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CRITICAL POINTS OF NON-C2 FUNCTIONALS

DuoNG MINH Duc — TRAN VINH HUNG — NGUYEN TIEN KHAI

ABSTRACT. We establish flows on normed spaces. Applying it we extend
the results of Gromoll, Meyer, Morse and Palais for non-C? functionals.

1. Introduction

In [16] Palais proved the Morse-Palais lemma for C* functions. This re-
sult was extended for C? functions by Kuiper in [11] (see also [15]). Recently
Li, Li and Liu [14] obtained a version of Morse—Palais lemma without the C?-
smoothness. But the functions studied in [14] are of class C? in some sense (see
[14, p. 440]). In the present paper we get the Morse—Palais lemma, which does
not request the C?-smoothness of functions nor the completeness of the spaces
(see Theorem 1.1). Our Morse-Palais lemmas are applicable to the following
function

2 2 Lo 9
ey = -y +E($ + y°)° sin
0 (z,y) = (0,0).

22

This example illustrates our idea: the shapes of the graphs of g(z,y) = x*—y

m for all (x,y) S RQ \ (0, 0)7

and its perturbed function J are similar near (0,0) even if the perturbed part
J — g is not in C? but its second derivatives in any direction are controlled in
some sense (see condition (e) in Theorem 1.1). We note that the results in [11],
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[14] can not be applied to this case (see also Remark 1.4 for infinite-dimensional
cases).

Since the considered functionals are not CZ?-smooth, we can not use the
Implicit Mapping Theorem to define the mapping ¢ in Theorem 1.1, and we apply
the method in [5], [11], [15]: using flows corresponding to considered functionals
to define .

In this paper we establish flows on normed spaces corresponding to non-
smooth functionals (see Theorem 2.1). We obtain the flows without the com-
pleteness of the spaces, which is essential in [5], [11], [15]. Our ideas are as
follows: we reduce the problems on deformations into finite-dimensional prob-
lems and we can relax the completeness of the spaces and we only need very
weak smoothness of the functional (see Definition 3.1 and Theorem 3.5). This
reduction is very successful in studying Lagrange multipliers (see [2]).

Using the deformation results, we relax some conditions on compactness
and smoothness of Mountain-Pass Theorem and Gromoll-Meyer theorem (see
Theorems 3.10, 1.3 and the example in Remark 1.4. Applications of these results
to resonance problems will be appeared elsewhere. Our version of Morse—Palais

lemma is as follows.

THEOREM 1.1 (Morse—Palais Lemma). Let H be a vector space with a norm
[l lla defined by an inner product (-, -), O be an open subset of H, J be a twice
H-differentiable real function on O (see Definition 3.1). Let a in O be an isolated
critical point of J. Assume that there exist a Hermite bounded linear operator A

on H and positz’ve real numbers «, I', § and 6 such that:

(a) D%J(a)(u,v) = (Au,v) for all u,v € H,
(b) Tlzl[ = [|A(x)]| = eflx]| for all x € H,
(c) 6 <min{a/2,a?/T},
(d) for any h in H, the map x — DJ(x)h is continuous on O,
(e) |[D?J(2)(z—a, h)—D?J(a)(z—a, h)|| < 0l|z—al[||h]| for any h € H\{0},
z € Br(a,9).
Then there exist two closed vector subspaces E and F of H, two open neighbour-
hoods U and W of a and 0 in H respectively and an isomorphism ¢ from W
onto U such that H=FE® F, ¢(0) =a and

J(p(y+2)) =(y,y) —(2,2) +J(a) forallyc E, z€F, y+zeW.

REMARK 1.2. The conditions (a)—(e) hold when J is of class C?, H is
a Hilbert space and A is invertible.

THEOREM 1.3 (Gromoll-Meyer Splitting Theorem). Let H be a Hilbert space,
and J be a twice H-differentiable real function on H (see Definition 3.1. Let a
in H be an isolated critical point of J. Assume that D*J(a) is a Hermite bounded
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linear operator A on H; A and DJ are of class S on H. Then there are positive
real numbers C, o and T', a closed vector subspace HT, two finite-dimensional
vector subspaces H® and H~ of H such that H- @ H° @ HY is a orthogonally
direct decomposition of H, H® = ker A,

(Az,z) > C||z||*  forallx c HY,
(Az,x) < —C|z||* forallx € H,
Cllyll > [[AW)|| > allyll  forallyeY =H" @ H".

Assume further that there exists positive real numbers § and 0 such that:

(a) 6 < min{a/2,a%/T},
(b) the map x — DJ(x)h is continuous on O,
(c) ||D?*J(z)(x —a+ z,h) — D?>J(a)(x — a+ z,h)|| < 0||x —a+ z||||h]| for
all z € B(a,d), z€ Z=H°, he H\ {0},
(@) (DI + 210+ 90) — DI(= + 22+ o). (21— 22) — (g1 — ) > O for
all z1,29 € HY, y1,y2 € H™ and 71 + y1 # 22 +y2 € B} (0,0/2),
z € B,(0,6/2).
Then there exist a continuous mapping ¥ from Bz(0,§/2) into By (0,6/2) and
two open neighbourhoods U and W of 0 in H, and an isomorphism ¢ from W
onto U such that ¢(0) =0, DJ(z+(2))|ly =0 and

J(z+1(2)) =min{J(z+ Qy(2) +2) 1z € H', Qy(2) +z € By (0,01)},
J(z+Y(2)) =max{J(z+ Pu(z)+t):t € H, PY(z)+t € By(0,01)},

Ty +2)) = 3{Ay.) + I+ (),

foranyy € HF @ H-, z € H°, y+ 2 € U, where P and Q are defined in
Definition 5.7.

REMARK 1.4. This theorem is proved in [5] if J is C? and A is a compact
vector field. In the following example we relax this smoothness. Let = B(0,1)
be the open unit ball in RY, N > 3, and H be the Sobolev space Wol’Q(Q) with

the norm
1/2
le—{/HMF}~
Q

p(z)=—(1—||z||)"* forallz € Q.

Put

By Poincaré inequality, there is a positive real number C' such that

(1.1) ’/quﬂ dx

< Cllwl|* for all w € H.
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Let v be a real number, ¢ be a positive real number and k£ be a function of class
C?(R,R) such that:

1
gt?’ for all t € (—1,1),
Kt =19

§t|t| for all t € (—o0, —2) U (2, 00).

Note that k”(t) = ¢ for any ¢ in [—1, 1] and there is a real positive real number
M such that |k (s)] < M for any s in R. Put

1
J(u) = / [2Vu(x)|2 +~yu(x)? + ep(x)k(u(z))| dv  for all u € H.
Q
By (1.1) we see that J is H-differentiable on H and for any u, v and w in H,

DJ(u)(v) = /Q V(@) Vo) + yu(e)o(z) + p(@)k (ulx))o(z)] da,

D?J(u)(v,w) = /Q[VU(I)VW(@ +yv(@)w(x) + ep(x)k” (u(x))v(z)w(z)] dz,

|D%J (u)(v,w) — D*J(0)(v,w)| = ¢

/Q ()" (u(z) (@ )w(z)] de
< eM]|o]|[lo]]

Hence J satisfies the conditions (a)—(c) of Theorem 1.3 for a = 0 if ¢ is sufficiently
small. Now let H°, H~ and H* be as in Theorem 1.3, u be in H®, v; and vy be
in H*, and wy and wo be in H~. We have

[DJ(u+ v +w1) — DJ(u + va + wa)][(v1 — v2) — (w1 — wa)]

> /QHV(M - U2)|2 + (v — 112)2] dr — 2€M/Qp(v1 — 1}2)2 dx

- / [V (w1 —w2)|? + y(wy — wso)?] dz — 26M/ p(wi — wy)? de.
Q Q

It implies that J satisfies the condition (d) of Theorem 1.3 for a = 0 if ¢ is
sufficiently small. We shall prove that D?J is not continuous at 0. Put a; =
(1-27%0,...,0) and r; = 272 for any positive integer i. Choose v in C>°(R")
such that

1 if || < 1,
P(z) =14 €[0,1] if1<|z|<3/2
0 if 2] > 3/2.

Note that { [, [¢[*dz}'/? = 79 > 0 and { [ |V¥|* dz}/? = 41 > 0. We define

o) =l (1),

V() :w(x_‘“) for all z € RY, j € N.

Ti




CRITICAL POINTS OF NON-C? FUNCTIONALS 39

We see that ¢; and v; are in W, 2(Q), [[v]] = rfv/%lvl and ||¢;|| =y for any

integer i. Therefore {1;} converges to 0 in W, (). On the other hand we have
D2 7000 61) = DTO65.00) =< [ (1= el wig? do
1 2
za/ (1 —||z|) 22 dox > e— r{%?dm:e(%) > 0.
B(ai,ri) 25 B(ai,ri) 5
Therefore {D?J(¢);)} does not converge to D?J(0) and the functional .J is not
of class C% on W, (Q).

This remark show that our results can be applied to very strongly singular
elliptic equations without compactness. In [7] we can study the buckling of thick
shells with such relaxation of compactness.

2. Flows

In this section we study flows in normed spaces. Our results do not require
the completeness of the spaces as follows.

THEOREM 2.1. Let E be the completion of a normed space (E, || -||) and W
be an open set of E with boundary OW . For any positive real number s, we put

Ws={z €W :(x,0W)=inf{||lz —y|| : y € OW} > s}.

Let g be a mapping from W into E such that g(Ws) is bounded for every s.
Assume for any v in W, there exist a finite-dimensional vector subspace E, of
E and two positive real numbers r, and L, such that

2.1) lg(@) — gl < Lollz —yl| for all z,y € Bi(v,74),
’ g(x) € E, for all x € B%(v,ry).
Then, for any b in W N E, we have

(a) There exist t, € (0,00] and a unique continuous map vy, from [0,ty) into
W N E such that

{ v (t) = g(vp(t))  for allt € (0,tp),
Vb(O) = b

Furthermore, if ty, is finite then infcp 4,y (v (L), 0W) = 0.
(b) For any s € (0,tp), there exists a positive real number 8 having the

following property: for any x € B(b,5) N W N E, there is a unique
continuous map v, from [0, s] into W N E such that

{ vi(t) = g(vx(t)) forallt e (0,s),
vz(0) =

x.
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To prove (a) of the theorem we need the following lemmas, whose proofs are
standard and omitted.

LEMMA 2.2. Let F be a finite-dimensional vector subspace of a normed space
(E,||-1), U be an open subset of E and g be a mapping from U into E. Assume
there exist a in F' and positive real numbers rq, L, and M, such that B'(a,r,) C
U and

(g1) llg(x) = gW)I| < Lallz = yl| for all z,y € B'(a,ra),

(82) llg(@)| < Ma, x € B'(a,ra)

(e3) g(x) € F for all x € B'(a,ry).

Put t, = min{1/(2L,),re/Ms}. Then there is a unique continuous mapping v,
from [0,t,] into Br(a,r,) such that:

{ ve '(t) = g(ve (t)) forallt € (0,t,),
v, (0)=ua.

LEMMA 2.3. Let V be an open set in a Banach space H and g be a map-
ping from V into H. Assume there exist a in V and positive real numbers
rq, Lo and M, such that B'(a,rq) C V and g satisfies (gl) and (g2). Put
to = min{1/(2L,),ra/Ms}. Then there is a unique continuous mapping v, from
[0,t,] into B'(a,r,) such that

Vo '(t) = g(va (1)) for allt € (0,t,),
ve (0)=a .
PrROOF OF THEOREM 2.1. (a) Fix b in W N E. Put T} be the set of all

positive real number s for which there is a solution vy in C([0, s), W N E) to the
following Cauchy problem:

vi(t) = g(wp(t)) for all ¢t € (0,s),
vs(0) = b.

Applying Lemma 2.2 for U = WNE, a = b, r, = /2 and the finite dimensional

vector subspace F' generated by Fj, U{b} we see that T} is not empty. Let o and

[ in Ty, such that a < 3, we shall prove

(2.2) va(t) = vg(t) forall t € (0, ).

Assume by contradiction that (2.2) is false. Denote by S the set {t € (0,«) :
Vo (t) # vg(t)}. Then S # 0. Put tp = inf S. We show

(2.3) Va(to) = va(to)

If to = 0, we have (2.3) since vo(to) = b = vg(to).
Consider the case ty > 0. We have v, (t) = vg(t) for all t € (0,%9). Since v,
and vg are continuous on (0, #o], we get (2.3).
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Put ¢ = vu(to) = va(to). By the continuity of v, and vg there are two
positive real numbers t; and t5 such that

(2.4) Va(to +1t) € Bi(c,rc) forall t € (0,11),
(2.5) vg(to +t) € Bx(c,re) forallt e (0,ta).

Applying Lemma 2.3 for H = E, V =W and a = ¢, we have a positive real
number s, and a unique mapping from [0, ¢.) into B’E(c, s.) such that

vi(t) = g(ve(t)) forallte(0,t.),
(2.6) (t) = g(ve(t)) (0,tc)
v.(0) = ¢
Put t3 = min{t1,t2,t.}. Combining (2.4)-(2.6) we get
va(to+1t) = vg(to+1t) for all ¢t € (0,t3).

It implies that [0, to +t3] is contained in [0, 00) \ .S, which is a contradiction since
inf S =ty < tg + t3. Thus (2.2) holds. If T} is unbounded from above, (a) of
Theorem 2.1 is obtained with ¢, = co.

Now suppose that t;, = supT} < oo, we shall prove inf{d§(v(t),0W) : t €
[0,%5)} = 0. Assume by contradiction

(2.7) inf{o(vp(t),0W) : t € [0,tp)} > d > 0.

In this case 4 ([0, t)) C Wy. By the hypothesis of the theorem, there is a positive
real number M such that g(Wy) is contained in B’(0, M) and

(t) = (9] = H / Sg(Vb(ﬁ))dﬁ‘

< ]/ |g<ub<£>>||dg\ < Mt~

for all t,s € [0,¢). Thus v} is uniformly continuous on [0,?,) and there exists
¢ = limy_y, (t) in E. By (2.7) we see that ¢ is in W. Applying Lemma 2.3
as above, we get a positive number t. as in Lemma 2.3. We can find ¢y in
(to — te/4,tp) such that [[1y(to) — c|| < re/2. Thus B (v(to),7c/2) C Bi(c,re)
and

lg(z) —gW)I| < Lellz —yl| for all z,y € Bi(wy(to),7¢/2),
llg(z)]] < M, for all 2 € B (v(to),7¢/2),
g(z) € E, for all 2 € B (v(to),7¢/2),

where L., M. and E. are appeared in hypotheses of the theorem.

Put d = v(to), t4 = min{l/(2L.),r./(2M.)}. Then ty > t./2, and by
Lemma 2.2 there is a unique mapping vg from [0,%,) into By, (v (to),7¢/2) such
that

vh(t) = g(va(t)) for all t € (0,t4),
{ l/d(O) = l/b(to).
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Put
vp(t for all ¢t € (0,19),
oy = {0 (0,)
va(t —to) for all t € [to, to + t4).
We have
W (t) =g(h(t)) forallte (0,t+ ts),
h(0) = b.
Thus tg + t4 is in T},. Since tg € (tp, — t./4,tp) and t4 > t./2, we have
te te te
ty, = Ty >t t ty ——+ ==t — >t
b=5Supdp = to +1t4 > tp 4+2 b+4>b,

which is a contradiction and completes the proof of (a) of Theorem 2.1.

(b) Since 14([0, s]) is a compact subset of WNE, by (a) of the theorem, there
are two positive real numbers L and «y such that v4([0,s]) + B(0,7) C WNE
and

llg(x) =9Il < Lljx —yl| for all z,y € 15([0, s]) + B(0, 7).
Fix z in 14([0, s]) + B(0,7). By (a) of the theorem, there is a unique mapping
v, from [0,¢,) into W N E such that

v,(t) = g(v=(t)) for all t € (0,t.),
{ v,(0) = z.
Furthermore, by Lemma 2.3, there is a positive real number ¢ such that
(2.8) t, > 3e for all z € 14([0, s]) + B(0,~).
Put 3 = ye~L%/2. Assume there is = in B(b, 3) "W N E such that ¢, < s. Define
S={t € (0,tz) : (&) € v([0, s]) + B(0,7) for any & € [0,t]}, s1 =supS.
We have

¢
vz (¢) = v (O] < ||x—b||+/0 g (v2(C)) — 9w ()| d€

¢
<llo=tll+ [ Llba(©) - w(@lld forall ¢ € 0.51),
0
Using the Gronwall inequality (see [12]) we have
1
(2.9) 1v2(Q) = w(Ql < [lz = bl|e™ < fe™ = Sy forall € € [0, 51).

If 81 < ty, v(s1) is defined and belongs to v4([0, s]) + B’(0,v/2), therefore by
above argument s; is not sup S. Thus s; = t,.

Choose a positive real number so in (¢, — €,t,) and put z = v,(s2). We
see that z contained in v4([0, s]) + B(0,7v/2). By (2.8), t, > 3¢. Thus v, can
be defined on [0,¢, + 2¢). This is the contradiction and ¢, > s for any z in
Bb,f)NWNE. O

The following lemmas will be used in the next section.
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LEMMA 2.4. Assume all hypotheses of Theorem 2.1 hold. Letb be in WNE,
and s be in (0,tp). Then there is a finite-dimensional vector subspace Fys of E
such that vy([0, s]) C Fs, where vy is defined as in (a) of Theorem 2.1.

PROOF. Since v, is continuous from [0, s] into W N E we have 14([0, s]) is
compact in E. On the other hand:

([0, s]) C U Bg(a,r,).

a€vy([0,s])

Thus there is a finite subset A of ([0, s]) such that

([0, 8]) C U Bg(a,rq).
ac€A

Let F, be the vector subspace generated by {b} U {{J,c1 9(Bg(a,7.))}. By
(2.1) we have Fj is a finite dimensional subspace of E and

t
vp(t) =0 +/ g(vp(s))ds € Fy for all t € [0, s].
0

This completes the proof. O

LEMMA 2.5. Assume all hypotheses of Theorem 2.1 hold and g(W) is con-
tained in a vector space V of E. Let b be in WNE, and s be in (0,t,). Then there
is a finite-dimensional vector subspace Vs of V' such that vp([0, s]) is contained
in b+ Vs, where vy is defined as in (a) of Theorem 2.1.

PRrROOF. By Lemma 2.4, 14([0, s]) and g(v(]0, s])) are contained in a finite-
dimensional vector subspace F; of E. On the other hand, since g(WW) is contained
in V, this implies g(v4([0, s])) is contained in F5; N'V. Moreover, since Fs NV is
finitely dimensional then

v(t) = b+ /tg(l/b(f)) d¢eb+VNF, forallte]0,s].
0

Put Vi, = F; NV, we have 14,[0,s] C b+ V. O

3. Deformation theorem

In this section we prove a deformation theorem for continuously V-differen-
tiable functionals (see Definition 3.1). We do not need the completeness of the
space, which is essential conditions in [1], [5], [6], [17]. First we need the following
definitions.

In this section, we assume that J is a continuous mapping.
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DEFINITION 3.1. Let V' be a non-trivial vector subspace of a normed space
(E, || |lg) and J be a mapping from an open subset U of E into a normed space
(S|~ M) We say

(a) J is V-differentiable on U if and only if for any = in U there is a linear
mapping DJ(z) from V into F' such that

Jz+ tz;) — J(@) forallveV.

DJ(z)(v) = }gr(l)

(b) Jis continuously V -differentiable on U if and only if J is V-differentiable
on U and

lim DJ(y)(v) = DJ(x)(v) for all (z,v) € E x V.

Yy—x

(c) J is twice V-differentiable on U if and only if J is V-differentiable on
U, DJ(x) is a continuous operator on F for any = in U and DJ is
a V-differentiable mappings from U into L(E, F'), where L(E, F) is the
usual normed space of bounded linear mapping from E into F'

Now we introduce a notation on ||DJ(x)||.

DEFINITION 3.2. Let V be a non-trivial vector subspace of a normed space
(E,]| - ), E be the completion of E and J be a continuously V-differentiable
function on E. We put

IDJ(z)|]|= sup liminf{|DJ(y)h|:y € B(z,r)NE} forall z € E,
heV,|Ihlj=1"—0

where ||DJ(z)|| may be occ.

If 2 belongs to E, our notation ||DJ(z)|| just is the classical one. Now we
introduce some other notations for V-differentiable functions.

DEFINITION 3.3. Let E be the completion of a normed space (E,|| - ||),
V be a non-trivial vector subspace of E, J be a continuously V-differentiable
mapping from E into R and ¢ be a real number. Put U(J) = {z € E :
there is a sequence {x,,} in F such that {z,,} converges to z and {J(z,,)} con-
verges in R}, J*(y) = {a € R : there is a sequence {y,,} in E converges to y and
{J(ym)} converges to o in R} for any y in U(J) and

Ke={yeU(J):ce J*(y) and [|DJ(y)|| = 0}.

If K. # 0, we say c is a generalized critical value of J, and each vector u in K,

is called generalized critical point of J.

If y belongs to E, J*(y) = {J(y)}. So our notation J*(y) is similar to the
classical one.
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The notation of generalized critical points has been introduced in [6], where
a version of mountain-pass theorem has been proved and applied to solve a prob-
lem of Yamabe. Now we have the following definition on Palais—Smale condition.

DEFINITION 3.4 (Palais—Smale condition). Let V be a non-trivial vector
subspace of a normed space (E, | - ||), E be the completion of E, J be a real
continuously V-differentiable function on E and {z,,} be a sequence in U(J).
We say

(a) {xm} is a (PS).-sequence if lim,, o0 [|DJ(z,)|| = 0 and there is a real
sequence {au,} such that a,, € J*(z,,) for any integer m and {a,}
converges to c.

(b) J satisfies (PS). condition if and only if every (PS).-sequence has a sub-
sequence converging in E.

We have the following result.

THEOREM 3.5 (Deformation Theorem). Let V' be a non-trivial vector sub-
space of a normed space (E,||-||), E be the completion of E, J be a real continu-
ously V -differentiable function on E, and a and b be two real numbers such that
a <b. Assume:

(a) J satisfies (PS). condition for any c in [a,b],

(b) Ko =0 for any « in (a,b),

(¢) K, K, C E,

(d) every connected subset T of K, has at most one element.
Then J, is a deformation retract of Jy \ Ky, where J, = J~1((—o0,a]) for any
o in R.

In order to prove this theorem we need the following lemmas.

LEMMA 3.6. Let F, E and V be as in Theorem 3.5. Let J be a real contin-
wously V -differentiable function on E and x be in E. Then two propositions are
equivalent:

(a) [|DJ(x)]| = 0.
(b) For any vector h in V there is a sequence {x,} in E such that {x,}

converges to x in E and lim,_o D.J(x,)(h) = 0.

PrOOF. First, we proof (a) implies (b). Assume ||[DJ(z)|| = 0. Fix a vector
h in V, by the definition of ||DJ(z)|| we have

lin%)inf{|DJ(y)h| :y € B(z,r)NE} =0.

On the other hand, for every positive integer m, there is x,, in the set B(z,1/m)N
E such that

1 1
|DJ(,)(h)| < inf {|DJ(y)h| Ty € B(a?, m) N E} + - for all m € N.
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It is clear that the sequence {z,,} converges to x in E and

lim DJ(2,)(h) = 0.

m—00

Now assume (b) holds, that is for any vector h in V' there is a sequence {z,}
in F such that converges to z in E and lim,,_,o DJ(zy)(h) = 0. We have

inf{|DJ(y)h| :y € B(x,r)NE}=0 forallr>0, heV.
This implies ||DJ(x)|| = 0. O

LEMMA 3.7. Let E, E, V and J be as in Theorem 3.5 and {x,, } be a sequence
converging to x in E. Then

1D ()] < liminf || DJ ()]l

PROOF. Fix a vector h in V such that ||h|| = 1. By definition we have
}Lr%{inf{|DJ(y)h| 1y € B(xp,m) NE}} <||DJ(x,)|| for all n € N.
It implies that
inf{|DJ(y)h| : y € B(xn,1/n)NE} < ||DJ(x,)|| forall n e N.

Thus there is z,, in B(z,,1/n) N E such that
1
DI (zn)h] < [[DJ ()]l + .

We have {z,} converges to z and ||z,, — z,|| < 1/n. This implies {z,} converges
to x and

hH(l) inf{|DJ(y)h| : y € B(xz,r) N E} < liminf|DJ(z,)h)|

n—oo

1
< lim inf {|DJ(xn)|| + ] = liminf || DJ(x,)]|.
n—0oo n m—00
It implies

[|[DJ(x)||= sup lim{inf{|DJ(y)h|:y € B(z,r)NE}} <liminf ||DJ(x,)|l.
heV,[|h||=1770 m—00
O

LEMMA 3.8. Let E, E and V be as in Theorem 3.5, y be in E and J be
a real continuously V -differentiable function on E. Assume ||DJ(y)|| € (0, 00].
Then there exist hy in V' and a positive real number r, such that:

hyll - IDI W)l <2 df [[DI(y)]] < oo,
lhyll =1 if [[DJI(y)]| = oo,
DJ(x)hy <=1 for all x € Bg(y,ry) N E.
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PROOF. By definition there exist two positive real numbers r,, s and a vector
hin V with ||h|| = 1 such that

o If ||[DJ(y)|| < oo ||DJ(y)||] < s and |DJ(x)h| > s/2 for all z €

Bg(y,ry) N E.

o If ||[DJ(y)|| = oo: s =2 and |DJ(x)h| > s/2 for all x € Bg(y,ry) N E.

Since the map = +— DJ(x)h is continuous on the connected set By (y,ry) N E,

we can (and shall) suppose DJ(x)h < —s/2 for any x in Bg(y,r,) N E. Putting

hy = 2h/s we get the lemma. O

LEMMA 3.9. Let E, E, V and J be as in Theorem 3.5. Assume J satisfies
the (PS)-condition. The K. is a compact set for any real number c.

PrOOF. By Definitions 3.3 and 3.4 we get the lemma. 0

PROOF OF THEOREM 3.5. Denote by J—1([a,b]) the closure of J~*([a,d])
in E. Put
A=J"1a,b]) \ {K, UKy}
Fix z in A. By Lemma 3.9 we can choose h, and r, as in Lemma 3.8 such that
Bg(x,re) N{Kq U Ky} = 0. We have A C U, Bi(w,72). By the Dugunji
theorem there is a subset B of A such that

ACW = U Bg(x,7,).
zeB

So WN{K,UK,} =0 and for any a in W there is a positive real number s
having the following property: the set {x € B : Bg(x,r,) N Bg(a,s) # 0} is
finite. Put

-1
g(y) =Y (Z soz(y)) u(y)he for all y € W,

rzeB “zeB

where ¢, (y) = 8(y, E \ Bg(z,ry)) =inf{|ly — 2|| : z € E\ Bg}, and h, is as in
Lemma 3.8. By the choosing of B the mapping g is well defined. We prove that
g satisfies the assumptions of Theorem 2.1. First we consider the boundedness
of gon W, ={y € W:§(y,0W) > a} for any positive real number . Put

T, ={z € B: Bg(x,r;) N W, # 0}.
We have
1 =3 (L e) et =3 (X ) watoh
rxeEB “xeB €T, €T,

for all y € W,. We shall show that §(x,0W) > «/2 for any x in T,,. Assume by
contradiction that there is  in T}, and z in W such that ||z — z|| < «/2. Hence
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re < a/2 since Bg(x,7,) is contained in . On the other hand
ly=all > lly — 2l = lle = oll > @ —re > G > 7o forall y € W,

This implies Bz (x, ;) "W, = (), which contradicts to the definition of Tf,. Thus
§(x,0W) > /2 for all x € Ty, or Ty C Wy .

Now we show that inf{||DJ(z)|| : z € T} > 0. Indeed assume by contra-
diction that there is a sequence {x,,} in T, such that lim,, o |[|DJ(zm)|| = 0.
Note that T,, C B C J~!([a,b]). Since J satisfies the (PS). condition for any ¢
in [a,b], there is a subsequence {x,, } of {z,,} such that {x,,, } converges to y
in E.

According to Lemma 3.7 we see that

lim J(zm,) =n€lab],  lim [[DJ(zm,)|| = [[DJ(y)]] = 0.

m— 00

This implies y in K,,. By the hypotheses (b) of the theorem we see that n € {a, b}
and y € W N {K, UKy}. Since WN{K,UK} =0 and T, C Waj2 CW, we
have y € W, /2 N OW, which is absurd because W/? N OW = (. Thus there is
a positive real number 3, such that

[|DJ(z)|| > Ba for all z € T,.

By Lemma 3.8, ||h,|| < max{1,28,'} for any = in T,,. Thus
1

MHKZ(Z%) ()IIhe] < max{1,26,"}

x€Ty €T,

for all y € W,. By Lemma 3.8 we have
DJ(y)(g9(y)) < -1 forallye WnNE.

Since g satisfies all the hypotheses of Theorem 2.1, we have for any x in W N FE,
there is ¢, in (0, o] and a unique continuous mapping v, from [0,¢,) into WNE
such that
v(t) = g(ve(t)) for all ¢t € (0,t,),
{ vy(0) = .
Recall that inf{§(v,(¢t),0W) : t € [0,t;)} = 0 if ¢, is finite. Fix z in AN E. By
Lemma 2.5 and the continuously V-differentiability of J, Jov, is differentiable
n (0,¢,) and

(3.1) J(v=(t)) — J(v:(0)) :/O DJ(v.(s))(v.(s)) ds
:/0 DJ(v.(8)(g(v.(s))ds < —t

for all t € (0,t,). Thus for any z in J~1([a,b]) \ (K, U K}), there is a biggest s,
n (0,b — a ) such that v,([0,s,)) CANE.
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We complete the proof of the theorem by the following steps.

Step 1. Fix z in J~1([a,b]) \ (K, U K}), we show that v, can be continuously
extended at s,, s, < t, and J(v.(s;)) = a.

We consider two cases:

Case 1. Assume inf{d(v,(t), K,) : t € [0,s,)} = s1 > 0. By (3.1)

J(vy(t)) <b— %z for all t € [s,/2,5,).
Using the compactness of K C E, we have
inf{6(v.(t), Kp) : t € [55/2,5.)} = s2 > 0.

Put S, ={zx € A:(z, K, UK}) > a} for any positive real number . Arguing
as in the proof of boundedness of g(W,,), we find a positive real number M, such
that

(3.2) lg(y)|| < M, forally e S,.

Put s = min(s1, s2), we have v,([s,/2,s,)) C Ss. It implies that

ot -0l = | [ yg(uz(e))dsH <Mt 1!

for all t,¢' € (s./2,s.). Thus limy_, v.(t) = y € E. On the other hand since
v:([s2/2,5.)) is contained in a closed set J~!([a,b]) N (E'\ U,ck, L, Bi(2:9))s
we have

ye J ([a, b)) N (E\ U BE(Q;,S)) cw.

zeK,
Thus §(y, W) > 0, and by Theorem 2.1, y is in E. By (3.1) and the definition
of s, we see that s, < t, and J(y) should be a.
Case 2. Assume

3.3 inf  5(v.(t), Ky) = 0.
(3.3) ot (v:(t), Ka)

We shall prove

(3.4) lim 8(v,(t), K,) = 0.

t—s,

Assume by contradiction that there are a positive real number € and a sequence
{tn} converging to s, in [0,s,) such that

(3.5) (v (tn), Ko) > 2¢ > 0.
By (3.3) there is a sequence {s,} converging to s, in [0, s,) such that

(3.6) lim §(v,(sn), Kq) = 0.
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By (3.5), (3.6) and continuity of the mappings v, and ¢, there are two sequence
{an} and {3,} converging to s, in [0, s,) such that

d(ve(an), Ka) = 2¢,
(37) 5(”2(671)7Ka) =g,
I(vy(t), K,) € [g,2¢] forall t € [au, Bnl.

We may assume o, > s,/2 for any n in N. Put C = |, v.[o, 3,]. We can
see that C' C S.» with ¢’ = min(ss, ). By (3.2),

lg(y)|| < M. for all y € C.

Thus we have
Bn
() — 2 (B)]| = H [ o0 dtH < Moo — anl.

Since {a,} and {8, } converge to s., {||v.(an) —v.(Bn)||} converges to 0, which
contradicts to (3.7). Therefore lim;_,,, 6(v,(t), K,) = 0.

Put T = v,[0,s,) N K,. Since K, is compact then T is compact. We prove
T is connected. Indeed, suppose by contradiction that there are two non-empty
disjoint compact subsets @@ and R of F such that QU R ="T.

Therefore, there exist two disjoint open subsets U and U’ in E such that
QCcUand RCU'. Let pand g bein UNT and U’ NT, respectively. There are
two sequence {t,} and {s,} converging to s, in (0, s.) such that the sequences
{v.(tn)} and {v,(s,)} converge to p and g, respectively. We can suppose t,, < sy,
for any integer n.

By the continuity of v, there is k,, € (¢,, s,) such that
v,(k,) g UUU" forallneN.

By (3.4) we have lim,_,o 0(v,(kyn), Kqs) = 0. Since K, is compact, there is
a subsequence of {v,(zy, )} converging to an element of K,. But v, (k,, ) ¢ UUU’,
which is an open set containing 7. Thus we get a contradiction and 7' should
be connected. By (d) the set T has a unique element v. Define v,(s,) = v, then
v, may be continuously extended at s, and J(v.(s,)) = a.

Step 2. We prove the map z — s, is continuous on AN E.

Assume by contradiction that there are a positive real number ¢ and a se-
quence {z,} converging to x in AN E such that |s,, — s,| > & for any integer
n. Applying (b) of Theorem 2.1, we may assume:

Sz, > Sz +€ forallneN.
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Note that, for all t € (s, +¢£/2,54,),

a < J(v,(t) = J(va,(52)) +/ DJ(va, (s))(9(va, (5)) ds

< J(We, (82)) — (t = 82) < J(Va, (82)) — %
By the continuous dependence to the initial values of the Cauchy problem, we
have {v,, (s;)} converges to v, (s;). Thus {J(vy, (s5))} converges to J(v,(sz)) =
a, which contradicts to above inequality.
Step 3. Let {x,} be a sequence in AN E such that {x,} converges to z in
K,. We shall prove s,, converges to 0. By the continuity of J, we have
lim J(v,,(0)) = lim J(z,) =J(z) =a = J(Vs, (5z,))-

On the other hand
J(Vz, (82,)) — I (Vz, (0)) = /0 In DJ(vg, (s))(9(vz,(s)) ds < —sz, <O0.

Thus we get the third step.

Step 4. Let {x,} be a sequence in AN E such that {z,} converges to x in
K,. We may assume J(z,,) < a + 27 1(b — a) for any n in N. We shall prove
that there is a subsequence {zn, } of {x,} such that {v;, (sz, )} converges to
a point in K.

Assume by contradiction that there are a positive real number s and a positive
integer Ny such that

(Tn, Ko) < 8/2 and  0(vg, (Sz,), Ka) > s for all n > No.

Since {v,, (0) = x,} converges to = in K,, by the continuity of v, and the
distance function, there are two positive real numbers sequences {s,} and {k,}
such that s, < k, < s, and

0V, ($n), Ka) = 8/2,
6(Va, (kn), Ka) = s,
0(ve, (t), Ko) €[s/2,s] forall t € [sn,ky], n > Np.

This implies
(3.8) [|Ve, (Sn) — Ve, (kn)|| = s/2 for all n > Np.

Since {s,, } converges to 0 by Step 3, the sequence {k,, — s, } converges to 0. By
(3.2) and arguing as in the first step, we see that {v,, (s,) — vs, (kn)} converges
to 0, which contradicts to (3.8). Thus we get the fourth step.

Step 5. Let {yn} and {z,} be sequences converging to x in K, such that the
sequences {vy, (sy,)} and {v,, (s,,)} converge to w and v in K,, respectively.
We shall prove u = v.
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Assume by contradiction that there are two sequences {y,} and {z,} con-
verging to « in A N F, and two different vector u and v in K,, such that the
sequences {vy, (sy, )} and {v,,(s.,)} converge to v and v respectively.

Since K, is compact, by (d), there are two disjoint open subsets U and V
such that w € U, v € V and K, C U U V. Arguing as in the fourth step we get
a contradiction.

Step 6. Put

x for all (s,z) € [0,1] x J,,
n(s,z) =

vy(ssg) for all (s,2) € [0,1] x (AN E).

We shall prove the deformation 7 is continuous. It is sufficient to prove that 7 is
continuous on {1} x K,. Let {z,} be a sequence in AN E converges to x in K.
We may assume

h—
J(mn)<a+Ta for all n € N.

We prove {v,, (s:,)} converges to . Indeed, by the fourth and fifth step, the
sequence {v; (., )} converges to some u in K,. It is sufficient to prove u = z.
Assume by contradiction that u # z. Since {v,, (0) = z,} converges to x and
{Vs, (82, )} converges to u, arguing as in the fourth step, we find a positive real
number 7 and two sequences of positive real numbers {s,} and {k,} such that
they converge to 0, s, < k, < 5z, Va,(Sn) € Srj2 and vy, (k,) € S\ Sy /o
Arguing as the fourth step we get a contradiction. Thus {v,, (s;,)} converges
to x. g

Using Theorem 3.5, we easily get the following result.

THEOREM 3.10 (Mountain Pass Theorem). Let V' be a non-trivial vector
subspace of a normed space (E, |- ||), J be a continuous function from a normed
space (E,| 1) into R such that J is continuously V -differentiable on E and
satisfies the Palais—Smale condition (PS). for every real number c. Assume that
J(0) =0 and there exist a positive real number r and zy € E such that ||z]| >
and J(z9) <0 and

a=inf{J(u) :u € E,||lul| =r} > 0.
Put G={p € C([0,1], E) : ¢(0) = 0,¢(1) = z0}. Assume that G # (). Set
8 = inf{max J(¢([0,1])) : ¢ € G}.
Then B > « and (8 is a generalized critical value of J.

REMARK 3.11. If E is a Banach space and V = FE, by Lemma 3.6, 3 is
a classical critical value of J and we get the classical version of Mountain-Pass
Theorem in [1] without C*-smoothness of J.
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DEFINITION 3.12. Let (E,|| - ||) be a Banach space, J be a continuous
function from an open subset U in E into R such that J is continuously FE-
differentiable on U. Let = be a critical point of J. Then z is said to be a critical
point of mountain-pass type if there exists a neighbourhood U, of = contained in
U such that W N J~1(—o0, J(z)) is nonempty and not path-connected whenever
W is an open neighborhood of x contained in U,.

Using Theorem 3.5 and arguing as in the proof of Theorem 1 in [10] we get
the following result.

THEOREM 3.13. Let (E,||-||) be a Banach space, J be a continuous function
from an open subset U in E into R such that J is continuously E-differentiable on
U. Assume J satisfies all the hypotheses in Theorem 3.10. Assume in addition
that the critical points in J~(B) are isolated in E. Then there exists a critical
point of mountain-pass type in J~1(3).

4. Proof of Theorem 1.1
We can suppose a = 0, J(a) = 0. Let H be the completion of H and put

—A(z)
[1A()]]"
f a®llz|l (o —TO)al|z]]
Ty _mln{4r2+a2, AT2(T + 0) ,5—|$||},
¢u(y) = 8(y, H\ By (w,r,)) for all z € By (0,6)\ {0}, y € H,

Wo = U Bﬁ(l‘,’l"z).
x€Bx(0,0)\{0}

hy =

We have ||h;|| =1 and

he — hy H (z) H 2)|[ Ay = Aly)[|Alx IH
' [A@)I HA A1 A)]]
‘ Al)([[AWI = [IA@)ID + | A@)I (A=) — Aly ))H
[AG@)[[[ACY)I|
2/|A(z —y)ll _ 20|z — |
AWl = allyll

for all z,y € By (0,6) \ {0}. Since 7, < o?||z||/(4T? + a?), it follows that

(A ) = (A, )+ (A0 Do = By = (A T8 + (A, B = 1)

= 1A+ A7z = hy[l < =allyll + Tllylll|he =yl

IN

IN

o+ 2 e ol < ol
ol e
Y o Yl = B Y
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for all y € Bi(x,75). On the other hand, by the mean value theorem there is ¢,
in [0, 1] such that

(4.1) DJ(y)(hz) = DJ(y)(hy) +DJ(y)(he = hy)

— ]‘ 2

= IIAgy)II [D2J(0)(y, A(y)) + (D*J (t,y) — D*J(0))(y, A(y))]
+[D2J(0)(y, ha — hy) + tgjl(DQJ( y) — D*J(0))(tyy, ho — hy)]
20|z — y|

allz|]

N

o? 20|z — y|
—?|ly|l+9llyll+1“|ly|| olls || + 0|yl

a® — T4 2F2+2I‘0
[yl + =—lyl|

|\|
< _aQ—F9+a2— I ||__(a2—F9)
= r or | o

llyll <0

for all y € By (z, 7).

By definition, By (0,9) \ {0} C Wy. We show that By(0,9) \ {0} is con-
tained in Wy. Let y be in B5(0,6) \ {0}. Put r = ||y, s = o?/(4T? + a?),
t = (a® —T0)a/(4T%(T' + 0)) and & = min{sr/(s+ 1),tr/(t +1),(§ —r)/2}/2.
There is  in By (0,d) \ {0} such that ||z — y|| < €. Choosing € we see that y
is in Bz (x,7,). Thus B(0,6) \ {0} C€ Wy. By the Dugunji theorem, there is
a subset B of By (0,d) \ {0} such that

Bﬁ(O,(S) \ {0} cW= U Bf](x7Tw)

z€B

and the set {x € B: Bz (x,7,) N Bg(y,s,) # 0} is finite for any y in W and
a sufficiently small positive real number s,. Put

-1
=Y (sz ) ¢o(y)he for ally € W,
ze€B “z€EB

By choice of B, the mapping g is well defined, g(W) is contained in H, and
(4.2) llg(w)]] <1 forallye W.

We can see that g satisfies all assumptions of Theorem 2.1. Thus for any v in
By (0,0) \ {0} there exist ¢, in (0,00] and a unique mapping v, from (—t,,t,)
into W N H such that

{ vl (t) = g(vy(t)) forallt € (—ty,ty),
1, (0) = u.
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Fix u € By(0,6/3) \ {0} and put s, = min{||u||,¢,}. We have

v, (t) = u+ /Otg(yu(s)) ds forallt € (0,t,).
Thus, by (4.2)
0 < ul| = [t] < [[ra (O] < [Jull + [t] < 2[[ul]] <26/3 for all t € (—su,su).
By (a) of Theorem 2.1, it implies that ¢, > ||u||. We define

n(t,u) = vu(t) for all w € By (0,6/3) \ {0}, t € (—|[ul], [|ul]),
Alw) = (A(u),u)/2 for all u € By(0,6/3)\ {0}.

{ %(sm) = g(n(s,w)) for all uw € By(0,6/3)\ {0}, s & (=Ilull, [[ull),
n(0,u) = u

Since 6 < /2, by Taylor theorem there is a t,, in (0,1) such that

[J(u) — A(u)| = ’J(O) + DJ(0)(u) + %DQJ(tuu)(u,u) - %DQJ(O)(U,U)

1 1 1
= 1|2 (t) — D2I(O) )| < L61Jul? < ool
Thus
1 2 1 2
(4.3) Alu) — ZO‘HUH < J(u) < Alu) + ZQHUH .

Moreover,

(14) oA w) = 5 - oA, w), )

«
= — St wl| <o.
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Thus A(n(-,u)) is strictly decreasing on (—|Ju||,||u||). On the other hand, for
any ¢ in (—|[[ul], [Jul]),

(4.5)  [Am(tw) = A(w)] = [A(n(t,u)) — A(n(0, w)]

/OiA(U(s,u))ds /O%HW(&U)Hds

¢ 1
2|5 [ nr = spas| =5 (i - 52).

When |t| = ||u||, we have a(|t|||u|] — t2/2)/2 = af|u||?/4. Thus by (4.3), there
exists a positive real number r, < ||u|| such that ||u|| — r,, is small and

Au) — %Hulﬁ <Alu) - ;‘(mun - ;75) < J(u)

>

o' 1, e 9
<+ 5 (rulell = 572) < A+ Sl

Applying (4.5) we obtain

Anfrac) £AG) = 5 (mllll = 372 ) < J(a)

<A+ 5 (rullll = 572) < Aln(-ru ),

This implies there is a unique s, in (—ry,7,) C (—||ul|, [|u]|) such that
1
I () = A(n(s4,u)) = 5{A(n(su, ), n(50, ).
We shall prove that J(n(-,u)) is strictly decreasing on (—||u||,]||u|]). By
Lemma 2.4, J(n(-,u)) is differentiable on (—||u||, ||u||). Furthermore, by (4.1),

0

S T((5,w) = D.J(n(s, ) © (5, u) = DI (s, ) 0 gln(s, )

> @u(n(s,u))ha
DﬂMwm(%B )

22 px(n(s,u))

r€EB
%ZB pa(n(s,u))DJ (1(s, u) (ha))

> pa(n(s,u))

z€B
for all s € (—||ul],||u]]), v € Bu(0,60) \ {0}. It implies the strictly decreasing of
J(n(-,u)) on (—||ul|,||ul|) for any u in By (0,4) \ {0}. Put
o(z) = n(sz,x) for all z € By (0,6/3) \ {0},
{wm—&

<0

We have .
J(x) = §<A(¢(x), ¢(x)) for all z € By (0,d/3).
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From the above properties, ¢ is an one-to-one mapping from Bp(0,0/3) into
?(Br(0,6/3)).

Now we show that ¢ is continuous on By (0,0/3). First we note that

(50, 2) — 2] = lIn(ss.2) — 1(0,2)]] = H I g(n(t,x»dt\

It implies the continuity of ¢ at 0. Fix x in By (0,6/3) \ {0}. Let {x,} be
a sequence converging to x in Bg(0,6/3). Firstly, we show that the sequence

< [saf < la]-

{84, } converges to s,.

Assume by contradiction that there are a positive real number d and a sub-
sequence {xy, } of {z,} such that |s;, —s;|> d for any integer k. Since (¢, z)
is defined on (—||z||,||x||) and sz is in (—||z||,]z|]), by (b) of Theorem 2.1 we
can (and shall) suppose n(t, z,, ) is defined for any ¢ in [—|s;| — d, s, + d] and

Sz, — Sz > d for any integer k. By (2.9) the map y — n(s; +d),y) is continuous

n

at x. Since A(n(-,u)) is strictly decreasing,
J(Tn,) = A(n(sxnk)vxnk) < A((se +d), n,)-
Taking the limits of the two sides, we have
J(x) = A (s, x) < A(n(sz +d), ),

which contradicts to the strictly decrease of A(n(-,z)). Therefore we should
have lim,, o0 Sz, = $z. On the other hand

11782, Tn) = 0(sz, )| <052, Tn) — 1Sz, T) || + [|1(52, Tn) — (52, )|
| [ sttt

<z, — Szl + |[n(52,Tn) — N(52, 7)]|.

+ sz, 2n) = n(sz, )|

This implies lim, o ¢(x,) = ¢(x), so that ¢ is continuous on By (0,6/3). The
path n(t,z) carries x to ¢(x). We can use the same path to move ¢(z) to x in
order to define the inverse map ¥ = ¢! of ¢. Arguing as above we see that ¢
is a homeomorphism from By (0,6/3) onto ¢(Bg(0,3/3)).

COROLLARY 4.1. Assume J satisfies all hypotheses in Theorem 1.1. Let xq
be a nondegenerate critical point of J with Morse index j. Then

G ifq=17,
0 ifqg#j.

Proor. Without lost of any generality we may assume zo = 0. Let E and

Cq(J, Io) = {

F be the positive and negative subspaces of the operator D2.J(0) respectively.
According to Theorem 1.1, it is sufficient to consider the case where

Jy+z)=(y,y)—(2,2) foralz=y+2€ H=E®F.
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Put vg = J~1((—0o0,0]), note that
B0,e) vy ={z=y+zeH: || <e|lyll <[z}
We defined a deformation
n(t,z) =z+ty forallt e [0,1]; = € B(0,e) Nuyp.

It is a strong deformation retract from (B(0,e) N vy, B(0,¢) N (v \ {0})) to
(B(0,e)NF,B(0,e) N (F\ {0})). Thus
Cy(J,0) = Hy(B(0,€) N o, B(0,€) N (10 \ {0}))
~ H,(B(0,e) N F,B(0,e) N (F\{0}))
G ifg=y,

~ H (B, 8771) ~
ol ) {0 if ¢ # j. O

REMARK 4.2. If H is a Hilbert space and J € C?(H,R), the above corollary
was proved in [5] (see Theorem 4.1, p. 34).

COROLLARY 4.3. If K. ={z1,... ,2m}, then

m

Hy(Vere, Veee, G) =2 Hy(ve, ve \ Ko, G) = @D Cy(J, 25).

j=1
PRrROOF. By Theorem 3.5 and the homotopy invariance of singular homology
group, we have
Hq(Vc-i-Ea Vc—e) = Hq(Vca VC—E)7
Hq(’/c \ KC, chs) = Hq(chsv chs) =0.
Applying the exactness of singular homology groups to the triple (v., v.\ K., Ve—¢)
we have
o= Hy(we \ KeyVe—e) — Hy(Vey Ve—e)
— Hy(ve,ve \ K¢) = Hym1(ve \ K¢y Vee) — ..
we get
0— Hy(Ve,Ve—e) = Hy(ve,ve \ Kc) — 0.
It implies Hy(Ve, Ve—e) = Hy(ve, ve \ Ke).

Using the excision property, we may decompose the relative singular homol-
ogy groups into critical groups

e\ 52 =, (ve0 U Blarhren U B0\ (35)) = B 6y (01)

j=1 j=1
for any sufficiently small positive real number e, which completes the proof of
the corollary. O
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DEFINITION 4.4. Assume J satisfies all the hypotheses of Theorem 1.1. Let
q be a nonnegative integer, a and b be two regular values of J such that a < b.
Assume that J has only isolated critical values {¢;}icz in (a,b), ¢; < ¢;41 and
K., ={z{,... 25, } with m; in N. Choose &; in (0, min{c;11 —¢;, ¢; —¢;—1}) for

any ¢ in Z. Put

By = By4(a,b) = rank H, (v, V4, G),
My = My(a,b) = Z rank Hy (Ve,1e;, Voy—e45 G)

a<c;<b
We call M, the q-th Morse type number of the function J with respect to (a,b).

By Theorem 3.5, M, is well defined and independent of the choice of {e;}.
Using Corollary 4.3 and arguing as in [5], we have the following Morse inequality

q

q
D> (=17 Mj(a,b) = (=1)7B;(a,b).
7=0

=0

5. Proof of Gromoll-Meyer Splitting Theorem

In this section, H is a Hilbert space with the scalar product (-, -) and
its dual space H* is always identified with H. We denote by B(zo,r) the set
{z € H|||x—x0|| < r} for any z¢ in H. Now, we recall the class (S) introduced
by Browder (see [3], [4]).

DEFINITION 5.1. Let A be a subset of H and h be a mapping of A into H.
We say:

(a) h is demicontinuous if the sequence {h(z,)} converges weakly to h(x)
in H for any sequence {z,} converging strongly to x in H.

(b) his of class (S)4 if h is demicontinuous and has the following property:
Let {x,} be a sequence in A such that {x, } converges weakly to z in H.
Then {z, } converges strongly to x in H if

lim sup (h(zy), x, — ) < 0.

Let D be a bounded open subset in H with boundary 0D and closure D. Let
h be a mapping of class (S); on D and p be in H\ h(9D). By Theorems 4 and 5
n [3], the topological degree of h on D at p is defined as a family of integers and
is denoted by deg(h, D, p). In [18] Skrypnik showed that this topological degree
is single-valued (see also [4]).

To prove the Gromoll-Meyer splitting theorem we need the following lemmas,
in which the notations and assumptions of Theorem 1.3 are used.
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LEMMA 5.2. Assume DJ is of class (S)4. Let {x,} be a bounded sequence
in H such that the sequence {DJ(x,)} converges to ¢ in H. Then {x,} has
a subsequence converging in H.

PROOF. We can suppose {z,} weakly converges to z¢ in H. We have

lim sup (D.J (z0), @ — 20) < limsup [(DJ (zn), 7 — 0)|

< limsup |[(DJ(zy,) — ¢,z — xo)| + limsup |{c, z,, — zo)]
< limsup||DJ(x,) — ¢|| - |#rn — 20| + limsup [{¢, z, — x¢)| = 0.
Since DJ is of class (S)y, we have the lemma. O

LEMMA 5.3. There are positive real numbers C, o and ', a closed vector
subspace HT, two finite-dimensional vector subspaces H° and H~ of H such
that H- @ H° @ H™ is a orthogonally direct decomposition of H, H° = ker A,

(Az,2) > C||=||? for allz € HT
(Az,z) < —C||=||? forallz e H™,

Lllyll = [JAW)I| = ellyll forallyeY =H" & H".

PROOF. Let E be the orthogonal complement of H? in H. We see that
(Au,v) = (u, Av) =0 foralluc E, ve H°.

Therefore A(F) C E. Denote by B the restriction of A on E. We see that B is
a bounded self-adjoint linear operator on E. It is clear that B is one-to-one.

We claim that B(E) is a closed subspace of E. Let {x,} be a sequence in
E such that {B(x,)} converges to y in E, we will prove that y € B(E). First,
we show that {x,} is bounded. Suppose by contradiction that {||x,||} tends to
oo. Put v, = (||| + 1)~ a, for any integer n, then {||v,||} converges to 1 and
{B(vy)} converges to 0. Without loss of generality, we can (and shall) suppose
that {v,} converges weakly to a vector vy in E. Since A is of class (5)4, and

lim sup(A(vy,), vn, — v9) = limsup(B(vy), v, — vg) = 0,
n—oo n—oo

{vn} converges to vg. Thus, A(vg) = 0 and ||vg|| = 1, which is a contradiction.
Therefore {z,} is bounded and we can suppose that it converges weakly to
a vector xg in E. Since {A(x,)} converges to y, by the definition of class ()4,
the sequence {z,} converges to xo in E. Therefore A(xg) = y and B(E) is
closed.

Next we show that B(E) = E. Otherwise, there is  in E \ {0} such that

(B(z),z) =0 forallze E
or (z,A(z)) =0 forallzeE.
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Thus, A(zr) is in HY. It implies that A(A(z)) is also in H® and
(A(z), A(x)) = (2, A(A(x))) = 0.

It follows that z is in H° N E, and therefore = 0, which is impossible. This
contradiction shows that B(E) = E.

We have proved that B is an one-to-one mapping from E onto E. Thus, by
the open mapping theorem, B is an invertible self-adjoint bounded operator on
E and we can find the desired real positive real numbers a and I'. By a result
on self-adjoint operators (see [13, p. 172]), there exist a positive real number C
and an orthogonal decomposition H~ @& HT of E such that H~ and HT are
A-invariant closed subspaces of E and

(A(z),x) < —C||z|]* forallze H,
(A(z),xz) > C||z|* forallz e HT.
Finally we prove that H~ @ H is finite dimensional. It is sufficient to show that

H~ @ HO is locally compact. Let {z,,} be a sequence weakly converging to z in
H~ @ H°. We see that

lim (A(z),z, —z) =0 and (A(z, —2),2, —2) <0

for all n € N. Thus, limsup(A(z,),2, — ) < 0 and {z,} converges to z.

n—oo

Therefore H~ @ HP is locally compact. O

LEMMA 5.4. If 0 is an isolated critical point of J and x € B’(0,0), we have

IDJ(z) = A()|| < S |z]].

PROOF. For any v € H, by the mean value theorem there is ¢, in (0, 1) such
that

DJ(z)v = DJ(z)v — DJ(0)v = D*J(t,x)(z,v).
Thus

(DI (@) = Al),v)| = |D*J(ts)(@,0) = D2I(0)(, )|
= (D% (ts2) = D2J(0)) (o, 0)]| < S lal o]
This implies ||DJ(z) — A(z)|| < o|z]|/2. O

LEMMA 5.5. If zg is a nondegenerate isolated critical point of J, we have

i(DJ, zo) = (—1)%rank Cy(J, zo).
q=0
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PrRoOOF. We can suppose 2g = 0. By Lemma 5.5, H = H- ¢ H*, HT
is closed and dimH~ = j < oo. By Corollary 4.1, it is sufficient to prove
i(DJ,0) = (=1)7. We need two following steps

Step 1. Prove deg(DJ, B'(0,0),0) = deg(A4, B'(0,6),0).

Define

k(t,z) = (1 —t)DJ(x) + tA(z) for all t € [0,1], = € B'(0,0).

We shall prove that k(¢,z) # 0 for all (¢,z) in [0,1] x dB(0,6). Suppose by
contradiction that k(t, z) = 0 for some (¢, ) in [0, 1] x 9B(0, ). We have A(z)+
(1 —-t)(DJ(z) — A(z)) = 0 and by Lemma 5.4

0 =[|A(z) + (1~ )(DJ (x) - A(2)]
> [[A@)] - (1= 1D (@) = A@)I| > alle]l - (L= )52l > Sl > 0,

which is absurd. Thus by the homotopy invariance of the topological degree,
deg(DJ, B'(0,6),0) = deg(A, B'(0,4),0), which implies i(D.J,0) = i(A,0).
Step 2. Define

Ai(y+2)=y+A(z) forallyc HY, 2 € H™.
We prove deg(A, B'(0,4),0) = deg(41, B’(0,9),0). Indeed, put
ht,z) = (1 —t)A(z) + tA(x) forall t €[0,1], z € B'(0,9).

We shall prove h(t,z) # 0 for all (¢, (y + 2)) in [0,1] x 8B(0,9).

Assume by contradiction that h(t,z) = 0 for some (¢, (y + 2)) in [0,1] x
90B(0,6). Thus (ty+ (1—t)A(y))+ A(z) = 0. Since A(HT) C H" and A(H™) C
H~, it follows that ty + (1 —t)A(y) = 0 and A(z) = 0. By the definitions of H™*
and H ™, we see that y = 0 and z = 0, which is absurd. Thus deg(A, B’(0,4),0) =
deg(A1, B’(0,4),0), which implies

i(A,0) = i(Ay,0).

Note that A; is a compact vector field, therefore by the homology invariance of
the Leray—Schauder topological degree we have

i(A1,0) = (=1).
Combining these two steps we get the lemma. O

LEMMA 5.6. Assume H- = {0}. Put 6, = 6/2, Y = H' and Z = H°.
Assume that for any z in B7(0, 1)

(5.1) (DJ(z+y1) = DJ(z+y2),y1 —y2) >0 for allys # y2 € B4 (0,6).
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We have

(a) There is a mapping ¥ from Bz(0,91) into By (0,01) such that DJ(z +
¥(2))|ly =0 and

J(z+v¢(z)) = veépi(%(s )J(z—i—v) for all z € Bz(0,01).
v (0,01

(b) v is continuous on Bz(0,07).
(c) Put j(z) = J(z + ¥(2)) for any z in Bz(0,81). Then j is of class C*
and

Dj(z)h = DJ(z+¥(z))h forallh e Z.

PRrROOF. (a) Fix z in Bz(0, 7). We shall denote A|y and DJ(- + z)|y by 4
and DJ(- + z). By Lemma 5.5 we have deg(4, B} (0,61),0) = (=1)3mH" =1,
We shall prove

(5.2) deg(DJ(- 4 z), By (0,61),0) = deg(A4, By (0,41),0).
Put
h(t,y) = (1 —t)DJ(y + z) + tA(y) for all (t,y) € [0,1] x By (0,41).

We shall prove (1 —¢)DJ(y+ z) +tA(y) # 0 for all (¢,y) in [0,1] x OBy (0,d1).
Assume by contradiction that (1 —¢)DJ(y + z) + tA(y) = 0 for some (¢,y)
in [0,1] x 0By (0,671). It follows that

Afy)+ (1= )(DI(y +2) — A(y) = 0.
Since Z is the kernel of A, A(y + z) = A(y). Thus
(5:3) Aly) + (1 =)(DJ(y +2) — Aly + 2)) = 0.
On the other hand since ||y|| = d1, ||2]| < 1 and by Lemma 5.4
1AG) + (1~ DI+ 2) ~ Al + )] 2 1AW - (1 -0y + 2]
> allyll = 2Qlyll + 12l = (6 ~ 1) >

which contradicts to (5.3). Thus by the homotopy invariance of the topological
degree, we have (5.2). This implies

deg(DJ (- + 2)ly, By (0,61),0) = (=1 H - =1.

By the property of the topological degree and (5.1) there is a unique yp in
By (0,01) such that

(5.4) DJ(z+yo)ly =0.

Thus, we define the function ¢ such that ¥(z) = yo.
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Now we show J(z + ¥(z)) = min,ep; (0,6,) J(# + v). Indeed, by (5.1) and
(5.4), if y # (=), we have

J(z+y) = J(z+9(2))

_ / DJ(z +(2) + s(y — ¥(2)))(y — $(2)) ds

= /O [DJ(z+ () + s(y — ¢(2)))=DJ (z + 9(2)|(y — ¥(2))ds > 0

and we get (a).

(b) Let {z,} be a sequence converging to zo in Z. We prove that {1(z,)}
converges to ¥(zp). Indeed, since {1(z,)} is contained in By (0,d;) for any
integer n, we can suppose {¢(z,)} converges weakly to yo in B4 (0,61). Now we
show {1(z,)} converges to yo. Since ||z, + ¥ (2n)|| < 261 = §, by Lemma 5,4 we
see that

(55)  [[DJ(zn +1b(zn))l|
=||DJ (2 + P (2n)) — Alzn + ¥(2n)) + A(zn + ¥ (20))]|
<|[A(zn + ¥ (z0))[| + [|DI (20 + ¥(20)) = Alzn + ¥(20))]]

@ @
<Tllzn + (el + S llzn + (2l < (F + 2>5.
By (5.4) nd (5.5), we have

(DI (zn + 9(2n)), (20 + ¥ (2n)) — (20 + 0))|
= [(DJ(zn +¥(20)); 2n — 20)| < DT (20 + P(20))|ll[2n — 20ll;

which implies that

lim (DJ(zn +(2n)), (20 + ¢(20)) = (20 + o)) = 0.

n—o0

Since D.J is of class (9) 4, it implies that lim,, o 9(2,) = yo. Note that DJ(z, +
¥(zn))|ly = 0. By condition (b) of Theorem 1.3 DJ(z9 + yo))|y = 0. Now the
uniqueness of ¥ (zp) implies ¥(zg) = yo and 9 is continuous.

(c) We prove j is of class C!. Fix h in Z. Using (a) of this lemma,

(5.6) J(z+th+(z +th)) — J(z+ (2 + th))
<J(z+th+¢(z +th)) — J(z +9(2))
<J(z+th+¢(z)) — J(z+¢¥(2)),

By condition (b) of Theorem 1.3 and the continuity of ¢, we have

(57) 1im JEFFVEF) = Szt U=+ th)
’ t—0 t

=lim [ DJ(z+ sth+1(z + th))(h)ds = DJ (2 +1(2)) (h).
- 0
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Similarly,
(5.8) lim Szt th+ w(z)t) —JCHYE) _ it g ).
By (5.6)—(5.8) we get

lim J(z+th+¢(z+th) —J(z+9(2) _ DJ(z + ¥(2))(h).

t—0 t

Therefore Dj(z)h = DJ(z + 9(2))(h) and the map z — Dj(z)h is continuous
on Bz(0,01). Since Z is finite-dimensional, j is of class C* on Bz(0,81). This
completes the proof of the lemma. O

DEFINITION 5.7. Let Y be HT @ H~. We denote by P and () the orthogonal
projections of Y into H+ and H~, respectively.

LEMMA 5.8. Put 8 =6/2,Y = Ht ® H- and Z = H°. Assume that for
any z in B(0,01), 1 +y1 # 22 + y2 € B4 (0,61)

(5.9) (DJ(z4+x1+y1) — DJ(z 4+ 22+ y2), (21 — 22) — (y1 — y=2)) > 0.
We have:
(a) There is a mapping ¢ from Bz(0,01) into By (0,01) such that
DJ(z+Y(2))|y =0,

J(z+(2) =min{J(z + Qu(z) +x) :x € HY; Qu(z) +x € By(0,01)},
J(z+¥(2)) =max{J(z+ Pw(z)+t):t € H; PyY(z)+te By(0,01)}.
(b) 9 is continuous on Bz(0,67).

(¢) Put j(2) = J(z +(2)) for any z in Bz(0,61). Then j is of class C*
and
Dj(z)h=DJ(z+ ¢¥(2))h forallh e Z.

PRrROOF. (a) Fix z in Bz(0,01). We shall denote Aly and DJ(- + z)|y by A
and DJ(- + z). By Lemma 5.5 we have deg(A, B (0,41),0) = (=1)4m7" We
shall prove

(5.10) deg(DJ(- + 2), B4(0,61),0) = deg(A4, B} (0,61),0).
Put
h(t,y) = (1 —t)DJ(y + z) + tA(y) for all (¢t,y) € [0,1] x By (0,d1).

We shall prove (1 —¢)DJ(y + z) + tA(y) # 0 for all (¢,y) in [0,1] x B (0, d1).
Assume by contradiction that (1 —¢t)DJ(y + z) + tA(y) = 0 for some (¢,y)
in [0,1] x 8By (0,41). It follows that

Aly) + A =1)(DJ(y + 2) — Ay)) = 0.
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Since Z is the kernel of A, A(y + z) = A(y). Thus
(5.11) Aly) + (1 =) (DJ(y+ z) — Ay + 2)) = 0.
On the other hand since ||y|| = 01, ||2|| < 61 and by Lemma 5.4,
14(y) + (1 = )(DI(y+2) = Aly + 2| = 1AW = (1L =Dy + 2]
> allyll = 5 (lyll + llzll) = 5 (6 = [I21) > 0,

which contradicts to (5.3). Thus by the homotopy invariance of the topological
degree, we have (5.2) and deg(DJ(y + 2)|y, B} (0,01),0) = (=1)4mH " By the
property of the topological degree and (5.1) there is a unique yo in By (0,01)
such that

(5.12) DJ(z+yo)|y = 0.
Put ¢(2) = yo. Now we show
J(z4(2) = min{J(z + Q¥(z) + ) : & € HT; Qib(2) +x € By (0,5,)}.
Indeed, let z be in HT such that Qu(z) + z € By (0,41), by (5.10) and (5.12)
J(z +Q(2) + ) — J(z + ¥(2))
_ /01 DJ(z 4+ (2) + tx — P(=)))(x — Pib(2)) dt

. /O (DJ(z + $(2) + t@ — PY(2)))—DJ (= + ()] (x — Pis(2)) dt > 0.
Similarly we have
J(z+(2)) =max{J(z+ Py(z) +t):t € H ; PyY(z)+t e By(0,01)}.

(b) Let {z,} be a sequence converging to zo in Z. We prove that {¢(z,)}
converges to ¥(zp). Indeed, since {1(z,)} is contained in By (0,0;) for any
integer n, we can suppose {¢(z,)} converges weakly to yo in B4 (0, d1). Now we
show {¢(z,)} converges to yo. Since ||z, + ¥ (2y)|| < 261 = §, by Lemma 5,4 we
see that
(5.13)  [[DJ(zn +9(z0))l

=[[DJ(z2n + ¥(2n)) — A(zn + ¥ (2n)) + Alzn + ¥ (20))]|
<[l1A(zn + ()l + (1D (zn + ¢ (2n)) = Alzn + ¢ (20))]

a «
STllzn + 4 (za)ll + Sl +9(za)l < <r+ 2)5.
By (5.12) and (5.13), we have

(DI (zn + 9(2n)), (20 + ¥ (2n)) = (20 + 0))|
= (DI (zn + 9(2n)), 2n = 20)| < [[DJ (20 + ¢ (20n))|ll[2n — 20l
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which implies that

lim (DJ(z + ¥(2n)), (20 +¥(2n)) — (20 + y0)) = 0.

n—oo

Since DJ is of class (5)4, it implies that lim,, .o ¥(2,) = yo. Note that DJ(z,+
¥(zn))|ly = 0. By condition (a) of Theorem 1.3, DJ (29 + y0))|y = 0. Now the
uniqueness of ¥(zp) implies ¥(zg) = yo and ¢ is continuous.

(c) We prove j is of class C!. Fix h in Z. Using (a) of this lemma,

(5.14) J(z +th+ Pz +th) + Qy(z)) — J(z + Pz + th) + Qi(2))
<J(z+th+y(z+th)) — J(z+¢(2))
<J(z4th + P(2) + Qu(z + th)) — J(z + Pi(z) + Qu(z + th)).

By condition (b) of Theorem 1.3 and the continuity of v, we have

(5.15) lim J(z +th+ P(z +th) + Qi(2)) — J(2 + Pz + th) + Qi(2))

t—0 t
1

= lim DJ(z + sth+ Pi(z + th) + Qy(2))(h)ds = DJ(z + 1 (z))(h).

0
Similarly,
i L th+ Pu(z) + Quz +th)) — J(z + Pi(2) + QU (2 + th)
t—0 t
= DJ(z +1(2))(h),
By (5.14)(5.16) we get
lim J(z+th+¢(z+th) —J(z+9(2) _ DIz + (2)(h).

t—0 t

Therefore Dj(z)h = DJ(z+v(z))(h) and the mapping z — Dj(z)h is continuous
on Bz(0,61).
Since Z is finite-dimensional, j is of class C! on Bz(0,6;) and we get (c).

PrOOF OF THEOREM 1.3. Using Lemma 5.8 and Theorem 1.1 and arguing
as the proof of Theorem 5.1 in [5], we get the theorem. O
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