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ON THE SUSPENSION ISOMORPHISM FOR INDEX BRAIDS
IN A SINGULAR PERTURBATION PROBLEM

MARIA C. CARBINATTO — KRZYSZTOF P. RYBAKOWSKI

ABSTRACT. We consider the singularly perturbed system of ordinary dif-
ferential equations

(ES) Ey.:f(y7m7s)7
z = h(y,z, &)

on Y x M, where Y is a finite dimensional normed space and M is a smooth
manifold. We assume that there is a reduced manifold of (E.) given by the
graph of a function ¢: M — Y and satisfying an appropriate hyperbol-
icity assumption with unstable dimension k£ € Ng. We prove that every
Morse decomposition (Mp),cp of a compact isolated invariant set Sp of
the reduced equation

= = h(¢(x),z,0)

gives rises, for ¢ > 0 small, to a Morse decomposition (Mp.e)pcp of an
isolated invariant set S of (E¢) such that (Se, (Mp,e)pep) is close to ({0} x
So, ({0} x Mp)pep) and the (co)homology index braid of (Se, (Mp.e)pep)
is isomorphic to the (co)homology index braid of (So, (Mp)pecp) shifted by
k to the left.
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1. Introduction

Consider the following singularly perturbed system of ordinary differential
equations

e = fi((y1,y2,2),€),
(11) 53)2 = fQ((ylayan)7€)7
& = h((y1,92,2),€)

and assume the following

HyprOTHESIS 1.1.

(a) Y1, Y5 and X are finite dimensional normed linear spaces with k :=
dimY3, U is open in X, € € 10, 00 is arbitrary, Zy is open in Y1 x Yo x U
and Wy := Zy x [0,£].

(b) f1:Wo = Y1, fo: Wy — Y3 and h: Wy — X are maps such that, for each
e €]0,2], f1(+,¢e), fo(-,&) and h(-,€) are locally Lipschitzian.

(c) ¢1:U — Yy and ¢2:U — Yo are C%-maps such that for all x € U,
(91(2), d2(x), x) € Zy and

fi((¢1(2), @2(x),2),0) =0, fo((¢1(), P2(2), x),0) = 0.

(d) The maps fi(-,0), f2(-,0) are of class C? and the map h( -,0) is locally
Lipschitzian.

(e) For every (y1,y2,x) € Zy, the maps f1, fo are continuous at the point
((y1,y2,2),0) and for every x € U the map h is continuous at the point
((¢1 ($)7 ¢2($), CC)7 0)'

(f) For all x € U, reo(By1(x)) < 0, reo(Baa(x)) > 0, Bia(z) = 0 and
Bo1(z) =0, where

le(.%') = Djfl((¢1(w),¢2(1'),$)70)7 Jle {172}7 zeU.

In singular perturbation theory the set

{(¢1(2), @2(x), x) | 2 € U}

is called the reduced manifold of (1.1). The corresponding reduced equation is

given by

(12) £L’:h((¢1(1’),¢2($),1’),0)

Part (f) of Hypothesis 1.1 is a hyperbolicity assumption on the reduced manifold
with respect to equation (1.1).

A natural question is whether the dynamics of the reduced equation (1.2)
‘survives’ in the dynamics of (1.1) for € > 0 small.
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In this paper, this question is considered in the context of Conley index
theory. In particular, we prove that every isolated invariant set Sy of the reduced
equation (1.2) gives rise to a family of isolated invariant sets Sc, € > 0 small,
of (1.1) whose Conley index h(S.) is equal to the wedge product of the pointed
k-sphere with the Conley index h(Sp) of Sg. Moreover, every (partially) ordered
Morse decomposition (M,),ep of Sy gives rise to a family (M, .)pep, € > 0
small, such that, for all such e, (M, )pep is a Morse decomposition of S, and the
(co)homology index braid of (Se, (M), c)pep) is isomorphic to the (co)homology
index braid of (So, (M,)pep) shifted by k to the left.

Let us now describe our results more precisely. By m. denote the local
(semi)flow on Z; generated by the solutions of the differential equation (1.1)
and by 7y denote the local (semi)flow generated on U by the ordinary differen-
tial equation (1.2).

Our first result reads as follows.

THEOREM 1.2. Assume Hypothesis 1.1. Let Sy C U be a compact isolated
invariant set relative to mg and N C U be a compact isolating neigbourhood
of So. Then there is an 19 € |0,00[ such that for every n € 10,m0], there exists
an €9 = €o(n) €]0,2| such that for every e € ]0,¢), the set

Ny :={(y1,y2,2) € Zo |x € N, |yh — ¢1(x)]y; < and |y2 — d2(x)|y, < 1},
18 an 1solating neigbourhood relative to m. and
h(me, Se) = B* A h(mo, So),
where Se = S Ny = Invy_(N,) and k is the dimension of Y.

Now, for the rest of this paper, let P be a finite set and < be a strict partial
order on P.

Using the notation of the papers [5], [4], [17] we can state our second result
as follows.

THEOREM 1.3. Assume Hypothesis 1.1. Let So C U be a compact isolated
invariant set relative to mg and N C U be a compact isolating neigbourhood of Sy.
Moreover, let (Mp)pep be a <-ordered Morse decomposition of Sy relative to .
For each p € P, let V, C N be an isolating neigbourhood of M, relative to my.
For every n € 10,00[, every € € ]0,2] and every p € P, define

Se = SeNy =Inve (Ny) and Mye = My v,y =Inve ((Vp)n),
where,

(Vp)n =A{(y1,y2,2) € Zo | 2 € Vpp, ly1 — d1(2)|yy, <1 and |y2 — ¢2(x)]y, < 0}
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Then there exists an ng € ]0,00[ such that for every n € ]0,m0] there is an
g0 = €o(n) € ]0,2] such that for every € € 10,e0], the family (Mpc)pep is a <-
ordered Morse decomposition for S relative to w.. Moreover, for everye € 10, &o],
for every K € Z(=<) and for every q € Z, there exist isomorphisms

05 (K): Hy(me, Mc(K)) — Hy—k(mo, M(K))

and
OUK): H" ¥ (o, M(K)) — H(m., Mc(K))
such that given (I,J) € Iy(<) the diagrams

— Hy(M(I)) — Hy(M(1J)) — Hy(M:(J)) — Hg1(M:(1)) —

l“i(l) l@E(U) l“i(c}) l@Z—l(l)

— Hy i (M(I)) = Hq—,(M(1J)) — Hg—,(M(J)) = Hgp—1 (M (1)) —

+— HYM (1)) +— HI(M(IJ)) +— HY(M(J)) +— HI"Y(M.(I)) +—

93(1)1\ @Z(IJ)T @Z(J)T @gl(I)T
— HI7R(M(I)) «— HIF(M(1J)) < HI7*(M(J)) «— HTFY(M(I)) «—
commute, where for every K € I(<), for every e € ]0,&0] and for every q € Z,
Hy(M(K)) := Hy(mo, M(K)), HY(M(K)) := H%mo, M(K)), Hq(M(K)) :=
Hy(me, M.(K)) and HY(M.(K)) := H(w., M(K)). Thus, the (co)homology in-
dex braid of (7w, Se, (Mp e )pep) is isomorphic to the graded module braid obtained
by shifting the (co)homology index braid of (m, So, (Mp)pep) to the left by k.

In addition, we show that the sets S. = 5. n ., are asymptotically indepen-
dent of N and 7 and the family S., € € [0, o], where Sy = {0y, } x {0y, } x Sy and
§5 =S¢, € > 0, is upper-semicontinuous at € = 0 in the topology of Y7 x Y5 x X.
In this sense, the sets S. are close to {0y, } x {0y, } x Sp for € > 0 small. Analo-
gously, the sets M, . = M, . n, are asymptotically independent of N and 7 and
close to {0y, } x {Oy,} x M, for € > 0 small.

In particular, the above results show that the Conley index of Sy com-
pletely determines the Conley index of S. and the (co)homology index braid
of (mo, So, (Mp)pep) completely determines the (co)homology index braid of
(e, Sey (Mpe)per). This answers the question posed above from the point of
view of Conley index theory.

Theorems 1.2 and 1.3 are special cases of the main result of this paper,
Theorem 4.3. A crucial step in the proof of that theorem is an application of the
suspension isomorphism results for (co)homology index braids established in [4]
and [17].

This paper is organized as follows. In Section 2 we establish an isomorphism
result for (co)homology index braids in the case of the product of an arbitrary
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local semiflow with an asymptotically stable linear flow. This result is required
in the proof of Theorem 4.3. In Section 3 we recall some useful facts about
ordinary differential equations on manifolds. In Section 4 we introduce a gener-
alization of problems (1.1) and (1.2) (see (4.1) and (4.2)) in which the open set
U C X isreplaced by a finite dimensional differentiable manifold M and Hypoth-
esis 1.1 is replaced by more general assumptions (see Hypotheses 4.1 and 4.2).
We also state our main result, Theorem 4.3. We then prove this theorem and
the upper-semicontinuity results alluded to before. We then discuss two cases
in which Hypothesis 4.2 is satisfied. We end the paper with an example showing
that Hypothesis 4.1 alone is not sufficient for the validity of Theorem 4.3.

We refer the reader to the papers [1], [2], [4], [5], [17] for various notations
and results used implicitly throughout this paper. The interested reader is also
referred to the recent paper [6] for a continuation result of (co)homology index
braids in singularly perturbed hyperbolic equations.

2. A special product case

In this section let E be a Banach space and II be the global semiflow generated
by a Co-semigroup (T'(t))¢e(o,00[ Satisfying, for some constants M, § € ]0, 0],
the estimate

(2.1) IT(t)ulp < Me P! |ulp, te0,00[,uc€E.

Moreover, let X be a metric space and 7 be a local semiflow on X. Let 7’ = 7 xII
be the product of m with II. Unless specified otherwise, whenever M is a sub-
set of X, we write M’ = M x {0g} C X x E. We will prove in this section
that, under the usual admissibility assumptions, whenever, relative to 7, S is an
isolated invariant set and (Mp,),cp is a (partially) ordered Morse decomposition
of S, then, relative to 7', S’ is an isolated invariant set, (M)ycp is a Morse
decomposition of S’ and the (co)homology index braid of (7,5, (Mp)pep) is iso-
morphic to the (co)homology index braid of (7', 5", (M,),cp). Together with
the suspension isomorphism results established in [4], [17] this will be a crucial
step in the proof of Theorem 4.3.
We will first prove the following result.

THEOREM 2.1. Let B be a closed ball in E centered at 0 = Og.

(a) Let S be an isolated m-invariant set and (Y, Z) be an FM-indez pair for
(m,S) such that Clx (Y \ Z) is strongly m-admissible. Then S’ is an
isolated 7'-invariant set and (Y x B,Z x B) is an FM-index pair for
(7', 8") such that Clxxg((Y x B)\ (Z x B)) is strongly 7' -admissible.
Let fy z2:Y/Z — (Y x B)/(Z x B) be the (base point preserving) map
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induced by f:Y — Y x B, z +— (z,0), and, for q € Z, let

Fy = Hy(fv.2): Hy(Y/Z{[Z)}) — H,((Y x B)/(Z x B).{{Z x B]}),
resp.

F? = HY(fy.z): HU(Y x B)/(Z x B),{[Z x B]}) — H'(Y/Z.{2]})

be the induced homology, resp. cohomology, map. The map fy,z is a ho-
motopy equivalence of pointed spaces so Fy, resp. F'9, is an I'-module
isomorphism for all q € Z.

(b) For all q € Z, the map

<Fq> = <Fq>c7<1>7c/_§>7: ‘5(6) - ‘b/(c/)a
resp. the map

(F1) = (F1), 4 0 51 @/ (C") = B(C),

is independent of the choice of (Y, Z). Here, C (resp. C') is the categorial
Conley—Morse index of (mw,S) (resp. (n',S")) as defined in [5] and ®
(resp. @) is the restriction of Hy, resp. H9, to C (resp. C'). For all
q € Z, define the morphism ky(m,S): Hy(w,S) — Hy(n', S") by

H‘Z(Trv S) - <Fq>
and the morphism k4(m,S): H1(x',S") — H%(r, S) by
ki(m,S) = (F?).

kq(m,S) and k1(m,S), q € Z, are T'-module isomorphisms.

(c) Given an isolated mw-invariant set S having a strongly m-admissible iso-
lating neigbourhood and an attractor-repeller pair (A, A*) of S relative to
m, then S’ is an isolated ©'-invariant set having a strongly 7 -admissible
isolating neigbourhood, (A’, (A*)") is an attractor-repeller pair of S" re-

lative to ' and the diagrams

— Hy(r,A) — Hy(7,S) —— Hy(m, A*) —— Hy_1 (7, A) —

(22) lHQ(ﬂ—’A) l”q(ﬂ—as) J/KQ(W’A*) J{KQI(TUA)

— Hy(n', A') — Ho (', §") — Hy (7', (A")") — Hya (2", A') —

+— HY(m, A) «— HI(m,S) «—— HI(mw, A*) «—— HI (7, A) +—

(23) Tlﬁq(ﬂ',A) TRQ(W,S) Tﬁq(ﬂ,A*) anl(mA)

«— HI(r',A") +— HY(n',S") «— HU (', (A*)) «— HI Y (7', A") +—

commute.
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PROOF. Let S be an isolated m-invariant set and (Y, Z) be an FM-index pair
for (m, S) such that Clx (Y'\ Z) is strongly m-admissible. Since, by (2.1), (B, 0) is
an FM-index pair for (I, {0}) with B strongly II-admissible, an application of [4,
Proposition 2.2] shows that (Y x B, Z x B) is an FM-index pair for (7’,S") such
that Clxxg((Y x B)\ (Z x B)) is strongly n’-admissible. Now, working with
the homotopy ((x,b),0) — (x,0b) from (Y x B) x [0,1] to Y x B we easily show
that fy,z is a homotopy equivalence of pointed spaces. This proves part (a).

To prove the independence of (Fy) of the choice of (Y, Z), let (Y, Z) be
another FM-index pair for (7, S) with Clx (f/ \ 2) strongly m-admissible. By [5,
Proposition 4.6, Lemma 4.8 and Proposition 2.5] we obtain sets Ly, Lo, W and
W such that (L1,Ls) C (Y NY,WNW),ZCW,ZCW and (L1, L), (Y, W)
and (?,W) are FM-index pairs for (7, S) such that Clx(Ly \ Ls), Clx(Y \ 2)
and Cl X(? \ W) are strongly m-admissible. We thus obtain the commutative
diagram

H,(Y/Z2A(2)}) — 22 g (v < BY/(Z % B), {[Z x B})
H,(Y/WAIWTY) —2 H,((Y % B)/(W x B),{{W x BJ})
Hy(frq,Ls)

Hy(L1/ Lo, {[La]}) Hy((L1 x B)/(L2 x B),{[L2 x Bl})

Hy(Y /W {[W]}) ————— Hy((Y x B)/(W x B), {[W x BJ]})

Hq(fg ) N N .

Hy(Y/Z {[Z]}) —————— Hy((Y x B)/(Z x B),{|Z x Bl})

whose vertical maps are inclusion induced. Hence, by [5, Proposition 4.5], these
maps are induced by the unique morphisms in C (resp. in C’) between the
corresponding objects of these connected simple systems. In particular, the
vertical maps are all bijective, and so we may invert the upward pointing arrows
and then compose the columns to obtain the commutative diagram

H,(Y/Z.{(2)}) —22) g (v x B)J(Z x B),{{Z x B]})

oo J

Hy(V | ZA12)Y) 5= Hal(V x B)/(Z x B),{[Z x B)
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where the vertical maps are induced by the corresponding morphism in C (resp.
in C’). Now an application of [4, Proposition 2.4] to diagram (2.4) completes the
proof of part (b) of the theorem in the homology case. The proof of the cohomol-
ogy case is analogous (reversing the arrows). To prove part (c¢) let (N7, Na, N3)
be an FM-index triple for (7, S, A, A*) with Clx (N \ N3) strongly m-admissible.
It follows that (N7, N5, Ni) := (N1 x B, N3 x B, N3 x B) is an FM-index triple for
(7,8, A", (A*)") such that Clx x g ((N1 x B)\ (N3 x B)) is strongly 7’-admissible.
In the notation of [4] we thus have the following commutative diagram

A(N2/N3)/A({[Ns]}) — A(N1/N3)/A({[N3]}) = A(N1/N2) /A({[N2]})

(2.5) lﬁ(sz,Ng) JA(fNLNg) J/A(le,Nz)
A(N3/N3)/A({[N3]}) — A(N{/N3)/A({[N3]}) — A(NT/N3) /A [N3]})

with inclusion induced weakly exact rows (in view of [4, Proposition 2.8]). Apply-
ing [4, Proposition 2.7] to diagram (2.5) we obtain the induced long commutative
ladder with exact rows. An application of the (-, - }-operation to that ladder and
using part (b) we obtain diagram (2.2). This proves part (c¢) in the homology
case.

Now, in the notation of [17] and using [17, Proposition 3.4] we obtain the
following commutative diagram of cochain maps with weakly coexact rows

C" (N1/N2, {[Ne]}) = C" (N1 /N, {[Ns]}) = C" (N2 /N, {[Na]})

(2.6) fﬁvl,q fxl,q ff%,NJ

C" (N7 /N3 {IN3]}) = C" (N7 /N3 {IN3]}) — C (N3 /N3, {[N3]})

Applying [17, Proposition 2.2] to diagram (2.6) we obtain the induced long com-
mutative ladder with exact rows. An application of the (-, - )-operation to that
ladder and using part (b) we obtain diagram (2.3). This proves part (c) in the
cohomology case. O

Let (M,)pep be a <-ordered Morse decomposition of S relative to 7. It fol-
lows that (M,),ep is a <-ordered Morse decomposition of S’ relative to ='.
Given (I,J) € Iy(=<), (M(I),M(J)) is an attractor-repeller pair in M (IJ)
(where IJ = I U J) relative to m, so (M'(I),M’'(J)) is an attractor-repeller
pair in M'(I.J) relative to 7’

Setting, for each K € Z(<) and for each ¢ € Z, H,(M(K)) := Hy(m, M(K)),
HI(M(K)) = H(m, M(K)), Hy(M'(K)) := Hy(n', M'(K)), HI(M'(K)) :=
Hi(n', M'(K)), ke(K) 1= kq(m, M(K)) and k9(K) := k%(m, M(K)) and using
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Theorem 2.1 we thus arrive at the commutative diagrams

HHq(M(I))HHq(M(IJ»;)Hq(M( ))HHq 1 )

(M
”q(I)J( ”q(IJ)J( J"iq(ﬁl) l”q 1(1)
(M'(

— Hy(M'(I)) — Ho(M'(1J)) — Ho(M'(J)) — Hg—1(
and

+—— HY(M(I))+— HY(M(IJ))+— HYM(J)) +— HI"Y(M(I)) +—

rﬂ(lﬁ nqwﬁ anw Tmlm

«—— HYM'(I))«+— HY(M'(1J)) «— HIY(M'(J)) «— HIL(M'(I)) +—

Here, the lower horizontal sequence of the first (resp. second) diagram is the
homology (resp. cohomology) index sequence of («’, M'(I.J), M'(I),M’'(J)) and
the upper horizontal sequence of the first (resp. second) diagram is the homology
(resp. cohomology) index sequence of (w, M (IJ), M(I), M(J)). We thus obtain
the following result.

THEOREM 2.2. The family (kq(J))qez, J € I(=<), is an isomorphism from
the homology index braid of (m,S,(Mp)pecp) to the homology index braid of
(7', 8" (My)pep). The family (k9(J))gez, J € Z(<), is an isomorphism from
the cohomology index braid of (7', S', (M})pep) to the cohomology index braid of
(7,8, (My)pep)-

3. Ordinary differential equations on manifolds

In this section we will recall a few facts about ordinary differential equations

on manifolds.

3.1. Let M be a differentiable manifold of class C? (p > 1) modeled on
some Banach space E. The set of all charts of M is denoted by Chart(M). Let
x € M be arbitrary. A chart a:U — FE of M is called a chart at x if z € U.
The set of all charts at z is denoted by Chart,(M). A tangent vector at x is
a map u: Chart, (M) — E such that for every «, & € Chart, (M)

u(@) = D(@o a~")(a(x)).u(a).

The set of all tangent vectors at x is called the tangent space to M at x and is
denoted by T, (M).

Let I be an arbitrary subset of R and ¢p € I be such that tg € Clg(I \ {to}).
A map v:I — M is called differentiable at to if v is continuous at tg and for
some, hence (by the chain rule) every, chart a of M at x = (t9) the map ao~y
is differentiable at ty into E. In this case the chain rule implies that the map
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w: Chart, (M) — E, a — (ao7)(to), is a tangent vector to M at z. We denote
u by ™ (to) or simply by (to).

Let Y be a Banach space. A map f:V — Y, where V is a neighourhood of
x in M (resp. V is open in M), is called differentiable at  (resp. of class CP) if
for some, and hence every, chart « of M at z, the map f oa~! is differentiable
at a(x) (resp. of class CP), as a map from the Banach space E to the Banach
space Y. We then define the map Df(z) = DM f(z): T,(M) — Y by

Df(z)u= D(foa Y(a(x))u(a), uc Ty(M).

It follows from the chain rule and the definition of a tangent vector that this
definition is independent of the choice of o € Chart,(M).

Let M be differentiable manifold of class CP modeled on a Banach space E. A
map f: M — M is called differentiable at x (resp. of class CP) if f is continuous
at x (resp. f is continuous) and for every § € Chart f(x)(ﬂ) the map S o f
(defined, by continuity of f at x resp. by continuity of f, on a neigbourhood of

x, resp. on an open subset of M) is differentiable at x, resp. is of class C?. We

define the map T, f: T, (M) — Ty 5 (M) by
TLf(M) =v
where v(3) = DM (B o f)(z)(u) for B € Chartf(x)(ﬂ).

3.2. If I, tg and Y are as in Subsection 3.1, v: I — M is differentiable at ¢,
~(I) C V, V is a neigbourhood of z = 4(tg) in M and f:V — Y is differentiable
at z, then an application of the chain-rule shows that 7 := f o~y is differentiable
at tp as a map from R to Y and

¥ (to) = DM f(w)4(to)-
3.3. The set
T(M) = U ({z} x Tp,(M))

zeEM
is called the tangent bundle of M. If a: U — E is a chart of M at z, then define

the map
Xa: [J ({#} x Te(M)) = a(U) x B, (z,u) — (a(z), u()).
xeU

The set of all the maps xq, @ € Chart(M), is a CP~!-atlas of T (M), making
T(M) into a differentiable manifold of class CP~! if p > 2 and a topological
manifold if p = 1, modeled on the Banach space E x E.

If f: M — M is of class CP then we define the map T'f: T (M) — T(M) by

Tf(z,u) = (f(2), Tof(w), (z,u)€TM).

It follows that T'f is of class CP~1.
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3.4. Amap f: M — M is called locally Lipschitzian if f is continuous and
for some and hence every choice of charts o € Chart(M) and § € Chart(M) the
map 3o f oa~! is locally Lipschitzian, as a map from the Banach space E to

the Banach space E.

3.5. Suppose M is Hausdorff, let p > 2 and F be a locally Lipschitzian
vector field on M, i.e. a locally Lipschitzian map F: M — T (M) such that for
every x € M, F(z) = (z, Fi(x)) where Fi(z) € T,(M). Fi(x) is called the
principal part of F. By slightly modifying the proofs of [12, IV. 2, Theorems 2,
3 and 5] we can show that under these assumptions the initial value problem for
the ordinary differential equation

generated by F on M is well-posed. This means that for every xyg € M there
are uniquely determined numbers oy, € [—00,0[ and wy, € ]0,00] and a unique,
maximally defined differentiable function 2., (- ): ]z, weo[ — M, t — 24, (t)
such that

Tg (t) = Fl(xro (t))v te ]aﬂfovw-fo[

with x,,(0) = z9. Moreover, the set

Qn = U ]axovwmo[ x {zo}
roEM
is open in R x M and the map II: Q — M, (¢, z9) — x4, (t) is continuous. IT is
a local flow on M and 7 := Ilj(q;;n([0,00[x M)) 18 @ local semiflow on M. 11, resp.
7 is called the local flow, resp. the local semiflow, generated by (3.1). We write
xollt (resp. xomt) instead of II(t, zo) (resp. (w(t, xo))).

3.6. Let Y be a Banach space and Z; be an open set in the product manifold
Y x M. Then Z; has a canonical structure of differentiable manifold of class CP.
Suppose f:Zy — Y and h: Zyg — T(M) are locally Lipschitzian maps such that
for all (y,z) € Zo, h(y,x) = (y, h1(y,x)), where hi(y,z) € T,,(M). Then there
is a unique locally Lipschitzian vector field F' on the manifold Zj such that for
every (y,x) € Zy and every chart 3 of Zy at (y, z) of the form 8 = idy x«, with
UopeninY, y €U and a € Chart, (M), the principle part Fy(y,z) of F(y,x)
has the form

Fi(y,2)(B) = (f(y,2), ha(y, z) ().

Thus Subsection 3.5 implies that the ordinary differential equation
y=f(y,x)
T = hl (y7 I)

regarded, by definition, as the ordinary differential equation generated by F' on
Zy, generates a local (semi)flow on Zj.
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4. A singular perturbation result

Consider the following hypotheses:

HYPOTHESIS 4.1.

(a)

Y is a finite dimensional normed linear space, M is a finite dimensional
(boundaryless) second countable paracompact differentiable manifold of
class C?, € € |0,00[ is arbitrary, Zo is open in' Y x M and Wy :=
Zy x [0,2].

f[:Wo =Y and h: Wy — T(M) are maps such that, for each € € ]0,g],
f(-,e) and h(-,€) are locally Lipschitzian.

For ((y,x),e) € Wy, h((y,z),e) = (x,h1((y,x),€)) with hi((y,z),€) €
T.(M).

¢: M — Y is a C?*-map such that for all x € M, (¢(x),z) € Zy and
f((¢(x),2),0) = 0.

The map f(-,0) is of class C? and the map h(-,0) is locally Lipschitz-
1an.

For every (y,x) € Zy the map f is continuous at ((y,x),0) and for every
x € M, the map h is continuous at ((¢(x),x),0).

HYPOTHESIS 4.2. ag, bg € R are such that ag < 0 < 1 < by and B: M x
lao,bo| — L(Y,Y) is a locally Lipschitzian map such that B(x,\) is hyperbolic
for every (z,\) € M x [0,1], B(z,0) = Df((¢(z),z),0) and B(x,1) = B for
every x € M, where B € L(Y,Y) has Morse-index k € Ny.

Here, for normed spaces Z; and Zs, £(Z1,Z3) is the normed space of all

bounded linear maps from Z; to Zs.

By Subsection 3.6, for every ¢ € ]0,2], the ordinary differential equation

(4.1)

ey = f((y,a:),s),
T = hl((y,x),5)~

generates a local (semi)flow 7. on Zj.

In the same way the ordinary differential equation

(4.2)

& = h((¢(2),2),0).

generates a local (semi)flow 7y on M.
Given M C M and 7 € ]0, co[ define

(M]3 :={(y,2) € Zo | z € M and |y — ¢(x)]y <n}.

n

We can now state the main result of this paper.
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THEOREM 4.3. Assume Hypotheses 4.1 and 4.2. Let So C M be a compact
isolated invariant set relative to mg and N C M be a compact isolating neigbour-
hood of So. Then there is an 19 € |0,00[ such that for every n € ]0,n0], there
exists an g9 = £o(n) € ]0,8] such that for every e € 10,0, the set [N]? is an
isolating neigbourhood relative to w. and

h(me, S2) = XF A h(mo, So),

where S; = Se Ny = Inve ([N]?). In addition, let (My)pep be a <-ordered

Morse decomposition for Sy relative to my. For each p € P, let V,, C N be an
isolating neigbourhood of M, relative to my. For every n € 10, 00[, every e € 0, €]
and every p € P, define

Mp,s = Mpe,Vpm = InV?Ts ([Vp]g)

Then, for every n € |0,n9], there is an €y = go(n) € ]0,2] such that for every
e € ]0,8], the family (M, .)pep is a <-ordered Morse decomposition for S.
relative to m.. For every e € ]0,20] and for every K € I(=), set

M(K):= |J CSn(Mpe M)
(P )€K XK

Then for every e € ]0,2¢], for every K € I(<) and for every q € Z, there exist
isomorphisms

O (K): Hy(me, Mc(K)) — Hq—k(mo, M(K))

and
OYK): H* *(mo, M(K)) — H(r., M.(K))
such that given (I,J) € I3(=<) the following diagrams

— Hy(Mc(I)) — Hy(M(1J)) — Hy(Mc(J)) — Hqa (M (1)) —

l@;(z) l@;(u) lezm l@zlm

— Hy s (M(I)) = Hy—x(M(IJ)) = Hy—px(M(J)) — Hy—y—1 (M (1)) —

— HYM.(I)) +— HI(M(1J)) «— HI(M:(J)) «— H"H(M(I)) —
eg(z)T eg(u)T eg(J)T egl(I)T
— HTR(M(I)) < HIF(M(1J)) + HI7F(M(J)) — HIF=Y(M(I)) +

commute, where for every K € I(<), for every e € ]10,8¢] and for every q € Z,
Hq(M(K)) = Hg(mo, M(K)), HY(M(K)) := H%(mo, M(K)), Hq(M:(K)) :=
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Hy(me, M.(K)) and HI(M.(K)) := H(n., M.(K)). Thus, the (co)homology in-
dex braid of (7, Se, (Mp e )pep) is isomorphic to the graded module braid obtained
by shifting the (co)homology index braid of (m, So, (Mp)pep) to the left by k.

The proof of Theorem 4.3 requires various auxiliary results.

PROPOSITION 4.4. Let Zy be the set of all (u,z) € Y x M such that (u +
o(x),x) € Zy. Then Zy is open in' Y x M. The map ®:Zy — Zo defined by
O(y,z) = (u,z) = (y — d(x), ) is a C2-diffeomorphism with inverse ®~*: Zy —
Zy given by @Y (u,z) = (y,2) := (u+ @(z),z). For e € ]0,g], let 7= be the
conjugate of m. via P i.e.

(u, 2)7ot := (D H(u, x))m.t),

where (u,z) € Zy and t € [0,00] is such that (9~ (u,z))7.t is defined. Then 7.
is the local (semi)flow generated on Zy by the equation

et = f((u,x),¢),

4.3 ~
(4.3) z = h1((u,x),¢€),

where, for ((u,x),€) € /I/IV/O = Zo ¥ [0,2],

f(u,2),6) = f((u+ @), ), €) — eDM(a)h((u+ (), ), ),

hl((u’x)vg) = hl((u + ¢(x)7 a’:),g)_

PrOOF. This is a simple calculation using Subsections 3.2 and 3.6. ]

REMARK 4.5. Since semiflow conjugation leads to the same Conley-index
and isomorphic (co)homology index braids (cf. [15, Proposition I1.3.2], [4, The-
orem 3.2] and [17, Theorem 4.2]), it follows from Proposition 4.4 that we may
and will assume without loss of generality that ¢ = 0 in Hypothesis 4.1. We will
also write [M],, for [M]9, i.e.

M), :=={(y,z) € Zp | x € M and |y|y < n}.

Our hypotheses on M and Whitney Imbedding Theorem imply that there is
a finite dimensional normed space E and an imbedding e: M — E of class C2.
We define the metric dyq on M such that e is an isometry.

Let 8 =idg and x3: T(E) — EXE be as in Subsection 3.3. It follows that x
is of class C* and so xgoTe: T(M) — ExE is of class C'. In particular, ygoT'e
is continuous. Moreover, Subsections 3.1 and 3.3 imply that, for (x,u) € T(M)

xpTe(z,u) = xs(e(z), T.e(u))
= (Be(z), DM(Boe)(z)(u)) = (e(z), DMe(z)(u)).

It follows that the map I': T(M) — E, (x,u) — DMe(x)(u), is continuous.
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PROPOSITION 4.6. Let g: Wy — T(M) be a map such that

(a) for each e €0,2], g(-,¢) is continuous,
(b) g is continuous at ((0,x),0) for every x € M,
(c) for each ((u,x),e) € Wy,

g((u,2),¢) = (z,g1((u, x),e)) with g1((u,x),e) € Tp(M).

Let M be compact in M. Then there is an 1} € ]0,00[ and an €’ € ]0,€] such
that [M],; C Zy and

sup{\F(g((u,x),E)ﬂE ‘ ‘u|Y < 77’1; T e M} oS ]075/]} < 0.

For each n € N, let e, € 10,¢'], an, by € [0,1], up:R = Y and z,;R — M
be such that €, — 0, SUp, ey SUPser |Un(t)|y < 1 and for every n € N, z,, is
differentiable into M and ((un(t), xn(t)),en) € Wo. Moreover, assume that one
of the following alternatives holds:
(1) limpy—oo un(t) = 0 for all t € R and &,(t) = g1((anun(t), zn(t)),bnen)
foralln e N and t € R;
(i) Zn(t) = eng1((anun(t),xn(t)), bnen) for alln € N and t € R.

Under these assumptions there is a subsequence of (xy), which converges in
(M, dp), uniformly on compact subsets of R, to a function x:R — M which is
differentiable into M and such that, in case (i),

i(t) = g1((0,2(2)),0), teR
and, in case (ii),
z(t) =0, teR.

PROOF. Assumption (b) and compactness of M imply the existence of 7}
and &’ with the desired properties. Set ¥y, = eox,, for n € N. By Subsection 3.2
we have that, for each n € N, y, is differentiable into E and, in case (i),

Yn(t) = DMe(wn(t)).91((anun(t), zu(t)), buen)
=T(g((anun(t),zn(t)),bnen)), tER,
while in case (i)
Y, (t) = DMe(zn(t))-eng1 ((anun(t), (1)), buen)
= eu(g((antin(t), 2a (1)), bncn)), t€R.

By our assumptions,

(4.4) sup sup [['(g((antn(t), n(t)), bugn))|e < 0.
neN teR

This together with the fact that all functions y, lie in the compact set e(M)
implies, by Arzela—Ascoli Theorem, that there is a subsequence of (y,), again
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denoted by (y,)» and a continuous function y: R — E such that (y,,), converges
to ¢ in E, uniformly on compact subsets of R. For every ¢t € R a subsequence of
(2 (t))n (depending on t) converges to some point z(t) € M (as M is compact
in the metric space (M,da)). Continuity of e implies that e(z(t)) = y(¢t). Since
e is a homeomorphism of M onto the topological subspace e(M) of E, it follows
that x: R — M is defined and continuous and e oz = y. Moreover, x,,(t) — x(t)
in (M, daq), uniformly for ¢ lying in compact subsets of R. Thus, for each ¢t € R,
T(g((anun(t), 2n(t)),bren)) — T(g((0,z(t)),0)). Together with (4.4) this implies
that for all t, tg € R

n(®) = wn(t0) = [ Dlo(ana(s):20(5): buew))ds = [ T(g((0.2(5)),0))ds

in case (i) and
ya(t) — alto) = / T (9((@ntn (), 20 (5)): baen)) ds — 0
in case (ii). Thus
) =stto) = [ :r<g<<o,x<s>>,o>>ds, o €R
in case (i) and
y(t) —y(to) =0, t,tp€R

in case (i7). It follows that y is differentiable into E and

(4'5) yl<t) = F(g<(07x(t))70)) = DMe(m(t))(gl((O,x(t)),O)), teR
in case (i) and

(4.6) y(t)=0, teR

in case (ii).

Since e(M) is a C%-submanifold of E, it follows that y is differentiable into
e(M) and since e is a C2-diffeomorphism from M to e(M) it follows that x is
differentiable into M. By Subsection 3.2

(4.7) Y (t) = DMe(2()(@(1). te M.

Since e is an imbedding, it follows that, for every x € M, the map T, e: T,,(M) —
Teo(z)(E) is injective. Since DMe(z)(uw) = (Tye(w))(3) for all u € T,,(M) (where,
as before, 3 = idg) it follows that the map DMe(x):T,(M) — E is injective.
Thus (4.5), (4.7) and (4.6) imply that

i(t) = g1((0,2(t)),0), teR
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in case (i) and, in case (ii),

z(t)=0, teR. O

For each € € ]0,2] and A € [0,1], by Subsection 3.6, the solutions of the
differential equation

et =(1-N(f((u,z),e) — Df((0,2),0)u) + B(z, Nu,

(4.8) .
z=h1((1 = MNu,z), (1 = Ae)

4 /
generate a local (semi)flow 7 , on Z.

PROPOSITION 4.7. Let € € ]0,€] be arbitrary and (An)n be an arbitrary se-
quence in [0,1] converging to some A € [0,1]. Then 7, — m., asn — oo.

Proor. Consider the differential equation

ew = (1—N)(f((u,z),e) — Df((0,2),0)u) + B(x, \u,
(4.9) &= hi(((1 = Nu,z), (1 = Ne),

A=0.

Since the right hand side of (4.9) defines a locally Lipschitzian vector field on
Zy % Jag, bo[, it follows that the solutions of (4.9) generate a local (semi)flow IT =
I1. on Zy x Jag, bo[. The definition of II. shows that, for all ((u,x),A) € Zy x[0,1]
and all t € [0, 00[, ((u, ), \)IIt is defined if and only if (u,z)7. ,t is defined and
then ((u,x), NIt = ((u,x)7, yt,A). Now continuity of II and openness of the
domain of definition of IT in Z x R imply the assertion of the proposition. [

Define the maps Ty: Wy — Y and Ty: Zy — Y by
T1((u,x),€) = f((u,x),€) = f((u,2),0), ((u,2),2) € Wy
and
Ty(u, x) = f((u,x),0) = f((0,2),0) = Df((0,2),0)(u), (u,z) € Zo.
Since f((0,2),0) = 0 for all z € M it follows that
F((u,x),¢) = Ty ((u,x),€) + Tou, ) + Df((0,2),0)(w), ((u,z),e) € Wp.

LEMMA 4.8. Let M be compact in M. Then there is an nj € ]0,00[ such
that [M],, C Zo and whenever x € M, X € [0,1] and w:R — Y is a solution of
the equation

= (1-NTs(u,z) + Bz, \)u
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lying in [M],,, then u = 0.

PROOF. Since M is compact in M and Z; is open in Y x M, there exists
an 77 =7(M) € ]0, co[ such that [M]; C Zy. For each n € ]0,7] define

C(n) = sup [Tr(u,z)|y.
(wa)e[M],

The mean-value theorem implies that

(4.10) lim C(n)/n=0.

n—0+
If the lemma does not hold, then there are sequences (9,)n, (zn)n and (A\)n
in ]0,7], M and [0, 1], respectively, with 5, — 0, and there is a sequence (u, )
such that for each n € N, u,,: R — Y is differentiable,

in(t) = (1= M) T (tn(t), 20) + B(@n, An)un(t), teR

and |u,(0)]y = n,. We may assume that z, — ¢ € M and A, — X € [0,1] as
n — 00. Set v, = Uy /N, n € N. Then

(4.11) sup [0, (t)|y < C(n)/Mn + sup | B(zn, An)lzv,y)-
teR neN

Since, for each ¢t € R, {v,(t) | n € N} lies in a compact subset of Y, us-
ing (4.10), (4.11) and Arzela—Ascoli theorem we see that a subsequence of (vp )y,
again denoted by (v, )n, converges, uniformly on compact subsets of R, to a boun-
ded function v:R — Y which is differentiable and such that

o(t) = B(z, No(t), teR.

Since B(x, ) is hyperbolic, it follows that v = 0. However, |v(0)| = 1, a contra-
diction which proves the lemma. O

Let M C M be compact and 77 = (M) € |0, 00[ be such that [M]z C Z.
Let 7o(M) be the set of functions 0:R — Y x M such that o(t) = (0,z(¢)),
t € R where z is a full solution of 7y lying in Inv,, (M). Moreover, for n € 10,7,
€ €]0,g] and A € [0,1], let 7'(M,n,e,\) be the set of all full solutions of .
lying in Inve,  ([M]y,). Since Invz, (M) and Inv. ([M]y) are compact in M
and Y X M respectively, it follows from [2, Proposition 2.7] that

LEMMA 4.9. The set To(M) is compact in C(R — Y x M) and translation
and cut-and-glue invariant. Moreover, for n € 10,7], € € ]0,2] and X € [0,1], the
set T'(M,n,e,\) is compact in C(R — Y x M) and translation and cut-and-glue

mvariant.
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PROPOSITION 4.10. Let M be compact in M. Then there is ann' = n'(M) €
10,7(M)] such that whenever n € 10,1'], (£4)x is a sequence in ]0,2] converging
to 0 and (A\x)w is an arbitrary sequence in [0,1] then T, — To = To(M), where

TNZT/(MJ?,%,/\K), k€N

PRrROOF. Let i’ = max(n},n5), where )} and ¢’ are as in Proposition 4.6 with
g = h and ) is as in Lemma 4.8. Let n € ]0,7’] be arbitrary. It is enough to prove
that whenever (e,,), is a sequence in ]0, '] converging to 0, (A,), is a sequence
in [0,1] converging to A € [0,1] and (o0,), is a sequence such that, for each
n € N, o, is a full solution of 7, ~lying in [M], and o, (t) =: (un(t), za(t)),
t € R then (i) (up), converges to u =0 in Y, uniformly on R and (ii) (z,,), has
a subsequence converging in (M, da), uniformly on compact subsets of R, to
a full solution of 7y lying in M.

Suppose (i) is not true. Then by translation invariance and passing to a sub-
sequence if necessary, we may assume that there is a § € ]0,00[ such that
|un(0)]y > § for all n € N. Define functions v,:R — Y and &,:R — M,
n € N, by

Un(t) = un(ent), &n(t) =zn(ent), teR.
It follows that

En(t) = enhi((1 = A\)vn(t), &n(1), (1 — An)en), meN, teR.

An application of Proposition 4.6 (with g = h) shows that, by passing to subse-
quences if necessary, we may assume that (&), converges (M, dp,), uniformly
on compact subsets of R, to a constant £ € M. We also have that

(4.12)  on(t) = (1 = An)Ta((vn(t),€n(t)), €n)
+ (1= M) To(vn (), &0 (8) + B(&n(t), An)un(t), teR.

By our assumptions

(4.13) lim  sup |T1((u,x),e)ly =0.

e=0T (um)e[M]y
Since, for each t € R, {v,(t) | n € N} lies in a compact subset of Y, it follows
from (4.13), (4.12) and Arzela—Ascoli Theorem, passing to subsequences if neces-
sary, that (v, ), converges in Y, uniformly on compact subsets of R to a function
v:R — Y which is is differentiable into ¥ and

o(t) = (1 = N Ta(v(t),€) + B(E, \v(t), teER.

It follows from Lemma 4.8 that v = 0, a contradiction as |v(0)]y > 0. This
shows that (i) is satisfied.

Now (i) and an application of Proposition 4.6 with ¢ = h shows that there
is a subsequence of (z,), which converges in (M,dpq), uniformly on compact
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subsets of R, to a function z: R — M which is differentiable into M and such
that

z(t) = h1((0,2(¢)),0), teR.
Thus z is a full solution of 7y lying in M. This proves (ii). O

Proposition 4.10 has several important corollaries.

COROLLARY 4.11. Let M be compact in M, 0 (M) be as in Proposition 4.10
and m, n2 € 10,7 (M)] be arbitrary. Then there is an € € |0,€] such that for all
€ €]0,€] and all X € [0,1]

T/(Ma n,é&, >‘) = T/(M, n2,¢, >‘)

PROOF. Suppose e.g. that 11 < ny. If the corollary is not true then we may
assume that there is a sequence (g4), in ]0,€] converging to zero, there is a se-
quence () in [0,1] and there is a sequence (o), with o, € T'(M,n2,&5, Ax)
and 0, (0) € [M],, for all Kk € N. If (ux(t), zx(t)) :== 0x(t) for k € Nand t € R
then it follows that |u,(0)| > n; for all K € N. However, Proposition 4.10 implies
that a subsequence of (u,), converges to zero in Y. This contradiction proves
the corollary. O

COROLLARY 4.12. Let My, My be compact in M, n'(My), n'(Ms) be as
in Proposition 4.10 and m1, ne € |0, min(n'(My),n'(Mz))] be arbitrary. Suppose
that both My and My are isolating neigbourhoods of the same isolated invariant
set S relative to my. Then there is an € € |0, 2| such that for all e € ]0,€] and all
A€ 0,1]

T'(My,n1,e,\) = T'(Ma,n2,€, \).

PRrROOF. If the corollary is not true then there is a sequence (g4), in ]0,Z]
converging to zero, there is a sequence (A;), in [0,1] and there is a sequence
(0x)rx with o, € T'(Ma,m2,64,Ax) and 0,(0) & [Mi],, for all Kk € N. Set
(uk(t), zx(t)) := ok (t) for kK € N and ¢t € R. Using Proposition 4.10 and taking
subsequences if necessary, we may assume that (u,),. converges to zero in Y and
(24)r converges in M, uniformly on compact subsets of R, to a full solution z
of m lying in S. In particular, z(0) € Intpq(M1) so z,(0) € Inta(M7) and
|uk(0)]y < m for k € N large enough. It follows that o, (0) € [M;],, for all such
K, a contradiction which proves the corollary. O

COROLLARY 4.13. Let Sy and N be as in Theorem 4.3. Let n' = n/(N)
be as in Proposition 4.10 with M = N. Then for every n € ]0,7'] there is an
e1(n) € ]0,g] such that for every e € ]0,e1(n)] and for every A € [0,1] the set
[Ny is a w_ \-isolating neigbourhood of Sex = Sea Ny :=Inva ([N]y).

PROOF. If the corollary is not true, then there is an n € ]0,7’] and sequences
(ex)r and (As)x in ]0,2] and [0, 1] respectively such that (g,), converges to zero
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and [N], is not a 7__, -isolating neigbourhood for all K € N. For £ € N set
T =7, and T, = T'(N,n, e, A). Moreover, set 7o = To(N). Then

Invr, ([Nly) = Invr, ([N]y) & Inty s ([N]y)

for all k € N. Now, by Proposition 4.10, 7,, — 7o. Since Invy, ([N],) = {0} x
Invy, (N) C Inty x am([N]y), it follows from [1, Proposition 2.4] that, for all x € N
large enough, Invy, ([N],) C Intyxa([N]y,), a contradiction which proves the
corollary. (]

COROLLARY 4.14. Let So, N, (M,)pepr and (Vp)pep be as in Theorem 4.3.
Let ' = n/(N) be as in Proposition 4.10 with M = N. For all n € ]0,00],
e €]0,2], A €0,1] and every p € P, define Sc x = Se \ Ny :=Inve ([N]y) and

Mpex = Mpeav,n = Invw;yx([v;)]n)-

Then for every n € 10,1'] there is an ea2(n) € |0,€] such that for all € €]0,e2(n)]
and X € [0, 1] the family (My . \)pep is a <-ordered Morse decomposition of Se x
relative to m_ , and for every p € P the set [V,], is a m_ ,-isolating neigbourhood
Of Mp,s’)\,

ProOF. If the corollary is not true, then there is an n € )0, ] and sequences
(ex)x and (Ax)x in ]0,2] and [0, 1] respectively such that (e,), converges to zero
and, for every k € N, either the family (M, x.)pep is not a <-ordered Morse
decomposition of S\, relative to 7., or else, for some p € P, the set [V}],
is not a w__, -isolating neigbourhood of M, ¢, .-

For k € N set m, = ﬂ;m/\ﬁ and T, = T'(N,n,ex, As). Moreover, set Ty =
To(V).

Our hypotheses imply that ({0} x M,),ecp is a <-ordered To-Morse decom-
position. Moreover, for every p € P,

Invy, ([Vply) = {0} x M, C Inty s pm([Viln)

and
Invr, ([Vply) = Inve, ([Vply) = Mpe, n., wEN.
Now, by Proposition 4.10, 7, — 7j. Therefore, it follows from [2, Theo-
rem 3.3] that, for all k € N large enough, the family (M, .. x, )pep is a <-ordered

Morse decomposition of Se, », relative to ., and, for all p € P, the set [V}],
is a 7, _, -isolating neigbourhood of M, ., x,, a contradiction which proves the

corollary. 0

We can now give a

PROOF OF THEOREM 4.3. Let N be as in Theorem 4.3. Let 7'(N) and
for every n € 10,7/(N)] let n1(n) be as in Corollary 4.13. Set 19 = n'(N) and
go(n) = €1(n), n €]0,n0]. Let n €]0,70] and e € ]0,£9(n)] be arbitrary.
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By Corollary 4.13 for every A € [0,1] the set [N], is a 7. y-isolating neig-
bourhood of S. . Being compact, the set [N], is strongly ﬂ;)/\—admissible for
all A € [0,1] and (7] , )s-admissible for every sequence (A;), in [0,1]. Thus
Proposition 4.7 and the Conley-index continuation principle, see e.g. [15, Theo-
rem [.12.2], imply that

h(me, Se) = h(wl g, Se.0) (L1, Se1)-

Now 7/ | = 7. X mo, where 7. is the (semi)flow generated by the linear differential
equation

ey = By.
Since B is hyperbolic with Morse-index k, it follows that S.; = {0} x Sy and
h(7e,{0}) = ¥k, Thus h(r’ 1, S.1) = X A h(mo, So) so

g,
h(me, S2) = XF A h(mo, So).

This proves the first part of Theorem 4.3. Now let M, and V,, p € P be as
in Theorem 4.3. For n € ]0,n0] let e2(n) be as in Corollary 4.14. Set g¢(n) =
min(eo(n),€2(n)), 1 € ]0, o).

Let n €]0,m0] and € € ]0,2¢(n)] be arbitrary. By Corollary 4.14 for every A €
[0,1] the family (M, . x)pep is a <-ordered Morse decomposition of S, 5 relative
to 7 \ and, for every p € P, [V,], is a m[ ,-isolating neighourhood of M, . x.
Together with what we have established so far it follows that all assumptions
of the continuation principle for (co)homology index braids ([3, Theorem 3.7]
with A = [0,1]) are satisfied. Now that continuation principle implies that
the (co)homology index braid of (7., Sc, (M c)pep) = (7L, Sc0, (Mpe0)pepr)
is isomorphic to the (co)homology index braid of (77 ,S5: 1, (Mpe1)pep). The
(semi)flow 7. is clearly conjugate to the product semiflow 7= x 7 where 72
resp. 7. is the (semi)flow on a finite-dimensional ¥~ resp. YT generated by
the linear differential equation

ey =B~y resp.ey= BTy

where B~ € L(Y~,Y ") resp. BT € L(YT,Y™") is a linear operator with all
eigenvalues having negative resp. positive real parts. Thus 7, ; is conjugate to
the (semi)flow (mp x 72) x 7= . Now Theorem 2.2 implies that the (co)homology
index braid of (7 1,5 1, (Mpc1)pep) is isomorphic to the (co)homology index
braid of (mg x T, So X {Oy+}, (M, x {Oy+})pep)-

Since k = dim Y ", an application of [4, Theorem 3.1] and [17, Theorem 4.1]
now completes the proof of Theorem 4.3. O

The sets S¢,n,, and M, . n,, in Theorem 4.3 are asymptotically independent
of N and 7. More precisely, the following result holds.
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PROPOSITION 4.15. Let Sy and (Mp)pcp be as in Theorem 4.3. Let Ny C M
and Ny C M be two compact isolating neigbourhoods of Sy, n'(N1), ' (N2) be as
in Proposition 4.10 and n1, 2 € 10, min(n’'(N1),n' (N2))] be arbitrary. Moreover,
forpe Plet Vi, C Ny and Vo, C Ny be two compact isolating neigbourhoods
of My, relative to my. Then there is an € € ]0,2] such that for all € € ]0,€]

Se.Nvym = Se,Noypy and - My vy oy = Mpevy sy, pEP.

ProOOF. This is an immediate consequence of Corollary 4.12. ]
Moreover, the following upper-semicontinuity result obtains.

PROPOSITION 4.16. In the notation of Theorem 4.3

lim su inf +dm(z,2)) =0
Jim sup (il + ()

and for every p € P,

lim sup inf (lyly +dm(z,z)) =0.
R zeM,,(‘ | (z,2))

PRroOOF. This follows easily from Proposition 4.10. O

Let us discuss two special cases of Theorem 4.3. In the first result we use the
following common notation: if, for ¢ € {1,2}, C; and E; are sets and a;: C; — E;
is a map, then a; X ag: Cy x Cy — E7 X Ej is the product map defined by

(041 X Oég)(Cl,CQ) = (041(61),042(02)), (01702) e C1 x Cs.

COROLLARY 4.17. Assume Hypothesis 4.1. In addition, assume that Y =

Y1 x Yy where Y1 and Ys are finite-dimensional normed linear spaces. Suppose

that, for all x € M,
Df((¢(x),),0) = Bi(x) x Ba(x)

where Bi(z) € L(Y;,Y;), i € {1,2}, rec(B1(z)) < 0 and rec(Bz(x)) > 0. Let k
be the dimension of Yo. Then Hypothesis 4.2 is satisfied and so, in particular,
the assertions of Theorem 4.3 hold.

PROOF. Let ag = —1 and by = 2. Define B: M X Jag, bg| — L(Y,Y) by
B(l‘vA) = (1 - )\)Df(((b(ﬂ?),ﬂf),O) + )‘Ea (J?,)\) € M X ]GOabO[

where B = (—idy,) x idy,. Then, clearly, B: M x Jag,by[ — L(Y,Y) is a locally
Lipschitzian map. An easy calculation shows that B(z, A) is hyperbolic for every
(z,\) € M x[0,1], B(x,0) = Df((¢(z),z),0) and B(z,1) = B for every x € M,
where B € L(Y,Y) has Morse-index k& € Ny. Thus, indeed, Hypothesis 4.2 is
satisfied. |
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In particular, Corollary 4.17 implies Theorems 1.2 and 1.3 stated in the
Introduction.

COROLLARY 4.18. Assume Hypothesis 4.1. In addition, assume M is con-
tractible to a point xo € M. Moreover, let A(x) := D f((¢(x),x),0) be hyperbolic
for every x € M. Then Hypothesis 4.2 is satisfied with k being the Morse index
of B := Df((¢(x0),20),0). In particular, the assertions of Theorem 4.3 hold.

PROOF. Our hypothesis implies that there is a continuous map G: M x
[0,1] — M such that G(z,0) = z and G(z,1) = zg for all x € M. By well-
known results from the theory of differentiable manifolds we may assume that
G is of class C? and that, for some ag, by € R with ayp < 0 < 1 < by, G has
an extension to a C2-map from M x Jag, bo[ to M again denoted by G. Define
B: M X Jag, bo| = L(Y,Y) by

B(z,A) = A(G(z, N), (xz,A) € M X ]ag, byl
It is clear that B: M X |ag,bo| — L(Y,Y) is a locally Lipschitzian map such that
B(z,\) is hyperbolic for every (z,A) € M x [0,1], B(z,0) = Df((¢(z),x),0)
and B(z,1) = B for every z € M, where B € L(Y,Y) has Morse-index k € Nj.
Thus, indeed, Hypothesis 4.2 is satisfied. O

We will now show that, in general, Hypothesis 4.1 alone does not suffice for
the assertions of Theorem 4.3 to hold.

Let Y = R? and (-, -) be the canonical scalar product on Y. Let M =
S1 c R? be the one-dimensional sphere endowed with the canonical differentiable
structure of a submanifold of R%. For § € R and i € {1,2} let ¢;(f) € Y be
defined by

e1(0) = (cos(0/2),sin(0/2)), ea(0) = (—sin(0/2),cos(0/2)).

Notice that, for 6 € R, (e1(0), e2(8)) is an orthonormal basis of Y and e;(0427) =
—e;(6), 1 € {1,2}.
Let € € ]0, 00| be arbitrary and define the map ¢: (Y x R) x [0,Z] — Y by

9((y,0),€) = (y,ex(0))er(0) — (y, e2(0))e2(0),  ((y,0),¢) € (Y xR) x [0,2].

Then g is of class C* and 27-periodic in §. Thus there is a unique map f: (Y x
M) x [0,2] — Y such that

f((y, (cosO,sin0)), ) = g((y,0),€), ((y,0),€) € (Y x M) x[0,¢].
The map f is of class C*°. Define the map h: (Y x M) x [0,g] — T M by
h((y, z),€) = (2,02),  ((y,7),€) € (Y x M) x [0,2],

where, for z € M, 0, is the zero tangent vector to M at z. Finally, let p: M — Y
be defined by ¢(z) = 0 for all x € M.
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With these definitions we see that Hypothesis 4.1 is satisfied with Z; =
Y x M. Let mp and 7., € € )0, 2], be the local semiflows defined by the differential
equations (4.2) and (4.1), respectively.

The N = M is a compact mp-isolating neigbourhood of the isolated -
invariant set Sp = N. Since (N, () is an index pair in N, it follows that for q € Z
the homology Conley index H,(mo, So) is represented by H,(NU{p}, {p}), where
p & N, {p} is endowed the discrete topology N U {p} is endowed with the sum
topology. By the excision property it follows that H,(mp, So) is represented by
H,(N).

Now suppose that the assertions of Theorem 4.3 hold for some k € Ny and
let 79 = 19(N) be as in that theorem. Choose 7 € ]0,79/+/2] arbitrarily. Then
by Theorem 4.3 and Corollary 4.11 there is an £ € ]0,g] such that for every
e € ]0,€], the sets [N], and [N] sz, are isolating neigbourhoods of the same
isolated invariant set S. relative to 7. and for each ¢ € Z there is an isomorphism
from Hy(m., Se) to Hy—(mo, So)-

Let e € ]0,] be arbitrary. Define the following sets:

Ly ={(y,xz) € Y x M | there exists a § € R
with & = (cos,sinf), [{y,e1(0))] <n and |(y,e2(0))] < n},
Ly ={(y,xz) € Y x M | there exists a § € R
with & = (cos,sinf), [{y,e1(0))] =n and |(y,e2(0))] < n},
Ly ={(y,x) € Y x M | there exists a 6 € R
with & = (cos 8, sinf), [{y,e1(0))] <n and (y,e2(0)) = 0},
Ly ={(y,z) € Y x M | there exists a § € R
with « = (cos6,sin0), [(y,e1(9))| = n and (y, e2(0)) = 0}.
Any solution ¢ +— (y(t),z(t)) of the (semi)flow 7. satisfies x(¢f) = constant.
Therefore we easily see that L; is an isolating block relative to the (semi)flow
me with exit set L. Since [N], C L1 C [N] 3, the set L; is an isolating

neighourhood of S, relative to m.. It follows that H,(m., S.) is represented by
Hy(L1/La, {[L2]}) so

Hy(Ly /Lo, {[La]}) = Hy—(N) = Hy—i(S"), q€Z.
The map G: (Y x R) x [0,1] — (Y x M) given by
G((y,0),t) = (y — t(y, e2(0))e2(0), (cos 0,sin0))  ((y,0),t) € (Y x R) x [0,1]

is continuous and 2m-periodic in #. Therefore there is a unique map F: (Y x
M) x [0,1] =Y x M such that

F((y, (cosf,sin®)),t) = G((y,0),t), ((y,0),t) € (Y xR) x[0,1].
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The map F is continuous and F(L; x [0,1]) € L; and F(L; x [0,1]) C L; for
ie{1,2).

Using the map F we easily see that (L1/Ls, [L2]) is homotopy equivalent to
(L1/Ls, [L]). Hence, using integer coefficients, we obtain, for all ¢ € Z,
7 ifq—kelo1),

(4.14) Hy(L1 /Lo, {[L2]}) = Hyp(S1) = .
0 otherwise,

Since El is a Mobius strip and 22 is its geometric boundary, it follows that El / EQ
is homeomorphic to the projective plane. In particular,

Hy(Ly /Lo, {[L2)}) = Hi(L1/Lo) = 7.)27,

a contradiction to (4.14). Thus, indeed, the assertions of Theorem 4.3 do not
hold in this case.
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