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RESOLVENT CONVERGENCE FOR LAPLACE OPERATORS
ON UNBOUNDED CURVED SQUEEZED DOMAINS

MARIA C. CARBINATTO — KRzZYSZTOF P. RYBAKOWSKI

ABSTRACT. We establish a resolvent convergence result for the Laplace
operator on certain classes of unbounded curved squeezed domains 2. as
e — 0. As a consequence, we obtain Trotter—Kato-type convergence results
for the corresponding family of C9-semigroups. This extends previous re-
sults obtained by Antoci and Prizzi in [1] in the flat squeezing case.

1. Introduction

Let w be an arbitrary domain in R¢, bounded or not, with Lipschitz boundary.
Define the bilinear forms a,, and b, by

G, H'(w) x HY(w) = R, (W,0) / Vu(z) - Vo(x)dz;

by LP(w) x L*(w) — R, (@,7) — / U(z)o(z)dz.
Then the pair (5w,3w) generates a densely defined selfadjoint operator B, on
L?(w), which is commonly interpreted as the operator —A on w with Neumann
boundary condition.
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In this paper we are interested in the case w = )., where ()., for € > 0 small,
is ‘thin’ of order €. As ¢ — 0T, the domain ). ‘degenerates’ to some limit set,
which may no longer be a domain in R¢. Qur purpose is then to determine the
asymptotic behavior of the corresponding family (Bg_), as ¢ — 0.

More specifically, let M C R’ be a smooth k-dimensional submanifold of
R? and & D M be a normal (tubular) neighbourhood of M with normal pro-
jection ¢. For e € [0,1] define the squeezing operator T'e:Ud — U by x +—
ex+(1—¢)s¢(x). For any domain  in R® with Lipschitz boundary and C1©Q C U
we set Q. = T'.(Q) and B, = Bq,_ for ¢ € ]0,1]. A particular case is the
flat squeezing case in which, writing R = RF x R¢=F 2 = (1,22), we set
M =RF x {0}, U = R? and ¢(z) = (21,0).

Now using the change of variables defined by I'. we may pull B. back to
L?(Q) and thus obtain the densely defined selfadjoint operator A. in L?(Q)
given by:

(a) ue D(B,) if and only if uoT'. € D(A.);

(b) Ac(uoT.) = (B.u)oI. for u € D(B,).

If © is bounded, then there is a closed linear subspace L2(Q) of L?(Q) and
a densely defined selfadjoint operator Ay on L%(Q) such that, as e — 0T, the
eigenvalues and eigenfunctions of A. converge, in a certain strong sense, to the
eigenvalues and eigenfunctions of Ag. This spectral convergence result was first
proved in [6] (cf. also [7]) in the flat squeezing case, and later in [9] in the general
curved squeezing case.

The spectral convergence theorem implies various Trotter—Kato-type linear
convergence theorems of the C%-semigroups e~*4< to e *A0_ cf. [6], [2], [9], which
are used to prove attractor semicontinuity and Conley index continuation results
for reaction-diffusion equations with nonlinearities satisfying certain growth as-
sumptions.

It is shown in [3] that certain abstract singular spectral convergence proper-
ties of families of selfadjoint operators imply fairly general linear convergence
results. These abstract results are then applied in [3] to reaction-diffusion equa-
tions with localized singularities, while in [10] they are applied to general curved
squeezed domains, relaxing the growth assumptions from [6], [2], [9].

If 2 is unbounded, then, in general, the operators A. do not have compact
resolvents and so spectral convergence results in the above form are not expected
to hold. However, as shown in [1] in the flat squeezing case, the resolvents of
A converge in some sense to the resolvents of Ay and this is sufficient for the
validity of a corresponding linear convergence result.

It is the purpose of this paper to extend the above results from [1] to the
curved squeezing case. To this end we impose a geometric condition on M
requiring that M have bounded normal curvature, see Subsection 2.2. This
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condition is trivially satisfied in the flat squeezing case (the normal curvature of
M = RF x {0} being zero) and for compact manifolds M. A simple example
of a noncompact manifold with bounded normal curvature is provided by the
graph of the exponential function exp: R — R, while the graph of the function
9:10,00[ — R, = — sin(1/z), is a manifold with unbounded normal curvature.

Given a manifold with bounded normal curvature there is normal neighbour-
hood U of M such that for every open set 2 with C1Q2 C U/ the analogue of the
above mentioned resolvent convergence holds, see Theorem 2.11. We also ob-
tain the corresponding Trotter-Kato-type convergence results, see Corollary 4.5.
This latter result is actually obtained, in the spirit of [3], as a consequence of an
abstract resolvent assumption, cf. condition (Res) and Theorem 3.4.

The paper is organized as follows. In Section 2 we introduce some notation
and discuss the concept of bounded normal curvature for a smooth k-dimensional
submanifold M of R’. We prove that M has bounded normal curvature if and
only if M has bounded second fundamental form (cf. Proposition 2.2). We
also state the main result of this paper, a resolvent convergence for the Laplace
operator in the curved squeezing case (cf. Theorem 2.11). The abstract condition
(Res) is introduced in Section 3, where we show that this condition implies two
linear convergence results (cf. Theorem 3.4). The proof of Theorem 2.11 is given
in Section 4.

2. Curved squeezing and resolvent convergence

In this section we introduce some notation and establish preliminary results
required for the statement of the resolvent convergence result for the Laplace
operator on curved squeezed domains.

In this paper all linear spaces are over the reals.

2.1. Let H be a linear space and V be a linear subspace of H. Let a: V xV —
R be a bilinear form on V and b: H x H — R be a bilinear form on H. Define
R = R(a,b) to be the set of all pairs (u,w) € V x H such that a(u,v) = b(w,v)
for all v € V. We call R the operator relation generated by the pair (a,b). If R
is the graph of a mapping B: D(B) — H, then this map is called the operator
generated by the pair (a,b).

The following result is well-known (cf. also [8, Lemma 4.4 and its proof]).

ProrosiTION 2.1. Let V', H be two Hilbert spaces. Suppose V is a dense
linear subspace of H and the inclusion map from V to H is continuous. Let
b= (-, ) be the inner product of H and ||-|| and |-| denote the Euclidean norms
of V.and H. Let a:V xV — R be a symmetric bilinear form on V. Assume
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that there are constants d, C, a € R, a > 0, such that, for all u, v €V,
la(u, v)| < Cllull[[v],
a(u,u) > allul|* — djul.

Then the operator relation generated by (a,b) is the graph of a densely defined
selfadjoint operator B in (H,b). If d = 0, then B is positive, D(B'/?) =V and

a(u,v) = b(Bl/2u,Bl/2v), foru,veV.

Given a Hilbert space (H, (-, - )p) and a densely defined selfadjoint operator
A on (H,(-,-)n) which is nonnegative, i.e. (Au,u)y > 0 for u € D(A), the
operator A + I, where I = Idy, generates a family (A+ I)*:D((A+1)¥) — H,
a € [0,00[ of fractional power spaces. The space D((A + I)?), equipped with
the scalar product

(2.1) (1,0) = (w0 atnye = (A + 1), (A+ 1)) g
is a Hilbert space.

2.2. We assume throughout this paper that ¢, k and r are positive integers
with 7 > 2, £ > 2 and k < £. Let (-, -) be an inner product on R and | - || be
the corresponding Euclidean norm.

Let M C R’ be a k-dimensional submanifold of R’ of class C". Given
m € [1..7] and p € M, a C™-curve in M at p is a C™-map ~:]—6, [ — R for
some 0 € ]0,00[ with y(]—9,d[) C M and (0) = p. We identify, in the usual
way, the tangent space T, M to M at p with the linear subspace of R consisting
of all points 7/(0) € R* where v is a C'-curve in M at p.

If Visopenin M, p € V, E is a normed space and f:V — F is differentiable
at p, then there is an open set U = U, in R! with p € U and a map f =
};,: U — FE with ﬁ(UﬂV) = fiwnv) and j‘vis differentiable at p. The derivative
Df(p): Tp(M) — E of f at p is defined as the restriction DJ?|TP(M)- Df(p) is
independent of the choice of U or f

For p € M let Q(p):R* — R’ (resp. P(p):R’ — R) be the orthogonal
projection of R* onto T,,(M) (resp. T;-(M)). Thus P(p) = Idg: —Q(p).

It is well known that Q: M — L(R’ RY) is of class C" ™! (cf. Remark 4.2).

It is also well known that (DQ(p)a)b € T,;-(M) for each p € M and all a,
b € T,(M) (cf. Remark 4.2) and the map

IL,: T, (M) x T,(M) — T, (M), (a,b) — (DQ(p)a)b

is bilinear and symmetric. The map II, is called the second fundamental form
of M at p. Let sp: T,(M) — T;-(M) be the quadratic form of IL,,, i.e. s,(a) =
I, (a,a) for a € T,(M). Let

|| = sup{ [T, (a, b)[| | (a,b) € T, (M) x T, (M), [lal| <1, [|b]| <1}
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and
[spll = sup{ [|sp(a)| | @ € Tp(M), [lal| < 1}.

It follows from the polarization identity that
(2.2) l[spll < [ITLp[| < 2|sp]l-

Given a C? curve v in M at p with 7/(0) # 0 its normal curvature c(p) is

defined as ¢ (p) = [|P(p)y"(0)]|/[7(0)]1%.
We say that M has bounded normal curvature if

sup{c,(p) | p € M and 7 is a C? curve in M at p with 7/(0) # 0 } < c0.
We say that M has bounded second fundamental form if
sup{ |1, (a,b)|| | p € M, (a,b) € T,(M) x T,(M), [lal| <1, [|b]| <1} < oc.

Since s,(7/(0)) = (DQ(p)7'(0))7/(0) = P(p)y”(0) for every C? curve v in M at
p and since for each a € T,(M) there is a C? curve v in M at p with a = ~/(0),
the following result follows from (2.2):

PROPOSITION 2.2. M has bounded normal curvature if and only if M has
bounded fundamental form.

Moreover, the following result holds.

PROPOSITION 2.3. The following conditions are equivalent:
(8) Mo = 5up(y 0 oyen [ (DQ(p)a)el] < oo, where

A={(p.a,c) € MxT,(M) x T,-(M) | [lal| < L, [|el| < 1}
(b) M has bounded second fundamental form, i.e.

Mj:= sup ||(DQ(p)a)b| < oo,
(p,a,b)e A’

where A" = { (p,a,b) € M x T,(M) x T,(M) | |la|| <1, ||b]| <1}.
The proof of Proposition 2.3 is given in Section 4.

DEFINITION 2.4. An open set U in R® with M C U is called a normal
neighbourhood (or mnormal strip) of M if there is a map ¢:U — M of class
C1, called an orthogonal projection of U onto M and a continuous function
d: M — 10, 00], called the thickness of U such that:

(a) whenever z € U and p € M then ¢(z) = p if and only if the vector z —p
is orthogonal to T, M (in R¥) and |z — p|| < §(p);
(b) ex+ (1 —¢)p(x) €U for all x € U and all € € [0, 1].
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REMARK. Although in the papers [9], [10] the condition M C U is erro-
neously missing, it is implied and satisfied by all normal neighbourhoods con-
structed and considered there.

The following result follows immediately from Definition 2.4:

LEMMA 2.5. Let U, ¢ and 0 be as in Definition 2.4 and 69: M — 0, 0]
be a continuous function with 0o < §. Let Uy be the set of all x € U with
|z — &(x)|| < do(¢p(x)). Then Uy is a normal neighbourhood of M (relative to
the orthogonal projection ¢o = ¢y, and the thickness do).

For the rest of this paper assume the following hypothesis:
(2.3) M has bounded normal curvature, i.e. bounded second fundamental form.
Choose M € R arbitrarily with
(24) sup{ [(DQ(p)a)e | (p,a,c) € M x T,(M) x T, (M),
lall <1, flef <1} < M < oo.

This is possible by assumption (2.3) and Proposition 2.3.
The following proposition is proved in Section 4.

PROPOSITION 2.6. Let qq € ]0,1[ be arbitrary and M be as in (2.4). There
is normal neighbourhood U of M with normal projection ¢ and thickness § such
that Mé(p) < qo for all p € M.

For the rest of this paper we fix a ¢o € ]0,1[ and a normal neighbourhood
U with normal projection ¢ and thickness § such that the assertions of Proposi-
tion 2.6 are satisfied.

2.3. For ¢ € [0,1] define the maps I'.:U — U by
z — ¢(x) +e(z — ¢(z)),

Je:U — R by J.(x) = [det(DI'e(2) 1, ,, (Mm))|, ¢ €U, and Se:U — L(R*,RY) by

(2.5) Se(x)h = D(Te(2))h — (DQ((2))(Dd(I'=(x))h)) (x — d(x))

for x € U and h € R’.

In the sequel, given a linear map B: R’ — R? we denote by BT the adjoint
of B relative to the scalar product (-, ).

For the rest of this paper we will assume that

(2.6)  Qis open in R® with C1(2) C U. For € € ]0, 1], we write Q. = ['(Q).

For € € ]0, 1] define the following bilinear forms:

a.: H' () x H'(Q.) — R, (w,v) /Q Vu(z) - Vo(x) d;
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ao: HY Q) x HY(Q.) — R, (W,0) e ) / Vi(z) - Vo(z) de
b L2(0) x L2(Q%) — R, (u,0) H/
bo: L2(Q.) x L2(Q.) — R, (@,0) > e R /Q u(x)o(z) de,
and finally let a.: H*(2) x H'(Q) — R be defined by
(u,v) /J (2)"Vu(z), Se(x)T Vo(z)) dz

+? QJE( z){(P(x)Vu(z), P(z)Vo(z)) dz, u,v € H(Q).

For ¢ € [0,1] define the bilinear form b.: L?(Q) x L*(Q2) — R by

be (u,v) = / Jo(z)u(z)v(z)de, u,ve L*(Q).
Q
We have
(2'7) ae(uvu)+g€(uau> = |uﬁ'{1(95)a € 6}071]a UEHI(QE)'

Let ¢ € ]0,1] be arbitrary. Then, Proposition 2.1 and (2.7) imply that the
pair (e, be) generates a densely defined selfadjoint operator B, in (L2(£.), b.),
which we interpret, as usual, as the operator —A on 2. with Neumann boundary
condition on 89.. Since d. = e~ Mg, and b, = 5*(4”“)’55, we see that

the pair (d.,b.) generates B, and both B, and B, + Idz2(q,) are
(2.8)  densely defined selfadjoint linear operators in (L?(9.), b.) with B, +
Idpz2(q.) positive.

Furthermore the following estimates hold:
PROPOSITION 2.7. There are constants k1, ko € |0, 00[ such that
(2.9) k1be(u, u) < |u|2L2(Q) < kobo(u,u), fore €[0,1] and u € L*(9).

The proof of Proposition 2.7 is given in Section 4. Let us now define the
space
HXQ):={uec HY(Q)| P(z)Vu(r) =0 a.e.}.
Note that

(2.10)  HX(Q) is a closed linear subspace of the Hilbert space H'(2).
Now define the ‘limit’ bilinear form

ap: HX(Q) x HY(Q) — R, (u,v) — A Jo(x)(So(z)T Vu(zx), So(x)T Vu(x)) d.
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Finally, let L2(Q) be the closure of H:() in L?(Q2). Note that
(2.11)  L%(Q) is a closed linear subspace of the Hilbert space L?((2).
For £ €10,1] and u, v € L?(Q) set
(u, v)e := be(u,v).
For € €10,1] and u, v € H*() set
{u,v))e = ac(u,v) + b (u,v).
By (2.9), (-, -)e (resp. (-, - )c) is a scalar product on L?(2) (resp. H!(Q)). Let
| - |c (resp. || - ||lc) be the Euclidean norm on L?() (resp. H'(2)) induced by
(-, )e (vesp. (-, - )e). Furthermore, for u,v € L2(f2) set
(u,v)o := bo(u,v).
Finally, for u,v € H}(Q) set
{u, v)o = ao(u,v) + bo(u,v).
Again by (2.9), (-, - ) (resp. {{ -, - ))o) is a scalar product on L?(2) (resp. H1(Q)).
Let |-|o (resp. ||+ [jo) be the Euclidean norm on L2(£2) (resp. H1(Q)) induced
by (-, -)o (resp. {(-, - o). By (2.9) the norms | - |, £ € [0,1], are all equiva-
lent to the usual norm on L?(Q), with equivalence constants independent of e.
Writing H® = L%(Q) for ¢ €]0,1] and H® = L2(£2) we thus see that
(2.12) fore €[0,1], (HE, (-, -)e) is a Hilbert space.

We have the following result which is also proved in Section 4.

PRrROPOSITION 2.8. The following properties hold:

There exist constants 1, Y2 € |0, 00[ such that
Yalul i) < ||lulle < (1/e*)v2|ulgi(q) for alle €10,1] and u € H(Q)

(213) '

lulm@) < llullo < v2lulm @) for all u e H(Q)
and

there exists a constant C' € |1, 00 such that, for e €10,1],
(2.14) llulle < Cllullo and ||ullo < C||lu|le, whenever u € H(R)

and
lul. < Clulo and |ulo < C|ul., whenever u € HO.

We obtain from (2.13) that the norm || - || is, for each ¢ € [0, 1], equivalent
to the usual norm | - |1 (q).

Now let (ug)y in H1(2) be a || - [|[o-Cauchy sequence. By (2.14) we have that,
for any given e € ]0,1], (ux)x is a [ - ||-Cauchy sequence and consequently also
a | - |1 ()-Cauchy sequence. Thus, for some u € H'(Q), the sequence (ug)
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converges to u in the | - |g1(g)-norm. Hence u € H}(2) as HL(R) is closed in
H'() in the | - |1 (q)-norm. It follows that (ug), converges to u in the || - ||.-
norm and thus, since uy —u € HY(Q) for k € N, (ug) converges to u in the
| - lo-norm. It follows that (H1(Q),{(-, -)o) is a Hilbert space. By definition,
HL(Q) is dense in (H?, (-, - )o).

Altogether we obtain that
for e € ]0,1], (HY(Q),{-, - )e) is a Hilbert space which is continu-
ously and densely embedded in (H®, (-, -)c).
(HL(Q), (-, - )o) is a Hilbert space which is continuously and densely
embedded in (H?, (-, -)o).

(2.15)

Now, using (2.13) we obtain the estimates

(2'16) as(uvu) > '712|u|%11(ﬂ) - |u\§, €€ ]07 1] y U € HI(Q)v
(2.17) ao(u,u) = 9 lulhq) — ulf, w€ Hy(Q).
Proposition 2.1 together with (2.16) and (2.17) implies that,

(218 for e € [0, 1], the pair (ac, (-, - ).) generates a densely defined selfad-
' joint operator A, on (H®, (-, )¢).

The definition of a. implies that
(2.19) A, is nonnegative, i.e. (Acu,u). >0 for € € [0,1] and u € D(A,).

Let us relate the operators A, and B, ¢ € ]0,1], to each other. Note
that, for € € ]0,1], the inverse IZ1:U — U of T exists and is given by y
d(y) + ey — éd(y)) so 't is of class C"~1 and

(2.20) D(I'ZY)(y)w = Do(y)w+e H(w—Do(y)w), e€]0,1],y €U, we RE.

Define
Lo:U — L(RYRY), 2z DY (T (x)).

PROPOSITION 2.9. For e €10,1], the assignment
ur—u=uo (')

restricts to linear isomorphisms L*(2.) — L*(Q) and H'(Q.) — H*(2). More-

over,

Vu(To(z)) = (L(x)T (Va(z)), for allu € H'(Q.) and almost all x € .
For e €10,1],
(2.21) ac(uo (Ie)j,vo (e))n) = a-(u,v), for allu,v € H'(Q).
Moreover,

(2.22) b-(uo (Te)g,vo (Te)a) = be(u,v), for all u,v € L*(Q).
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For the proof of Proposition 2.9 we refer to Section 4. Using formulas (2.21)
and (2.22) we obtain the following

PROPOSITION 2.10. The (linear) operators B, (resp. A.) defined by (ae,be)
(resp. (ae,be)) satisfy the following properties:

(a) we€ D(B.) if and only if uo (I'.)jq € D(A.);

(b) Ac(uo (Te)n) = (Beu) o (I's))q for u € D(B.).

Given ¢ € [0,1] and letting I. be the identity operator on H® we see that
the operator A, + I. is the operator generated by the pair ({{-, - Ye, (-, - )ec).
Applying Proposition 2.1 we thus obtain
Fore € [0,1], Ac+ I.: D(A.+1.) = D(A,) C H* — HF® is a densely
defined positive selfadjoint operator in (H®, (-, - )p-).

For € €]0,1], D((A. + I.)'/?) = H'(Q) and

{u, v))e = (Ac + 1)V %u, (Ac + I.)Y?0), for u, v e HY(Q).
D((Ag + Ip)'/?) = H}(Q) and

{u,v)o = ((Ag + I0)%u, (Ao + Ip)'/?v). for u, v € H}(Q).

We can now state the first main result of this paper:

(2.23)

THEOREM 2.11. Whenever (), s a sequence in ]0,1] converging to zero,
w € HY and (wy)n is a sequence in HY with |w, —w|o — 0 as n — oo, then
||(A5n + I‘En)_lwn - (AO + IO)_leEn — 0 asn — oo.

The proof is presented in Section 4.

3. An abstract convergence result for linear semiflows

In this section we introduce an abstract hypothesis, condition (Res), and we
show that this condition implies two Trotter—Kato-type convergence results for
(C%-semigroups of linear operators.

DEFINITION 3.1. We say that the family (H®, (-, -)me-, Ac)eeo,c,] Satisfies
condition (Res) if the following properties are satisfied:
(a) g0 €10, 00[ and for every € € [0,0], (H®, (-, ) <) is a Hilbert space and
Ac:D(A;) C H® — HF® is a densely defined nonnegative self-adjoint op-
erator on (H®, (-, -)g-). For a € [0, 00 write HS := D((A. + 1.)*/?),
where I. = Idp-, and (-, -)mz == (-, *)(a,41.)es> With the correspond-
ing norm | - |- . In particular, H§ = H<;
(b) for each € € ]0,g0], H is a linear subspace of H® and H{ is a linear
subspace of Hf;
(c) there exists a constant C' € |1, oo such that, for € € ]0,¢e0],

lulg; < Clulge and  |u[go < Cluly;, whenever u € HY,

lulgre < Clulgo and  |u|go < Clu|g=, whenever u € H;
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(d) whenever (,), is a sequence in ]0, g¢] converging to zero, w € H° and
(wn)n is a sequence in H® with |w,, — w|go — 0 as n — oo, then

|(A€n + Isn)il'wn - (AO + IO)ilw|H15n — 0 asn — oo.

PROPOSITION 3.2. If (H®, (-, - )H=, Ac)ec0,c0] Satisfy condition (Res), then
Jor every e €0,q], the subspace HY is closed in (HS,| - |us).

PROOF. Let € € ]0,e0] and suppose (uy,), is a sequence in HY with |u, —
u|gs — 0 as n — oo for some u € H{. Part (c) of condition (Res) implies that
|tn = tm |y < Clun — umlns,

50 (un)n is a Cauchy sequence in the Banach space (HY, |- |o). Therefore (uy, )y
converges in HY to some v in HY. But part (c) of condition (Res) implies that
[un — vls < Cluy — v|go.

Hence u = v and thus u € HY. This proves the proposition. O
REMARK 3.3. Note that, for a, t € ]0,00[ and A € [0, 00|

e M < C(a)t™® with C(a) = (a/e).

Let (H®, (-, -)ue, Ac)eclo,e,] satisfy condition (Res). Let ¢ € [0,g0] and 7 €
10, oco[. Using the Stone—Neumann operational calculus together with the above
estimate with o = 1/2 we obtain the estimates:

(3.1) le= < u|ge < |ulpe, ue He,
(3.2) |€7AETU|Hf < Cor™Y2e"u|ge, we HE,
where Cp = C(1/2).

We now state and prove the second main result of this paper.

THEOREM 3.4. Let (H®, (-, - )m-,Ac)ecio,e, satisfy condition (Res). Sup-
pose (en)n 18 a sequence in ]0,e0] with €, — 0. Then the following properties
hold:

(a) Ifug € H° and (uy)n is a sequence such that u, € H" for eachn € N
and |ty — ug|g=n — 0 as n — oo, then

—tA

le™  enu, — e_tA°u0|an —0 asn — oo,

uniformly on compact intervals in ]0, ool
(b) Ifup € HY and (uy)y, is a sequence such that u, € Hi" for eachn € N
and |ty — uo|gen — 0 asn — oo, then

letAeny,, — e_tA°u0|Hlsn —0 asn— oo,

uniformly on compact intervals in [0, ool
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Proor. We follow, with the appropriate modifications, the arguments in
the proof of [1, Proposition 3.2]. Let u € H® be arbitrary. Given n € N and
t € [0, 00 consider the function wy, = wy, ¢:[0,¢] — H*" defined by
wn(s) = (A, + I.,) " Pem Ao 079 (e 405 (Ag + Ip) " u— e A *(Ag + Io) " 'u)

=(A., + Ien)_l/Qe_Afn(t_s)e_Aos(Ao + 1) tu
— (Ao, 4+ I.,) Ve At (A + Ip) " tu.
It is an easy exercise, using the estimate (3.1) and part (c¢) of condition (Res), to
prove that w,, is continuous on [0, ¢], differentiable on ]0, ¢[ and, for all s € ]0, ¢,
w),(s) = (A, +I.,) V2 Ac emAen 905 (Ag 4 Tp)~Mu
— (A, + I,) Ve Aen (79 Age =05 (Ag + [)) " tu.
Since
(Ae, +I,) 1A e Aen =9 e=A0s (A 4 [) "l
— (Ae, + L,)te A 79 Agem 0% (Ag + Ip) Mu
= (A, +I.,)) N (As, + I, e A U8 emdos (4 4 [g) Lu
— (A, + I, ) te A t=8)g=Aos (A 4 [) " Lu
— (A., +I.,) Te A7) (A + Tg)e 4% (Ag + o) 'u
+ (A, + IL,) Ttem A 9 em A0S (4 4 Ig) Ty
— e A=) (A 4 To) e A0y — e Aen (=) (AL 4 L ) lemAosy,
it follows that
w!(s) = (A, + I, )Y 2eAen (=) ((Ag 4 Ip) " te 0%y — (A, + I.,) " te A0%u).
Let 7 € ]0, o[ be arbitrary. Since the set of all e~y with s € [0, 7] is compact
in (H°,|-|go), part (d) of condition (Res) implies that

pn(T) := sup |(A€"+I€n)1/2((A0+Io)_1e_A°Su—(A8n—|—IE”)_1e_A°Su)|Han -0
s€[0,7]

as n — 0o. The mean-value theorem now implies that, if t < 7,
(Ae,, 4+ Ie,) T2 (e A (Ag + Io) " tu — et (Ag + Io) " )| ren

= |wn(t) = wn(0)[g=n < SI}IP[I%(S)IH% < 7pu(T).
s€]0,t

Therefore we obtain

st] (Ao, + 1., )2 (et (Ag + Io) " tu — e Ant(Ag + Io) " u)|gen — 0
tel0,T

as n — oo. Thus, for each v € D(Ayp),

(3.3) sup (4., + 1., ) Y2 (e Aoty — e7Aenty)|gen — 0, as n — oco.
te(0,7]
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Since |(Ae, + 1.,) V2| c(men mreny < 1, le"A0tw]gen < Cle=4tw|go < Clw|go
and e~ Aentw|gen < Jw|gen < Clw|go for w € H® and n € N, we see that

sup |(A€n +I€n)_1/2(6_AOtw _ e—AmLtw)'HEn < 20"IU|HO.
te[0,7]

This, together with the validity of (3.3) for v € D(A) and the density of D(Ay)
in H° implies that (3.3) holds for all v € HO.

Now for all ¢ € [0, 7] we obtain, using (3.3), (3.1) and part (d) of condition
(Res), that

(Ae, +I.,)" (e (Ao + To) ~'u— e Ant(Ag + I) ™) ren
<|(Ae, + L,)Y2 (e Ag + Io) tu — (Ao, + I.,) " te™ o) [ gen
+1(Ae, + Ien)l/Q((Asn + Isn)_le_AOtu - e_AE"t(AEn + Ien)_lu)lHEW
+(Ae, + L, )2 (e At (AL, 4+ I.,) " hu — e Aot (Ag + To) ") | grew
<[(Ae, + [En)l/g((AO + IO)_le_AOtu —(4Ac, + Isn)_le_AOtu)len
+ [(Ae, + I.,) "2 (em Aoty — e Aentr)| gren
+ (4, + Isn)1/2((A6n + Ian)_lu — (Ao + IO)_lu)‘HEn
<2pn(7) + i (Ae, + I.,) P (e fu — e Antu) e
te|0,T

Thus, for all v € D(Ay),

(3.4) sup |(Ae, 4 I, )2 (e Aoty — e Aenty)| e — 0 as n — oo,
te[0,7]

Now let t € [0,7] and w € H? be arbitrary.
(Ac, + I, )2 (e ™tw — e™entw) | gen
<|(Ae, + I,)2e M| e + |(Ac, + L) e Aenta| e
<C|(Ap + [0>1/2€—A0tw|H0 + (A4, + 18")1/26_Afntw|HEn =T,
where, by (3.1), (3.2) and part (c) of condition (Res),

2C,Ct12et | w|go, if t >0,
<
~ | 2Cwlgo, ift >0and we HY.

Hence, if 5 € ]0, 7] we obtain

sup [(Ae, + I.,) Y2 (e7 A0ty — e Aentiy) | gen < 200C B~ 26T W] go.
t€[B,7]

Moreover, if w € HY we have

sup |(Ae, + I.,) 2 (e Aotw — e=Aentw) | pen < 2C|w| go.
te(0,7]
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This implies, together with the validity of (3.4) for v € D(Ap) and the density
of D(Ap) both in (HY, |- |z0) and in (HY, |- |zo), that

(3.5)  sup |e” Aoty — e_AE'ﬂtu|Hlen —0 asn— oo, ifuec H” and 8 €]0,7]
te[B.7]

and

(3.6) sup |e” A0ty — e Anty|yen — 0 as n — oo, if u € HY.

telo,7] !
Now, if ug and (uy), are as in part (a), then for 8 € 10,7, t € [3,7] and n € N
we have

—Apt A —Apt A

le ug — e~ E"tun|Hlan <le ug — e~ E"tu0|Hlen + e~ Aent (uy — Un )| pren

< |efA°tu0 - efAE"tu0|Hlsn + C’Oﬂfl/267|un — Ug| Hen -

Together with (3.5) this implies part (a) of the theorem.
If up and (uy), are as in part (b), then for ¢ € [0,7] and n € N we have

le Aoty — e*AE"tun|Hlsn < e~ Aoty — e*AE"tu0|Hlsn + e~ Aent (uy — Un )| pren

< Je™ug — ™A ug| ren + fu — uol g -

This together with (3.6) implies part (b) of the theorem. The theorem is
proved. |

4. The proof of Theorem 2.11

In this section we prove Propositions 2.3, 2.6-2.9 and Theorem 2.11.

We will need the following easy local result:

LEMMA 4.1. For every q € M there is an open set V, in M and C™~*-maps
hi = hgi:Vy — R i€ [1..k] and v = vy;:V, — RS, j € [1..0— k] such
that for every p € V; the vectors h;(p), i € [1..k], form an orthonormal basis
of T,M, and the vectors v;(p), j € [1..£ — k|, form an orthonormal basis of the
orthogonal complement T;-(M) of T,M in R".

It follows that

k
(4.1) Q(p)h=> (h,hi(p)hi(p), q€M, peV,, heR
i=1
and

l—k
(42)  (Idge —Q(p))h = P(p)h =) (h,v;(P)vj(p), a€M, p€Vy heR".

j=1
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Therefore we obtain
k

(4.3) (DQ(p)a)b =Y _({b, Dhi(p)a)hi(p) + (b, hi(p)) Dhi(p)a),

i=1

qEM, peV,, acTyM), beR"

/—

(44) = (DQ(p)a)b = ) ({(b; Dvj(p)a)v;(p) + (b,v;(p)) Dv;(p)a),

J

=

I
-

geEM, peV,, aeTy(M), b e R
REMARK 4.2. Tt follows from (4.1), (4.2) and Lemma 4.1 that Q: M —
LR RY) and P: M — L(RY,R?) are C"!-maps. Moreover, (4.3) and (4.4)
imply that, for p € M and a € T,(M), (DQ(p)a)b € T,-(M) for b € T,,(M) and
(DQ(p)a)c € T,(M) for ¢ € T;-(M).
LEMMA 4.3. For allqe M, allp € V, and all a € T,(M)
k

> I(DQ@)a)hi () = Z 1((DQ(p)a)v; (p))|*.

i=1

PrOOF. It follows from (4.3) and (4.4) that for p € V;, and a € T,(M)

k
(DQ(p)a)v;(p) =Y (vi(p), Dhi(p)a)hi(p), j € [L..£—k],

~(DQWI(D) = 3 (hu(p), Dy (Pasp), i€ (LK.

Given ¢ € [1..k] and j € [1..¢ — k] we have (h;(p),v;(p)) = 0 for p € V, and we
obtain

N .
Ea

(Dhi(p)a,vj(p)) + (hi(p), Dv;(p)a) = 0,

—k
(DQ(p)a = Z (Dhi(p)a,vi(p))v;(p), i€ [1..k].
Hence ”
1(DQ(p)a)v;(p)|I* = ZI vi(p (p)a)?, jel..f—k,
1(DQ(p)a)hi(p)||* = ZIDh p)a,vi(p))|*, i€l k.

Finally we conclude

k l—k

.
S IPQEI®I* = 3" 3 [(v;(p). Dhi(p)a)

=1 j=1
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and
—k k

L—k
Z I((DQP)a)v; ))I* =D > [(v(p), Dhi(p)a)[*. 0

j=1i=1
PROOF OF PROPOSITION 2.3. Let p € M be arbitrary. Lemma 4.1 implies
that there is a ¢ € M with p € V. Let h; = hy;, @ € [1..k], and v; = v,
Jj €[1..£— k], be as in that lemma.
Given (a,b,c) € To(M) x T,(M) x T;-(M) with [la] < 1, [[b]| < 1 and
lle]] < 1, then

k k
I(DQ(p)a)d||* = | Z<b, hi(P)(DQ(p)a)hs(p) | < 18I Y (DQ(p)a)h(p) .

i=1

Lemma 4.3 implies

—k
(4.5) I(DQ(P)a)b]* < > [(DQ(P)a)v; (p))II* < MG (£ — k).
j=1
Analogously,
1—k -k
I(DQ)a)el® = [ (e, v;())(DQ(p)a)v; (p)II* < llcl*|l Y _(DQ(p)a)v; (p)]I*.
=1 =1
It follows from Lemma 4.3 that
k
(4.6) I(DQ(p)a)e|l* < Z 1(DQ(p)a)hi(p))II” < (Mg)?k.

Now (4.5) and (4.6) imply that Mg < (M{)?k and (M})? < MEZ(¢ — k), so
My < oo if and only if M| < co. This shows that (a) is equivalent to (b). O

PROOF OF PROPOSITION 2.6. By [10, Proposition 3.4] there is a normal
neighbourhood U of M with normal projection ¢ and thickness 6. If M = 0,
then there is nothing to prove. Let M > 0 and define dg: M — ]0,00] by p —
min(d(p), go/M). An application of Lemma 2.5 yields a normal neighbourhood
Up C U of M with normal projection ¢g = ¢y, and thickness Jp satisfying
Mo(p) < qo for all p € M. Dropping the index ‘0’ in ‘Uy’, ‘dp” and ‘¢y’ we
obtain the assertion of the proposition. O

Recall that g € ]0, 1] and U is a normal neighbourhood with normal projec-
tion ¢ and thickness § such that the assertions of Proposition 2.6 are satisfied.
Since z — ¢(z) € T;-(M) for z € U, it thus follows that

(4.7)  I(DQ(¢(x)h)(x — o)) < gollhll  for z € U and h € Ty(a) (M).
We also have Q(¢(z))(x — ¢(x)) = 0 for x € U, and so

(4.8) (DQ(¢(2))Do(z)h)(z — d(2)) + Q(p(z))(h — Dd(x)h) = 0 for x € U
and h € RE.
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It follows from (4.8) and the fact that Dé(z)h € Ty(,)(M) for x € U and h € R
that, for z € U and h € R

(4.9) Do(z)h = Q(é(x))h + (DQ((2))(De(x)h))(x — ¢(x)).

For e € [0, 1] recall that the map I'.: U — U is defined by x — ¢(z) +e(z—¢(z)).
It follows that

For e € [0,1], I'z is C"~'-map and, for z € U, DT<(x)(Ty(z)(M)) C
(4.10)  Tp(y(M) and DIc(x)(Typ,, (M) C Ty, (M) with DI (z)v = ev
for v € Tdf‘(m)(/\/l).

Now (4.10) implies that
det DI': (2) = det(D: () 7, ,, (a1)) - det (DT=(@) s (ag))-

Hence

(4.11)  det DI'.(x) = " " det(DT<(x)1,,,(m) for e €[0,1] and z € U.

Moreover, since

(4.12) o(T-(z)) = ¢(z), foree (0,1 and z €U

it follows that

(4.13) D(T.(x)) o DT.(x) = Dé(x), €€ [0,1], z €lU.

Using (4.12) we also obtain from (4.9)

(4.14)  Do(I'e(x))h = Q(d(x))h + (DQ(¢(2))(DP(Te(x))h))(
= Q(¢(x)h + (DQ(¢(x))(eDH(T'c())h))

Tt follows from (2.5) that

~
m
—
2
|
=
. )
N~—
N—

(4.15) Se(2)(R?) C Ty(ay(M).
Moreover, by (2.5) and (4.13) we have
Se(x)(DTe(x)h) = D(Le(2))(DLe(z)h)

= (DQ(¢(2))(D(T'e () (DT<(2)h))) (z — ¢(x))
= Do(z)h — (DQ(¢(x)) (Do (2)h))(x — d(x)).

Hence (4.9) implies
(4.16) S.(x)(DT.(x)h) = Q(p(x))h, e€[0,1], z €U, heR"
In particular,

S.(x)(DTo(2)h) = h, c€[0,1], €U, h € Ty (M)
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80 DTe (@)1, 0y (M)t L) (M) — Ty (M) is linear and injective, i.e. bijective
as Ty (z)(M) has finite dimension. We thus obtain

(4.17) DT ()1, M) = (Se(@)11,,, )~ €€[0,1], z €U,
Since Q(p)T = Q(p) for all p € M, we obtain from (4.16) that
(4.18) DT ()T o S.(2)T = Q(é(x)), e€0,1], z €U.
We also have, in view of (4.15),
(Sc(x)Tv,h) = (v, Sc(z)h) =0
fore € [0,1], z €U, h € Ty()(M), v € Td,(w)L(M). Thus
(4.19) Se(x)"v =0, c€0,1], z €U, v € Ty (M).
We have the following technical result:

LEMMA 4.4. For all eg, € € [0,1], x €U and h € R::

(a) [[Do(2)| cre rey < Cr with C1 = (1 —qo) ™"
(b ||DFE(I)||L(RZ,R£) S 02 with CQ == (2(1 - Q())il + 1)
(

)
(c) I1Se(@)llcere,rey < Cs with Cs = (14 o) (1 —qo) ™.
d) Cy < J.(z) < Cs with Cy = (KICE) " and Cs = kICE.
(e) CollQ(e(@)hll < 1Se(2) k|| < Csl|Q(p(x))h]| with Cs = C3 .
(f) [[DTc(x) — DTy (2)] £(re ey < Crle — o] with C7 = (14 (1 —qo)™1).
(8) [1S=(x) = Seo ()]l £(re ey < Csle — o] with Cs = (14 qo)qo(1 — qo) 2.
(h) |det(DTe(2)1,,,(Mm)) — det(DTs, (%) 1, (M) < Cgle — eo| with Co =

kkCY 1Oy
PRrROOF. It follows from (4.9) and (4.7) that
[Dg(x)hl| < [|b]| + M| Do)l - [l — ¢(x)]| < [|A]l + goll Do(x)A],

for z € U, h € R’. This proves part (a).
Now

(4.20) DT (z)h = Dp(x)h +e(h — Dé(x)h), e€0,1], z €U, he R’
hence, by part (a), we obtain
DT (2)h[| < | Do(x)hl| + [|hll + [[Do(2)h]| < (2(1 — q0) ™" + 1) Al

for z € U and h € R’. This implies part (b).
In view of (2.5), (4.7) and part (a) we have

[Se(2)R]| < [[DH(T(2)h]| + [[(DQ(S(2))(DP(T=(2))h))(z — ¢(2))||
< |ID@(Te (@)l + gol| DT ()]l < (14 go)(1 = go) ™[Il
for € Y and h € R*. This implies part (c).
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Let « € U. There is a ¢ € M with ¢(z) € V,. Let h; = hy,; for i €
[1..k]. For ¢, j € [1..k] let a;; = (hi(¢(z)), DT (z)h;(o(x))) and b;; =
(hi(¢(x)), DSz(x)h;(9(x))). By parts (b) and (c), |a; ;| < Ca and |b; ;| < Cs.

Denoting by Permy, the set of all permutations o of the set [1.. k] and writing
(=1)@ for the sign of o, we have

k
det(DTe ()1, (M) = det(aiz)iy = > (1) ] aioe)-
=1

o€Permy,
Thus
| det(DT e () 7,,, (M) < KIC5.
Analogously,
| det(DS.(2) 1., (m))| < KIC5.

These estimates together with (4.17) prove part (d).
Now (4.18) and part (b) yield
1Q(@(@))hll < [DTe (@) || ce re) | Se(2) T Al
= ||DTe(2)l| e ey IS () TRl < Col|Se(2) Rl
Therefore we obtain
CollQ(p(x))hl| < [[Se(x)"hll
which proves the first estimate in part (e).

To prove the second estimate in part (e) notice that it follows from (4.19)
that S.(z)T(P(¢(z))h) = 0. This implies that S.(z)Th = S.(2)T(Q(4(x))h).
Therefore, by part (c),

1Se(2) "1l = (1S ()" (@@l < I1DSe (@) | £rere) | Q(S()Al|
= [IDSe(@) | re ey |Q(d(2) ]| < Cl|Q(A(2))A].

This completes the proof of the second estimate in part (e).

An application of (4.20) yields
DU (z)h — DT (z)h = (¢ — £0)(h — Dop(x)h), e,60 €[0,1], z €U, h € R".
Hence
IDTe(2) = DTy ()| (e rey < (L+ (1= q0)"H)le —ol, .20 €[0,1], z €U.
This proves part (f).
We turn to the proof of part (g). Using formula (4.14) we obtain
D¢(Te(x))h — Do(T, (2))h = (DQ(¢(2))((e — £0) Do(T'e(x))h)
+e0(De(Te(2))h — DP(Ls, (2))h) (& — d(x)),
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and so
[Do(Tc(2))h — Do(T'e, (x))h|]
< qo(le = €ol[DH(T(x))R|| + ol DH(T(x))h — Dp(Te, (x))R]))

which implies that
(4.21) IDS(Te(2))h — DH(Tey ()| < (e — €olao(1 — o) )7
for €, g9 € [0,1], * € U and h € RY. Moreover, it follows from (2.5) that, for ¢,
co€[0,1], €U and h € R,
Se(x)h = e (w)h = (DP(Te(2))h — DH(I'e, (7))
— (DQ(¢(2))(Do(Le(z))h — Dp(Le, (2))h))(z — ¢(z))
so (4.21) implies that

[Se(z)h — Seq ()R]l < (1 + qo)[[(D(Le(x))h — DP(L'e, (x))R)||
< (14 q0)(|le — olao(1 — qo) %) |||

for e, 9 € [0,1], € U and h € RY. We finally obtain

182 (2)h = Sey (2) ]| £re ey < (14 0) (le = €olao(1 — q0) ™)

for €, 9 € [0,1] and = € U. This implies part (g).
To complete the proof of the lemma note that if a;, a;, i € [1..k] are real
numbers then

k k
[T~ IT#

k—1
< k( max max (|a;|, Ei|)) max |a; — a;.
i=1 i=1 i€[1--k] |

1€[1..k

(4.22)

This is easily proved by induction on k.

Let x € U. There is a ¢ € M with ¢(z) € V,. Let h; = hy,; for i €
[1..k]. For i, j € [1..k] let a;; = (hi(¢(x)), DT(x)hj(¢(x))) and a;; =
(hi(¢(x)), DTe, (x)h;(6(x))). By part (b) and part (f), a;;| < (2(1—g0) ™" + 1),
(@i < (2(1 —qo)~" +1) and |ai; — @i < (1+ (1= o)~ ')le — eol. Now

det(DFe (m)|T¢(m)(M)) — det(DFEO (x)|T¢(m)(M))

k k
= det(a;;)i; — det(@i )iy = > (=1)7 (H Qi,o (i) — H’dw(i)) ;
=1 =1

o€Permy,

hence, an application of (4.22) and the above estimates yield
| det(DTc (@)1, (M) — det(Dley (@)1, () (M)

k k
< Z Hai,a(i)—Haw(i)
i=1

oc€Permy, |i=1

<ER2(1 —qo) P+ D1+ (1 - o) Y|e — eol.
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This proves part (h). O

Recall that for ¢ € ]0,1], the inverse I'-*:U — U of T is given by y
é(y) + e (y — é(y)). Therefore, it follows from (2.20) that

(4.23) IDO-HWII<Cr+et+e7'Cr, £€]0,1], yeld,

where the constant C; € ]0,00[ is as in Lemma 4.4 part (a). Since L.(z) =
DY) (T.(z)) = (DTe(x))™t, z € U, we see from (4.16) that

(4.24) Q(o(x))(Lo(z)h) = Sc(x)h, €€]0,1], z €U, h e R"
Moreover, (2.20) shows that

(4.25) P(¢(x))(Le(z)h) = e *P(¢(x))h, e€]0,1], z €U, he R,

Therefore, (4.24) and (4.25) imply that

(4.26) L.(x)h = S.(x)h + e 'P(¢(z))h, e€]0,1], z €U, heR".
PROOF OF PROPOSITION 2.7. This follows from Lemma 4.4. O
PROOF OF PROPOSITION 2.8. This follows from Lemma 4.4. O

PROOF OF PROPOSITION 2.9. It follows from Lemma 4.4, the estimate (4.23)
and well known results from Sobolew space theory that, for € € ]0,1], the as-
signment u — & = u o ((I':))q) restricts to linear isomorphisms L?(Q.) — L*(12)
and H'(Q.) — HY(Q). It is easily checked that Vu(I'-(z)) = (L.(x))T (Vu(x))
for all u € H'((2.) and almost all z € €. Therefore, using Lemma 4.4 and the
change-of-variables formula we obtain formulas (2.21) and (2.22). O

PrOOF OF THEOREM 2.11. If the theorem is not true, then there exist a 5 €
10, 0ol, a sequence (,,),, in ]0, 1] converging to zero, w € H® and a sequence (wy, ),
in HY with |w, —w|go — 0 as n — oo and such that

(427) ”un - u”sn Z ﬁa ne Na

where u = (Ag + Ip) "*w and u,, = (A., + I.,) w, for n € N.
Now, for n € N, (2.14) implies

||Un||§n = <<unvun>>sn = <wnaun>sn

< Jwnle, [Unle, < lwnle, lunlle, < Clwalollunlle,

so the boundedness of (|wy,|o), implies that
(4.28) ([lwnlle, )n is @ bounded sequence.

Therefore, in view of (2.13) we see that (|un|g1(q))n bounded. Taking sub-
sequences if necessary, we may therefore assume that (u,), is weakly con-
vergent in (H'(Q),| - [g1(q)) to some u € H'(2). Now the linear operator
®: H'(Q) — L%(Q,RY), h — h, where h(z) = P(¢(z))Vh(z), x € Q, is strongly,
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hence weakly continuous, so (®(u,,)), weakly converges to ®(u) in L2(Q,R?). In
particular,

[P ()| L2(0,re) < linﬂli;f |P(un)|L2(0,rE)-

Now (4.28) and the definition of a. together with Lemma 4.4 implies that
|®(un)|r2(re) — 0 as n — oo, so that ®() = 0 in L2(Q,RY), i.e. u € HX(Q).
We show that u = u. To this end it is sufficient to show that

(4.29) (@, v)o = (u,v)o, forevery v e HX(Q).
Let v € HL(Q) be arbitrary. Then
{unsv)e, — (@, v)o
= /Q(<Vun(x), Jo. (2)Se, (2)Se, ()T Vu(z)) + un(z)J2, (x)v(x)) dx

— /Q(<V17(m), Jo(2)S0(2)So(z) " Vu(z)) + u(z)Jo(z)v(z)) do

[(uns e, — (@ 0ol < [Vun|r2@re)lJe, Se, () 0 82, ()T
— J0S0(+) 0 So ()" 1o (0, £re R V| 12(02)
+ [unlr2 (@) Je, = Jolre(@)|v|L2 (o)
+ /Q(<Vun(x), Jo(x)So(2)So(2) T Vu(z)) + un(z)Jo(z)v(x)) da
- /Q (Vii(), Jo(x)So () So () Vo (2)) + ii(x)Jo(x)o(x)) da.
By Lemma 4.4,
(4.30) |Je,Se, (+) 08, ()T =JoSo(-)0S0 ()" | Lo (@, c(re rey) — 0, a8 — 00

and |J., — Jo|pe () — 0, as n — oo.

Since the linear maps H'(2) — L2(,RY), u +— Vu and H' () — L?(Q), u— u
are strongly, hence weakly continuous, the above estimate shows that

(4.31)  for every v € HX(Q), (un,v))e, — (@, v))o as n — oo.
The same argument, replacing ‘u,,” by ‘@’, shows that

(4.32)  for every v € HY(Q), (@, v))e, — (@, v))o as n — oo.
Now, again for v € H(Q),

((un, e, = (u, )0 = (wn, v)e, — (W, v)o



RESOLVENT CONVERGENCE ON UNBOUNDED CURVED SQUEEZED DOMAINS 255

and

(wn,v)e, — (w, )0l
<|Je,, = Jolp=(@)|wnlrz@)lv]L2(0) + [Jol Lo (@)|wn — w|L2(@)lv]L2(0)
< e, = Jolnee @) Vk2lwalolv] 2 () + [Jol e @) VEz wn — wlolv]r2(0) — 0
as n — 00, SO
(4.33) for every v € HX(Q), (tn,v)e, — (u,v)o as n — oo.

n

Note that (4.31) and (4.33) prove (4.29) and we obtain that & = u. Now,
using (4.31) and (4.32) we have

(4~34) llwn — qun - <<un7un>>€n = _2<<un7u>>€n + <<“7u>>6n - —<<u,u>>0
as n — 0o. Now

{un, un e, — (u, uho = (wn, un)e, — (w,u)o
and, using the fact that (u,), weakly converges in L?(f2) to u, we obtain

[(wns un)e, — (w,u)o| < lwn — wle, [unle, + (W, un)e, — (w,u)ol

< Clwy, — wlollunlle, +[Je, — Jolr=()|wlL2(@)lunlL2(0)

_4_‘/Qun(x)g]0w(x) d:r—/ﬂu(x)n]ow(x) dx

— 0

as n — oo. Altogether we obtain that ||u, —u||., — 0 as n — oo, a contradiction
to (4.27). The theorem is proved. O

The statements (2.12), (2.23), (2.18), (2.19), (2.10), (2.11), (2.13), (2.14) and
Theorem 2.11 now imply the following result.

COROLLARY 4.5. The family (H,{-, -)r-,Ac)cclo,1] defined in Section 2
satisfies assumption (Res). Consequently, the assertions of Theorem 3.4 hold in
this case.
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