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ABSTRACT. In this paper, we first present an impulsive version of Filippov’s
Theorem for first-order semilinear functional differential inclusions of the

form:

(¥ — Ay) € F(t,yt) ae.t € J\{t1,...,tm},

y(th) —y(ty) = Ie(y(ty)) fork=1,...,m,

y(t) = ¢(t) for t € [-r,0],
where J = [0,b], A is the infinitesimal generator of a Cp-semigroup on
a separable Banach space E and F is a set-valued map. The functions I},
characterize the jump of the solutions at impulse points t; (k=1,...,m).

Then the convexified problem is considered and a Filippov—Wazewski result
is proved. Further to several existence results, the topological structure of
solution sets — closeness and compactness — is also investigated. Some
results from topological fixed point theory together with notions of measure
on noncompactness are used. Finally, some geometric properties of solution
sets, AR, Rgs-contractibility and acyclicity, corresponding to Aronszajn—
Browder—Gupta type results, are obtained.
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1. Introduction

Differential equations with impulses were considered for the first time by
Milman and Myshkis [43] and then followed by a period of active research which
culminated with the monograph by Halanay and Wexler [31].

The dynamics of many processes in physics, population dynamics, biology,
medicine may be subject to abrupt changes such that shocks, perturbations (see
for instance [1], [40] and the references therein). These perturbations may be seen
as impulses. For instance, in the periodic treatment of some diseases, impulses
correspond to the administration of a drug treatment. In environmental sciences,
impulses correspond to seasonal changes of the water level of artificial reservoirs.
Their models are described by impulsive differential equations and inclusions.

Important contributions to the study of the mathematical aspects of such
equations have been undertaken in [8], [41], [49], [51] among others. Functional
differential equations with impulsive effects with fixed moments have been re-
cently addressed by Yujun and Erxin [57] and Yujun [56]. For further readings
on functional differential equations, we recommend the monographs by Azbelez
et. al [7] or by J. Hale and S. M. V. Lunel [30]. Some existence results on impul-
sive functional differential equations with finite or infinite delay may be found in
[9], [11], [45], [46] too. During the last couple of years, impulsive ordinary differ-
ential inclusions and functional differential inclusions with different conditions
have been intensively studied (see the book by Aubin [4] and also [12], [23], [32],
[33], [52] and the references therein).

Given a real separable Banach space F with norm | - |, we will consider in
this paper the impulsive problem for first-order semilinear differential inclusions

(y — Ay)(t) € F(t,y:) forae. te J\{t1,... .tm},
(1.1) Ayi—y, = Ii(y(ty,)) fork=1,...,m,
y(t) = o(¢) for t € [—r,0],

where 0 < r <00, 0=ty <t1 < ... <ty <tlms1=0b,J=1[0,b. F:JxD —
P(E) is a multifunction, and ¢ € D where

D = {¢:][-r,0] — E:1 is continuous everywhere except for a finite number

of points 7 at which ¥(Z ") and (I ) exist and satisfy ¢(Z ) = 1(f)}.

The operator A is the infinitesimal generator of a Cy-semigroup {T'(¢)}i>0 (see
Section 2), Iy € C(E,E) (k = 1,...,m) and Ayli—, = y(t}) — y(t,). The
notations y(t;) = limy, o+ y(tx + h) and y(t; ) = limy, o+ y(tx — h) stand for
the right and the left limits of the function y at ¢ = tj, respectively. For any
function y defined on [—r,b] and any t € J, y; refers to the element of D such
that

y(0) =y(t+0), 6¢€[-r0]
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thus the function y; represents the history of the state from time ¢ — r up to the
present time t.

Some auxiliary results needed in this paper are gathered together in Section 2.
In this work, we shall be mainly concerned with the Filippov’s theorem for first
order impulsive semilinear functional differential inclusions in a Banach space.
This is presented and developed in Section 3. In Section 4, we discuss the relaxed
problem associated to problem (1.1), that is the problem when we consider the
closure of the convex hull of the right-hand side instead. This corresponds to
a Filippov—Wazewski approach; we prove that the solution set of problem (1.1)
is dense in that of the convexified problem. Then some topological properties of
the operator solution and of the solution sets (closeness and compactness) are
provided in Section 5. In addition, some existence results are obtained. Finally,
Section 6 is devoted to proving some geometric properties of solution sets such
that acyclicity, AR, Rs contractibility, and Rgs-contractibility. We end the paper
with some concluding remarks and a rich bibliography.

2. Preliminaries

In this section, we recall some notations, definitions, and preliminary facts
which will be used throughout. Let [0,b] be a interval in R and C([0,b], E) be
the Banach space of all continuous functions from [0, b] into E with the norm

[ylloo = sup{[y(t)|:0 <t < b}

B(E) refers to the Banach space of linear bounded operators from E into F with
norm
INll5(E) = sup{IN(y)[:ly| = 1}.

A function y: J — F is called measurable provided for every open subset U C E,
the set y~1(U) = {t € J:y(t) € U} is Lebesgue measurable. A measurable func-
tion y: J — E is Bochner integrable if |y| is Lebesgue integrable. For properties
of the Bochner integral, see e.g. Yosida [55]. In what follows, L'(J, E) denotes
the Banach space of functions y: J — E, which are Bochner integrable with norm

b
Iyl = / ly(t)] dt.

2.1. Multivalued analysis. Denote by P(E) = {Y C F : Y # 0},
Pa(E) = {Y € P(E) : Y closed}, P,(E) = {Y € P(E) : Y bounded},
Pew(E) = {Y € P(E) : Y convex}, Pp(E) = {Y € P(E) : Y compact},
and Pykep(E) = {Y € P(E) : Y weakly compact}. Consider the Hausdorft
pseudo-metric distance

Hy:P(E) x P(E) — R" U{co}
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defined by

Hy(A, B) = max { sup d(a, B), supd(A, b)}
a€A beB

where d(A,b) = inf,c 4 d(a,b) and d(a, B) = infyep d(a,b). Then (Py.a(E), Hg)
is a metric space and (Pq(X), Hy) is a generalized metric space (see [39]). In
particular, H, satisfies the triangle inequality.

DEFINITION 2.1. A multivalued operator N: E — P (FE) is called
(a) ~-Lipschitz if there exists v > 0 such that

Hy(N(z),N(y)) <~d(z,y), foreachz,y€ E,
(b) a contraction if it is y-Lipschitz with v < 1.

Notice that if N is «-Lipschitz, then for every v > ~,
N(z) C N(y) ++'d(x,y)B(0,1), for all z,y € A.

Let (X,d) and (Y, p) be two metric spaces and G: X — P, (Y) be a multi-
valued mapping. A single-valued map g: X — Y is said to be a selection of G
and we write g C G whenever g(z) € G(z) for every z € X.

G is called upper semi-continuous (u.s.c. for short) on X if for each zg € X
the set G(zg) is a nonempty, closed subset of X, and if for each open set N
of Y containing G(z¢), there exists an open neighbourhood M of xy such that
G(M) C Y. That is, if the set G™1(V) = {z € X : G(z) NV # 0} is closed for
any closed set V in Y. Equivalently, G is u.s.c. if the set GT1(V) = {z € X :
G(x) C V'} is open for any open set V in Y.

G is said to be completely continuous if it is u.s.c. and, for every bounded
subset A C X, G(A) is relatively compact, i.e. there exists a relatively compact
set K = K(A) C X such that G(A) = | J{G(z) : ® € A} C K. G is compact if
G(X) is relatively compact. It is called locally compact if, for each = € X, there
exists U € V(z) such that G(U) is relatively compact.

We denote the graph of G to be the set Gr(G) = {(z,y) € X XY :y € G(z)}
and recall

LEMMA 2.2 ([18, Proposition 1.2]). If G: X — Pa(Y) is u.s.c. then Gr(G) is
a closed subset of X XY, i.e. for every sequences (zp)neny C X and (Yn)nen C Y,
if when n — 00, Ty — Tu, Yn — Yx and Yy, € G(x,), then y. € G(z.). Con-
versely, if G has nonempty compact values, is locally compact and has a closed
graph, then it is u.s.c.

The following two lemmas are concerned with measurability of multi-fun-
ctions; they will be needed in this paper. The first one is the celebrated Kura-
towski-Ryll-Nardzewski selection theorem.
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LEMMA 2.3 (see [27, Theorem 19.7]). Let E be a separable metric space and
G a measurable multi-valued map with nonempty closed values. Then G has
a measurable selection.

LEMMA 2.4 (see [58, Lemma 3.2]). Let G:[0,b] — P(E) be a measurable
multifunction and u: [0,b] — E a measurable function. Then for any measurable
v:[0,b] — R there exists a measurable selection g of G such that for almost
every t € [0, b],

u(t) — g()| < d(u(t), G(t)) + v(t).
Finally, for a multi-valued function G:J x D — P(E), denote
IG(t,2)lp := sup{Jo] : v € G(t, 2)}.

DEFINITION 2.5. G is called a multi-valued Carathéodory function if
(a) the function t — G(t, z) is measurable for each z € D,

(b) for almost every t € J, the map z — G(t, z) is upper semi-continuous.

It is further an L!'-Carathéodory if it is locally integrably bounded, i.e. for each
positive real number r, there exists some h, € L!(J,RT) such that

|G, 2)|lp < he(t) forae. teJandall|z|p <r

For further readings and details on multivalued analysis, we refer to the books
by Andres and Gérniewicz [2], Aubin and Celina [5], Aubin and Frankowska [6],
Deimling [18], Gérniewicz [27], Hu and Papageorgiou [36], Kamenskii [38], and
Tolstonogov [54].

2.2. Cy-semigroups.
DEFINITION 2.6. A semigroup of class Cy (or Cp-semigroup) is a one param-
eter family {T'(¢) : t > 0} C B(FE) satisfying the conditions:
(a) T(t)oT(s) =T(t+s), for t,5s >0,
(b) T(0)=1.
Here I denotes the identity operator in E.

DEFINITION 2.7. A semigroup T'(¢) is uniformly continuous if

lim, |T(t) —T(0)||ps) =0, thatis if ‘ lir‘n . I1T(t) —T(s)|lge) = 0.
t—0 t—s|—
DEFINITION 2.8. We say that the semigroup {T'(t);>0} is strongly continuous
(or a Cy-semigroup) if the map ¢ — T(¢)(z) is strongly continuous, for each
rx e FE ie.
lim T'(t)x =T(0)xz, forallxec E.

t— 0t
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DEFINITION 2.9. Let T'(t) be a Cy-semigroup defined on E. The infinitesimal
generator A € B(E) of T'(t) is the linear operator defined by

A(z) = lim w
t— 0+ t

where D(A) = {x € E : limy_, o+ (T(t)(z) — )/t exists in E}.

, forx e D(A),

The following properties are classical (see Pazy [50], Engel and Nagel [20],
Hill and Philips [35]).

PROPOSITION 2.10. Let {T'(t)}i>0 be a uniformly continuous semigroup of
bounded linear operators. Then there exists some constant w > 0 such that

I1T()||Be) <exp(wt), fort>D0.

PROPOSITION 2.11.

(a) If {T'(t)}1>0 is a Co-semigroup of bounded linear operators, then there
exist constants w > 0 and M > 1 such that

I1T(t)BEy < Mexp(wt), fort>0.

(b) If A is the infinitesimal generator of a Co-semigroup {T(t)}i>0, then
D(A), the domain of A, is dense in X and A is a closed linear operator.

2.3. Mild solutions. Let J; = (tx,tk11], £ = 0,...,m, and let y; be the
restriction of a function y to Ji. In order to define mild solutions for problem
(1.1), consider the space

PC ={y:10,b] = E, y, € C(Jx, E), k=0,...,m, such that
y(t, ) and y(¢) exist and satisfy y(t,) = y(t) for k=1,... ,m}.

Endowed with the norm ||y||pc = max{||yx|lcc, & =0,...,m}, PC is a Banach
space. Moreover, if Q = {y:[-r,b] — E, y € PCND}, then Q is a Banach space
with the norm [lylle = max{|lyllpc, lylln}, where llyllp = sup,e(_.q (b
Throughout this paper, A is an infinitesimal generator of a Cp-semigroup
{T'(t)}+>0 and the constants M > 0 and w are as introduced in Proposition 2.11.
A fundamental notion for the definition of solutions to problem (1.1) is given by

DEFINITION 2.12. A function y € € is said to be a mild solution of problem
(1.1) if there exists v € L(J, E) such that v(t) € F(t,y;) almost everywhere
on J, y(t) = ¢(t), t € [-r,0] and

y(t):T(t)q5(0)+/0 T(t—sh(s)ds+ > Tt —tu)Lu(y(ty).

0<tp<t
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3. Filippov’s Theorem

Regarding differential equations and inclusions, some existence results for
problem (1.1) can be found in [47]. Further results will be given subsequently
in this paper. In this section, we are mainly concerned with a Filippov’s result
for problem (1.1). Such results are of great importance in stability and control
theory. In the finite dimensional case, the problem was investigated by Fili-
ppov [21] in 1967 for first-order differential inclusions and later by Frankowska
[23] in 1990 for first-order semilinear differential inclusions; see e.g. also Aubin
and Cellina [5, Theorem 1, p. 120], Aubin and Frankowska [6, Theorem 10.4.1,
p. 401]). When F is not necessarily separable, interesting results are given in [58].
Filippov’s Theorem yields an estimate of the distance of a given solution to the
solution set of a problem providing a kind of Gronwall’s inequality (see also [53,
Theorem 4.5, p. 91]).

3.1. Filippov’s Theorem on a bounded interval. Let v € D, g €
LY(J,E) and let € © be a mild solution of the impulsive differential problem

with semi-linear equation:

' (t) — Ax(t) = g(t) forae.te€ J\{t1,... . tm}s
(3.1) Azy—y, = Ip(x(t;)) fork=1,... m,
x(t) = (1) for t € [-r,0].

We will consider the following two assumptions
(H1) The function F:J x D — P.(E) is such that
(a) for all y € D the map ¢t — F(t,y) is measurable,
(b) the map ~:t +— d(g(t), F(t,x¢)) is integrable.
(Hz2) There exist a function p € L' (J,RT) and a positive constant 3 > 0 such
that

Hy(F(t,z1), F(t,z2)) < p(t)|lz1 — 22l|lp, for all zq, 20 € B(x+, 8),

where B(z¢, () is the closed ball of D centered in z; with radius 5.

REMARK 3.1. From Assumptions (H;)(a) and (Hz), it follows that the
multi-function ¢ +— F(¢,z;) is measurable and by Lemmas 1.4, 1.5 from [23],
we deduce that v(t) = d(g(¢t), F(¢t,x:)) is measurable (see also Remark p. 400
in [6]).

Let P(t fo s)ds and 0 be a positive constant. Define the family of
functions (Uk(t))tzo (k =0,...,m) by

t
no(t) = Mt + Mes / (Me™ Hy(s)P(s) + +(s)] ds, ¢ € (0,41]
0
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where
Hy(t) = 6M exp(Me“tTP®) 4 M/Ot v(s) exp(Me“tHPO=PE)y g,
and for k=1,... ,m
n(t) = M=t /t (M Hy(5)P(s) ++(3)] ds, 1 € (e, tasa),
k
where

t
Hi(t) = 6exp(Mew(t_t"‘)+P(t)) —|—/ ~(s) exp(Me“’(t_t’“HP(t)_P(s)) ds.

ty

THEOREM 3.2. Let 7y = N, and assume that ng—1(tg) < B for k =
1,...,m. Then, for every ¢ € D with ||¢ — ¢¥||p < 48, problem (1.1) has at

least one solution y satisfying, for almost every t € [0,b], the estimates

lye —aello < MY U ly(tr) — (bl + [ T(y(tr)) — ()]

0<tp<t
+ Z Nk (t)a

0<tp<t
and

|y (8) — Ay(t) — g(8)] < Mp(t) D e Hy(t)+ Y wl(b).

0<tp<t 0<trp<t

PrOOF. We are going to study problem (1.1) respectively in the intervals
[—7 t1], (t1,t2],..., (tm,b]. The proof will be given in three steps and then
continued by induction. Let ¢ € D be such that ||¢ — 1||p < .

Step 1. In this first step, we construct a sequence of function (y,)nen which
will be shown to converge to some solution of problem (1.1) on the interval
[—7,t1], namely to

(v'(t) — Ay(t)) € F(t,y) fort e Jo=(0,t],
y(t) = o(t) for t € [-r,0].
Let fo = g on [—r,t1] and y°(t) = x(t), t € [0,t1), i.e.
P(t) for t € [—r,0],

T(t)(0) + /O T(t— s)fols)ds  for t € (0,4],

Then define the multi-valued map U;:[0,t1] — P(E) by Ui(t) = F(t,4?) N
B(g(t),~v(t)). Since g and v are measurable, Theorem IIL.4.1 in [16] tells us
that the ball B(g(t),(t)) is measurable. Moreover F(t,y?) is measurable (see
Remark 3.1) and U; is nonempty. Indeed, since v = 0 is a measurable function,

yO(t) =
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from Lemma 2.4, there exists a function u which is a measurable selection of
F(t,y?) and such that

lu(t) — g(t)| < d(g(t), F(t, 7)) = ~(t).

Then u € Uy (t), proving our claim. We deduce that the intersection multivalued
operator Uy (t) is measurable (see [6], [16], [27]). By Lemma 2.3 (Kuratowski-
Ryll-Nardzewski selection theorem), there exists a function ¢ — f;(¢) which is
a measurable selection for U;. Consider

o(t) for ¢t € [-r,0],
1) — '
v ) T(t)$(0) —|—/0 T(t—s)fi(s)ds fort e [0,t1].

For each t € [0, 1], we have by Proposition 2.11
(3.2)
t
ly' (8) — 9" (1) < Me*"|(0) — 9 (0)] + M/ U fo(s) = fi(s)|ds
0

t
SA%“WW—¢MD+ARW1A|h®)—ﬁ@ﬂ®-

Hence .
sup {ly' () = s (O]} < M5+ Mt [ (s)ds
te[—r,t1] 0
and then
lyr —willo = sup |y () —y2(0) = sup |y'(t+6) —y°(t+6)]
0e[—r,0] oe[—r,0]
= sup |y'(s) —y°(s)| < mo(t1) < B.
O€[—r+t,t]

Then Lemma 1.4 in [23] tells us that F(¢,y}) is measurable.

The ball B(f1(t), p(t)||yt —v?||p) is also measurable by Theorem II1.4.1 in [16].
The set Us(t) = F(t,y1)NB(f1(t), p(t)||yi —v?||p) is nonempty. Indeed, since f;
is a measurable function, Lemma 2.4 yields a measurable selection u of F(t,y})
such that

u(t) = f1(1)] < d(f1(1), F(t,;)-
Moreover, ||y; — v?|lp < no(t1) < 3. Then using (Hz), we get

[u(t) = fr#)] < d(f1(8), F(t.y,)) < Ha(F(t,99), F(t.y1)) < )1y} — i llp,

i.e. u € Us(t), proving our claim Now, since the intersection multi-valued opera-
tor Uy defined above is measurable (see [6], [16], [27]), there exists a measurable
selection fo(t) € Us(t). Hence

(3.3) [f1(t) = f2(0)] < p()lly — 9 Ip-
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o(t) for ¢t € [-r,0],

2(p) — "
v T(t)$(0) —|—/0 T(t—s)f2(s)ds fort e (0,t4].

Using (3.2) and (3.3), a simple integration by parts yields the following estimates,
valid for every t € [—r, 1],

W2(t) — 4 (1)) < / 1T — )] - 1fals) — fa(s)] ds

t s
< / Me“p(s) (Me“’“(S + Me*h / ~v(w) du) ds
0 0

= M?e2h ((5 /Otp(s) ds + /Ot p(s)ds /Os v(u) du)

t t s
< MZe2h <5/ p(s)el’®) ds —|—/ p(s)el® ds/ e Py () du)
0

0 0

t
§M262wt1 (56P(t)+/ y(s)eP(t)_P(S) ds).
0

Let Us(t) = F(t,4?) N B(f2(t),p(t)||ly? — yi||p). Arguing as for Us, we can prove
that Us is a measurable multi-valued map with nonempty values; so there exists
a measurable selection f3(t) € Us(t). This allows us to define

o(t) for t € [—r,0],
3(4) = t
) T(t)é(0) + /0 T(t—s)f3(s)ds fort e (0,t1].

For ¢ € [0, 1], we have

t t
WP (1) — g2 (8)] < Meoh / Fals) — fa(s)| ds < Me<t / p()192 — |l ds.
0 0
However

ly2 —yillp = sup [y2(0) —wi(0) = sup [yP(s+0) —y'(s+0),
oe[—r,0] oe[—r,0]

and from the estimates above, for § € [—r, 0], we have

0+s
Y2 (s +0) — y' (s + 0)| < M (56P(9+S) + / ~(w)eP O+ =P du)
0

s
§M262wt1 (5613(5) +/ ,_y(u)eP(Q-ﬁ-s)—P(u) du)
0
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Performing an integration by parts, we obtain, since P is a nondecreasing func-
tion, the following estimates

M3 63wt1

t s
5 / 2p(s) (562P(S) —|—/ y(u)ef =P du) ds
0 0

M3e3wt t s
— (662P(t) +/ 2p(s) ds/ ~(u)e2 = Pw) du)
0 0

5 (t) — (1)

IN

3 3wt t
< M?e>w"1 (562P(t)+/ (62P(s))/d8/s Py(u)e_QP(u)) du)
0 0
33wty ¢ t
< M <§62P(t) + 62P(t)/ v(s)e 2P ds —/ ~(s) ds)
0 0
33wt t
< M€1<5€2P<t>+ / 7(3)62(P<t>P<s>>d5),
0

for t € [—r,t1]. Let Uy(t) = F(t,y3) N B(f3(t),p(t)||y; — vZ|lp). Then, arguing
again as for Uy, Uy, Us, we show that Uy is a measurable multi-valued map with
nonempty values and that there exists a measurable selection f4(t) in Uy(t).
Define

o(t) for t € [—r,0],

404) — t
vt = T(t)e(0) —|—/ T(t —s)fa(s)ds fort e (0,t1].

For ¢ € [0, 1], we have

t t
4O~y 0] < e [ 1a(s) — falo)lds < Met [ po)ad - 2o ds
0 0

M464wt1

t s
< T/ p(s) (5e2p(8) —|—/ v(s)e2 P ) =Pw) du) ds
0 0

M4 4wty t M4 4wty t s
< BT(S/ 3p(s)e>P) ds + %/ 3p(s)e3F ) ds/ v(s)e 3P dy
0 0

0
4 dwt t
<M€1<563P(t>+ / (5B PO—P() d8>.
0

- 6
Repeating the process for n = 0,1,..., we arrive at the following bound

Mnenwtl

B4 ") =y O < gy

t
/ 5 (8)er=DPO=PE) g
0

Mnenwtl
* (n—1)! ¢ ’

for t € [—r,t;]. By induction, suppose that (3.4) holds for some n and check it
for n+ 1. Let U,y 1(t) = F(t,y" (1)) N B(fr, p(t)|y? — 2 *||p). As in the above
arguing, U,4+; is a nonempty measurable set, then has a measurable selection
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frng1(t) € Upy1(t); this allows us to define for n € N

o(t) for t € [-r,0],

35 ") = ¢
35) v T(t)p(0) +/0 T(t—8)fnr1(s)ds for ¢ € (0,ty].

Therefore, for almost every ¢ € [0,t1], we have

L) -y ()] < Mevh / s (8) — fuls)] ds
0

Mn+16(n+1)wt1 t N e
Sw/ p(s)llys —yi o ds
. 0
WiGs: (n+1)wty t ) s ]
Sﬁ/ p(s)ds(ée(n_np(mr/ 7(u)em—1><P<s>—P(u>>du)
— . 0 0
Mt (n4+1)wty t
< ¢ onp(s)et®) ds
TL' 0
MnJrle(nJrl)wtl

t s
/ np(s)eF ) ds/ y(u)e P dy,
0 0

Again, an integration by parts yields

n!

M(n+1) (n+1)wty t
) =y < T [ (s)enPO-T as
n! 0
M(nJrl) (n+1)wty
MOy

Consequently, (3.4) holds true for all n € N. We infer that {y"} is a Cauchy
sequence in €)1, converging uniformly to a limit function y € €y, where 2, =
C([0, 1], E) N D. Moreover, from the definition of {U,}, we have

i1 () = O] < p@)lly7 =i D, for ace. t € [0,1].

Hence, for almost every ¢ € [0,t1], {fn(t)} is also a Cauchy sequence in E and
then converges almost everywhere to some measurable function f(-) in £. In
addition, since fy = g, we have, for almost every t € [0, 1]

I < D p@)fie(t) = froa (D] + [ fo(0)]
k=1
< > Ol = yF O]+ () + g (D)]
k=1

<p(t) Y yF (1) — y* )]+ (1) + lg(8)-
k=1

Hence
[ fa(t)] < Me*™* Ho(t)p(t) + () + |g(8)],
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where
t
(3.6)  Ho(t) := 6M exp(Me~t+P®) 4 M/ v(s) exp(Me“tHPO=PE)) g,
0

From the Lebesgue dominated convergence theorem, we deduce that {f,} con-
verges to f in LY([0,t1], E). Passing to the limit in (3.5), we find that the

function
o(t) for t € [-r,0],
{ y(t) = T(t)p(0) —|—/0 T(t—s)f(s)ds, for ¢ € (0,4]

is solution to problem (1.1) on [0,#;]; thus y € Sjo¢,)(¢). Moreover, for almost
every t € [0,t1], we have

|x<t>—y<t>|=]T<t>¢><o>+ / T(t - s)g(s) ds — T(£)(0) — / T(t - 5)f(s) ds

t
< Me<h|$(0) — $(0)] + Me=h / 1£(5) — fo(s)|ds
t
< M g — llp + Meh / 1F(5) — fuls)|ds
t
b Mests / () = fo(s)| ds
t
< Mg — pllp + Mt / 1£(5) — Fuls)|ds
t
+Me“’t1/ (Me“"*H(s)P(s) 4+ 7(s)) ds.
0
Passing to the limit as n — oo, we get

(3.7) lz(t) —y(t)|] < no(t) for a.e. t € [—r, 1]
with
¢
no(t) := Me®"'§ + Me*™ / (Me*"* Hy(s)P(s) +7(s)) ds.
0
Next, we give an estimate for |y’ (t) — Ay(t) — g(¢)| for t € [0,¢1]. We have
' () = Ay(t) = g(O)] = [£(t) = fo(®)] < [fu(t) = fo(O)] + [fu(t) = F()]
<p(t) Y19 = PO+ (1) + Ifalt) = £
k=1
Arguing as in (3.6) and passing to the limit as n — oo, we deduce that

[y (t) — Ay(t) — g(t)] < Me“" Ho(t)p(t) +7(t), t€[0,t].

The obtained solution is thus denoted by y1 := y|[—r,]-
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Step 2. Consider now problem (1.1) on the second interval [t — 7, t2], i.e.

(y'(t) — Ay(t)) € F(t,yr) for a.e. t € (t1,ta],
(3.8) y(t) = y1(t) + Li(ya(t)),
y(t) = y1(t) for t € [t1 — 7, t1].

Let fo = g and set
yl(t) for t € [tl -, tﬂ,

PO 1= et - ()] + [T 9m)ds orte il

Notice that (3.7) allows us to use Assumption (Hz), apply again Lemma 1.4
in [23] and argue as in Step 1 to prove that the multi-valued map U;: [t1, ta] —
P(E) defined by Uy (t) = F(t,y9) N B(g(t),~(t)) is Ui(t) is measurable. Hence,
there exists a function ¢ — f;(t) which is a measurable selection for U;. Define

yl(t) fort € [t1 — T,tl],

Tt — t1)lya (t2) + Ly (1)) + / Tt~ )fi(s)ds for t € (11, ].

ty

yH(t)=

Next define the measurable multi-valued map Uz (t) = F(t, y )NB(f1(t), p(t)||lyi —
y?||p). It has a measurable selection fa(t) € Us(t) by the Kuratowski-Ryll-
Nardzewski selection theorem. Repeating the process of selection as in Step 1,
we can define by induction a sequence of multi-valued maps U, (t) = F(t,y7*)N
B(fu-1(t),p()llyr ™" =y~ *|lp) where {f,} € U, and (y")nen is as defined by

yl(t) for ¢ S [tl — ’I",tl],

T(t = 1)y (t)+ T (v (1)) + / T(t— s)fu(s)ds for t € (t1, ta].

ty

y"(t)=

Let Qo = {y:y € DN C[0,t1] N C(t1,t2] and y(t]) exists}. As in Step 1, we
can prove that the sequence {y™} converges to some y € Q5 solution to problem
(3.8) such that, for almost every ¢ € (¢1,t2], we have

j(t) = y(0)] < moltr) + M| (a(t)) = Ly ()]

+ Mew(tftl)‘xl(tl) B y1(t1)| + Me®tz / (thzHl(s)P(s) + ’y(S)) ds

ty
and
ly'(t) — Ay(t) — g(t)] < Me“* Hy(t)p(t) + (1),
where
¢
Hi(t) := dexp(Me*t—t)+P®) +/ v(s) exp(Me =t +PO=P))y g
t1

Denote the restriction y;, ,) by yeo.
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Step 3. We continue this process until we arrive at the function y,, 11 =
y|[tm_r tm]U(tm,b] SOlution of the problem

(y'(t) — Ay(t)) € F(t,yt) for a.e. t € (t,b],
y(th) = Ym—1(tm) + I (Ym—1(tm)),
Y(t) = Ym—1(t) for ¢ € [t — 7, tm)-

Then, for almost every t € (¢, b], the following estimates are easily derived
(1) = y()] < Me U Ly (2(tm)) = I (Y(tm)| + [y (tm) = 2(tm)]

+ Mestn /t (Mt Hy (5)P(s) + +(s)) ds

and
ly'(t) — Ay(t) — g(t)] < Me**Hpn(t)P(2) + (1))
Step 4. Summarizing, a solution y of problem (1.1) can be defined as follows
y1(t) if t € [—r, t1],
ya(t) if t € (t1, 2],

y(t) =

Yo (8) L€ (b

From Steps 1-3, we have that, for almost every t € [—r, 1],
j2(t) =yt < mo(t) and |y (t) — Ay(t) — g(t)| < Me*" Ho(t)p(t) + (1),

as well as the following estimates, valid for ¢ € (¢1, 8]

m—+1
() =y < Y ) =y <MD e a(ty) — yi(ty)]
k=2 O<tp<t
+ MY I L () — Te(yr (b)) + ) m(t)
0<trp<t k=0
Similarly
v/ (t) — Ay(t) — g(t)] < Mp(t) Y e Hp(t)+ Y (),
0<tp<t 0<tp<t
where vy 1= I The proof of Theorem 3.2 is complete. ]

3.2. Filippov’s Theorem on the half line. We may consider Filippov’s
problem on the half-line

(y — Ay)(t) € F(t,y;) forae. teJ\{ty,...},
(3.10) Ay—y, = Ii(y(ty,)) fork=1,2...,
y(t) = (1) for ¢ € [—r,0],
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where J = [0,0), 0 <7 <00,0=ty <t1 <...<tm<...,liMy 00ty =00,
F:J x D — P(FE) is a multifunction, and ¢ € D where
D =g{¢:[-r,0] — E : ¢ is continuous everywhere exept
for a finite number of points  at which ¢( ) and ¥(f") exist,

() = (f) and supge|_, g [(6)] < oo}

Let x be the solution of problem (3.1) on the half-line. We will consider the
following assumptions:

(H1) The function F:.J x D — Py (E) is such that:
(a) for all y € D the map ¢t — F(t,y) is measurable,
(b) the map t — ~(t) = d(g(t), F(t,z:)) € L*([0,00), Ry ).

(772) There exist a function p € L([0,00), R*) and a positive constant 3 > 0
such that

Hy(F(t,z1), F(t,z2)) < p(t)|lz1 — 22l|p, for all zq, 20 € B(x+, 8),

where B(zy, () is the closed ball of D centered in z; with radius 5.
(H3) For every = € E,

Z Iy (2)] < oo.
Then we can extend Filippov’s Theorem to the half-line. We have
THEOREM 3.3. Let v :=1, and assume (H1)—(Hs3) hold together with
Jimsup i1 () < 6.

Then, for every ¢ € D with ||¢p — |lp < 0§, problem (3.10) has at least one
solution y satisfying, for t € [0,00), the estimates

llye — x¢llp
<M Y U y(t) — a(te) + | Te(y(tn) — Te(e)] + Y me(t),
0<tp<t 0<tp<t
and
Y/ (t) — Ay(t) — g(t)] < Mp(t) > e Hy(t)+ Y m(t)

0<ty<t 0<ty<t
PROOF. The solution will be sought in the space

PC = {y:[0,00) = E : yp € C(Jy, E), k=0,1,... such that
y(t, ) and y(t;) exist and satisfy y(t, ) = y(ty) for k =1,2,...},
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where yg is the restriction of y to Jy = (tx,tg+1], ¥ > 0. Theorem 3.2 yields
estimates of y, on each one of the bounded intervals Jy = [—r,¢;1], and Jy =
[tk—1 — 71 tx], Kk =2,3,.... Let yo be solution of problem (1.1) on Jy with

2t = yellp < mo(t1) < 6.
Then, consider the following problem

(y'(t) — Ay(t)) € F(t,y:) for a.e. t € (t1,19],
y(t) = yo(tr) + Li(yo(t1)),
( ) fort € [tl - T’,tl].

From Theorem 3.2, this problem has a solution y;. We continue this process
taking into account that ¥, := y|y,, ») is a solution to the problem

(' (t) — Ay(t)) € F(t,y:) for a.e. t € (tm,b],
y(th) = Ym—1(tm) + Im(Ym-1(t)),
Y(t) = ym-1(1) for t € [ty_1 — 7, tm)].

Then a solution y of problem (3.10) may be rewritten as

yl(t) ifte [—T, tl},
yg(t) ift e (t1, tg],

4. The relaxed problem

In this section, we examine whether the solutions of the nonconvex problem
are dense in those of the convexified one, that is the problem where the right-hand
side is replaced by its convex hull. Such a result is important in optimal control
theory whether the relaxed optimal state can be approximated by original states;
the relaxed problems are generally much simpler to build. For the problem for
first-order differential inclusions, we refer e.g. to [5, Theorm 2, p. 124] or [6,
Theorem 10.4.4, p. 402]. More precisely, in this section, we compare trajectories
of the following problem

(W'(t) — Ay(t)) € F(t,y) for ae. t € J\ {tr,... tml,
(4.1) y(t) —y(te) = Le(y(ty)) fork=1,...,m,
y(t) = o(t) for t € [-r, 0],
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and those of the convexified problem

(2'(t) — Ax(t)) € 0 F(t,x) forae. t € J\{t1,... ,tm},
(4.2) w(ty) —a(ty) = In(x(ty))  fork=1,...,m,
z(t) = o(t) for t € [-r,0],

where ¢0 A refers to the closure of the convex hull of the set A. We will need the
following auxiliary results in order to prove our main relaxation theorem. The
first two are concerned with measurability of multi-valued mappings. The third
one is due to Mazur, 1933 while the last one is a classical fixed point theorem.

LEMMA 4.1 ([34]). Let E be a separable Banach space, U:[0,b] — Pq(E)
be a measurable, integrably bounded set- valued map and let t — d(0,U(t)) be an
integrable map. Then the integral fo t) dt is convex, the map t — coU(t) is
measurable and, for every e > 0, and every measurable selection u of COU(t),
there exists a measurable selection w of U such that

sup

t t
/ u(s) ds—/ u(s)ds| <e
tef0,b] | Jo 0

/ObcoU(t)dt = /ObU(t)dt = /ObcoU(t) dt

LEMMA 4.2 ([23]). Let E be a separable Banach space and G: [0,b] — Pq(E)
be a measurable, integrably bounded multifunction; then so is s — T(b— s)G(s).
Moreover, if f(s) € T(b— s)G(s) almost everywhere in [0,b], then there exists
a measurable selection g(s) € G(s) such that f(s) = T(b— s)g(s) almost every-
where in [0,b].

and

LEMMA 4.3 (Mazur’s Lemma, [44, Theorem 21.4]). Let E be a normed space
and {xg}ken C E be a sequence weakly converging to a limit x € E. Then there
exists a sequence of convexr combinations y,, = Z,T:l AmkTE, where a,; > 0 for

k=1,...,m and kazl amir = 1, which converges strongly to x.

LEMMA 4.4 (Covitz—Nadler, [16]). Let (X,d) be a complete metric space. If
N: X — Pu(X) is a contraction, then Fix N # ().

The following hypotheses will be assumed in this section:

(H1) The function F:.J x D — P (E) satisfies
(a) for all y € D, the map ¢t — F(t,y) is measurable,
(b) the map t — d(0, F'(t,0)) is integrable.

(Hz) There exist a function p € L'(J,RT) such that

Hy(F(t,z1), F(t,22)) < p(t)||z1 — 22||p for each 21,25 € D.
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(H3) there exist constants ¢, > 0 such that

[T (u1) — Ix(ug)| < cxlur —uzl|, for each uy,us € E.

Also either E will be, in this section, a reflexive Banach or F:J x D —
Puwkep(E). Then our main contribution is the following

THEOREM 4.5. Assume that (Hi)—(Hz) hold. Then problem (4.2) has at
least one solution. In addition, for all € > 0 and every solution x of problem
(4.2), problem (4.1) has a solution y defined on [0,b] satisfying

z(t) =y(t), te[-r0] and |z—y||pc <e.
In particular Sf°,, (¢) = S[—5(¢) where

St2,5 =y 1y is a solution to (4.2) on [—r,b] and y(t) = ¢(t), t € [-r,0]}.

REMARK 4.6. Notice that the multi-valued map ¢ — T F'(¢, - ) also satisfies
condition (Hsz).

PROOF. PART 1. Sf°, ) # (). For this, we first transform problem (4.2) into
a fixed point problem and then make use of Lemma 4.4. Consider the problem
on the interval [—r, t1], that is

{ (y'(t) — Ay(t)) € o F(t,y;) for a.e. t €[0,t1],
y(t) = o(t) for ¢t € [-r,0].

Tt is clear that all solutions of problem (4.3) are fixed points of the multivalued
operator N:Q([—r,t1]) — P(Q[—r,t1]) defined by

(4.3)

N(y) = h € Q[=rta]) :

o(t) for t € [-r,0],
T(t)p(0) +/O T(t—s)g(s)ds fort e (0,t],

where g € Seory = {g € L*([0,t1],E) : g(t) € coF(t,y) for a.e. t € (0,t1]}
and Q([—r,t1]) = DN C([0,t1], E). To show that N satisfies the assumptions of
Lemma 4.4, the proof will be given in two steps. In Steps 3, 4, we study the

h(t) =

problem on the intervals (¢, tx41] for k=1,... ,m — 1.

Step 1. N(y) € Pa(Q2([—r,t1]) for each y € Q([—r,t1]). Indeed, let {y,} €
N(y) be such that y,, — ¥ in Q([—r,t1], as n — oo. Then y € Q([—r,t1]) and
there exists a sequence g, € Sgs F,y such that y,(t) = ¢(t) for t € [—r,0] and

un(t) = T(£)6(0) + / T(t - $)gu(s)ds, 1€ (0,41]
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Then {g,} is integrably bounded. Since F(-, -) has closed values, let w(-) €
F(-,0) be such that |w(t)| = d(0, F(¢,0)). From (H;) and (Ha), we infer that
for almost every t € [0, ¢1]

|90 (0)] < lgn(t) — w(B)| + [w(t)] < p(t)llyllpc + d(0, F(t,0)) := M(t),

for all n € N, that is g,(¢t) € M(t)B(0,1), for a.e. t € [0,t1].

Since B(0, 1) is weakly compact in the reflexive Banach space F, there exists
a subsequence still denoted {g,} which converges weakly to g by the Dunford—
Pettis theorem. By Mazur’s Lemma 4.3, there exists a second subsequence which
converges strongly to g in F, hence almost everywhere (see [19, p. 150]). Then
the Lebesgue dominated convergence theorem implies that, as n — oo,

llgn. — gllLr — 0 and thus y,(t) — y(¢)

with y(t) = ¢(t), for almost every ¢ € [—r, 0] and

(1) = T(1)6(0) + / T(t - s)g(s)ds, te(0,h)

proving that g € N(y).

Step 2. There exists v < 1 such that Hq(N(y), N(¥)) < Y|y — Yll{—r4, for
each y,7 € Q([—7,t1]) where the norm |y — 7|||_,,) will be chosen conveniently.
Indeed, let y, 7 € Q([—r,t1]) and hy € N(y). Then there exists g1 (t) € €0 F'(¢,y:)
such that for each t € [0, 1]

hi(t) = T(t)p(0) + /Ot T(t—s)g1(s)ds.
Since, for each t € [—r, 4],
Hy(co F(t,y:), 0 F(t,7,)) < p()lly: — ¥illp,
then there exists some w(t) € ¢ F'(t,7,) such that
lg1(t) —w(t)| < p@)[lye — Gellp, ¢ €[0,t1].
Consider the multi-map Us: [0,¢1] — P(E) defined by
Ur(t) ={w € E : |g1(t) —w| < p(t)lye — G¢llp}-

As in the proof of Theorem 3.2, we can show that the multi-valued operator
Vi(t) = Ui(t) N T F(t,7y,) is measurable and takes nonempty values. Then
there exists a function g¢o(t), which is a measurable selection for V;. Thus,
92(t) € co F(t,7,) and

lg1(t) = g2(O)] < p(W)lly —Yllp, for ae. t €[0,1].
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For each t € [0, 1], let

ha(t) = T(1)6(0) + / T(t — 5)ga(s) ds.
0
Therefore, for each t € (0, ], we have
m(® =20 < [ 1) - a5 ds
< / p()IT(t = 9)lllys (6) - 7.(0) 1o ds
0
= s)Me*t=#) su -7 s
= [ ot sup (uu(6) - 7. (0)1)

—/OtMp(s)e“’tews( sup |y(s+6) — (s+0)>d

—r<0<0

-/ ' Mp(s)e (_sw_ vt~ a6a1) s

t
S MeUJtl / p(s)eT f(JS p(u)du ( sup e_T fOz p(u)du|y(z) - y(Z)|) ds
0

—r<2<ty
w t
< MEL [ (e ity — gl ds.
Hence )
1 = ol ri) < 2y = Gl
where

[yl iy = supfe ™ PO |y (@t) st € [~ t1], 7> Me"1}.

By an analogous relation, obtained by interchanging the roles of y and 7, we
find that

wtq

Hi(N(y), N@) < 2°

||y 7@”[—?,151]'

Then N is a contraction and hence, by Lemma 4.4, N has a fixed point yg, which
is solution to problem (4.3).

Step 2. Let ya := yl, 1, be a possible solution to the problem

(V' (t) — Ay(t)) € COF(t,y:) for t € (ty,ta],
(4.4) y(t) = yo(t) + Li(yo(ty)),
y(t) = yo(t) for t € [t1 — 7, t1].

Then ys is a fixed point of the multivalued operator

N:Q([t1 — r,ta]) = P(Q([t1 — 7, t2]))
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defined by

N(y) =< he Q([tl -, tg]) :

yo(t) for t € [t1 — r,t1],
h(t) = T(t —t1)[yo(t1) + L1 (yo(t1))]

+/tT(t —8)g(s)ds for t € (t1,t2],

t1
where

g€ Seory =1{g€ L' ([t1,t2], E) : g(t) €0 F(t,y;) for a.e. t € [t1,t2]}.

Again, we show that N satisfies the assumptions of Lemma 4.4. Clearly, N(y) €
Pa(Q([t1 — 7, t2])) for each y € Q([t1 —r, t2]). It remains to show that there exists
0 <~ < 1 such that

Hy(N(y), N@)) <Ay = Fllit1—r,t2]

for each y, 57 € Q([t; — r,t2]). For this purpose, let y,7 € Q([t; — r,t2]) and
hi € N(y). Then there exists g1 (t) € &6 F(t,y:) such that, for each t € [t; —r, t2],

hn(t) = / T(t - $)g1(s) ds + T(t — t2)yo(t1) + I (yo(t1))]-

ty

Since from (H>)
Ha(co F(t,y:),c0 F (8, 7,)) < p(®)llye = ellp, ¢ € [tr, 2],
then there is a w(-) € G0 F(-,7.) such that
91(t) —w(®)| < p()llye = ellp, ¢ € [ta, ta].
Consider the multi-valued map Us: [t1, ta] — P(E) defined by
Us(t) = {w € E: |g1(t) —w| <p(t)|ly: = T:llp}-

As in the above arguments, we can show that the multivalued operator V,(t) =
Us(t) Nco F(t,7,) is measurable with nonempty values; hence there exists g (t)
which is a measurable selection for V5. Then ¢o(¢) € co F(¢,7,) and

91(t) = 92(t)] < p(W)llye = Gellp,  for ae. t € [ta, ta].

For almost every ¢ € [t1,t2], define

ha(t) = /o T(t— s)g2(s)ds + T(t —t1)[yo(t1) + I1(yo(t1))].
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For some T > Me™2, we have the estimates

maw—muns[|wa—mm¢@—m@nw

t
g/p@MwWWmfwmw@

t1

ngw/%@( sup_ ()~ 1. (0)] ) s

t1 —r<6<0
wta

Me .
< - 1y — Gl 2]

By an analogous relation, obtained by interchanging the roles of y and 7, we

obtain
wta

Hy(N(y), N@)) < 2

T

Hy - y||[t1,t2]7
where
—r [t s)d
(9 llits -ty = sup{e ™0 Py st e [ty — 7 1))

Therefore N is a contraction and thus, by Lemma 4.4, N has a fixed point ys
solution of problem (4.4).

Step 3. We continue this process taking into account that y,, := yly,, 4 is
a solution of the following problem

(y'(t) — Ay(t)) € F(t,yt) for t € (tm, ],
y(th) = ym—1(tm) + I (ym—-1(t7,)),
Y(t) = ym-1(t) for t € [tm_1 — 7, tm)].

Then a solution y of problem (4.2) may be defined by

yl(t) ifte [—T‘7 tl],
yg(t) ift e (t1, tg],

PART 2. Let x be a solution of problem (4.2). Then, there exists g € Se r o
such that

(t) for t € [—r,0],
2(t) = { T(0)9(0) +/ T(t — s)g(s)ds

+ Z T(t — tk)lk(m(tk)) fort e [O,b],

0<tp<t
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i.e. z is a mild solution of the problem

x'(t) — Az(t) = g(t) for a.e. t € [0,0]\ {t1,-.. ,tm},
z(t)) —x(ty) = (x(ty)) fork=1,...,m,
z(t) = () for t € [—r,0].

Let € > 0 and § > 0 be given by the relation Me“’c = §L > oie, Ry where L and
Ry, for kK =0,...,m, will be defined later on. From Lemmas 4.1 and 4.2, there

exists a measurable selection f, of ¢ — F'(t,2;) such that

sup
te[0,b]

/T(t—s)g(s)ds—/ T(t—s)fe(s)ds| <6.
0 0

Let
o(t) for t € [-7,0],

(t) = T(t)¢(0)+/0 T(t — s)f.(s)ds

+ > T(t—te)Ie(x(ty)) fort e (0,b].
0<tp<t
Hence, for each t € [—r,b], ||z; — z¢|]|p < 6.

With assumption (Hsz), we infer that, for all u € €0 F(t, z),
V(t) = d(g(t)a F(t’ It)) S d(g(t)7 u) + Hd(F(tﬂ Zt)v F(ta xt))a
S Hd(@F(t, l't)7@F(t, Zt)> + Hd(F(t, Zt)7 .F‘(t7 .’l?t))
<2p(t)||we — 2ellp < 26p(2).
Since, under (H1(a)) and (Hz), v is measurable (see [6] or [23, Lemma 1.5]), by

the above inequality, we deduce that v € L'(J, F). From Theorem 3.2, problem
(4.1) has a solution y which satisfies

ly(t) —z(t)] < no(t), te[0,t],
Also for ¢ € (¢1,t2], we have the estimates
ly(t) — ()] < Me 2 (14 er)no(tr) +mu(ta) = Lalno(ta) + m(t2)],
where Ly = Me*(t2=1)(1 4 ¢;). And for t € (ta,t3], we have
ly(t) — @ ()] < M=)y (ty) — w(ta)] + Meae ™|y (ta) — a(ta)] + 13 (ta)

< MPe ) (14 eq)no(tr) + Me® 37 eomy (t2) + 13 (ts)
< La[no(t1) + m2(t2) + n2(t3)],

where Ly = M?Ze*(®3~%)(1 4 max(cy,cp)). We continue this process until we

arrive at
k+1

ju(t) —2(0)] < L S milts), € (ti tasa]
=0
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where L = MPFe® =t (1 + maxi<;<k ¢;). Thus for all ¢ € [—r,b], it holds
that

ly(t) —x(t)| <L mw(ts) < LS Y Ry
k=0 k=0
where
ty
no(t) < 6(Mewt1 + Me¥" / (MHyP(s) + p(s)) ds) := dRy,
0
for t € [0,4], and
t1
Hy = eXp(Mewt1+P(t1)) _|_/ p(s) eXp(MBWt1+P(t1)7P(S))dS’
0
while for kK =1,...,m,

tht1 .
() < GMestin / (MEWP(s) + p(s)) ds = 6 Ry,

tr

where
tht+1

Hy, = M exp(Me®trt=te)y 4 M2p(s)ds
ty
and

L=M"e*(1+ max ¢).
1<i<m

Using the definition of &, we obtain the upper bound |y — z|o < Me“be. Since

¢ is arbitrary, ||y — z||q < €, showing the density relation S[Coob] (¢) = Sy (¢).- O

5. Topological structure of the solution sets
5.1. Closeness of the set of solutions. Let us introduce the following
hypotheses:

(Ay) For fixed y, the multi-function t — F(t,y) is measurable.
(Az) There exists p € L([0,b], RT) such that

Hy(F(t,z1),F(t,22)) <p(t)|]|z1 — 22]|]p for all z1, 29 € D,
0 < d(0,F(t,0)) <p(t) for a.e. t € J.

THEOREM 5.1. Under assumptions (Ay)—(Az), the operator solution Si_,
of problem (1.1) has nonempty, closed valued and a closed graph.

PROOF. Let S|_,;:D — P(E) be the operator solution of problem (1.1)
defined by
Si—r)(¢) = {y € Q:y solution of problem (1.1)}.
With assumptions (A;)—(As), we may use Covitz—Nadler fixed point theorem
(Lemma 4.4), as in the proof of Theorem 4.5, to prove that

Si—rp)(¢) #0  for every ¢ € D.
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Thus we only show the closeness of both the values and the graph of S|_, 4.
Step 1. Si—pp () € Pa(E). For this, let ¢ € D and let y,, € S—;.5(¢), n € N

be a sequence which converges to some limit y, in Q. Then
o(t) for t € [—r,0],
t
yn(t) = T(t)$(0) +/ T(t — s)vp(s)ds
+ > T(t—t)Ik((ya(tn)) for t € [0,0],
0<tr<t
where v, € {v € LY([0,b], E):v(-) € F(-,(y.)n)}. Since F(t, -) is p-Lipschitz

and {y,} converges to y., there exists M, > 0 such that ||y,|q < M, and for
every e, there exists ng = ng(e) > 0 such that, for every n > ng

vn(t) € F(t, (ye)n) C F(t, (ys)r) +ep(t)B(0,1), for almost every t € [0, b].
Since F'( -, -) has compact values, there exists a subsequence v, (-) such that
Un,, (+) = o() asm — oo,

and v(t) € F(t, (y«):) for almost every ¢ € [0,b]. Since F(-, -) has closed values,
let w(-) € F(-,0) be such that |w(t)| = d(0,F(¢,0)). Then |w(t)] < p(t) for
almost every ¢ € [0, b] and

[vn,,, )] < [on,, () = w@)| + [w@)] < p(t)(Yn,, )il + p(t) < (14 M.)p(t).

Hence

b m
|Yn,,, (1) —2()] < Me‘“b/0 (0,0 (5)=0(s)| ds+Me" > [T((yn(t) =T ((y-(tr)]

k=1
where

() for t € [-r,0],
2(t) = { T(1)9(0) +/O T(t — s)v(s) ds

+ ) T(t—ti)Ie((ys(ti)) fort € [0,0].

0<tr<t
Using the continuity of I and the Lebesgue dominated convergence theorem,
we conclude that y, = z.
Step 2. Si_rp has a closed graph. Let ¢, — ¢«, yn € Sj_rp(¢n) and
Yn — Ys- Yn € S|—rp(¢n) means that there exists g, € L' such that, for each
€ [-r,0], yn(t) = ¢n(t) and for t € [0, ],

yn<t>:T<t>¢n<o>+/O Tt - $)ga(s)ds+ S T(t — ) Te(ynlti).

0<tr<t
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We prove that y. € Sj_,4)(¢+), i.e. there exists g. € Sp,, such that for each
ted

t
0 (0) =TW0.0)+ [ T(t=s)g.()ds+ Y Tt~ t0)ulws(t7).
0 0<ty<t
Using the fact that F has compact values and is an L'-Carathéodory function,
we may pass to a subsequence, if necessary, to get that {g,} converges to some
limit g, in L!(J, E). Since the functions I, k = 1,... ,m, are continuous, we
obtain the estimates

bt) = TWG0) — S Tt — o) Tuwa (15 >>—/0T<t—s>g*<s>ds

0<trp<t

s](yn<t>—T<t>¢n<o>— 5 Tl () - [ T an(s)ds)

O<trp<t

—(y*<t>—T<t>¢*<o>— ST Tl - ) Iy (1)) - / T(t—s)g*@)ds)]
0<tp<t 0

<lyn = yello + Me® Y | Ti(yn(tr)) — Ti(y«(te))]
k=1

b
+ T B(5)|¢n(0) — ¢ (0)] + Me“b/o |gn(s) = g+(s)| ds.

The right-hand side terms tend to 0, as n — oo, proving our claim. |
5.2. Compactness of the set of solutions.

5.2.1. Auziliary results. First, we collect some definitions and properties
about measures of noncompactness in Banach spaces. More details can be found
in [38].

DEFINITION 5.1. Let E be a Banach space and (A, >) a partially ordered
set. A map 3: P(E) — A is called a measure of noncompactness on E (MNC for
short) if, for every subset Q2 € P(E), it satisfies 3(co2) = 5().

Notice that if D is dense in ), then €6 Q2 = ©0 D and hence 5(Q2) = 8(D).

DEFINITION 5.2. A measure of noncompactness 3 is called
(a) Monotone if Qg, Q2 € P(E), Qo C ©y implies 8(Q) < B(£2).
(b) Nonsingular if f({a} U Q) = 5(Q) for every a € E, Q € P(E).
(¢) Invariant with respect to the union with compact sets if S(K U ) =
B(Q) for every relatively compact set K C E and Q € P(E).
(d) Real if A=R, =[0,00] and B(2) < oo for every bounded 2.
(e) Regular if the condition B(2) = 0 is equivalent to the relative compact-

ness of €.
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As example of an MNC, one may consider the Hausdorff measure:
x(2) = inf{e > 0: Q has a finite e-net}.
Recall that a bounded set A C E has a finite e-net if there exits a finite subset
S C E such that A C S + B where B is a closed ball in E.

DEFINITION 5.3. Let M be a closed subset of a Banach space E, (A, >)
a partially ordered set and §:P(E) — (A,>) an MNC on E. A multimap
F:M — Pp(E) is said to be B-condensing if for every bounded Q C M, the
inequality 8(Q2) < B(F(£)), implies the relative compactness of Q.

DEFINITION 5.4. A sequence {v,}nen C L'([0,0], E) is said to be semi-
compact if

(a) it is integrably bounded, i.e. if there exists v € L'([0,b], R") such that
lun(B)] < 9(t), for a.e. t €]0,b] and every n € N,

(b) the image sequence {v,(t)},en is relatively compact in E for almost
every ¢ € [0,D].

The following result follows from the Dunford—Pettis theorem (see also [38,
Proposition 4.2.1])

LEMMA 5.5. Every semi-compact sequence is weakly compact in L' ([0, b], E).
LEMMA 5.6 ([38, Theorem 5.1.1]). Let N: L'([a,b], E) — C([a,b],E) be an

abstract operator satisfying the following conditions:

(S1) N is&-Lipschitz: there exists € > 0 such that for every f, g€ L' ([a,b], E)

b
INF(@) = Ngl)| <€ [ 17(5) = g()]ds. for allt € [a.b).

(S2) N is weakly-strongly sequentially continuous on compact subsets: for
any compact K C E and any sequence {f,}5°, C L'([a,b], E) such
that {fn(t)}52, C K for almost every t € [a,b], the weak convergence
fn = fo implies the strong convergence N(f,) — N(fo) as n — oo.

Then for every semi-compact sequence {fn,}>, C L'([0,b], E), the image se-
quence N ({fn}52,) is relatively compact in C([a,b], E).

LEMMA 5.7 ([38, Theorem 5.2.2]). Let an operator
N:L'([a,b], E) — C([a,b], E)
satisfy conditions (S1)—(S2) together with

(S3) There exitsn € L'([a,b]) such that for every integrably bounded sequence
{fn}22, we have x({fn(t)}521) < n(t) for almost every t € [a,b], where
X is the Hausdorff MNC.
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Then ,
UNEO)Z) <2 [ n(s)ds, for allt € fa,b)
where £ is the constant in (S).

Finally, two useful properties of the fixed point set of S-condensing multimaps
are the following (see [38]):

LEMMA 5.8. Let W be a convex closed subset of a Banach space E and let
N:W — Pep.ov (W) be a closed 3-condensing multimap where 3 is a nonsingular
measure of noncompactness defined on subsets of W. Then Fix N # (.

LEMMA 5.9. Let W be a closed subset of a Banach space E and let N: W —
Pep(E) be a closed 3-condensing multimap where 3 is a monotone MNC on E.
Then Fix N is compact.

The following so-called nonlinear alternative of Leray and Schauder for multi-
valued maps will be needed in this section.

LEMMA 5.10 ([28], [27]). Let (X,|| - ||) be a normed space and F:X —
Perev(X) be a compact, u.s.c. multi-valued map. Then either one of the fol-
lowing conditions holds:

(a) F has at least one fized point,
(b) the set M :={x € X :x € AF(z), A €]0,1[} is unbounded.

5.2.2. Compactness result. Let F:J X D — Pepov(E) be a Carathéodory
multimap which satisfies some of the following assumptions:

(B;) There exist a function p € L'(J,R") and a continuous nondecreasing
function p: [0, 00) — [0, 00) such that

|E(t, 2)|| < p(t)p(]|z]|p) for a.e. t € J and each z € D,

/Obp(s)ds</loopcéz).

(Bs) There exist constants ¢ > 0 and continuous functions ¢j:RT — RT
such that

with

[T (2)] < eror(|z|) foreachz e E, k=1,... ,m.

(B3) E is a reflexive Banach space and either one of the following conditions
holds:
(a) the semigroup T'( ) is uniformly continuous,

(b) the semigroup T'(-) is compact in E.
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(Bs) There exists p € L([0,b],RT) such that for every bounded subset D
in D
X(F(t, D)) < p(t) sup{x(D(9)) : 0 € [-r, 0}

and there exist Ly > 0, k =0,...,m such that

th+1
gk = 2Me*t 1 sup / e_L’“(t_s)p(s) ds<1, k=0,...,m.
1Jt

te(tn, te+1
Here x is the Hausdorff MNC and D(0) := {¢(0), ¢ € D}.

THEOREM 5.11. Assume that F satisfies either (By), (Bz) and (Bs) or (B1),
(Bz) and (B4). Then the set of solutions for problem (1.1) in nonempty and
compact.

PRrROOF. According to the hypotheses considered, the proof is split in two
parts.

PART 1. Under assumptions (B;)—(B3), the solutions set is nonempty and
compact.

Step 1. S|_,4)(¢) # 0. Consider the operator N:Q — P(Q) defined for y € Q
by

o(t) for t € [—r,0],
N(y) = heq:ht) = T(t)p(0) +/ T(t — s)v(s)ds

+ Y Tt —ty)Ie(y(te) for t € [0,0],
0<tn<t

where v € Sp,, = {u € L*(J,E):u € F(t,y;), for almost every t € J}. Clearly,
fixed points of the operator N are mild solutions of problem (1.1). Since, for each
y € Q, the nonlinearity F' takes convex values, the selection set Sp,, is convex
and then N has convex values. As in [10], [45], [47], we can prove that N maps
bounded sets into bounded sets and there exists M7 > 0 such that for every y
solution of problem (1.1), we have |ly||o < M;. Thus we only prove that N(5,)
is relatively compact in Q, where B, = {y € Q : ||y|la < ¢}. First, N(B,) is an
equicontinuous set of Q. To see this, let 0 <7 <1 < b, y € By, and h € N(y).
Then there exists v € S, such that

(1) for t € [—r,0],
nity = { T®)o(0) + / T(t — s)v(s) ds

+ Y Tt —t)Ik(y(t)) for t € (0,0].

0<tp<t
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Letting dj, = sup),|<, #x(r), we obtain the estimate
|h(12) = h(71)| < |T(72)$(0) — T(71)$(0)]

+ [T = 9) = T = 9sepls)ola) ds
0

+ /72 IT(r2 = $) | zgypl(s)p(a) ds + Y T(r2 — 1) Ix(ye)
m k=1

+ Y @A T(r — t) = T(r2 — te) | (p)-

0<tp <71

Hence
|h(12) — h(m1)| <||T(m2 — 1) — id|| B(m)lI9llD

+ M p(g)||T(r2 — 1) — id]| sy / p(s) ds
0

—|—Me‘”bp(q)/ p(s)ds + Me** Z Crdy

71 T <t <T2

+ (2 —m) —idllpm) Y, @d.

0<tr<m1

If (Bs)(a) holds, then T'(-) is a uniformly continuous, which implies that
|T(h) —id|| =0 ash— 0.

Thus the right-hand side tends to zero as 72 — 7 — 0. This proves the equicon-
tinuity for the case where t # t;, i = 1,... ,m. In the same way, we can show
equicontinuity when (B3)(b) holds. So, it remains to examine the equicontinuity
at t =t;. Let

t
hi(t) = T(¥)(0) + Z Tt —te)lx(y(tr)) and he(t) = / T(t — s)v(s) ds.
0<tp<t 0
To prove equicontinuity at ¢ = ¢; , fix 61 > 0 such that {¢5 : k # i} N[t; — 1,8 +
51] = @ Then
hi(ti) =T(t:)$(0) + > Tt —te) Ik (y(ts))
0<ty, <t;

i—1

= T(t:)$(0) + > _ T(t: — ti) Ik (y(tr))-

k=1

For 0 < 6 < 61, we obtain the estimates
|ha(ti = 0) — ha(t:)| < |(T'(t; — 0) — T'(t:))$(0)]

ST — 6 — ) — Tt — ) ()]
k=1
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< MeE=)T7(0) — id| pmy || 6]l
i—1
+T0) — idl|pm) Y Met=0=tg, sup P (r)-
k=1 rl=q

Again, the terms in the right-hand side tend to zero as § — 0. Moreover,

t;—0
|ha(ts — 0) — ha(t;)| < Mp(q)||T(0) —id| p(g) / e li=0=9)p(s)| ds
0
t;
+ Mp(q) / Me“=)p(s) ds,
—0

which tends to zero as 8 — 0. Now, define
ho(t) = h(t) fort e [0,t1]

and
~ h(t) fort e (ti,ti+1],
hi(t) = N
h(ti ) fort =t;.

To prove equicontinuity at points ¢t = tj, let 02 > 0 be such that {ty: k& #
7,} N [ti — 0o, t; + (52} = (). Then

h(t;) = T(t:)$(0) + /0 Tt — s)o(s)ds + STt~ t) Iu(y(te).

k=1

For 0 < 6 < 65, we have the estimates
it +0) — R(6)] <I(T(t: +6) — T(t)6(0)
+ola) [ Tt 40— )~ Tt — 9)p(s) ds
FSTITG 40— 1) — Tt — )T
7(6) ~ idll 5 Il

ti
+ Mpl@)|T(0) ~ ey [ e Ipls) ds
0

<Me

+ M|T(0) — id| g Ze“’(t Dy

The terms in the right-hand side tend to zero as § — 0. By the Arzeld—Ascoli
theorem, we conclude that N:Q — Pgp, ov(€2) is a completely continuous opera-
tor. Finally, the nonlinear alternative for multi-valued mappings (Lemma 5.10)
implies that S|_, ;(¢) # 0.



SEMILINEAR DIFFERENTIAL INCLUSIONS 293

Step 2. S|_,p)(¢) is a compact set in Q. Let {yn }nen C S|—r 4 (@), then there
exists v, € Sk, such that

o(t) for t € [—r,0],
yn(t) = T(t)9(0) +/ T(t — s)v,(s)ds

+ Y T(t—ti)Ie(yn(ts)) fort € [0,b].
0<tp<t
The sequence {v,(-)}nen is integrably bounded and E is reflexive. By the
Dunford—Pettis theorem [55], there is a subsequence, still denoted (v, )nen which
converges weakly to an element v(-) € L*. Mazur’s Lemma implies the exis-

tence of a > 0,4 = n,...,k(n), such that Zf(q) a =1 and the sequence of

convex combinaisons g, (-) = Zf(? al'v;(+) converges strongly to v in L. Since
F(-,-) € Pep,ev(E) and F(t, -) is upper semicontinuous, for every ¢ > 0, there

exists ng = ng(e) such that for all n > ng(e)

k(n) k(n)
Za”F ) CFty) +e Y alll(yn)e — uillpB(0,1)
i=1
where
o(t) for ¢t € [—r,0],

y(t) = T(t)¢(0)+/ T(t — s)v(s)ds

+ Y T(t—ti)I(y(t)) fort e [0,0].
0<tp<t
From [19], (gn)nen has a subsequence which converges almost everywhere to v.
Moreover, the functions I, k = 1,... ,m, are continuous. The Lebesgue domi-

nated convergence theorem implies that

g - mm<mww/um ) os)]ds + Me*® S [Lu(yn(te) — Luly(t))] — 0.
k=1

as n — oo. Therefore S|_,.4)(-) € Pep(E).

PART 2. Under assumptions (By), (Bz), (Bs), the set S[_, ;) is nonempty and
compact.

Step 1. Si_pp # 0. Let No: DNC([0,t1], E) — P(DNC([0, 1], E)) be defined
by

No(y) = h e DNC([0,41], E) :

o(t) for t € [-r,0],

= T@M®+/HW_@M@ for £ € [0.2)
0
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where v € S, = {v € L'([0,t1], E) : v(t) € F(t,y;) for almost every ¢ € [0,¢;]}.
Set
Ko := {y €eDn O([O,t1]7E) : ”ytHD < aO(t)7 te [07t1]}7

ao(t):F_l(/ot]\/f(s)ds>7 F(Z):/:p(zZ)

and ¢ = Me“" || ¢||p, M(t) = Me*tip(t), t € [0,41].
It is clear that Ky is a closed bounded convex set in D N C([0,¢1], E). If
h € No(y), then there exists v € Sg,, such that h(t) = ¢(t), t € [-r,0] and

where

h(t) =T(t)9(0) —|—/O T(t—s)v(s)ds, te]0,tq].

CLAIM 1. Ny(Kp) C Ko. We have
t
()] < Me" g]lp + / IT(t — 5 [u(s)]| ds
t
< Me |||l p + Meot / p(s)pllyslp) ds
0

< Me"|gllp + / FE(s)plao(s)) ds.

It follows that, for each ¢ € [0,¢4],

[h(t)| < C+/0 ay(s) ds = ap(t),

whence our claim.

CrAamM 2. The multi-valued map Ny: Ky — P(Kp) has at least one fixed
point. Since F' is a multifunction with convex values, Ny has convex values.
Moreover Ny has a closed graph. Indeed, let {y, : n € N} C Ky be such
that y, — ys«, hn € No(yn) and h, — h., as n — oo. We shall prove that
he € No(y«). hn € No(y,) means that there exists v, € Spg,, such that for
almost every t € [0, 4],

hi(t) =T (&) () + /0 T(t — s)v,(s)ds.

We must prove that there exists v, € Sp,,, such that for almost every t € [0, 1],

we have
(5.1) ha(t) = T(H)6(0) + /0 T(t — $)v.(s) ds.

Since {y, : n € N} C Ky and {v, : n € N} C F(¢,(yt)n), assumption (Bj)
implies that

[on ()] < p(t)plao(tr)), ¢ € [0,4].
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In addition, the set {v,(t) : n € N} is relatively compact for almost every ¢ € J
because Assumption (B,) both with the convergence of {y, }nen imply that

X({vn(t) : n € N}) < X(E(E, (ye)n) < PEX((We)n) = 0.

Then the sequence {v, : n € N} is semi-compact, hence weakly compact in
L'([0,t1]; E) by Lemma 5.5, i.e. there exists v, € L! such that {v,} converges
weakly to v,. Finally, (5.1) follows from the Lebesgue dominated convergence
theorem.

CLAaM 3. Ny is a B-condensing operator for a suitable MNC f.

For a bounded subset D C Ky, let mode (D) be the modulus of quasi-
equicontinuity of the set of functions D given by

modg(D) = lim sup max  |z(r1) — z(72)].
0—=04eD [T2—T1]<6

It is well known (see Example 2.1.2 in [38]) that modc (D) defines an MNC
in C([a,b], E) which satisfies all of the properties in Definition 5.2. Given the
Hausdorff MNC y, let vy be the real MNC defined on bounded subsets on g by

Y(D) = sup e_LOtx(D(t)).
te(0,t1]

Finally, define the following MNC on bounded subsets of Ky by

Bo(B) = maxx (30(D). mode (D)),

where A(Kp) is the collection of all denumerable subsets of B. Then the MNC S
is monotone, regular and nonsingular (see Example 2.1.4 in [38]). This measure
is also used in [14], [15], [24] in the discussion of semilinear evolution differential
inclusions when FE is not necessarily separable.

To show that Ny is S-condensing, let B C Ky be a bounded set in Iy such
that

(5.2) Bo(B) < Bo(No(B)).

We will show that B is relatively compact. Let {y, : n € N} C B and let
No = Lo o Sg, where Sp: DN C([0,t1], E) — L(]0,t1], E) is defined by

Sp(y) =Spy={ve LY([0,t1], E) : v(t) € F(t,y;) a.e. t € [0,t1]}

and Lo: L*([0,t1], E) — D N C([0,t1], E) is defined by

fo(v)(t)z/o T(t— s)o(s)ds, € [0,t1].
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Then

|Lova(t) — Lova(t)| < /0 1T (t = )l - [va(s) — va(s)[ ds

t
< Me™™ / |v1(s) — va(s)| ds.
0
Moreover, each element h,, in Ny(y,) can be represented as

Using (5.2), we infer that So({h, : n € N}) > Bo({yn : n € N}). From ssumption
(B4), it holds that for almost every t € [0, 1],

x({vn(t) :n € N}) < x(F(t{(ye)n)}ozy)

<p(t) _fgg@x({(yt)n(@)}i?:l) <p(t) Oiggtx({yn(S)}%":l)

< eP'p(t) sup e 0 x({ya(5)}320) < € B0 (T}

From Lemmas 5.6 and 5.7, we deduce that

. t
e " ({Lo(vn)(1)}021) < v ({yn}nZs) S[lép]2Mew“/ e Fot=I5(s) ds.
te|0,t1 0

Therefore

Yo({untnZi) < v{hn}nly) = S }G‘LOtX({hn(t)}il”zl < 4070 ({YntnZ1)-

Since 0 < qo < 1, we infer that

(5.3) Yo({yn}tnzi) = 0.

Next, we show that mod ¢(B) = 0 i.e. the set B is equicontinuous. This is
equivalent to show that for every {h,} C Ny(B) satisfies this property. Given
a sequence {h,, }, there exist sequences {y,,} C B and {v,} C SF,, such that

hiy = T(-)$(0) + Lo(vn)-
Back to (5.3), we infer that {y,} satisfies the equality
X{yn(t)}) =0, foralltel0,t].
Assumption (By) in turn implies that
x({vn()}) =0 for ae. t € [0,t1].

From (B1), the sequence {v,,} is integrably bounded, hence semi-compact. Argu-
ing as in Part 1, Step 2, we deduce that, up to a subsequence, {h,} is relatively
compact. Therefore Gy({h,}32 ;) = 0 which implies that Gyo({yn}>2 ;) = 0. We
have proved that B is relatively compact and so the map Ny is B-condensing.
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From Lemma 5.8, we deduce that Ny has at least point fixe denoted yg. Moreover
since Fix Ny is bounded, by Lemma 5.9, Fix Ny is compact.

Step 2. S|, is compact. Let

Cy ={y € C((t1,t2), E) : y(t]) exists}, C*=DNC([0,t1],E)NCy,
’Cl = {Z S C* : ||yt||oo S al(t), t e [tl,tﬂ},

where

al(t):I‘_1< tj]\?(s)ds) and I‘(z):/;;éz).

Define the operator Nqi: C* — P(C*) by Ny = {h} where
yo(t) for t € [—’I“, tl],

/t T(t—s)v(s)ds+T(t —t1)[yo(t1) + Li(yo(ty))] for t € [t1,ta],

t1

h(t) =

and v € Spy = {v € L ([t1,t2], E) : v(t) € F(t,y), for a.e. t € [t1,t2]}. We can
easily check that Ny (K1) C (K1). Thus we only prove that Ny is a S-condensing
operator. For a bounded subset B C K1, let modc(B) be the modulus of quasi-
equicontinuous of the set of functions B, v; be the real MNC defined on bounded
subset on U by

M(B)= sup e My(B(t)),
te(ty,ta]

and (4, the MNC defined on K; by

pi(B) = g(l%f)(%(B),modc(B)),

where A(K1) is the collection of all denumerable subsets of B. Let B C K be
a bounded set in K; such that £ (B) < 51 (N1(B)).

We will show that B is relatively compact. It is clear that h,, has the repre-
sentation:

hn(8) = Li(vn (1)) + T(¢ = t1)[yo(t1) + T (go(t1))],

where ZI is as defined in Step 1, Claim 3. Then, we have the estimates

X{vn(t) :n € N}) <x(F(t, {(Yn)ntner + Tt —t1)[yo(t1) + L1 (yo(t1))]
XF (A (yn)s }ol1)) + Me 275 (11 (yo (1))
p(t) jg&(}x({(yn)t(@)}iil))

<p(t) | Sup_ XH{(Ye)n(s)}nz1))

<eM'p(t) sup e T x({(ya)s}nte))
t—r<s<t

< "Bt ({yntozy)-

VAN VAN
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From Lemmas 5.6 and 5.7, we deduce that

e X (L () (03021) < M {un}es) sup 2M€‘“t2/0 e~ =Ip(s) ds.

te(ty,ta]

Therefore

D) €D = s O} < o ()5
1,t2
Since 0 < ¢; < 1, it follows that v1 ({yn}22,) = 0.

By the same argument used in Step 1, we can show that mode({y,}22,) =0
and then 01 ({y,}52;) = 0. Finally, N7 is 8-condensing and from Lemma 5.8,
we deduce that N7 has a fixed point y; in K; denoted by y;. As in Step 1, we
can prove that Fix Ny is a compact set.

Step 3. We continue this process taking into account that y,, := ylp,, —r s is
a solution of the problem

(y'(t) — Ay(t)) € F(t,ys) for a.e. t € (t,b],
y(t;rm) = ymfl(tmfl) + Im(qu(t;l)),
y(t) = ym-1(t) for t € [ty —r,b).

A solution y of problem (1.1) is ultimately defined by

Yo (t) ift € [77’7 tl]a
Y2 (t) ifte (fl, t2]7

y(t) =
Ym(t) it € (tmy tmt1]-
To sum up, we obtain that Si_,;)(¢) = ﬁiglFixNk, hence (0 # S|_,.4(-) €
Pep(PC). This completes the proof of Theorem 5.11. O

6. Geometric structure of solution sets

6.1. Background in geometric topology. First, we start with some ele-
mentary notions and notations from algebraic topology. For details, we recom-
mend [12], [25]-]28], [37], [42]. In what follows (X,d) and (Y,d’) stand for two

metric spaces.
DEFINITION 6.1. A set A € P(X) is called a contractible space provided if
there exists a continuous homotopy h: A x [0,1] — A and zg € A such that

(a) h(z,0) =z, for every = € A,
(b) h(x,1) =z, for every z € A,
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i.e. if the identity map A — A is homotopic to a constant map (A is homotopi-
cally equivalent to a point).

Note that if A € Peya(X), then A is contractible. Also the class of con-
tractible sets is much larger than the class of closed convex sets.

DEFINITION 6.2. A compact nonempty space X is called an Rs-set provided
if there exists a decreasing sequence of compact nonempty contractible spaces
{X,} such that X =2, X,.

DEFINITION 6.3. A space X is called an absolute retract (in short X € AR)
provided that for every space Y, every closed subset B C Y and any continuous
map f: B — X if there exists a continuous extension f:Y — X of f over Y, i.e.

f(z) = f(z) for every x € B. In other words, for every space Y and for any
embedding f: X — Y, the set f(X) is a retract of Y.

From [2, Proposition 2.15], if X € AR, then it is a contractible space. Also,
define

DEFINITION 6.4. A space A is closed acyclic if

(a) Ho(A) =Q,

(b) H,(A) =0, for every n > 0,
where H, = {H,}»>0 is the Cech—homology functor with compact carriers and
coefficients in the field of rationals Q. In other words, a space A is acyclic if the
map j: {p} — X, j(p) = zo € A, induces an isomorphism j.: H.({p}) — H.(4).

DEFINITION 6.5. An u.s.c. map F: X — P(Y) is called acyclic if for each
x € X, the image set F'(z) is compact and acyclic.

From the continuity of Cech-homology functors, we have:

LEMMA 6.6. Let X be a compact metric space. Then X is an acyclic space
and its structure corresponds to one of the following type:

(a) X

(b) X is contractible,

(¢) X is AR,

(d) X is an Rs-set.

18 convex,

The next definitions were introduced in [26]
DEFINITION 6.7. A metric space X is called acyclically contractible if there
exists an acyclic homotopy IT: X x [0,1] — P(X) such that

(a) xg € U(x, 1), for every € X and for some zg € X,
(b) = € I(x,0), for every z € X.
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Notice that any contractible space and any acyclic, compact metric space
are acyclically contractible (see [2, Theorem 19]). Also from [27], any acyclically
contractible space is acyclic.

DEFINITION 6.8. A metric space X is called Rs-contractible if there exists
a multivalued homotopy IT: X x [0,1] — P(X) which is u.s.c. and satisfies
(a) x € II(z, 1), for every x € X,
(b) I(x,0) = B for every x € X and for some B C X,
(c) II(z, a) is an Rs-set, for every a € [0,1] and = € X.

Next, we present a result about the topological structure of the set of solu-
tions of some nonlinear functional equations due to N. Aronszajn and developed
by F. Browder and Ch. P. Gupta in [13] (see also [2, Theorem 1.2]).

THEOREM 6.9. Let X be a space, (E,||-||) a Banach space and f: X — E a
proper map i.e. f is continuous and for every compact K C E, the set f~1(K)
is compact. Assume further that for each € > 0 a proper map f.: X — E is given
and the following two conditions are satisfied:

(a) ||fe(x) = f(2)|| <&, for every x € X,
(b) for every e > 0 and u € E in a neighbourhood of the origin such that

lul| < e, the equation f-(x) = u has exactly one solution xy,.

Then the set S = f~1(0) is an Rs-set.

The following Lasota—Yorke Approximation Theorem (see [27]) will be needed

in this section.

LEMMA 6.10. Let E be a normed space, X be a metric space and f: X — FE
be a continuous map. Then, for each € > 0, there is a locally Lipschitz map
fe: X — FE such that

If(z) = fe(z)|| <&, for everyx € X.

6.2. Application. Consider the first-order impulsive single-valued problem:
y'(t) — Ay(t) = f(t,y:) for ae. t € J=[to,b] \ {t1,.-. ,tm},
(6.1) Ayli—s, = Te(y(ty,)) fork=1,... ,m,
y(t) = o(t) for t € [—r, to],
where f:J x D — FE is a given function tg < ... < &, < tipy1 = b, ¢ € D,
Ayli=r, = y(&)—y(ty), (&) = limy o+ y(tr+h) and y(t; ) = lim, o+ y(tr—h)
represent the right and left limits of y(t) at ¢ = tx, respectively.
Denote by S(f, ¢) the set of all solutions of problem (6.1). We are in a posi-
tion to state and prove an Aronsajn-type result for this problem. First, we list
two assumptions:

(C1) f:J x D — E is an L'-Carathéodory function.
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(C2) There exist a function p € L'(J,R*) and a continuous nondecreasing
function p : [0,00) — [0, 00) such that

If (& o)) <p@)p(]|z||p) for ae.t e J and each x € D

b )
/ p(s)ds </ d—u
0 Mewb||¢|lp p(u)

Then, our first result in this section is

with

THEOREM 6.11. Assume that Assumptions (C1)—(C2) hold together with ei-
ther (Bz), (B3) or (B2), (By). Then the set S(f,®) is an Rs, hence an acyclic
space.

PRrOOF. Let F:Q — () be defined by:
o(t) for t € [—r,to],
P = | 1wl + [ 197G as
+ ) Tt —t)k(y(ts)  for t € (to,b].

to<tp<t

Thus Fix F' = S(f, ¢). From Theorem 5.11, we know that S(f,®) # 0 and there
exists M > 0 such that

lyllo < M, for every y € S(f,¢).

Define
_ f(tayt) lnyt“D SMa
f(t7 yt) = M . —_—
f(t, yt) if |l > > M.
lyellp
Since f is L'-Carathéodory, the function f is Carathéodory and is integrably

bounded by (Cz). So there exists h € L*(J,R") such that

(6.2) I/ (¢, z)|| < h(t), fora.e.tandall zeD.

Consider the modified problem

y'(t) — Ay(t) = f(t,ye) forae.t € J\{t1,... ,tm},
Ayli—s, = Ip(y(ty,)) fork=1,...,m,

y(t) = o(t) for t € [—r, to].
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We can easily prove that S(f,¢) = S(f, @) = Fixﬁ, where F:Q — Q is as
defined by

o(t) for t € [—r, to],

Flty = 4 T=100(t0) + [ Tt = 5)fs.p.)ds

to
+ Y TE—t)(y(ty))  fort € [to,b).
O<tp<t
By the inequality (6.2) and the continuity of Ij, we deduce that

IFW)llo < Me*||¢llp + Me"||h]| s + Me** " exdn(M) := R.
k=1
Then F is uniformly bounded. As in Theorem 5.1, we can prove that F:Q—Q
is compact which allows us to define the compact perturbation of the identity
é(y) =y— F(y) which is a proper map. From the compactness of F and the
Lasota—Yorke approximation theorem, we can easily prove that all conditions of
Theorem 6.9 are met. Therefore the solution set S(f,#) = G~1(0) is an Ry set,
hence an acyclic space by Lemma 6.6. |

6.3. o-selectionable multivalued maps. The following definitions and
the result can be found in [27], [29] (see also [5, p. 86]). Let (X,d) and (Y,d’)
be two metric spaces.

DEFINITION 6.12. We say that a map F: X — P(Y) is o-Ca-selectionable
if there exists a decreasing sequence of compact valued u.s.c. maps F,: X — Y
satisfying:

(a) F, has a Carathédory selection, for all n > 0 (F, are called Ca-

selectionable),
(b) F(z) =50 Fnlz), for all z € X.

DEFINITION 6.12. A single-valued map f:[0,a] x X — Y is said to be
measurable-locally-Lipschitz (mLL) if f(-,x) is measurable for every x € X and
for every x € X, there exists a neighbourhood V, of x € X and an integrabe
function L,:[0,a] — [0, 00) such that

d'(f(t,z1), f(t,x2)) < Ly(t)d(x1,22) for every t € [0,a] and x1, 22 € V.

DEFINITION 6.13. A multi-valued mapping F:[0,a] x X — P(Y) is mLL-
selectionable if it has an mLL-selection.

DEFINITION 6.14. We say that a multivalued map ¢:[0,a] x R" — P(R"™)
with closed values is upper-Scorza—Dragoni if, given § > 0, there exists a closed
subset As C [0, 1] such that the measure p([0,a] \ As) < 6 and the restriction ¢s
of ¢ to As x R™ is u.s.c.
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THEOREM 6.15 (see [27, Theorem 19.19]). Let E, E; be two separable Ba-
nach spaces and let F': [a,b] X E — Pep ov(E1) be an upper-Scorza—Dragoni map.
Then F is o-Ca-selectionable, the maps Fy:[a,b] x E — P(E1) (n € N) are

almost upper semicontinuous and we have

Fo(t,e) C conv( U Fn(t,x)>.

zEFR

Moreover, if F is integrably bounded, then F is o-mLL-selectionable.

Let S|_,4(¢) denote the set of all solutions of problem (1.1). Now, we are in
position to state and prove another characterization of the geometric structure

of S[fnb] (¢)

THEOREM 6.16. Let F: J X D — Pep v (E) be a Carathéodory and an mLL-
selectionable multi-valued map which satisfies conditions (By), (B2) and (Hz)
with Zl,:jln ck < 1. Then, for every ¢ € D, the set S|_,4)(¢) is contractible.

PROOF. Let f C F be a measurable, locally Lipschitz selection and consider
the single-valued problem

y(t) — Ay(t) = f(t,y:) for a.e. t € J\ {t1,... ,tm},
(6.3) y(t5) —y(te) = I(y(t,)) fork=1,... tm,
y(t) = o(t) for t € [—r,0].

As in [11] or in [45], [46, Theorems 3.3 and 3.5], we can prove that problem (6.3)

has exactly one solution for every ¢ € D. Define the homotopy h: Si_, 4 (¢) X
[0,1] — S—r.p)(#) by

y(t) for —r <t < ab,

z(t) for ab <t <D,

h(y, a)(t) = {

where T = S[_,.4)(f, #) is the unique solution of problem (6.3). In particular,

h(y.a) y fora=1,
y &) =
Y T for a=0.

To show that h is a continuous homotopy, let (y,,, @) € Si—r5(¢) x [0, 1] be such
that (yn, an) — (y, ), as n — oco. We shall prove that h(yn, a,) — h(y, ). We
have
By 0)(£) = { gn(t) for t € [—r, anb),
z(t) fort € (anb,b].
Three cases may occur.
Case 1. If lim,,_, o v, = 0, then

<

(t) forte [—r0],

h(y,0)(t) = { f(t) for t € (O,b]-
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Hence
17 (Yn, om) = Wy, @) llo < llyn — dllo + lyn — Zl0,anb)s
which tends to 0 as n — oo for y,, = ¢ on [—r,0]. The case when lim,, o, @, = 1
is treated similarly.
Case 2. If a, # 0 and 0 < lim,, oo @, = @ < 1,] then we may distinguish
between two sub-cases:
(a) If t € [—r, ab], then

if yn(t) = ¢(t) then h(yn, an)(t) = h(d, ay)(t), for all t € [—r,0].

Furthermore, y, € S[_,4(¢) implies the existence of v, € Sp,, such that for
t €10, a,b|

yn(t) = T(t)o(t) — /0 T(t = syou(s)ds+ D T(t—te)Iu(yn(tr)).
0<tp<t

F(t, -) being u.s.c., for every € > 0, there exists ng = ng(e) > 0 such that for
any n > ng, we have

vp(t) € F(t, (yn):) C F(t,y:) +eB(0,1), for a.e. t € [0,ad].

In addition F'(-, -) has compact values; then there exists a subsequence vy, ()
such that v, () converges to a limit v(-) satisfying

v(t) € F(t,y:) + eB(0,1), for alle > 0.

Therefore v(t) € F(t,y:) for amost every t € [0,ab]. Now {y,} converges to y;
then some R > 0 exits and satisfies ||y, |l < R. Then assumption (B1) implies
that

[Un,, (8)] < p(t)p(R), for a.e.t € [0,b].

By the Lebesgue dominated convergence theorem, v € L'([0,b], ), hence v €
SF,y. Using the continuity of Ij, we deduce that for ¢ € [0, b]

v =TWo0) = [ Te=s)o)ds+ ¥ Tt ululte)).

0<trp<t
(b) If t € (anb,b], then h(yn, o) (t) = h(y, a)(t) = Z(t)). Thus
|h(yn, an) — h(y, a)|lo — 0, asn — oco.

Therefore h is a continuous function, proving that Si_, ;(¢) is contractible to
the point T = Si_, 4)(f, ¢). |

A further precise result is given by
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THEOREM 6.17. Let F:J x D — Py ov(E) be a Carathéodory and a Ca-
selectionable multi-valued map. Further to the assumption in Theorem 6.16, let
either condition (Bs) or (Bs) be satisfied. Then the solution set Si_,.y(¢) is

Rs-contractible and acyclic.

PROOF. Replace the singlevalued homotopy h:S[_,p % [0,1] — S[_, in
Theorem 6.16 by the multivalued homotopy II: S;_,.4)(¢) x [0, 1] — P(S|_,.4(¢))
defined by

(z, o) = {y € S(f,ab,2)},

where f C F and S(f, ab, ) is the solution set of the following problem

(y — Ay)(t) = f(t,ue) for a.e. t € [ab,b] \ {t1,...tm},

y(td) —y(te) = Tu(y(ty)) fork=1,...,m,

y(t) = x(t) for ¢t € [—r, ad].
From the definition of II, TI(x,0) = S(f,0,2) and = € I(x,1) for every = €
S[—rb)(¢)- It remains to prove that II(-, -) is w.s.c. Since II( -, -) has nonempty
compact values, we only check (see Lemma 2.2) that II is locally compact and
has a closed graph. Finally, we show that II(z, «) is an Rs-set for each x, a. This

will be performed in three steps.

Step 1. II is locally compact. We argue in two sub-steps.
(a) The multivalued map S: [0,5] x D — P(Q) defined by

S(t,¢) =5(f.t,0)
is u.s.c. Here S(f,u, ¢) refers to the solution set of the problem

(y' — Ay)(t) = f(t, ye) for a.e. t € [u, b \ {t1,...tm},
y(th) —yte) = I(y(ty)) fork=1,...,m,
y(t) = o(t) for t € [—r, u).

On the contrary, assume that S is not w.s.c. at some point (¢, ¢o). Then
there exists an open neighbourhood U of S (to, ¢o) in 2 such that for every open
neighbourhood V' at (%o, ¢o) in the metric space [0, b] x D, there exists (t1,¢1) € V
such that S(ty,¢1) ¢ U. Let V,, = {(t,¢) € [0,b] x D:d((t,d), (to, do)) < 1/n},
for each n = 1,2,..., where d denotes the product metric in [0,b] X D. Then
for each n = 1,2,..., we get some (t,,¢,) € V,, and y, € §(tn,¢n) such that
yn & U. Define the maps Gy,.¢,, Fio,00: 2 — Q by

¢0(t) fort € [77,’ tO]a
@) = | TE= 1000+ | 7= 0f(e.0)d

+ > Tt —te) Ie(x(t)) for t € [to, ],

to<trp <t
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and the compact perturbation of the identity
Giy.00 () = — Fiy 9, (x), fort e [0,b] and x € Q.

By a simple calculation, for x € Q, ¢,ty € [0,b] and ¢¢ € D, we have

Fo,00(7)(t) = T(t —to)do(to) — Fio,0(z)(t0) + Fio0(z)(2).
Since

Gt0,¢>0 (33) =T — Ft07¢0 (LL')
we have

Gy, (2)() = 2(t) = Fig,00 () (1)
= a(t) — [T'(t — to)po(to) — Fio,0(z)(t0) + Fio,0(z)(t)]
—T(t —to)po(to) + z(t) — Fiy.0(x)(t) + Fiy.0(z)(to)
=T (t — to)do(to) + Fro,0(x)(to) + Gro,0(2)(t)-
Thus
Gy, (2)(t) = =T'(t = to)o(t) + Fiy,0(x)(t0) + G ,0(2) (1)

Since Fy, ¢, is a compact map (see Theorem 3.3 in [46]), the compact perturba-
tion of the identity Gy, ¢, is proper. Moreover, y, € S(t,, $,). Then

On(t) for t € [—r, t,],
) = | T~ t)nlta) + [T = 8)55, ().) ds
+ Z T(t — ti) I (yn (tr)) for t € [t,,b].

It follows that

0=Gt, .4, (Yn)(t) = =T(t — tn)dn(tn) + Fr, 0(yn)(tn) + th,O(yn)(t)

and
G0 (Yn)(t) = =T'(t — to)do(to) + Fiy,0(yn)(to) + Gte,0(yn) (1)
Then, we obtain by substraction the successive estimates

1Gto.60 (yn) (D)
STt = tn)dn(tn) = Tt = to)po(to)ll + |Gr,.0(Yn) (tn) — Gro.0(yn) (to) |
= [ T(t = tn)dn(tn) = T(t = to)do(to) || + [ Ft, 0(yn) (t) = Fio.0(yn) (2l
STt = tn)dn(tn) — T(t = tn)do(to)|| + [[T(t = tn)dn(to) — Tt — to)do(to) |l
—l—‘/tT(t—s) ds—/ (t—35)f(s,(yn)s)ds
> T —te) Ik (yn(te) ‘

to<tp<tn

< Me®||n(tn) = do(to)l| + | T(t — tn)én(to) — T(t — to)do(to) |
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+ / I = s o)l ds + Me® S Tyt

to<tp<tn
|

< Me*||pn — dnllp + IT(t = to)dnlto) — T(t — to)do(to)

+ Mt / s () ds + M ST 1 Lgalt)]

to to<tip<tn

In addition, ||y, || < R and Assumption (B1) implies that
G060 () ) < Me“*|ldn — pollp + IT(t — tn)do(to) — T(t — to)do(to)

t7l
+ Me® / p(s)p(R)ds + Me** >~ Tui(R).

to to<tp<tn
limy, 00 ¢n = Po and lim,,_. o ¢, = to imply that lim,, o Gy, (Yn)(t) = 0. The
set A = {G,.6,(yn)} is a compact set and so is G;OT% (A) because G is proper.
It is clear that {y,} C G iﬁo (A). Without loss of generality, we may assume
that lim,, o ¥, = yo, hence yo € S(to, ¢o) C U but this is a contradiction to
the assumption that y,, € U for each n.

(b) II is locally compact. For some r > 0, Let

BxI={(z,a)c S[—rp) X [0,1] : [|z|lo < 7}
and {y,} € II(B x I); then there exists (¢, a,) € B x I such that

0 On(t) for —r <t <ayb,
it = zn(t) for ab <t <b, z, € S(f,anb, o).

Since S|,y is compact, there exist subsequences of {¢, } and {c,} which con-
verge to x and «, respectively. S ws.c. implies that for every € > 0 there exists
no = n(e) such that z,(t) € S(t, ) = S(f, ab, z), for any n > ng. Hence there ex-
ists a subsequence of {z,} € S(f, ab, z). By the compactness of S(f, ab, ), there
exists z such that the subsequence {z,} converges to z € S(f, ab,x). Therefore
IT is locally compact.

Step 2. 11 has a closed graph. Let (z,,ay,) — (T4, ), h, € II(z,,a,) and
hy — hy as n — oco. We shall prove that h, € (x4, a). hy, € H(y,, a,) means
that there exists z, € S(f, anb, ¢,,) such that for each t € J

dn(t) for —r <t < apb,
hn(t) =
zn(t)  for apb <t <b.
We must prove that there exists z. € S(f, ab,z.) such that for each ¢t € J

hy(t) =

x4(t) for —r <t < ab,
z(t) for ab <t <b.
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Clearly (anb, ¢n) — (o, ) as n — oo and we can easily show that there exists
a subsequence {z,} converging to some limit z,. The cases « = 0 or @« = 1 can
be treated as in the proof of Theorem 6.16. From the above arguing, we find
that z, € S(f,ab,z), proving our claim.

Step 3. We claim that II(z,«) is an Rs-set for each fixed o € [0,1] and
x € Sj_pp. Clearly II(z, ) = Sjus(x) where Jo = [-r,ab] and J = [ab,b].
Since F' is o-Ca-selectionable, there exists a decreasing sequence of multivalued
maps Fj:[0,b] x D — P(E)(k € N) which have Carathéodory selections and
satisfy

Fri1(t,u) C Fy(t,u) for almost all ¢ € [0,b], u € D

and

F(t,u) = ﬂ Fi(t,u), weD.
k=0

Then

H(JJ,O() = ﬂ S[—r,b] (Fk,l‘).
k=0
When either condition (B3) or (By) is satisfied, Theorem 5.11 implies that II(z, «)
and S[_,4)(Fr,x) are compact sets. Moreover from Theorem 6.16, the sets

S[—r,5](Fr,x) are contractible sets. Therefore II(xz, ) is an Rs-set.

Conclusion. As a consequence, all properties in Definition 6.8 are met.
Therefore, the set S|_,;(¢) is Rs-contractible, ending the proof of the theo-
rem. 0

Next, more results regarding the topological structure of the solution sets are
derived.

THEOREM 6.18. Let F:J x D — Pep ov(E) be a Carathéodory and a o-Ca-
selectionable multi-valued map. Assume that all conditions of Theorem 6.16 are
satisfied. Then the solution set Si_,)(¢) is an Rs-set.

PROOF. Since F' is o-Ca-selectionable, there exists a decreasing sequence
of multivalued maps F:[0,b] x D — P(E) (k € N) which have Carathéodory
selections such that

Fiy1(t,u) C Fi(t,z) for almost all ¢ € [0,b], z € D
and
F(t,x) = (| Fx(t,z), x€D.
k=0

Then
S[—r,b] (Fa ¢) = ﬂ S[—r,b](Fk, QS)
k=0
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From Theorem 6.17, the set S;_, 4(Fx, ®) is contractible for each k£ € N. Hence
Si—rp)(F, ¢) is an Rs-set. a

THEOREM 6.19. Let F: J XD — Pep v (E) be a Carathéodory and a o-mLL-
selectionable map. Assume that all conditions of Theorem 6.16 are fulfilled. Then
the solution set S|_,y)(¢) is an Rs-set.

ProOOF. It is enough to prove that F' is a o-mLL-selectionable and then
apply Theorem 6.16. ]

THEOREM 6.20. Let F:J x D — Pep oo(E) be an upper-Scorza—Dragons.

Assume that all conditions of Theorem 6.16 are satisfied. Then the solution set

Si—r5)(¢) is an Rs.

PROOF. Since F' is upper-Scorza—Dragoni, then from Theorem 6.15, F is
a 0 — Ca-selection map. Therefore S;_, (F, ¢) is an Rs-set. O

7. Concluding remarks

In this paper, we investigated problem (1.1) under various assumptions on the
multi-valued hand-side nonlinearity and we obtained a number of new results re-
garding existence of solutions. We first proved Filippov’s and Filippov-Wazewski
results to semilinear impulsive differential inclusions providing extensions of sim-
ilar results obtained in [5], [6], [21], [23], [48], [58]. The main assumption on the
nonlinearity are the Carathéodory and the Lipschitz conditions with respect to
the Hausdorf distance in generalized metric spaces. This allowed us to prove also
closeness of the solutions set. Then, Nagumo—Bernstein type growth conditions
were assumed and the compactness of the set of solutions is proved.

In 1976, Lasry and Robert [42] proved that, if the nonlinearity F' is compact,
convex valued, u.s.c. and bounded, then the set of all solutions for fisrt-order
differential inclusions with right-hand side F' is a compact and acyclic set. In
1986, Gérniewicz [26] discussed the topological structure of the set of solutions
(contractibility and acyclic contractibility) when F' is an ML- or o-selectionable.

When the multi-valued nonlinearity is further 0 —Ca or o-mLL selectionable,
based on Aronszajn type results, we investigated the geometric properties of the
solutions set, proving that it enjoys AR, Rs, Rs-contractibility, contractibility
and acyclicity. An application to a single-valued problem was given.

We hope this paper can make a contribution in the domain of impulsive

semi-linear differential inclusions, widely studied in the recent literature.
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