two sequences
{u1n} CUsx and {ugn} C Us such that
(a) for alln € N and j € {1,2}, the function u;, has compact support
supp(ujn) C R,

(b) limy, 0 dist(supp(u1,, ), supp(uz,)) = 0o,

(¢) limy— oo (Koo (tn) — Koo (u1.n) — Koo(u2,n)) =0,

(d) limy— oo (Loo(tn) — Loo(U1,n) — Loo(Uz,n)) =0,

(e) limy, . ||U1,n + ug gy — Un||L2(R) =0,

(f) lim,, o0 ||u1,n - woo||L2(]R) =0,

(g) limsup,, . [[u1,n + o nllw22m) < limsup, . [Junl|w22@m) <7,
(h) supp(ui ) C supp(uy,) and supp(usz,,) C supp(uy) for all n € N.

REMARK 4.4. By interpolation, it follows that
lim [|ug,n + U2 — Un|lwio®) = 0.
n—oo
Hence, for ¢ = 1 or i = 2, taking a subsequence if necessary,

lim inf max{||w; || Lo (&), |15, || Lo () } = lim inf max{ ||t || oo (r), 127, | oo () }-
n—00 n—oo
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PROPOSITION 4.5. There exists £ > 0 such that if u € (0, po) and {v,} C
Uso satisfies Joo,pu(vn) — c(p), then

12“_1)i®gfmaX{HUZ||Loo(R)7 [on o r) } > R’
PROOF. Inequality (2.15) shows that, for some constant & > 0,
c(p) —2p < —Fp®
for all pu € (0, po) with g > 0 small enough. Hence, defining

Moo (vn) 1= Koo (vn) — (1/2)/Cgo(0)(vn,vn),

we get
7Moo(vn) = %ICZO(O)('U", Un) + #2£oo(vn)71 - jOO,/L(Un)
> Qﬂ\/(l/Q)’Cgo(O)(Um Vn)/Loo(Vn) — jOO,;L(Un) > 2p— joo,,u(vn)
and

lim inf [ M (v,)| > liminf{24 — Joo u(vn)} > R
n—oo

n— o0

Moreover, as in (3.3),

Mol < g 0]+ mgclo(o)} (255 + ) [ (024047}

and thus

lim inf max{[[v], || < z) [on [l L) } = m0°. O

LEMMA 4.6. Letw € U, \{0} be a critical point of Js,, such that v € (0, po)
and Joo u(w) < 2u. Then there exists a constant D > 0 such that

By 2qey < D

PROOF. The critical point w satisfies (3.1) with v2/A = p?/L(w)? < 4 and
Koo (w) < 21 (because Joo,u(w) < 21). As (3.1) can be written in the form

w— pw” = %f(w’,]\fw) + N(g(w', Nw)) —wNw — N(w?/2) + v*Nuw,

where f, g are smooth functions of order 2 at the origin, we get by multiplying
by w — w” and integrating over R that

/R{“’z + (L B[P + plw Py di < O(r) /R{WP + |Nw'| "} dt
d
+/R’dtg(w/’Nw)‘|Nw/|dt+O(1)”wWl’z(R)||w|W2,2(R)

<O(r) /{|Nw'|2 + 1w PYdt + O()[wllwrz ey lwllw=2 )
R
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and therefore, for small enough r,

[wllfy=2 ) < O w2 < O(1)Ko(w) < O)p. 0

LEMMA 4.7. For ug > 0 small enough, let {u,} C U satisfy
lim sup ||un|[w22®) <7, nll)rr;o Toop(un) = c(p)

for some p € (0, g) and be such that the following limit exists:

L:= lim Lo (uy) > 0.

n—o0
Then, after shifting in t each u, and considering a subsequence if needed, the
sequence {u,} can be assumed to converge weakly in W22(R) to some woo € Us
such that

max{||Weol| o< (R)> ”w/oo”L‘x’(]R)} > Kt

Let {u1n}, {us.n} CUs be given by Theorem 4.3, and define
= pLloo(Woo) /L and  po = p — .
Then weo 15 a global minimiser of Joo,u, and

J— 3 ‘LL2
c(p) = nlingo {]Coo(woo) + ’COO(UZV”) + Loo(woo) + Eoo(u27n) }

If po > 0, the sequence {usn} is a minimising sequence of Joo, sy,

c(p) = c(pr) + c(p2),

lim sup [|ug,n[fy2.2 @) < Hmsup [|un[fy22 @) — [Woollfy22my < %)
oo

n—oo n—

lim Loo(uzpn) =L — Loo(Woo)-

PRrooF. For all n, choose t,, such that
max{|un (tn)], |uy, (tn)[} = max{max [un (£)], max fu, (£)]}-

After extracting a subsequence, we can assume that w, (- + t,) — we, weakly
in W22(R) for some ws, € W22(R) such that max{|ws(0)], |w’,(0)|} > ku® by
Proposition 4.5. By considering u, (- + t,) instead of w,, we can assume that
Up — Weo. We then apply Theorem 4.3 to {u,}, which gives two sequences
{u1,n} and {ug,} such that

2
- 1%
nlirgo {ICoo(woo) + Koo(ugn) + Loo(wo) + ﬁw(ug,n)}

n— oo Loo(ul,n) + ‘COO(UQ,H)
2

Koo (1) + ﬁj(un)} = c(u).

= lim
n—oo

= lim ?Coo(ul,n)+’Coo(“2,n)4r = }
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If o = 0, then py = p1, Loo(u2n) — 0 and Joo, u(weo) = (), which ends the
proof.
Let po > 0 and define

" = ;Coo (Ul,n) [ = EOO(UQ,")
b »Coo(ul,n) + ﬁoo (u2,n) ’ an 'COO(ul,n) + ‘COO (uQa") .

Then

JOO:IM (wOC) + nh—>Holo JOO:I»Q (U‘?,n)

13 0 13 }
Lo (Ul,n) ['oo(UQ,n)

2
_ H
= nIL»H;o {ICOO(ULn) + ,COO(UQ,n) + Eoo (’U,Ln) T £Oo(’LL2,n) }

_ lim {ICoo(uLn) + Koo (tzn) +

n—o0

=t {tun) + b = e

n—oo oo(un
which will imply ¢(p) = ¢(p1) + e(p2) once it is shown that we is a minimiser
of Joo,u, and {ug,,} is a minimising sequence of Juo 1, -
Case 1. ||wooHW2~2(R) > r/2.

Let us show that we is a global minimiser of Jo ,,. Let Wo be in (1/2)Us
and observe that

Hmsup{”@oon%/wv?(m + ||U2,n|\%4/2,2(ua)} <r?
n—oo

For n € N, let % ,, have compact support and be such that ||y, —Weo w22 (r) <
1/n. By translating in ¢ each w; ,, into some uj ,, and each uy,, into some u3,,,
we can assume that

lim dist(cosupp(uj ,,),cosupp(us,,)) = oo.
n—00 ’ ’

We get by (4.4) and Lemma 4.1

oo (W) + 00 Ty (103,0) = ) < Toninf Tog (], + 153,)

n—oo

2
. . M
= liminf < Koo (u] ;) + Koo (u3,,) + % * }
mint o)+ Kn(05,) + 7l

It N 3.0 }

< liminf {]Coo (Uin) + ’Coo(u;,n) +

n—oo

= ‘7007M1 (@oo) + nh~>nc}o joo,ug (UQ,YL)

and thus Juo iy (Weo) > Joo,uy (Wes). As the infimum of J ,, over (1/2)Us is
the same as the one over Uy, we deduce that we is a global minimiser of Juo 4, -

By the a priori estimate of Lemma 4.6, ||weo ||%,V2,2(R) < Dy, for some constant
D > 0 independent of u. Let pg < r?/(4D), so that this first case cannot occur.
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Case 2. |[Wool|lw22r) < 1/2.

Consider a sequence of compactly supported functions {us , : n € N} C Uy
such that 1im,, oo Joo,u, (U2,n) = c(p2) and sup,,cy [|[U2,, |lw2.2®) < r/2. For all
n, choose iy, so that |[t1, — Woo|lw22m@) < 1/n and thus |[u1,,|lw22@) < /2
for large n (which does not necessarily holds for {uq,}). We translate in ¢ each
U, into some u3,, and each u; , into some uj ,,, so that

nlLH;O dist(cosupp(u; ,), cosupp(us ,,)) = 0.

Note that uj , +us3 ,, € Uy for large n. We get by (4.4)

Toopn (W0e) + 10 Tog sy (02,0) = (1) < lim inf Tow (1, +15,,)

2
. . * x u
mint {Coif,) + Ko (05,) 4 Cocluf) + Loclisy,) |
2 2
. K1 H2,n
< 1 ’COO * ICOO * ) k)
< Jim (i) + Kocl,) 4 Loclii,) ﬁoowz,n)}

= j°°7M1 (wOO) + nh—{%o *700#2 (62771) = *700#1 (wOO) + C(MQ)
and thus limy, oo Joo s (U2,n) = c(p2) with equalities and limits everywhere.

From the case of equality in (4.4), it follows that

Lo (woo) _ H1

(4.5)

if the limit in the denominator exists, which can be assumed.
Conclusion. To show that w is a global minimiser of J, ., , we argue like in

the first case above by considering an arbitrary We, € (1/2)Us, but with {ug ., }
replaced by {us,,} introduced in the second case. This can be done because

1imsup{||1ﬂoo||%,vg,z(R) + ||ﬂ2,nH12/V212(R)} < 7“2.
n—00

Namely, for n € N, let %, have compact support and be such that ||uy,, —
Weo |lw22r) < 1/n. By translating in ¢ each w, , into some uj , and each sy,

into some u3 ,,, we can assume that

lim dist(cosupp(uj ,,),cosupp(us,)) = oo.

n—oo
This time we introduce

Pl = f Lo (u17n) =y Loo (aQ,n)
" Eoo (ul,n) + ‘Coo(ﬂQ,n) ‘Coo(ul,n) + Eoo (ﬂg’n)

that still satisfy g1, — p1 and po, — po because of (4.5). We get as in the

and o, ¢

first case
Too,ua (Weo) + 7111_{1010 Too,pa (EZ,n) < Joorua (Weo) + nh—{r;o Toos (ﬁln)

and thus jOO,Ml (woo) > jOO,}h (wOO) -
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THEOREM 4.8. Let {v,} C U satisfy

lim sup anHW?’?(R) <, nhjréo joo”u(vn) =c(p)

n—oo

for some p € (0, o) and be such that the following limit exists:
L:= lim Ly (v,) > 0.

Then there exist a finite or infinite sequence {w; : 1 < j <m} C Ux \ {0} with
m € {2,3,... }U{oo}, such that 3, ;_,, Loc(w;) = L and

2

_ W, H
c(p) = Z Kool j)+21§j<m£00<wj)'

Moreover, each w; is a global minimiser of Jo i, with

P Lo (w;)
! 21§i<m Loo(w;)’
2

,
cp)= Y clu), S lwillfvzem <D > ni<—
4

1<j<m 1<j<m 1<j<m

and
3
max{||w; || o= gy |0} | oo )} > /<;< Z ,ui> forall1 <j<m.
j<i<m
Finally there exist a subsequence {vn,} and numbers t;, for ¢ € N and 1 <
7 < m, such that

Un, (- +tj4) = w;  weakly in WH*(R) as ¢ — oo,

Uny — > wil- —tjq)

1<5<k

=0 forallse]0,2)
We2(R)

lim limsup

—m g—oo

(when m < oo, the first limit means simply that k is replaced by m), and
lim inf{|t; g —tjql:1<i<m, i#jl=00 foralll<j<m
q—00

(the limit is not necessarily uniform in j).

PROOF. Let us first proof that there exists m € {2,3,...} U {oo} such that,
for any fixed k with 2 < k < m, there exist functions w; (1 < j < k) and a
sequence {vy . : n € N} satisfying the following properties: each w; is a global
minimiser of J,,; and {vgn;n € N} is a minimising sequence of J. ., , where

k—1

i = ploo(w;)/L forj=1,...,k—1, and ka:M—ZHj-
j=1
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We set Joo,u, = Koo and ¢(vg) = ¢(0) := 0 when v, = 0. Moreover,

k—1

W6 elw) = Y el +elrm) = 3 Kooy + B2 oy,

j=1 1<j<k 2i<j<k Loo(wy)

Jj—1 3
max{||w;]| Lo gy, W} oo ()} > n(,u - ZM) for all 1 < j < k,
=1

lim inf max{||vg,n || Lo =), |V |l oo (r) } > KV,
n—oo

2

,
Z [w;llfy22@) < D Z By <

1<j<k 1<j<k

lim sup ||vk,nH%V2,2(R) < lim sup ||vn\|%vz,2(R) — Z ||wj||%/v2,2(R) <72

n—oo n—o0

lim Loo(vkn) =L— Y Loo(w;).

n—oo

We first apply Lemma 4.7 to the sequence {u,} := {v,}, which gives two
sequences {u1,,} and {ug,}, a function we, € U \ {0} and two real numbers
1 = ploo(Weo)/L and i = p — f11. Note that {u,} has been possibly replaced
by a subsequence and that a shift in ¢ is allowed on each v, in order to ensure
that weo # 0. We get the above statement for k¥ = 2 with {ve,} = {uan},
W1 = Weo, p1 = f1 and vg 1= [ig.

Arguing by induction, assume that, for k£ > 2 finite, we have already obtained
the functions wy, ... ,wg_1, a sequence {vk , } and real numbers p1, ... , fix—1, Vk.
If v, = 0, then m := k and the theorem is fully proved. Let us therefore assume
that v > 0 and apply Lemma 4.7 to the sequence {u,} := {vg,,}, which gives
two sequences {uy , } and {uz , }, a function ws, € Uso\ {0} and two real numbers
i1 = ploo(Weo)/L and fiz = p — i1 such that c(vg) = (1) + ¢(fi2). Note that
{vk,n} has been possibly replaced by a subsequence and that a shift in ¢ is allowed
on each v, in order to ensure that we # 0. Then we set {vgt1 0} = {uan},
Wk := Woo, pg = 11 and vgi1 := fia. We easily get (4.6). By Proposition 4.5,

lim inf max{||vg,n || o (r) ||U;€7n||Loc(]R)} > Kvp
n—oo

and therefore
max{ [|wg || Lo (r), [|wh] Lo ®) } = K-

The induction does not stop if 35"} Lo(w;) < L for all finite &, in which
case we take the limit & — oo and set m = oo. From (4.6) we get

D Koolwg) + st p—s = 3 elmi) = )

. w
J=1 oo (W 1<j<m
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because c(vy,) < 2vy, £y < /Dy by Lemma 4.6, > 1<j<m My < oo and thus

lim e(vg) = len;O v = klingo i = 0.

k—o0

This also gives

. . L . LVk
Jim {L— > Eoo(wj)} = lim M{u— > uj} = lim = =0,

1<j<k 1<j<k
—1
WL oo (W
=) e op{ S et
1<j<m

and
lim limsupHUk,nH%z(R) <2 lim lim Lo (Vi)
k—00 n—ooo k— o0 n—00
=2 i - Jb=o.
Jim {L Z Eoo(wj)} 0
1<j<k
From limsup,, ., |[|vg,n|lw22®) < 7, a standard interpolation gives
lim limsup [[vgp|lwe2@) =0 for all s € [0,2).
k—oo n—oo
When m = oo, the subsequence {v,,} is obtained as a “diagonal” subse-

quence. O

THEOREM 4.9. Let p € (0,p0) and consider an arbitrary finite or infinite
sequence

{w;j :1<j<m}CcUx\{0}, me{2,3,...}U{oo},

such that 32 o, ||wj||%V2,2(R) <r? and
2

(4.7) > Keoluwy) e S <)

_|_
1<jem Zl§j<m Loo(w;

Then there is equality in (4.7), each w; is a global minimiser of Jeo,u; with

s = ko) 3 £m<wi>)1, = 3 eluy)

1<i<m 1<j<m

and, after relabelling the sequence,
3
(43) ol [ o) 2 0 3 i)
j<i<m
for all 1 < j <m. Define

n=1inf max pu; >0
# 1§j<mMJ
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where the infimum is taken over all such {w;}. Then every minimising sequence
{un} C Us of Too i that converges weakly in W*?(R) to a non trivial limit and
stays away from U, converges strongly in L?(R) to this limit.

PrROOF. Let m and {w; : 1 < j < m} be as in the statement. For n € N,
let w; , have compact support and be such that |Jw;,, —w;|lw22®) < 277/n for

*

7 ns We can assume that

1 < j < m. By translating in ¢ each w;, into some w
lim dist(cosupp(w;,,), cosupp(wj,,)) = 0o
n— 00 ’ ’

uniformly in 1 < ¢ < j < m (this is needed in Lemma 4.1) and

lim sup Z ||w;’n||‘24,2,2(R) <72
"0 g <iam
Then the sequence {v,} defined for large n by v, = >2, ., wj, is a minimising
sequence of J,, to which the previous theorem can be applied, giving a sequence
{w; : 1 < j < m}, which is nothing else than the original sequence {w; : 1 <
j < m} after some relabelling and translations in ¢ (and therefore m = m). This
proves the first half of the statement.
Consider an increasing sequence {m,} C {2,3,...} U {oo} and a sequence
(parametrised by n) of sequences {w;,, : 1 < j < my} such that, in addition to
the properties given in the first half of the statement,

-~ Loo(Wjn)
= lim max ; with @;,, = L .
b= e 1<j<mn Him Hom =1 Zl§i<mn Loo(win)

Without loss of generality, we assume that the following limit exists:

lim E Eoo (wjm) .
n—oo
1<j<my

Since, after relabelling in j,

kp® < max{|lwnll L m), |0l )l Lo @)} < VDt

by (4.8) and Lemma 4.6, we get > (k?/D)uC.
Let W} , have compact support and be such that ||@; , —w; n|lw22®) < 277/n

*

i ns We can
:

forn € Nand 1 < j < m,. By translating in ¢ each @, ,, into some w
assume that

lim dist(cosupp(wy ,,), cosupp(w;,,)) = oo

n— 00
uniformly in 1 < ¢ < j < lim, 00 Mmp. Then the sequence {v,} defined for
large n by v, = Zl§j<mn wy,, is a minimising sequence of Jw,, to which the
previous theorem can be applied, giving a sequence {w;;1 < j < m} that is in
the considered class and enjoying the additional property

~ Lo (w )
4.9 = )
( ) = 1I§I§'§gnu Zl§i<m Eoo(wi)

<.
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Indeed, by Lemma 4.1,
> Loo(ws) = lim Loo(vn)

n—oo
1<i<m
lim E Lo = lim E Loo (Wi n).
n—oo n—oo
1<i<mn 1<i<my,

Moreover, for all 1 < j < m and all N € N, the last statement of Theorem 4.8
ensures that w; is in the sequentially weak closure in W12(R) of the set

U{wln( +t):n>N, 1<i<m,, teR}

Hence Loo(w;) < sup{Loc(w;pn):n >N, 1 <i< mn} and, letting N — oo,

Loo(wj) <limsup max Loo(win) = Z L oo (w;).

1<i<m
n—oo n 1<Z<m

This proves the second inequality in (4.9) (the first one follows from the definition
of ).

Let {u,} be a minimising sequence of J 7, and let m € {2,3,...} U {0}
and {w; : 1 < j < m} be given by the previous theorem applied to {uy,}, so that

~2

~ i
() = Koo (w;) + =
Z—~ ! El<]<m (’U)])
and each w; is a global minimiser of J 5, with

iy = i) 3 L)

1<i<im

-1

Suppose for contradiction that m > 2, so that maxi<;<m fi; < f. Recall
that we proved the existence of a sequence {w; : 1 < j < m} in the considered
class such that

max Loowy) = Q.
1<j<m El<1<m (w’b)
We now construct a new sequence {W; : 1 < j < M} as follows: for each j such

that

Lo (w;) s
S iom Loolwy) 1"

replace w; by the full sequence {w; : 1 < i < m}; otherwise leave w; as it is. The

new sequence thus obtained by rearrangement satisfies >, [|W; H%/VM(]R) <r? by
Lemma 4.6 and the fact that ug < r2/(4D). Moreover, this sequence is in the
considered class and

Lo (W) _

max [ < W,
1M 3 cicns Loo(Wi)
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which is a contradiction. For simplicity, let us check these two last assertions in
the special case that
i Lo (w))
Zlgz’<m Loo(w;)

=g only when j = 1.

We get indeed

2
I
1§<:m ’ Loo(wr) + 22§j<m Loo(w;)
i (1 —m)?
= Koo (w;) + +
1§<:m ’ Loo(wr) Z2§j<m Loo(w;)
= > Ko@)+ > Kaolwy)
1<5<m 2<j<m
~9 ~\2
p (1 — )
+ — +
21§j<ﬁl 'Coo(wj) Z2§j<m ‘Coo(wj)
> > Kaol@)+ Y Koolw;)
1<j<m 2<j<m
2

+ —
Yoi<jci Loo(W)) + 20 jem Loo(wy)
with equality exactly when

Loo(wr) _ B do1<j<im Loo(W))
Diciem Loowy) 1 Dicicm Loo(Wy) + Do jm Loo(wy)’

that is, exactly when Loo(w1) = 321, 7 Loo(w;). Hence {W;} is in the con-

sidered class and, by the first half of the statement, there is indeed equality. We
thus get (recall that m > 2)
Lo (wj) ﬁ . . ~
— <= if1<j<m
D i<ici Loo(Wi) + X aciom Loo(wi) — p

and _
Loo(w;) _ Loo(w;) < H
Doi<icm Loo(Wi) + 3 ocicm Loo(Wi) 3 1cicm Loolwi)
if 2 < j < m, which contradicts the minimality of f. O
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