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EXISTENCE OF SIGN-CHANGING SOLUTIONS
FOR ONE-DIMENSIONAL p-LAPLACIAN PROBLEMS
WITH A SINGULAR INDEFINITE WEIGHT

YoNG-HOON LEE — INBO SIM

ABSTRACT. In this paper, we establish a sequence {zzgo} of eigenvalues for
the following eigenvalue problem

{ o (W () + vh(t)pp(u(t) = 0 for t € (0,1),
u(0) = 0 = u(1),

where ¢p(z) = |2|P72x, 1 < p < 2, v a real parameter. In particular,
h € C((0,1),(0,00)) is singular at the boundaries which may not be of
L'(0,1). Employing global bifurcation theory and approximation tech-
nique, we prove several existence results of sign-changing solutions for prob-
lems of the form

(QP)

{ ©p(u/ (£)) + AR(t) f(u(t)) =0 for t € (0,1),
u(0) = 0 = u(1),

when f € C(R,R) and uf(u) > 0, for all u # 0 and is odd with various
combinations of growth conditions at 0 and oco.
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1. Introduction

In this paper, we investigate existence and nonexistence of sign-changing
solutions for singular one-dimensional p-Laplacian problem

{ op(u(t))" + AR(t) f(u(t)) =0 for t € (0,1),
u(0) =0 =wu(1),

where ¢, (z) = |z|P72x, p > 1, X a positive parameter, f € C(R,R) is odd and

satisfies uf(u) > 0, for all w # 0, and h € C((0, 1), (0, 00)).

Our concern is focused on the case that weight function h is singular at the

(QP)

boundary which may not be of L'(0,1) and nonlinear term f satisfies 0 < fo <
0o, where fo £ lim, o f(u)/p,(u). In particular, for case 0 < fo < oo, it is
known in continuous case (i.e. h € C[0,1]) that the existence of solutions for
problem (QP)) is closely related to the properties of eigenvalues for correspond-
ing linearized problem such as

{ ep(u' () + pnfoh(t)pp(u(t)) =0 for t € (0,1),
u(0) = 0 = u(1).

There are few studies about the eigenvalues of problem (QEP,) for case

(QEP,)

h ¢ L(0,1). For precise description, let us introduce two classes of singularity
for the weight functions:

1
A= {h € C((0,1),(0,00)) : /0 P71 — 5)P7 h(s) ds < oo},
Bz{he C((0,1),(0,00)) :

1/2 1/2 1 s
/ @;1</ h(T)dT) ds+/ w;l( h(T)dT) ds<oo}.
0 s 1/2 1/2

It is known that L'((0,1),(0,00)) S ANB, A= B = {h: fo s)h(s)ds < oo}
forp:2,A;Bf0r1<p<23nd8;¢4f0rp>2(See [3])

For h € A or h € B, by a solution to problem (QP)), we understand a func-
tion u € C[0,1]NC*(0,1) and ¢, (u') is absolutely continuous and u satisfies the
first equation in (QPy) in (0,1) and «(0) = 0 = u(1).

Recently, Kajikiya—Lee—Sim [5] constructed a sequence {(uy)} of eigenval-
ues for problem (QEP,) when h € A. It diverges to oo and each eigenvalue
is positive, simple and isolated. All corresponding eigenfunctions {(uy)} are of
class C'[0,1] and uy has exactly k — 1 interior zeros. Furthermore, if there
is an eigenvalue other than py, then its corresponding eigenfunctions are not
of C*[0,1]. And the sequence becomes the set of all eigenvalues for problem
(QEP,), when h € AN B. They also proved that if h € A and 0 < fy < o0,
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then problem (QP,) has a Cl-solution. Thus setting up C'[0,1] as the solu-
tion space, they could define the corresponding integral operator for problem
(QP) which is completely continuous by the work of Mandsevich—-Mawhin [12]
(or see Huidobro-Manésevich-Ward [4]). Well-definedness of the operator fol-
lows by showing h(-)f(u(-)) € L*(0,1) with facts u € C*[0,1] and h € A.
Using bifurcation argument, Kajikiya—Lee-Sim [6] proved several existence and
nonexistence results of sign-changing solutions for (QP)), specially when h € A.

In the sequel, it is natural to study eigenvalues of (QEP,) and existence
results of (QPy) for case 1 < p < 2 and h € B\ A. It is, indeed, the aim of
this paper. In this case, there are some difficulties mainly caused by the reg-
ularity of solutions. We easily check that there is no C'-solution for (QEP,)
(see Remark 2.1). Thus due to coarseness of topology in solution space and
difference between classes A and B, most approaches in [5] are not applied di-
rectly for the properties of eigenvalues. Further more, Manasevich—-Mawhin type
integral operator for problem (QP,) can not be applied either, since nonlinear
term A(-)f(u(-)) may not be of L(0,1) only with u € C[0, 1] (see Remark 2.3).
It is not successful to obtain properties of eigenvalues or well-definedness of
corresponding integral operator, but we give some partial conclusions using ap-
proximation arguments.

In this work, we consider three different types of nonlinearities as follows.

(I) 0 < fo <ooand foo = limy, o0 f(u)/pp(u) =0,
(I1) 0 < fo < o0 and foo = 00,
(I11) fo =0 and fo = 0.

We expect that problems of cases (I) and (II) have certain bifurcation phe-
nomena with respect to A\. For example, the existence of sign-changing solu-
tions for (QP)) which belong to unbounded continuum of solutions bifurcating
from (px,0) where py is the k-th eigenvalue of (QEP,) is known in [8] when
h € L*(0,1) and in [5] when h € A.

In this paper, when 1 < p < 2 and h € B\ A, by using critical point
theory of Lusternik—Schnirelmann and approximating argument, we construct a
sequence {u°} of eigenvalues for (QEP,,) which play a role as bifurcation points
for (QP»). It is worth to note that we do not know whether the sequence {u°}
is whole eigenvalues of (QEP,) or not. For each k, to obtain the existence of
unbounded branch of sign-changing solutions for (QP,), we apply limit process
in the sense of Whyburn [14] motivated by the work of Berestycki-Esteban [2].
We have main theorems for cases (I) and (II) as follows.

RESULT FOR CASE (I). Assume 1 <p <2, h € B\ A. Also assume (I) and

(L) lim ¢?h(t) =0 and lim (1 —t)Ph(t) =0.

t—0+ t—1—
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Then for each k € N, there exist \* and A** with 0 < X** < X* < uf® such that
(QP) has at least one solution for all A € (\*,00) which has exactly k —1 many
interior zeros in (0,1) and no solution for A € (0, \**).

RESULT FOR CASE (II). Assume 1 < p < 2, h € B\ A. Also assume (II)
and (L). Then for each k € N, there exist A and A with 0 < pg® < Ay < Ay,
such that (QPy) has at least one solution for A € (0, \.) which has exactly k — 1
many interior zeros in (0,1) and no solution for A € (A, 00).

Condition (L) is required for technical reasons. However the condition does
not make B and A coincide (see Example 2.4).

For the problems of case (III), on the other hand, we may not expect any
bifurcation phenomena with respect to the parameter. So it is enough to set up
the problem as follows:

(QP) { pp(u'(8)" + h(t)f(u(t)) =0 for t € (0,1),
u(0) =0 = u(1).

To benefit from bifurcation arguments, we adopt an auxiliary equation

{ (' (1)) + Ah(t)pp(u(t)) + h(t) f(ut)) =0 for t € (0,1),
u(0) =0 = u(1).

Employing bifurcation arguments and approximation technique as in (I) and (II),

(Ax)

we prove the existence of sign-changing solutions at A = 0. The readers refer
to Ma-Thompson [11] and Lee-Sim [9] for cases h € C[0,1] and h € L'(0,1),
respectively. We state the main theorem for case (III) as follows.

RESULT FOR CASE (III). Assume 1 <p <2, h € B\ A. Also assume (III)
and (L). Then for each k € N, (QP) has at least one solution which has exactly
k — 1 many interior zeros in (0, 1).

This paper is organized as follows: In Section 2, we introduce Lusternik—
Schnirelmann theory, the Hardy inequality and get a sequence {u7°} which will
be eigenvalues for (QEP,). We also introduce Picone’s identity which will be
used in the subsequent sections. In Section 3, we prove some properties of interior
zeros of solutions for (QP,). In Section 4, we prove that up° is an eigenvalue
for (QEP,) and the existence results of sign-changing solutions for (QP») with
cases (I) and (II). Finally, in Section 5, we show the existence of sign-changing
solutions for (QP) with case (III).

2. Preliminaries

In this section, we introduce the Hardy inequality, Lusternik—Schnirelmann
theory and get a sequence {u°} which will be eigenvalues for (QEP,,) and (u3°,0)
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will be a bifurcation point for problem (QP)). We also introduce Picone’s iden-
tity which will be used in Section 4 and 5.

First of all, we give some properties of solutions for (QP) in case of 1 < p < 2
and h € B\ A.

PROPOSITION 2.1. Assume 0 < fo < oo. If (QP)) has a nontrivial C*-
solution, then h € A.

PROOF. Let u€C[0,1] be a nontrivial solution of (QP)). Assume u’(0)=0.
Then we have

ot (1)) = A / h(r) f(u(r)) dr.

If w is increasing on [0, ¢) for small enough ¢, the above equation contradicts the
positivity of uw. If u is decreasing on [0,¢), the above equation contradicts the
negativity of u. Therefore, v must have infinitely many zeros that converges
to 0. By standard argument (see Lemma 3.1(a)), we have v = 0. This is
a contradiction. Thus, we only consider the case u/(0) # 0. Without loss of
generality, we may assume u’(0) > 0. Since u is concave, there exists é > 0 such
that 2u(t)/t > u/(0) for t € (0,9). Integrating (QP) over (s,d), we have

4
ool (5)) = 2y (5)) 4 A [ h(r)fu(r) dr = .

Using the fact 0 < fy < oo, we get

5 ’ p—1
Tu' (0
0 [(nn) (P92) T dr < ayu(s) - eylul 0
As s — 07, the right-hand side converges. Similarly, near ¢t = 1, assuming
u/ (1) > 0, we have ftl(l — 7)P7 h(7) dr < 0co. Hence h € A. O

REMARK 2.2. Proposition 2.1 is valid for problem (QEP,) so that if h €
B\ A, then all solutions of (QEP,,) are in C[0,1] N C*(0,1) but not in C*[0,1].

REMARK 2.3. If u is a solution for (QPy) with v ¢ C[0,1] and h € B\ A,
then h(-)f(u(-)) € L*(0,1). Indeed, for 0 < s < § < 1, we have

6
A/ h(r)f(u(r) dr = @p(u'(s)) = pp(u'(9)).

As s — 0% h(-)f(u(-)) ¢ L1(0,5), since u/(s) diverges.
The proof for h(-)f(u(-)) ¢ L*(1—4,1) can be done by the same argument.

Let us recall the general Hardy inequality, for p > 1,

(2.1) /O1 u(®)

p D 1
dt < (pl) / W/ (B[P dt, for all w € WEP(0,1).
p—= 0
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It is easy to check the following inequality

1
ey [ |1

1—-1¢
For the technical reason, we will assume

p

Pl
dt < (L) /0 [/ (t)[P dt, for all u € W,P(0,1).

(L) lim tPh(t) =0 and lim (1 —¢)Ph(t) = 0.

t—0+ t—1-

However, this condition does not make B = A for 1 < p < 2. We shall give an
example which holds condition (L) and is in B but not in .A.

EXAMPLE 2.4. Let a function h € C((0,1],(0,00)) be singular only at t =0
and satisfy fol <p;1(f51 h(7)dr) ds < co. Define a function v as v(s) = fsl h(t)dt.
Then v € C1(0,1] and v has a C! inverse function w:[0,00) — (0,1] with
w(0) = 1. Putting t = w(s), we have h(w(s)) = —v'(w(s)) = —1/w'(s). Take
w(s) = 1/(slogs)/ ™=V for s > 2 and patch w on the interval [0,2] satisfy-
ing w is decreasing and w(0) = 1. Then h € B and h € A (see [3]). Since
lim; o+ tPh(t) = 0 is equivalent to lims .o (w(s))Ph(w(s)) = 0, we show the
latter equality. Indeed,

lim (w(s)Ph(w(s)) = lim —2E

§— 00 5§— 00 w/ (S)

= lim — (1/(slogs)/(P=1)yp
~smo (1/(p—1)s7P/®=D(log s)"V/ - 1)[1 — (log s) 1]

— (p-1) lm (log s)—»/(P=1)

M2 logs) 17

REMARK 2.5. If h holds condition (L), then it holds the following condition:
there exists M > 0 such that
(Hy) h(t) < Mt™P(1—t)7P, forallt € (0,1).
Indeed, condition (L) implies that there exist d1, 2 > 0 such that
ht) <t te(0,6] and h(t)<(1—1t)"P, te[61),

respectively. Therefore, h(t) < t7P(1 —¢)7P, t € (0,61] U [02,1) and by the
continuity of h in [d1,d2], there exists M7 > 0 such that t?(1 — t)Ph(t) < M,
t € [01, 02]. Hence, for M = 2+ M; > 0, we have, for all ¢ € (0, 1),

h(t) < (24 Mp)t™P(1—¢)7P = Mt™P(1 —¢)7P.

Now consider the eigenvalue problem for approximation argument

(QEP?) { ep(u' () + pfoha(t)pp(u(t)) =0 for t € (0,1),
uw(0) =0 = u(l),
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where h,(t) = min{n, h(t)}, n € N. It is well-known that the critical point theory
of Lusternik—Schnirelmann provides a sequence of eigenvalues for (QEP};) which
are given by

/P dt
pr(hy) 2 inf max ﬁ#,
Kebiuek [ 7 fohn(t)|ul? dt
where &, = {K € W,"*(0,1) : K symmetrical compact, 0 ¢ K, and v(K) > k},
v is the genus function, or equivalently

1
£ sup mln/ Fohn(t)|ul? dt,
pr(hn)  Kker, uek

where F, = {K NS : K € &} and S is the unit sphere of W, ?(0,1). Further-
more, we have the variation form of the first eigenvalue as follows:

sup/ fohn(6)|u|? dt = / fohn(t)|0P dt,
ueS

where for some ¢ € S. For convenience, we denote pu} = pg(hy,). The following
properties are well-known (see, Theorem 1 in [1]):

(i) Every eigenfunction corresponding to the k-th eigenvalue p} has exactly
k — 1 many interior zeros in (0,1).
(ii) For each k,puy is simple and verifies the strict monotonicity property
with respect to indefinite weight h,,.
(iii) op(pp(u’), hy) = {u} : k € N}. The eigenvalues are ordered as 0 <
py <...<pp<...—ooask — oo.

The third property tells us the eigenvalues are only produced by Lusternik—
Schnirelmann critical point theory. Hardy’s inequality will be used to make
a lower bound of a sequence {u}} of the strictly decreasing eigenvalues for
(QEP}).
LEMMA 2.6. Assume 1 <p <2, h€ B\ A and (L). Then
n (1/2)7+
YT foM(p/(p - 1))P

>0, forallneN.

Moreover, we have
n_. oo (1/2)P+1
[l s s ;
PPN foM(p/(p - 1))

PROOF. Assume 1 <p <2, h € B\ A and (L). Then, since

1\ 77 1
(3 2y e (0],

aor(2) e, e [La).

as n — oQ.
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we have
1 -p
P(1—t)P < (2> (t7? +(1—1)"?), forte (0,1).

Therefore, using (2.1) and (2.2), we get
5 hl |Pds § /5|u P ds

fo John( s)[P ds fo foh(s)lu(s)[P ds
1 f |u'(s)[P ds
fOM 1/2)~ f s7Pu(s)|P + (1 — s)~P|u(s)|? ds
ey fw (1) ds
— foM o 2(p fo |w!(¢)|P ds
(1/2)’”Jrl s

C.

M(p/(p—1))?
Thus, we have

1
1
sup/ fohnlu|P ds < o

u€sS JOo
This implies 1/ut < 1/c. Hence,

n (1/2)P*!
> 0.
M(p/(p—1))»
Since pf is decreasing, we obtain pup — pg°. O
REMARK 2.7. We note that for each k = 2,3, ...,
(1/2)P+1

n n
Wi = 1 = FoM /(=17 >0, forallneN,

and p} is decreasing on n, thus we have
(1/2)P*
N U [
TR I T = 1)

as n — oQ.

We finally introduce the Picone’s identity which will be used to figure out
the shape of an unbounded subcontinuum. Let us consider the following two

operators:

vl = (ep(t) +01(Oep(y),  Lplz] = (ep(2) + b2(t)pp(2).

LEMMA 2.8 ([7, p. 382]). Let by,be € C(I),I an interval and if y and z are
functions such that y, z, ¢p(y'), and pp(2') are differentiable on I and z(t) # 0
fort € I. Then we have the following identity:

e G(2E ) = - bl

- (Iy’lp + (- 1)’yj - psop(y)y’sap(i» —ylp(y) + %Lp(fr).
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REMARK 2.9. By Young’s inequality, we get

yzl p
WP+ - 1|

Z/
—Pep(Y)y' ey <Z> >0,
and the equality holds if and only if sgny’ = sgn 2’ and |y’ /y|P = |2’ /z|P.

3. Properties of interior zeros of solutions

In this section, we investigate some properties of interior zeros of sign-
changing solutions for (QP}).

LEMMA 3.1. Assume h € B. Also assume 0 < fy < 0o. Let u be a solution
of (QPy). Then the following assertions are valid.
(a) If u(ty) = u'(to) =0 for some tg € (0,1), then u =0 in (0,1).
(b) If u has a sequence of zeros converging to 0 or 1, then u =0 in (0,1).
(¢) If u £ 0, then u has at most a finite number of zeros.

PRrROOF. (a) Let u be a solution of (QP,). Then by the fact u € C0,1] and
0 < fo < o0, there exists a constant C' > 0 such that

(3.1) If(u(®)] < Clu@®)P~! for t € [0,1].

Define A = {t € (0,1) : u(t) = v'(t) = 0}. Then clearly A is relatively closed in
(0,1). We show that it is open too. Let tg € A. We first find two sequences {t, }
and {s, } satisfying

tn >to > Sp, u(ty) =u(sy,) =0, lim ¢, = lim s, =t.

n—oo n—oo

We consider sequence {t,}. Argument for sequence {s,} is exactly the same.
Suppose on the contrary that u(t) > 0 for ¢ € (to,%0 + €) with small . In case
of u(t) < 0 in this interval, our argument below remains the same. Then by
assumption sf(s) > 0 for s # 0, f(u(t)) > 0 for t € (to,to + €). However, since
u is concave and u/(tg) = u(tp) = 0, u(t) < 0 in this interval. This contradiction
provides us sequence {t,}. If we show u =0 on (s,,t,) for some n, then set A
is open. For this, let us fix n sufficiently large such that

tn tn
/ o5 ()\C h(T) m) ds < 1.

tn—1

Suppose u # 0 on (t,-1,t,) and without loss of generality, assume u > 0 on the

interval. Then taking u(t,) = max,c|; u(t) and t, € (tn_1,tn), we have,

n—1,tn]

from the equation in (QP)),
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Thus, we have

uE)l < / w'(r] IS Culr))] dr ) ds
! <>\C [ h(r) dT) dslu(@y)|.

T
<
tn—1
This is a contradiction to the choice of n. Thus, we have u = 0 on (tg,t,). By
the similar way, we also have u = 0 on (s,,%y). Thus A is open which implies
A =(0,1). Therefore u =0 on [0, 1] and the proof of (a) is complete.

(b) Let {t,} be a sequence such that

tn > tpe1 >0, lim ¢, =0, wu(t,)=0.

n—oo

By the same argument as in the proof of (i), we have u = 0 in (t,41,t,) for
sufficiently large n and eventually u vanishes in (0,1). When {¢,} converges
to 1, the proof is the same.

(¢) If w has a distinct sequence of zeros in (0,1), then it has a convergent
subsequence. Denote the limit by to. If tp € (0,1), then u/(t9) = u(to) = 0,
hence u = 0 by (a). If to = 0 or 1, then u = 0 by (b). This completes the proof
of (c). O

Let us consider

{ pp(u'(1))" + M (8) f(u(t)) = 0 for ¢ € (0,1),
u(0) = 0 = u(1),

where h,,(t) = min{n, h(t)},n € N.

(QPY)

LEMMA 3.2. Assume h € B. Also assume 0 < fy < oo. Let u, and u be
nontrivial solutions of (QPY ) and (QPy), respectively, and each u,, have exactly
k — 1 many interior zeros in (0,1). If up — uw and A\, — A > 0, then u also has
exactly k — 1 many interior zeros in (0,1).

ProoF. First, we claim that there exist d1, 02 > 0 such that

o0

J{t € (0,1) : un(t) = 0}  [61,62] € (0,1).

n=1
Let t,, be the first interior zero of u,,. Then it is enough to show that there exists
01 > 0 such that ¢, > 0; for all n. We may prove this claim for the sequence of
last interior zeros by similar fashion. Suppose on the contrary, ¢,, — 0. We may
assume, without loss of generality by Lemma 3.1(c), v > 0 near 0. Then since
un, — u in C[0, 1], considering a subsequence if necessary, we have an alternative,



ONE-DIMENSIONAL p-LAPLACIAN PROBLEMS 71

either w,, > 0 on (0,t,) for all n or u, < 0 on (0,%¢,) for all n. If u, > 0 on
(0,t,) for all n, then u,, is a positive solution of the following problem

5 ol (1)) + Auha(0) (1)) = 0,
' U (0) = 0 = uy (ty).
For the other alternative, v,, = —u, is a positive solution of (3.2) by oddity

of ¢, and f so that the proof follows exactly the same lines with v,. Taking
un(fn) = maxX;e[o,¢,] Un(t), we get

/O " ! ()\n / " () f () dT) ds
_ /;” ! (An /{ (7 £ (11 (7)) dT> ds.

n

Since u, — u, we may assume |u, ()| < ||u|loc + 1, for all ¢ € [0,¢,] and all n.
On the interval (0,t,), un(t) > 0 for all n and from condition 0 < fy < oo, there
exists Cy , > 0 such that

[Anhin (8) f(un(8))] < Oxuh(s)pp(un(s)).

Thus,

() = /0 " ¢;1< / " () f(un(r))dr) ds

/Ow o, < /:" C)\,uh(T)gpp(un(T))dT) ds

tn tn
S un(?’n) /0 80;1 ( C)\’uh(T) dT) dS

tn tn
1< / <p;1 (/ Chuh(T) dT) ds.
0 s

Since gp;l(fst"’ Cyuh(r)dr) € L*(0,7], for some v > 0 and t, — 0, the above
inequality is not possible. This completes the claim.

IN

This implies

Since u has at most a finite number of zeros, it is not hard to see that u has
at most k — 1 interior zeros, all of them are in [d1, d2]. Suppose that the number
of interior zeros of w is strictly less than & — 1. Then by the fact u,, — u, there
exist t* € [d1, 2] a zero of u and 6 > 0 such that u,, (a subsequence if necessary)
has at least two consecutive interior zeros, ty 1, t, 2 With t,, 1,¢, 2 € (t*—9,t*+0)
for all sufficiently large n. Also, we may assume |u,(t)| < ||u||oo + 1 and w, > 0
on (tn,1,tn2) for all n. It follows from condition 0 < fy < oo that there exists
Chu > 0 such that [A,hy(s)f(un(s))] < Cxuh(s)un(s)P~, on the interval.
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Let us choose § > 0 satisfying
1

6 < —1/ 062 ~ :
20p (fél Cuh(T)dT)

Then for u,(t,) = maxe(s, , ¢, 5] Un(t), we have

un(n) = /?” <p;1</fn Anhn(T)f(un(T))dT> ds

tn,l

< /t " %1( / " ayuh(T)@p(un(T))dﬁ ds

n,1

z, 5,
< un(th)/ wpl(/ Cxuh(T) d7'> ds.
tn,1 s

n

This leads a contradiction as

5o -
1< <pp_1( : Chuh(T) dT) 20 < 1. O

4. The case 0 < fy <

In this section, we show that p}° is an eigenvalue for (QEP,) and the exis-
tence of unbounded continua of solutions for problem (QP,) which are bifurcat-
ing from (u3°,0), where p° is given in Lemma 2.6 and Remark 2.7. For general
theory for global bifurcation argument, one may refer to [13]. We consider the
following hypotheses.

(A1) 0 < fo <oo,

(AQ) Joo =0,

(A3) foo = 00.

Assumptions (A1) and (Ay) imply that there exists Ly > 0 with Ly > fo such
that

f(w) < LywP~t, for all u > 0.
Also assumptions (A;) and (As) imply that there exists Ef > 0 with Zf < fo
such that

f(u) > LpuP™t, for all u > 0.

Our main theorems in this section are as follows:

THEOREM 4.1. Assume 1 <p < 2, h € B\ A, (L), (A1) and (Ag). Then
for each k € N, there exist \* and X** with 0 < X < X* < up® such that
(QP») has at least one solution for all A € (A\*,00) which has exactly k — 1
many interior zeros in (0,1) and no solution for A € (0, \**). Moreover, we have
N> (1/2)PH /(LM (p/(p — 1))P), where M appeared in condition (Hy).



ONE-DIMENSIONAL p-LAPLACIAN PROBLEMS 73

THEOREM 4.2. Assume 1 <p <2, he B\ A, (L), (A1) and (As). Then for
each k € N, there exists A, € [uzo,,u}cfo/zf] such that (QPy) has at least one
solution for A € (0, A) which has exactly k — 1 many interior zeros in (0,1) and
no solution for \ € (,u,lcfo/zf, 00).

To employ an approximation technique, let us consider
(W (1)) + Nhn(t)f(u(t) = 0 for t € (0,1),
u(0) =0 = u(l),

where h,(t) = min{n, h(t)}, n € N. Since h,, > 0 and h,, € C[0, 1], for all n, we
obtain the following lemma from Theorem 2.1, Lemmas 3.3 and 4.1 in [8].

(QPY)

LEMMA 4.3. Assume (A1) and (Az). Then for each k € N, there exists an
unbounded continuum B} in 8™ bifurcating from (u},0), where S™ is the closure
of set of nontrivial solutions for (QP%Y) and u}} is the k-th eigenvalue of problem
(QEP}R). If (A, uy) € B, then u} has evactly k — 1 many interior zeros in (0,1)
and A > pjt fo/Ly.

Similarly, from Theorem 2.1, Lemmas 3.11 and 4.4 in [8], we have the fol-

lowing.

LEMMA 4.4. Assume (A1) and (As). Then for each k € N, there exists an
unbounded continuum C} in 8™ bifurcating from (uy,0). If (A, u}) € C;, then
uy has exactly k — 1 many interior zeros in (0,1) and X < uf fo/Ly.

To show the existence of unbounded branch of sign-changing solutions of
(QP»), we apply a limit process with components B} (or (C}!)) using some results
in set topology. Let us start recalling the following definition.

DEFINITION 4.5 ([14]). Let G be any infinite collection of point sets. The set
of all points x such that every neighbourhood of x contains points of infinitely
many sets of G is called the superior limit of G (limsup G). The set of all points
y such that every neighbourhood of y contains points of all but a finite number
of sets of G is called the inferior limit of G (liminf G).

PROPOSITION 4.6 ([14]). Let {Ay, }nen be a sequence of connected closed sets
such that liminf{A,} # 0. Then if set Upen{An} is relatively compact, then
limsup{A,} is connected.

Let R > 0 be given and let us denote Bj}(R) (or C;(R)) the component
containing (py,0) of By (or C;) N ([0, u3° + R] x {u € C[0,1] : |ju|| < R}).
Clearly, {(¢3°,0)} C liminf By (R) (or liminf C}?(R)). From now on, we denote
By° = limsup By (or Cp° = limsupCy). Then, key step for proofs is to show that
By (or C°) is connected, thus by Proposition 4.6, we only need to show that
UneniBi} (or U,en{Cr}) is relatively compact. We first show that By (or Cj})
will not be degenerated in A-axis and || - ||-axis.
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LEMMA 4.7. Assume (A1). Let I be any compact subinterval of [0, ug°).
Then for each k € N, there exists ar > 0 such that for all (A\,u) € By (or C})
with A € T and n € N, we have ||u|| > a;.

PRrROOF. Let I and k be given. If the conclusion is not true, then we have
an alternative; either some B} (or C}') contains a point on A-axis other than
(1, 0) or there exists a subsequence (if necessary) {(A}, u})} C R x C[0, 1] with
(AZ,up) € By (or Cj) and A} € I such that ||[u}|| — 0, as n — oo. Since for each
n, B (or C) is unbounded by Lemma 4.3 (or Lemma 4.4), the first case does
not happen. Thus it is enough to consider the second case of the alternative.
We note that uj is a solution of following problem

{ pp(ug (1) + Aihn () f (uii(£)) = 0 for t € (0,1),
1(0) = 0 = ug(1).
Let ¢ = (1/2)(u°/Am — 1) fo, where Ayy = max{A : A € I}. Thuse > 0. It

follows from (A;) that there exists 6 > 0 such that

(4.1) fu) < (fo+e)ep(u),

for u € (0,9). Since |[uf|| — 0, we can choose N € N such that |[ul|| < 4.
For k = 1, it follows from (4.1) that

p(ul () + M (fo + ) (£)0p (ul (1))
> (' (8)) + M hae () f(uf (1)) = 0.
Let ¢ be the first eigenfunction corresponding to p¥ with ¢ > 0;
{ en(@Y () + pd fohn (D)p(81 (£) = 0 for t € (0,1),
oY (0) = 0= (1).
Taking y = ul,b1(t) = AV (fo + e)hn(t) and 2 = oY, ba(t) = pl¥ fohn(t) in

Lemma 2.8 and integrating (2.3), we have

G fo — XY (fo + ) /0 I (Ol (1)[P dt < 0.

Thus, we get AV (fo +¢) — ¥ fo > 0. This contradicts the choice of . Next, for
k > 2, let t; and t; be the first zeros of ¢ and ulY, with ¢2 > 0 in (0,#;) and
uiv > 0in (0,¢1), and ¢;_, and tx_1 be the last zeros of ¢{€V and ufcv, respectively.
First, for k = 2, suppose t; < ¢]. Then it is easy to show the following equalities
(Lemma 3.2 in [8])

t Nip N (P=1) y 7 t1 oo
lugPéy — ~ dt=0 and —{udul @ 1)}’ dt =0,
0 ¢N(p*1) 0
2
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where x(P~1) =, (z). Using (4.1), for t € (0,t1), we get

op (b () + A (fo + )b (£)0p(ud (£) > p(ud (1)) + M By (8) F (ud (1)).
Obviously, for t € (0,t;), we have
0 =@p(65 (1) + 1] Fohn (£) gy (65 (1))
If we take y = ud, by(t) = AY (fo +e)hn(t) and z = ¢ ba(t) = pd fohn (t) and

integrate (2.3) from 0 to ¢; in Lemma 2.8, then we have

G fo — MY (fo+ ) /0 (O ()P dt < o.

Thus we get a contradiction as before. Suppose t7 < ¢;. Then it is easy to show

1 NipN (=1) 7/ 1 .
/{M} dt=0 and /_{ugu;v@ Yyde=o.
ty 1

qsé\,(pq)
Since ud < 0, for t € (t1,1), and
0= pp(ud (1)) + XAy (B F (ud (1) > @p(ud (£)) + AN (fo + &)hn () (ud (1)),
we have
—ud [p(ud (1) + Y (fo + )hn (Dgp(ud (1)] <0, tE (t1,1).
Clearly, for t € (t1,1), we have
0= (6" (1)) + b fohn (t)pp (03 (1)).

Thus, if we take y = ul’, b1 (t) = \Y (fo+e)hn () and z = @Y, ba(t) = pd fohn (1)
and integrate (2.3) from ¢; to 1, then we obtain the same inequality as before
and get a contradiction. Finally, suppose & > 3. If t; <] or t;_; < tr_1, then
we obtain a contradiction by the same process as in the case k = 2. If t] < t;
and t_1 < tj_,, then there exists an interval (¢;,t;11) C (¢t} ;) for some
1 < i < k, and on the interval, we have

) "(p—1
o 7‘ukN|p¢kN o — uNuNl(p_l) /dt =0
N(p—1) k Tk '

t; o)

Thus for either ui\’ > 01in (t;,ti41) or ufcv < 0in (t;,ti41), we have
/
—up [ep(up () + A (fo + )hn (H)ep(u (1))] < 0.

By the similar argument as in the case k = 2, we get a contradiction. O
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LEMMA 4.8. Assume (A1). Let I be any compact subinterval of (ug°,00).
Then for each k € N, there exists by > 0 such that for all (A\,u) € By (or C})
with A € T and n € N, we have ||u|| > by.

PRrROOF. If the conclusion is not true, then without loss of generality, we
assume that there exists a subsequence (if necessary) {(A},u})} C R x C[0,1]
with (A}, u}) € BE (or C}?) and A} € I such that ||u}|| — 0, as n — oco. We note
that uf is a solution of following problem

{ ep(u’ (1)) + Aphn (0) f(ug (1)) =0 for t € (0,1),
)

Assume A} — x> e and let € = %/2)]“0(1 - NZO/X) Thus € > 0. By condition
(A1), there exists 6 > 0 such that

(4.2) f(u) > (fo—e)ep(u),

for u € (0,4). Using the similar argument in the proof of Lemma 4.7 with (4.2)
instead of (4.1), we get a contradiction. O

LEMMA 4.9. Assume (Ay). For given N > 0 and k € N, there exists ny > 0
such that if (\,u) € By (or Ci) and ||u|| < N, then we have X\ > n.

PRrROOF. If the conclusion is not true, then without loss of generality, we
assume that there exists a subsequence (if necessary) {(An,un)} € R x C[0,1]
with (A, up) € By (or C}!) such that ||u,|| < N and A, — 0asn — co. By (Aq),
there exists Ay > 0 such that f(u) < AyuP~! for all 0 < u < N. Using the
similar argument in the proof Lemma 4.7, we get a contradiction and completes
the proof. O

The next two lemmas are essential to apply Proposition 4.6.

LEMMA 4.10. Assume (Ap). For given R > 0 and k € N, let (Ap,up) €
By (R) (or CZ(R)). Then there exist subsequences {um}, {Am} and v € CI0,1]
such that u,, — w in C[0,1] and \,, — XA > 0. Furthermore, u is a solution of

(QP).
PRrROOF. Let R and k be given and let (A, uy,) € Bp(R) (or C7(R)). Then
since u,, is a solution for (QPY ), we have

{ ©p(uq (t)
u, (0)

)+ Anhi(t) f(un(t)) =0 for t € (0,1),
0= un(1).

Take fr := (up° + R)sup,ejo,p) f(u). Then by the similar arguments in Li
and O’Regan [10] with ¢ = 0 (Lemmas 2.2-2.4), there exist unique solutions



ONE-DIMENSIONAL p-LAPLACIAN PROBLEMS 7

V,v € C([0,1],R) N C*((0,1),R) for problems

ep(V'(t)) + frh(t) =0 forte (0,1),
{ V(0) =0=V(1),
and
ep(v'(t))" — frA(t) =0 for t € (0,1),
{ v(0) =0 =v(1),
respectively and V', v satisfy, for all n, the following relation:

v(t) < Un(t) < V(t)v te [Ov H

Moreover, we may also prove that {u,} is equicontinuous on [0, 1] by the sim-
ilar argument in the proof of Lemma 2.6 in [10]. Thus Ascoli-Arzela Theorem
guarantees that there exist a subsequence {u,,} and v € C[0,1] such that u,,
converges to u in C|0, 1] with «(0) = 0 = u(1). Since A, < ug® + R, there exists
a subsequence {\,,} such that \,, — A\ and by Lemma 4.9, A > 0. Finally, we
show that u is a solution for (QP,). Let [a,b] be a compact interval in (0,1).
Then there exists n* such that h,,(t) = h(t) in [a,b] for m > n*. We know
that u,, converges uniformly to w on [a,b] and thus by Lebesgue Convergence
Theorem, u satisfies

u(t) = u(a) + /: go];l (d—i— /Tb AR(T) f (u(T)) dT) ds, a<t<hb,

where d is a solution of the equation

/a = (d + / " M) () dT) ds = u(b) —u(a).

This implies that u satisfies the equation in (QP) on [a,b]. Since [a,b] is arbi-
trary in (0,1), u € C*(0,1) and satisfies

ep(W) + Ah(t) f(u(t)) =0, te(0,1).
This completes the proof. O

Once again, employing the above argument, we can show that u3° is an
eigenvalue for (QEP,,), for each k.

PROPOSITION 4.11. For each k € N, p° is an eigenvalue of (QEP,,).

PROOF. By the construction of uj°, there is a sequence {u}} such that
converges to up° as n — oo and uj is an eigenvalue of (QEP})). Let us denote
its corresponding eigenfunction by u;. Then we have

{ op(ui () + pi fohm (t)ep(uit(t) = 0 for t € (0,1),
1(0) =0 =ug(1).



78 Y.-H. LEe — I. Sim

Denoting v,, = u}}/||uf||, we have

{ ©p(Un (1)) + i, fohn () p(vn(t)) =0 for t € (0,1),
un(0) = 0 = v, (1).

Since {u}} converges and ||v,|| = 1, we have

(4.3) |g; fohn () pp(vn)| < MA(2),

for some M > 0. Once again, following the similar arguments in Lii and O’Regan
[10], there exist unique solutions W, w € C([0,1],R) N C1((0,1),R) for problems

wp(W'(t)) + Mh(t) =0 forte (0,1),
{ W(0) =0=W(1),
and
op(w'(t)) — Mh(t) =0 forte(0,1),
{ w(0) =0 = w(1),
respectively, and W, w satisfy, for all n, the following relation:

w(t) <wv,(t) <W(t), tel0,1].

Noting (4.3) and arguing the proof of Lemma 2.6 in [10], we may prove that {v,}
is equicontinuous on [0,1]. Thus Ascoli-Arzela Theorem guarantees that there
exist a subsequence {v,,} and v € C[0,1] such that v,, converges to v in C[0,1]
with v(0) = 0 = v(1). (Note that ||v|| = 1, thus v # 0). Finally, we can show
that v is a nontrivial solution for (QEP,), following the similar argument in the
last proof of Lemma 4.10. ]

The following lemma is true for limsup C;' by obvious modification.

LEMMA 4.12. Assume (A1). Then for each k € N, limsup By is connected
and if (A, u) € limsup By, then u is a solution of (QP)).

ProoOF. We know (p3°,0) € liminf B(R). Thus liminf B}(R) # (. For
connectedness of lim sup By (R), we prove that |J B} (R) is relatively compact in
C10,1]. Let {(An,un)} be a sequence in |JBE(R). Without loss of generality,
we may assume the following alternative; as a subsequence, either (A, um) €
B;*(R) or there exists ng such that (A, um) € BL°(R) for all m. The first case
can be easily verified by Lemma 4.10. In the second case, {(Am,um)} C B.°(R)
is bounded and satisfies

op(ul, () 4+ Amhing (1) f(um (t)) =0 for t € (0,1),
Um (0) = 0 = uy (1).
By the similar argument in the proof of Lemma 4.10, there exists a subsequence

{( A m;) ¥ of {(Am, um)} such that w,,, converges to u in C[0,1] and A, —
A > 0. Thus the proof is done as R — oco. Finally, for given R, let (\,u) €
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limsup B} (R), then by the definition of limsup B} (R), there exists (A}, u}) €
B} (R) such that (A}, u}) — (A, u) in Rx CI0,1]. By Lemma 4.10,  is a solution
of (QP,). Once again, the proof is done as R — oo. |

LEMMA 4.13. Assume 1l <p <2, he€ B\ A, (L) and (A1). Let (\,u) € B;®
or C2°) with ux, £ 0. Then uy has exactly k — 1 many interior zeros in (0,1).
k

PrOOF. The conclusion is obvious by the definition of By (or Cp°) and
Lemma 3.2. O

As applications, we obtain the existence results of sign-changing solutions for
(QP) when f holds the case foo = 0 or fo = co. For the non-existence result,
we have the following lemma.

LEMMA 4.14. Assume 1 <p <2, h € B\ A, (L), (A1) and (Az). Then there
exists \** > 0 such that if (QP)) has a solution at X\, then A > \**.

PROOF. Let u be a solution for (QP,). Then, by Lemma 3.1(c), u has
exactly £ — 1 many interior zeros in (0, 1), for some positive integer k > 0. Let
0 = tg,t1,... ,tx = 1 be zeros of u. Then there exists j € {1,...,k} such that
t; —tj_1 > 1/k. Since f is odd, we may assume v > 0 on (t;_1,t;). Let

j <3tj1 +t; tj_1+ 3t

h(t),

1 , 1 ) and M; =

tE[(3t1—1+tj1;I/1‘??((tj—1+3tj)/4]
then by (A1) and (As), we have
0 =@p(u'(t))" + Ah(t) f (u(t))
<p(u'(t))" + M) Lypp(ult)) < op(u' (1) + AM;Lpop(u(t)),
for t € I. Consider the following eigenvalue problem

©p(¢' (1)) + pfopp(o(t) =0 for t € I,
Bticitti\ _ g =ttt
o) oo

Let us denote 1 (1) the first eigenvalue and ¢; > 0 its corresponding eigenfunc-
tion for the above problem. Applying Picone’s identity with y = w, bi(t) =
AMiLy, z = ¢1 and ba(t) = p1 fo and integrating over I, we have

AMiLy — p1fo > 0.
Thus A > p1 (1) fo/ MLy and from pq(I) > p1((0,1)), we get
A > p1((0,1)) fo/ MLy = X, O

It is interesting to note that p1((0,1)) depends only on p and M; depends
only on h. Now, we give an a priori estimate for case foo = 0.
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LEMMA 4.15. Assume 1 <p <2, h € B\ A, (L), (A1) and (Ag). Let I be
a compact interval in (0,00) and k € N be given. Then there exists c; > 0 such
that for all possible solutions u of (QP) having exactly k — 1 interior zeros with
A €1, one has ||ul| < c¢;.

PROOF. Suppose on the contrary that there exists a sequence {u,} of solu-
tions for (QPy, ) with {\,} C I = [a,b] and ||u,|| — oo.
Let a € (0,1/(bpy(72Q))), where 7, = max{1,2C-»)/ (=D},

1/2 1/2 1 s
_ -1 1
Q= /0 ®p (/S h(7) dT) ds + /1/2 ©p ( » h(7) dT) ds.

Then by (A1) and (Az), there exists u, > 0 such that u > u, implies f(u) <
auP~t. Let m, £ max,co,u,] f(u) and let ¢y n,,... ,tx_1,, be the zeros of u,
in (0,1). Put un(d,) = maxc(o,1) un(t) (0, may not be unique). Then we can
choose [tjn,tj+1,n) D Oy, for some j € {0,... ,k—1} and f(u([tjn,tj+1,0])) > 0.
Let A, s L0t € [5,6n]  un(t) < uq, tin < s <0,} and B, g 2 {te[s,6,] :
Un(t) > uq, tjn < s <d,}. Then, for t;, <s<d,, we have

un(0p) = /6n <p;1 ()\n /sén h(7) f(un (7)) dr) ds

tj,n

<o) [ " ( / HE ) dr + / ) df) ds

J.n

<07 (M) / " @;1(% / " ) dr 4 / " ) f(un(T))dT> ds.

tjyn

1 50 o= () 5
%SV/ p<P1(/ h(T)dT)
¥p 1()‘71) P t || P s

Jsm

On By s, un(s) > uq implies f(un(s))/||un|[P~! < flun(s))/ub™t(s) < . Thus

1 [@pl(ma)2Q 1
— <7, + ¢, (@)2Q)].
Pp 1()‘71) P [[wn ]| P
Since 0 < a < A, <b, we have
1 1

>
or () ey (b)

for all n and thus

1 ~1(mgy)2
1., @y (Ma)2Q
op () [[wn |

+¢, ' (a)2Q)].
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By the fact ||u,|| — co as n — oo, we get

1 1 1
5 < Wy (@)2Q < eyt ()262 < ——-
@pl(b) re rre b (1p2Q) @pl(b)
This contradiction completes the proof. O

It is interesting to note that we do not use the fact that a solution belongs
to B® in the proof. Using the above results, we conclude the following.

PROOF OF THEOREM 4.1. From Lemma 4.7-4.13 and Lemma 4.15, we show
the existence of an unbounded continuum B;° which is bifurcating from (ug°, 0)
and if (A, u) is a solution in Bg°, then u has exactly k — 1 many interior zeros in
(0,1). By Lemma 4.14, (QP») has no solutions for A < A**. Define \* = inf{\ >
0: (A, u) is a solution of (QPy) in By}, then \* < p2° and (QP)) has a solution
which has exactly £ — 1 many interior zeros for all A > X*. If (A, u) € B;°, then
u is a solution of (QP») and by the definition of B;°, there exists (A,,u}) €
B} such that u} — wy in C[0,1] and A, — A > 0, as n — o0, respectively.
By Lemma 4.3, A, > p}fo/Ly. Therefore, by Remark 2.7, A > u°fo/Ly >
(1/2)P41/(Ls M(p/(p — 1))?). Thus, we have A* > (1/2)P*1/(Ls M(p/(p — 1))?)
and this completes the proof. O

Now, let us consider the case fo, = co.

LEMMA 4.16. Assume 1 <p <2, h € B\ A, (L), (A1) and (As). Let u be
a solution for (QPy) which has exactly k — 1 many interior zeros in (0,1), then
A< pifo/Ly-

PROOF. Let u be a solution for (QP,) which has exactly k£ — 1 many interior
zeros in (0,1) and ¢ be the k-th eigenfunction which is corresponding to the
k-th eigenvalue pj for (QEP},). Denote the zeros of u and ¢ by {t,} and {s,},
respectively. Then there are ¢,j € {1,...,k} such that (s;_1,s;) C (tj—1,t;).
We may assume that u and ¢ are positive in (t;_1,t;) and (s;—1, s;). From (A;)
and (Ag) and the definition of h,, for ¢t € (s;_1,s;), we have

0 = @p(u/(£))" + Ah(2) f (u(t))

> op(u' (1))’ + AR(8) Lypp(ult) = p(u' (1)) + Mra(t) Lyipp(ult)).

Applying Picone’s identity with y = ¢, b1(t) = pi fohn(t), z = u and by(t) =
/\hn(t)zf and integrating over (s;_1,$;), we have A < u};‘fo/if. In fact, we
need to mention that the case t;_; = s;_1 or t; = s;. We shall do it the
case t;_1 = s;—1 only. Other case can be done similarly. From the concavity
of u, for sufficiently near t to t;_i, we get |u/(¢)] < |u(t)/(t —t;j—1)|. Since
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¢ € Cs;i_1,s;], we have

| oPep(w) - p(t) \"" u'(t) p—1
t=ti1 | pp(u) B ¢(t)(t—tj1> [U(t)/(t—tjl)]
p—1
< lim {o() (t f(ttj)_) — 0.

Since pj is decreasing on n, we have A < ,u,lffo/zf. This completes the proof.
We give an a priori estimate for case fo, = co.

LEMMA 4.17. Assume 1 <p <2, h € B\ A, (L), (A1) and (A3). Let I be
any compact interval in (0,00) and k € N be given. Then there exists df > 0
such that for all possible solutions u of (QP) having exactly k — 1 interior zeros
with A € I, one has ||u|| < dj.

PRrROOF. Fix k and denote the zeros of u by 0 = tg < t; < ... < t = 1.
Then there exists an n € {0,... ,k — 1} such that ¢, — t,—1 > 1/k. By typical
argument in the proof of Lemma 4.5 of [8], we conclude that there exists C; > 0
depending only on I = [«, ] such that ||u||pe(, ,.+,) < Ch.

We claim that there exists Co > 0 depending only on [ such that

tlu'(t)] < Ce in (ty_1,8,) and (1 —¢)|[u/ ()| < Cy in (sn,t,),

where s,, is the unique critical point of w in (¢,—1,t,) (since u(t) > 0in (tn—1,tn),
u is concave, and so u has a unique critical point in (¢,_1,%,)). We show that
{sn} is bounded away from zero. As in (3.1) there exists D > 0 such that
|f(u(t)] < Dlu(t)|P~1, for t € [0,1]. If s, > 1/2, we are done. Let s, < 1/2.
Since u is a solution for (QPy), we have

w(sn) = /t @;1(/:” Ah(f)f(u(T))dT> ds.

n—1
Hence, we get
sl <05 00) [t ([ tryar ) asfute, ).
th—1 s

This implies the existence of d; > 0 such that §; < s, — tp—1 < s, < 1/2.
Similarly, there exists do > 0 such that s, < 1—d2. Put §p = min{d;, d2}. Then
we have §y < s, < 1 —Jp. Because u is concave, v'(t) > 0 in (t,-1,8,) and
u'(t) < 0in (sp,t,). Put L = |lufpe
(QPy) over (t,s,), we get

@) o =a [ ) ds

Let ¢t € (tp—1,8n). Integrating

n—1,tn)"
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It follows from (4.4) that

e < sw £ )t T sy

Is1<L
From (L), we have lim,_,o+ tP~! j;l_éo h(s)ds = 0. Since A € I = [a, (], we have
Y ()P < Oy for t € (ty_1,8n),

where

1—6¢
Ch = 3 sup f(s)tpflf h(s)ds.
t

[s|<L
In the same fashion, we have

(1—=t)P ' ()Pt <Y for t € (sp,tn).

We denote Cy = max{C%,C%} and this completes the claim.
Finally, we show:

(i) If t,—1 > 0, then there exists C3 > 0 depending only on I such that
lu(t)| < C5 and t|u' ()] < Cs in (tn—2,tpn—1).

(ii) If ¢, < 1, then we have the same assertion (i) where we replace t|u’(t)]
and (t,—2,tp—1) by (1 —t)|u/(¢)| and (¢,,tnt1), respectively.

To show (i), let t,,—1 > 0. Then the interval [t,,_2,t,—1] exists. By the claim,
we have 0 < t,_1v (t,—1) < Cs. Since u(t) < 0in (tn—2,tn—1), u(t) is convex in
this interval. Therefore the graph of u(t) lies over the line y = /' (¢,—1)(x —tp—1)-
Hence we have

W (tp—1)(t —th—1) <u(t) <0 in (tn_2,tn-1),

which means |u(t)] < ' (tp—1)(tn—1 —t) < C2. We show that t|u’(¢)| has a priori
bound. Let t € (t,—2,t,—1), Note that ¢,_; < s,. Integrating (QPy) over (¢, s,),
we get

WO < [ ) (s s,
t
In the same argument as in the claim, we obtain C% > 0 such that
th'(t)| < C4 in [ty_2,tn_1].

We denote C5 = max{C2,C4} and complete the assertion (i).
The assertion (ii) can be treated in the same way. By repeating the procedure
of this, we have d; > 0 depending only on I such that [|u[|ge(0,1) < dr. a

PrROOF OF THEOREM 4.2. Once again, it follows from Lemmas 4.7-4.13
and Lemma 4.17 that the existence of an unbounded continuum Cp° which is
bifurcating from (u3°,0) and if (A, u) is a solution in C;p°, then u has exactly
k — 1 many interior zeros in (0,1). By Lemma 4.16, (QP,) has no solutions for
A > u,lcfo/ff. Define A, = sup{A > 0 : (A, u) is a solution of (QP,) in C},
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then A > p2° and (QP) has a solution which has exactly k¥ — 1 many interior
zeros for all A < A,. By the definition of \,, we get A\, < u,lch/Lf. O

5. The case fy = 0 and f,, =

In this section, we show the existence of solutions for the following problem

o) { oo () + h() f(u(t) = 0 for t € (0,1),
u(0) = 0 = u(1),
when f holds fo =0 and f. = co. We assume
(A4) fo=0,

and state the main result of this section.

THEOREM 5.1. Assume 1 <p <2, h € B\ A, (L), (A3) and (A4). Then for
each k € N, (QP) has at least one solution which has exactly k —1 many interior
zeros in (0,1).

Our method is the same to those of the previous sections, a bifurcation and
an approximation. To apply a global bifurcation theorem, we need to modify

(QP) as follows:
(A) { ep(u' ()" + A(t)pp(u(t)) + h(t) f(u(t)) =0 for ¢ € (0,1),
u(0) =0 = u(1),

where X is a real parameter. Notice that if (0,u) is a solution for (A,), then u
is a solution for (QP). Since we do not know the operator equation for (Ay), we
shall employ an approximation method as before. Thus, let us consider

(A7) Pp(u (1)) + M (t)pp(u(t)) + ha(t) f(u(t)) =0 for t € (0,1),
A w(0) =0 = u(1),
where h,(t) = min{n, h(t)},n € N. Using Theorem 3.4 and Lemma 3.5 in [9],

we have the following result for problem (AY).

LEMMA 5.2. Assume (Az) and (Ay). Then for each k € N, there exists an
unbounded continuum D} in T" bifurcating from (ujt,0) where T™ is the closure
of set of nontrivial solutions for (AY) and py is the k-th eigenvalue of problem

ep(u' (1) + phn(t)ep(u(t)) =0 fort € (0,1),
u(0) =0 = u(1).

If (N uR) € D} then u} has exactly k — 1 many interior zeros in (0,1) and

A< g

As in Section 4, we shall apply Proposition 4.6. For given R > 0, let us
denote Dy (R) the component containing (u},0) of

Di N ([=R, ] x {u € C[0,1] : [Jul| < R}).
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Clearly, {(1£°,0)} C liminf D} (R). The next lemma says that the continuum
does not converge to zero when A = 0.

LEMMA 5.3. Assume (As) and (A4). For each k € N, let (0,u}) € D}
converge to (0,u) in R x C[0,1]. Then u £ 0.

PROOF. Suppose on the contrary that there exists a sequence {(0,u})} C D}
such that u}! — 0 in C0,1], as n — oo. Then u} satisfies

{ ep(up' (1) + ha(t)f(upp(t)) =0 for t € (0,1),
u(0) = 0 = uf(1).

We first consider case k = 1. By condition (A4), there exists a > 0 with 0 <
a < p3° such that f(u) < app(u), for small w > 0. Hence for large n, we have

pp(ul’ (1) + a hn (V) pp (Ul (£)) = @p (i’ (1)) + hn () f (uf (£)) = 0.
Let @7 be the first eigenfunction corresponding to p} with ¢} > 0 so it satisfies

{ (@1 (1) + Wi ha () op (97 (1)) =0 for t € (0,1),
¢1(0) =0 =97 (1).

Taking y = uy, b1(t) = a h,(t) and z = @7, ba(t) = uPhy(t) in Lemma 2.8 and
integrating (2.3), we have

/O(a—m) (OB dt > 0.

Thus a — ¢ > 0 and we get a > 7 > p§°. This is a contradiction to the choice
of a. Next, consider case k > 2. Let 7, t; be the first zeros of ¢} and uj with

roup > 01in (0,¢7), (0,t1), respectively and t}_,,tx—1 be the last zeros of ¢}
and u}. Then by the same argument in the proof of Lemma 4.7, replacing ¢
and ulY with ¢7 and u}, we get a contradiction. O

LEMMA 5.4. Assume (Ag) and (A4). For given R > 0 and k € N, let
(Ansupn) € DR(R). Then there exist subsequences {um}, {Am} and u € C[0,1]
such that uy, — u in C[0,1] and A, — A. Furthermore, u is a solution for (Ay).

PrOOF. Fix k and let (A, u,) € Dp(R). Then since u, is a solution for
(A% ), we have

{ ep (U, (1) + Anfin (£)p (un () + hn () f (un(t)) = 0 for t € (0,1),
n(0) =0 = up(1).

Put gr := (p, +1) sup,e(o, gy (¥p(u) + f(u)). By the same argument in the proof
of Lemma 4.10, we get a conclusion. O
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LEMMA 5.5. Assume (Ag) and (As). Then for each k € N, limsup{D}} is
connected and if (A, u) € limsup{D}}, then u is a solution for (Ay).

ProoOF. Clearly, (1£°,0) € liminf D}(R) so that liminf D} (R) # 0. To show
U D5 (R) is relatively compact in C[0, 1], let {(A,, uy,)} be a sequence in | D (R).
Without loss of generality, it is enough to consider the following alternative as
a subsequence if necessary; either (A, u,,) € DJ*(R) or there exists ng such that
(Am, um) € DR°(R) for all m. The first case can be easily verified by Lemma 5.4.
In the second case, {(Apm,um)} C Dp°(R) is bounded and satisfies

Pp (U (1) 4 Amhang () @p (U (£)) + hing (£) f (wm (t)) = 0 for ¢ € (0, 1),
U (0) = 0 = up (1).
Following the same lines in the proof of Lemma 4.12, we get the conclusion. [J
We denote Dp° = limsup Dy,.

LEMMA 5.6. Assume 1 < p < 2, h € B\ A, (L), (As) and (A4). Let
(A, ug) € D with up, # 0. Then uy has exactly k — 1 many interior zeros in
(0,1).

PRrROOF. Let (A, ui) € Dg°. Then from the definition of Dy°, there exists
(An,up) € Dy such that u} — uy in C[0,1] and A, — A\. We claim that there
exists d1, 05 > 0 such that

o0

J{t € (0,1) s up(t) =0} C [61,85) € (0, 1).

n=1

To show the claim, let ¢;, be the first interior zero of u}. Then we show that
there exists 6; > 0 such that ¢;, > d; for all n. We can prove the result for the
sequence of last interior zeros of u¥ by similar fashion. Suppose on the contrary,
tin — 0 asn — oo. Since uy > 0 near 0 (it is possible because of Lemma 3.1(c))
and u® — wuy, considering a subsequence if necessary, we have an alternative,
either u}? > 0 on (0,tx,,) for all n or u} < 0 on (0,t ) for all n. If uf > 0 on
(0,tg,) for all n, then u} is a positive solution of the following problem

(5.2) p(p (8) + Anhn () @p(un(t)) + () f (un(t)) = 0,
' Un (0) = 0 = uy (t,).
For the other alternative, v] = —uj is a positive solution of (5.1) because ¢,

and f are odd and the proof follows exactly same lines with vy. Let u} (an) =
max;e(o,,.,] u(t), then we get

/ a'( ] ()L ) + () () i) i
_ /; o ( /{ b (7)o (U (7)) + B (7) £ (2 (7)) dT) s,
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Since u}! — wuy, we may assume |uf(t)| < ||ug||ec + 1, for all t € [0, ,], and
sufficiently large n. On interval (0, ), uj(t) > 0 for all n and by fo = 0, there
exists C , > 0 such that

(5:2)  Pahn(7)@p(ui (7)) + ha(7) f (i (7))] < Ox i A(T)p (u (7))

By the same computation in the proof of Lemma 3.2, we have

UZ(/{k,n) S UZ(gk n / 71 (/ C)\ u;c dT) ds.

This implies

th,n ti,n
1< <p;1< Cx o 1(T) d7> ds.
0 s

Since w;l(fst’“’" O h(1) dr) € L*(0,7], for some v > 0 and t;,, — 0, the above
inequality is not possible and this completes the claim. The rest of proof follows
on the lines of the proof of Lemma 3.2 making use of inequality (5.2). O

The following two lemmas make us to figure the shape of D°. First, we
obtain A-direction block.

LEMMA 5.7. Assume 1 <p <2, he B\ A, (L), (A3) and (A4). If (N, ux) €
D5, then A < p.

PRrROOF. From the definition of D§°, there exists (A,,u}) € D} such that
up — uy in C[0,1] and A, — A. By Lemma 5.2, we have \,, < pf. Therefore by
decreasing monotonicity of u, A, < pi and A < pj. O

Now we obtain an a priori estimate for (Ay).

LEMMA 5.8. Assume 1 <p < 2, h € B\ A, (L), (As) and (A4). Let I be
any compact interval in [0,00) and k € N be given. Then there exists e > 0
such that for all solutions (A, u) of D2, we have ||u|| < e;.

PRrROOF. Fix k and denote the zeros of u by 0 = tg < t; < ... < t = 1.
Then there exists n € {1,...,k} such that ¢, — t,—1 > 1/k. Again, by typical
argument in Lemma 4.5 of [8] with a little modification, we conclude that there
exists Dy > 0 depending only on I £ [a, 3] such that |[u||p(, ,4,.) < D1. We
claim that there exists Dy > 0 depending only on I such that

tlu'(t)] < Dy in (th_1,8,) and (1 —¢t)|u/(t)] < Dy in (sp,tn),

where s, is the unique critical point of u in (¢,—1,t,) (since u(t) > 0in (tn—1,%,)
and u is concave, so u has a unique critical point in (¢,_1,%,)). We show that
{sn} is bounded away from zero. As in (3.1), there exists D > 0 such that
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|f(u(t)] < Dlu(t)|P~1, for t € [0,1]. If s, > 1/2, then we are done. If s, < 1/2,
then since u is a solution for (Ay), we have

wsd = [ ot ([ a1 st ar ) as.

tn—1

Hence, we get

sl <o 0+ 0) [t ([ nar) dstuts, )

tn—1
This implies that there exists d; > 0 such that §; < s, — tp—1 < s, < 1/2.
Similarly, there exists do > 0 such that s, < 1—d2. Put §p = min{d;,d2}. Then
we have 6y < s, < 1 — Jp. Because u is concave, v'(t) > 0 in (t,-1,8,) and
u'(t) < 0in (sn,tn). Let L = ||ul[poe(s,_, 4,y Then fort € (t,_1,s,), integrating
(Ay) over (t,sy), we get

O / " () gy (uls)) + h(s) f(u(s))] ds
<Ot 1)( sup (op(s) + f<s>>) / " h(s) ds

[s|<L

<O+ 1)( sup (,(5) + £(5)) ) [ T b ds.

|s|<L
From (L), we have lim,_,q+ tP~! ftl_éo h(s)ds = 0. Since A € I = [a, (], we have
P/ ()P < DYy for t € (tn_1,50),

where

1—6o
Dy = (5+1) sup (gpls) + ()P / h(s) ds.
[s|<L t

By the same fashion, we have
(1 =P ()P~ < DY fort € (sp,tn).

Taking Dy = max{D}, DJ}, we complete the claim. Finally, we show:

(i) If t,—1 > 0, then there exists D3 > 0 depending only on I such that
|u(t)| < D3 and t|u' ()| < D3 in (tn—2,tn—1).

(ii) If ¢, < 1, then we have the same assertion (i) where we replace t|u’(t)]
and (t,—2,tp—1) by (1 —t)|u/(¢)| and (¢,,tnt1), respectively.

To show (i), let t,,—1 > 0. Then the interval [t,,_2,t,—1] exists. By the claim,
we have 0 < t,,—1u (tn—1) < Ds. Since u(t) < 0 in (t,—2,tn—1), u(t) is convex in
this interval. Therefore the graph of u(t) lies over the line y = v/ (t,,—1)(x —tn—1).
Hence we have

U (t—1)(t —tp—1) <u(t) <0 in (tn—2,tn—1),
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which means |u(t)| < v/ (tn—1)(tn—1 —1t) < Da. We show that ¢|u’(¢)| has a priori
bound. Let ¢ € (t,,—2,t,-1), Note that ¢,_1 < s,. Integrating (A)) over (t,s,),
we get

[ ()" S/ [A(8)lpp(u(s))] 4 h(s)]f (u(s))]] ds.
t
In the same argument as in the claim, we obtain D% > 0 such that
thu'(t)| < D5 in [tn_2,tn_1].

We denote D3 = max{Ds, D}} and complete the assertion (i).
The assertion (ii) can be treated in the same way. By repeating the procedure
of this, we have e; > 0 depending only on I such that ||u[|ze (1) < er. O

PROOF OF THEOREM 5.1. From Lemmas 5.2-5.6, we show that the existence
of an unbounded continuum D;° which is bifurcating from (xg°,0) and if (A, u)
is a solution in Dy°, then u has exactly k — 1 many interior zeros in (0,1). Using
Lemmas 5.7 and 5.8, the continuum must cross over || - ||-axis. Thus, we have
a solution (0,u) € Dg° for (A,). Hence, u is a solution for (QP). O

REMARK 5.9. We leave a question to readers for the existence of sign-
changing solutions of (QP) under assumptions fo = co and fo, = 0.
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