Topological Methods in Nonlinear Analysis
Journal of the Juliusz Schauder University Centre
Volume 39, 2012, 311-333

THE CONLEY INDEX OVER A PHASE SPACE FOR FLOWS

JACEK SZYBOWSKI

ABSTRACT. We construct the Conley index over a phase space for flows.
Our definition is an alternative for the Conley index over a base defined
in [5]. We also compare it to other Conley-type indices and prove its con-
tinuation property.

1. Introduction

The theory of dynamical systems provides us with several indices, such as the
fixed point index or the Morse index, which allow to examine some properties of
a given system. Recently, one of the most exploited ones has been the Conley
index, which was defined in [2] for flows and, for example, in [3] or [11] for
semidynamical systems generated by a map.

The Conley index has been used to prove the existence and behavior of an
isolated invariant set in its so-called isolating neighbourhood. Due to the local
character of the index a lot of information about an isolated invariant set is lost,
in paticular, its position in a phase space.

The idea how to overcome this difficulty was presented in [5] where the Conley
index over a base was defined for flows (see also Chapter 4). A natural problem
appeared how to extend this definition for the discrete case. The solution was
given in [7] and [8] where the Conley index over a phase space for discrete
semidynamical systems was defined. Its construction was based on a relation of

2010 Mathematics Subject Classification. Primary 37B30; Secondary 55R70, 37B35.

Key words and phrases. Conley index, isolated invariant set, continuation.

Research supported by the Polish Ministry of Science and Higher Education

(©2012 Juliusz Schauder University Centre for Nonlinear Studies

311



312 J. SZYBOWSKI

the so-called M-equivalence. If one assumes that a map generating the system
is homotopic with identity, as it is in the case of a time-one map induced by
a flow, we may introduce a new relation of a fiberwise moving homotopy (see
Chapter 2). This allows to define an alternative index for flows, which also
distinguishes two isolated invariant sets differently situated in a phase space and
is strongly related to its discrete version.

Theorem 4.16 which shows the relation between the indices may be essential
for the computer-assisted proofs concerning the isolated invariant sets for flows.
In order to use a computer for precise calculations one has to discretize the
problem.

2. Spaces over a base

2.1. Category of spaces over a base. For a given topological space X we
define the category of spaces over a base X, which will be denoted by SB(X).

DEFINITION 2.1.

Ob(SB(X)) ={(U,r,s) : U is a topological space,

r:U — X, s: X — U continuous, such that ros =1idx},

MorSB(X)((U7 T75)7 (U/’T/,S/)) = {(va) cFU — Ul? fX - X
continuous, such that Fos=s"o fand o F = for}
Identity:
idSB(X) ((U7 T, 5)7 (U7 T, 5)) = (ld U, ldX)
Composition of two morphisms:
(F7 f) € MOISB(X)((U7 T, 8)7 (U/7 Tla Sl))?
(G7 g) € MorSB(X) ((Ulv Tlv 3/)7 (U//v TN? 3”))

is defined by (G,g) o (F,f) = (Go F.go f).

REMARK 2.2. We may naturally identify r with a projection (rosor =r)
and s with an inclusion (s(X) C U). Their presence in the definition of objects
may seem to be redundant, but it is convenient in the later notation.

ExAMPLE 2.3. Given a pair P = (P, P;) of compact subsets of a metric
space (X, d) satisfying P, C P; we define U(P) as the adjunction P, U X
ie.

id| p, ’

UP) =X x0UP; x1/~,
where ~ denotes the minimal equivalence relation such that (x,0) ~ (z,1) for
each € Py. Let [z, q]p denote the equivalence class of (x,q) in U(P).
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FIGURE 1. The space over a base

Now we have a natural inclusion sp: X 3 z +— [z,0]p € U(P) and a projec-
tion rp: U(P) 3 [z,q]p — x € X.

U(P) is a metrizable space. In particular, if Py # ), then U(P) is a metric
space with a metric dp: U(P) x U(P) — [0, +00) given by a formula:

d(z1,22) for g1 = qo,

drllenale fre i) = { infyep, {dan,y) + dy,22)} for a1 £

Obviously, maps rp, sp are continuous and rp o sp = idx, so (U(P),rp,sp) €

Ob(SB(X)).

REMARK 2.4. SB is a well-defined category.
Note that the second element of a morphism in the category of spaces over
a base is always determined by the first one:

REMARK 2.5. (F, f) € Morsgx)((U,r,s),(U',r",s")) = f=1"oFos.

Therefore the second element in this morphism seems to be redundant. How-
ever, it is convenient to use it in order to make the notation clearer.

Denote a compact interval [0, 1] by L

For two morphisms in SB(X) we define the relation ~, of homotopy:

DEFINITION 2.6. (F, f),(F', f') € Morsg(x)((U,r,s),(U’,7",")).
(F,f)~ (F',fY& 3H:U xT—U’, h: X x I — X continuous:
Ho(sxidy) =8 oh, o H=ho(rxidy),
H(-,0)=F, H(-,1)=F', h(-,0)=f, h(-,1)=f".
A pair (H, h) will be called a homotopy joining (F, f) with (F”, f').
UWAGA 2.7. ~, is an equivalence relation.

REMARK 2.8. If (H,h) is a homotopy joining (F, f) with (F’,f’) — two
morphisms from Morspx)((U,r,s), (U’,1’,s")), then

(H(-,t),h(-,t)) € Morspx)((U,r,s),(U',r",s"), forevery t €L
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2.2. Homotopy types over a base. We recall the notion of the fiber-
wise deforming homotopy type defined in [5], which was a key definition for the
construction of the Conley index over a base for flows.

DEFINITION 2.9. Two objects (U,r,s) i (U’,r',s’) in the category SB(X)
are said to have the same fiberwise deforming homotopy type over X, if there
exist continuous maps ®: U — U’ and ¥: U’ — U satisfying

(2.1) Pos =4, Vos =s,
(2.2) ro® ~rrels(X), roW ~1'rels'(X),
(2.3) Vod ~idyrels(X), DoV ~idy rels’(X).

Now we define a different homotopy type for objects in the same category:

DEFINITION 2.10. Two objects (U, r, s) and (U’, 7', s") in the category SB(X)
are said to have the same fiberwise moving homotopy type over X, if there
exist (®,p) € Morggx)((U,r,s),(U',r',s") and (¥,v) € Morggx)((U',7',5'),
(U,r,s)) satisfying:

(2.5)  (¥,1) o0 (P, p) ~ (idy,idx), (®,¢) 0 (V,9) ~, (idyr,idyx).

The fiberwise moving homotopy type over X of (U,r,s) will be denoted by
[U, T, S]X.

REMARK 2.11. Having the same fiberwise moving homotopy type over X is
the equivalence relation.

The following examples illustrate the lack of relation between the fiberwise
deforming homotopy type and the fiberwise moving homotopy type. The spaces
U(P) and U(Q) are constructed according to the Example 2.3.

EXAMPLE 2.12. Let X =R, P, = {0} U{1/2" : n € N}, P, = {0}, Q1 =
{1}u{1+1/2":n e N}, Q2 ={1}.

FIGURE 2. U(P) and U(QR) have the same fiberwise moving homotopy
types and different fiberwise deforming homotopy types
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One can easily notice that fiberwise moving homotopy types over X for U :=
(U(P),rp,sp) and U’ := (U(Q),rq, sq) are equal. The maps ®, ¥, v, from
Definition 2.10 are given as follows:

®:U(P) 3 [u,qlp — [u+1,¢lg € U(Q), p:Xdu—u+leX,
U:U(Q) 3 [u,qlg — [u—1,q]p € U(P), Pv: Xs3ur—u—1€X.

On the other hand, U and U’ have different fiberwise deforming homo-
topy types over X. Otherwise, there would exist maps ®:U(P) — U(Q) and
U:U(Q) — U(P) from Definition 2.9. Then ®([0,1]p) = ®(]0,0]p) = [0,0]q
and there would exist a neighbourhood V of the point [0, 1]p in U(P) such that
D(V) C sg(X), so the image of “almost all” points from U(P) \ sp(X) by the
map Vo ® would be contained in sp(X). That would contradict ¥o® ~ id y(p).

EXAMPLE 2.13. Consider A := {1/2" : n € N}. Now take X = [-1,0] U 4,
P ={0}, Q1 ={-1}, L =Q>=0.

° °
o eee o ° o eee o °
-1 0 1 -1 0 1

FIGURE 3. U(P) and U(Q) have the same fiberwise deforming homotopy
types and different fiberwise moving homotopy types

This time U := (U(P),rp,sp) and U' := (U(Q),rq, sg) have the same fiber-
wise deforming homotopy types over X. Indeed, the maps ®: U(P) — U(Q) and
U:U(Q) — U(P) from Definition 2.9 are given by formulas:

[_171]Q if [U7q]P = [07 1]P7

2:UP) 3 fwndle = { [u,0]g  otherwise, €U,
[071]P lf [uaq]Q = [_171]Q7

vU@Q 3 [wde = { [u,0]p otherwise, € UP).

On the other hand, & and U’ have different fiberwise moving homotopy types
over X. Assume the opposite. Then there exist the maps ®:U(P) — U(Q),
U:U(Q) — U(P) and ¢,1¢: X — X from Definition 2.9. We have ®([0,1]p) =
[1,1]q. Otherwise, (¥ o ®)([0,1]p) € sp(X) and ¥ o ® % idypy. This implies

¢(0) = (porp)([0,1]p) = (rq o ®)([0,1]p) = 1.
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We have ¢ ~ idx, so ¢|a = id 4 and from the continuity of ¢ we get a contra-
diction ¢(0) = 0.

3. Isolated invariant sets

We start with a simple definition of a section, which will be necessary to
formulate and prove the property of continuation for the index.

DEFINITION 3.1. Let A C R be a compact interval. For K C X xAiAe€ A
we define its section Ky :={z € X : (z,\) € K}.

3.1. The continuous case. Definitions and theorems recalled in this sub-
section come, for example, from [2], [1], [6] and [5].

Let X be a locally compact metric space with a flow p: X x R — X. To
simplify notation, for z € X and a,b,t € R we will write z - ¢ instead of p(x,t)
and z - [a, b] instead of p(z, [a,b]).

DEFINITION 3.2. For a given subset N C X sets
InvN:={zeN:2-RC N}
InvtN:={z€N:x-Rt C N};
Inv " N:={zeN:2-RTCN}

are called respectively an invariant, positively invariant, and negatively invariant
part of N.

DEFINITION 3.3. A given set N C X is called invariant when N = Inv N.

REMARK 3.4. For every N C X the set Inv IV is the biggest invariant subset
of N.

DEFINITION 3.5. A compact set N C X is called an isolating neighbour-
hood for S if S = Inv N and S C int(N). Then we call the set S an isolated
invariant set.

Fix S — an isolated invariant set for S and N — its isolating neighbourhood.

DEFINITION 3.6. A pair P = (Py, P») of compact subsets of N is called an
index pair for S in N, if the following conditions are satisfied:
(a) S=InvN Cint(P \ P),
(b) z€e P,t>0,2-[0,t)] CN=z-[0,t] CP, (1=1,2),
(¢c)zeP,t>0,z-t¢gN=3t' €[0,t]:x-t' € Py, x-[0,t'] CN.

The set of all index pairs for S in N will be denoted by IP(S, N).
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For an index pair P € IP(S, N) we may define maps op,7p: P; — [0, 0]

sup{t >0:2-[0,¢] CclP\ P2} ifzeclP \ P,
op(x) =
0 otherwise,

(@) sup{t >0:2-[0,¢] C P, \ P2} ifxe P\ Py,
Tp(x) =
v 0 otherwise.

DEFINITION 3.7. A pair P € IP(S, N) is called regular, if op = 7p.

The set of all regular index pairs for S in N will be denoted by RIP(S, N).

The following theorem and remark come from [5]:

THEOREM 3.8. RIP(S,N) # 0.
REMARK 3.9. If p is a flow and P € RIP(S, N) then 7p is continuous.
Now recall the notion of an isolating block defined, for example, in [6].

DEFINITION 3.10. Let ¥ C X. If for some § > 0 the map
ps: X X (=0,0) 3 (b)) —z-teX
is a homeomorphism onto image, then ¥ is called a local §-section.

DEFINITION 3.11. Let B be a closure of an open set in X, ¥* and ¥~ be
two disjoint local d-sections satisfying:
(a) [(1ZH)\ =] nB =0.
(b) Xt . (=6,0)NB=(XTNB)-[0,0).
(¢c) X7 -(=6,0)nB=(X"NB)- (-4,0].
(d) If z € (bdB) \ (X~ UX™"), then there exist 1,2 > 0 such that x -
[-e1,6s] CbdBand z-—e1 € X1, 260 € B
A set B satisfying the above conditions is called an isolating block for a flow p.
Any number § satysfying the above conditions is called a collar size of block B.

REMARK 3.12. An isolating block B is an isolating neighbourhood for S :=
Inv B.

The set of all isolating blocks for S will be denoted by IB(.S).
The following theorem is proved in [6]:

THEOREM 3.13. For every isolated invariant set S and its neighbourhood V
there exists an isolating block B € IB(S) contained in V.
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DEFINITION 3.14. For an isolating block B and y € Y C B we define the
sets:
B* :=BnNX* (the sets of entrance and exit points),
A(B) :==InvTBUInv ™ B,
a*(B) :=bd BNInv =B,

O(y, B) :=the component of (y - R) N B containing y,
O(Y,B) := J Oy, B).
yey

From [1] and Remark 3.9 we get

REMARK 3.15. If B € IB(S), then (B,B~) € RIP(S,B). In particular,
functions:

0:B3y —sup{t>0:y-[0,t] C B} € [0,+0o0],
0By —sup{t>0:y-[-t,0] C B} €[0,+)]
are continuous.

As a consequence of the definition of an isolating block we have:
REMARK 3.16. Let U* be open neighbourhoods of a*(B) contained in B*.
Then there exist open neighbourhoods V* of sets B\ U* in ©* and continuous

maps eT:cly: VE — Ry, equal to a§ on the intersection of their domains such
that

recgt VT =26 (2) €X7,
r€cyg V™ =2 —et(z) e BT,
r € BT Neclg+ VT = 20,6 (z)] C B,

r€B Ncly V™ =z-[-e"(x),0] C B.
Finally, recall the definition of continuation of isolated invariant sets.

DEFINITION 3.17. Let p1,p2: X X R — X be two flows S; and S — isolated
invariant sets for p; and ps, respectively. We say that there is a continuation
between (p1,51) and (p2, S2), if there exists A C R — a compact interval, p: X x
AXR — X x A — a flow such that p(x, \,t) = (pa(z,t),A) € X x A, for each
x € X,t€Rand A € A, S — an isolated invariant set for p and a,b € A such
that p1 = pa, p2 = pp, S1 = S, and Sy = Sp.

3.2. The discrete case. In this subsection we recall the basic concepts
from the theory of isolated invariant sets for discrete semidynamical systems;
cf. [3], [4] and [11].

Let X be a locally compact metric space, f: X — X — a continuous map.
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A ST B

X

X
C S D

FIGURE 4. Two isolated invariant sets S1 and Sg related by continuation.
A, B denote fixed points for a flow p1 (top line), C, D denote fixed points
for a flow pz (bottom line), S1(S2) is an interval between A and B (C
and D), S is an isolated invariant set for an extended flow on X x A.

DEFINITION 3.18. For a set N C X we define an invariant part of N:

InvN={x e N:3: {ap}rez C N 29 =z and f(ay) = x4 for k € Z}.

DEFINITION 3.19. A set N C X is called an invariant set when N = Inv N.

DEFINITION 3.20. A compact set N C X is called an isolating neighborhood
for S:=Inv N if S Cint(N). The set S is called an isolated invariant set.

Fix S — an isolated invariant set.

DEFINITION 3.21. A pair P = (P, P») of compact subsets of X, is called an
index pair for S if and only if
(a) S = IDVCI(Pl \Pg) Q int(Pl \,Pg)7
(b) f(P2)N Py C Py,
(c) f(PL\P2)C Pr.

The set of all index pairs for S will be denoted by IP(.S).

Assume A C R is a compact interval and f: X x A — X x A is a continuous
map such that f(X x {A\}) € X x {\}, for all A € A. For A € A we define a map
fa: X — X satisfying f(z,A) = foa(z), for all z € X and A € A.

The following remark is a part of Proposition 5.2 from [11].

REMARK 3.22. If A € A, S is an isolated invariant set for f and P is an

index pair for S, then S is an isolated invariant set for fy and Py = (Pix, Poy)
is an index pair for S).

The remark is directly related to the definition of continuation of isolated

invariant sets.

DEFINITION 3.23. Assume f1, fo: X — X are continuous maps, S; and
So are isolated invariant set for f; and fs, respectively. We say that there is
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a continuation between (f1,S1) and (fe,S52), if there exists A C R — a com-
pact interval, f: X x A — X X A — a discrete semidynamical system such that
flz,N) = (fa(x),A) € X x A, for all x € X and A € A, S — an isolated invariant
set for f and a,b € A such that f1 = f,, fo = fp, S1 =5, and Sy = Sp.

Recall Theorem 1 from [4]:

THEOREM 3.24. If p: X X R — X is a flow, pr is a time-T-map (pr =
p(-,T)) where T € R, S C X is a compact set then the following conditions are
equivalent:

(a) S is an isolated invariant set for p.
(b) S is an isolated invariant set for prp.
(c) S is an isolated invariant set for py for all t > 0.

From Theorem 3.24 and definitions of continuation of isolated invariant sets
in a continuous and a discrete case one may easily prove the following lemma:

LEMMA 3.25. If p,p": X x R — X are flows, T € R, pr = p(-,T), pip =
p'(-,T), 8,8 C X are isolated invariant sets for p and p’, then continuation
between (p,S) and (p’,S’) imples continuation between (pr,S) and (p4,S").

As we have the same isolated invariant set for a flow and its discretization,
we may ask if there exists a common index pair and how it relates to isolating
blocks. The answer is given by the following theorem:

THEOREM 3.26. If p: X xR — X is a flow, S — an isolated invariant set
for p and B — an isolating block for S, then there exists Ty > 0 such that for all
T € (0,To] a pair P = (P, Py) := (BUB™ -[0,Ty], B~ - [0,T0]) is an index pair
for S (in Py) both with respect to p and to pr = p(-,T). Moreover, the pair is
regular with respect to p.

ProoF. If § is a collar size of block B, then we may choose T to be an
arbitrary number from the interval (0, ). Now take T' € (0, Tp].
First, notice that

InvP,=InvB =S Cintel(B\ B~)=intel(P, \ ) C int P.

Thus, P; is an isolating neighbourhood for S and condition (a) from Defini-
tions 3.6 and 3.21 is satisfied.

In order to get condition (b) of both Definitions take x € P,. There exists y €
B~ and tg € [0, Tp] such that z = y-to. Now if z-[0,¢] = y-[to,t+to] C Py, then
[to, t+to] C [0,Tp) and z-[0,t] C P,. Similarly, if pr(z) =z T = y-(T+1o) € P,
then T + to € [0, Tp] and pr(x) € Ps.

Finally, take z € Py \ P, = B\ B~. If for some t > 0, x -t ¢ P, then from
the definition of an isolating block there exists t’ € [0,¢] such that 2’ :=x -’ €
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B~ CPand z-[0,{] C BC P;. We have 2’ - [0,Ty] C Py, s0t >t +Tp > T.

Thus, pr(z) ¢ P1 would mean a contradiction T > T. Therefore, condition (c)

from Definition 3.6 and 3.21 is also satisfied and P € IP(S, P;) NIP(S).
Regularity of P follows from regularity of B (see Remark 3.15). O

4. The Conley index over a phase space and its properties

4.1. The Conley index — a continuous case. Consider a flow p: X xR —
X, an isolated invariant set .S, an isolating neighbourhood N for S and an index
pair P € IP(S,N) for Sin N.

The classical Conley index h(S, p) for S was defined in [2] as the homotopy
class of a space P; /Py = (P;\ P2)U[P,]. This homotopy invariant is quite simple,
however, it does not detect some important features of S such as its position in
a phase space.

This is why a new homotopy invariant, namely the Conley index over a base,
was defined in [5]. Let us recall that definition in the most general case of a base
equal to a phase space X and a gluing map idx.

Define a space U(P) and maps sp: X — U(P) and rp:U(P) — X as in
Example 2.3. The triple (U(P),rp, sp) will be called an index space over X. The
fiberwise deforming homotopy class of (U(P),rp, sp) is independent on a choice
of an isolating neighbourhood N and of a regular index pair P € RIP(S, N) and
is called the Conley index of S over a base X. It will be denoted by hiq, (S, p).

It appears that using the notion of the fiberwise moving homotopy type one
may define an alternative Conley index over base X.

To that end, take an isolating block B with its exit set B~ and using the
construction from the Example 2.3 define a block space (U(B),rp,sp5).

In order to prove the correctness of the definition of the Conley index over
a base the authors of [5] use Proposition 4.3 several times. The following remark
is its equivalent:

REMARK 4.1. If P € IP(S, Pl), Qe IP(S,Ql) and P, \ P, =0 \ Q2, then
(U(P),rp,sp) and (U(Q),rq,s¢q) have the same fiberwise moving homotopy
class over X.

PROOF. The desired maps ®: U(P)—U(Q), V:U(Q)—U(P), p,0: X = X
from Definition 2.10 are given by trivial formulas:

®([u, qlp) = [u,qlq, V([u,qlqQ) = [u,qlp, pu) =yu)=u. O

Now recall two operations defined in [6] which are performed on isolating
blocks: “shaving” and “squeezing”.
Fix an isolating block B and S = Inv B.
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Let U be an open set in ¥ 7 such that a™(B) Cc U C BT. TakeY := BT\ clU.
The set
B, := B\ O(Y, B)

created by “shaving” B is also an isolating block for .S.

LEMMA 4.2. (U(B1),7B,,88,) and (U(B),rp,sp) have the same fiberwise

moving homotopy types over X.

PROOF. Notice that P := (B; U B~,B7) is an index pair for S. We also

have

P]\P2 = (BlUB_)\B_ ZBl\Bl_
and by the Remark 4.1 it follows that (U(P),rp,sp) and (U(B1),7p,, $B,) have
the same fiberwise moving homotopy types.

We have a®(B;) C intg+ B C By C B* hence, by the Remark 3.16 there
exists an open neighbourhood V of BY \ intE+Bf' in ¥* and a continuous
function e7:clg+ V' — Ry such that if © € clg+V then z -7 (z) € £~ and if
x € Bt Nclgt V then z - [0,e7(x)] C B.

The Urysohn lemma implies that there exists a continuous function v: 7 —
[0,1] such that v|s+\y =0 and U|B+\intE+Bl+ =1.

Take § > 0 — the collar size of block B and a number §’ € (0, ). Define two
sets

Wi={y-7:yedsV, 7€[0,0(y)e” W)},
Z:={y-—1:y€eclg+V, 7 €[0,v(y)d]}.

Now we define maps
®:U(B) — U(P), U:U(P) — U(B), o, X - X

by formulas:

ly - (v(y)e™ (), qlp ifx—y-reW,
v(y)e _5_(y)+5’T PO
o(le.qlp) = | (v(y)e™ (y) 5 ),0 i fo=y ez
q=0,
[ZE,Q]P ifngUZ,

\I/([x,q]p) = [x7q]B7

y- (v(y)e™ (y)) fe=y-7eW,
(@) =4 y- (v(y)a‘(y) - WT) fe=y- —7€7Z,
x ifxg WUZ.
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One can easily check that the above maps are well-defined and continuous. More-
over, they satisfy the following:

(@, ) € Morspx)((U(B), B, s8), (U(P),rp, sp)),
(V,9) € Morspx)(U(P),rp,sp), (U(B),78B,sB))-
In order to check the condition (2.5) define auxiliary maps:
EW xI>(y-7t) — (1—tv(y)e (y) +tr € R,
:ZxI3 (y —7,t) — (1 —1%) (v(y)a_(y) e+

5 7') —tr e R.
Now define

H:U(B) xI - U(B), H:UP)x1—-U(P), h: X xI— X,
by formulas:

ly-k(y-7,t),qlp Hfz=y-TeW,
H([xv(I]B;t): [y~l(y~—r,t),0]3 ifx:y'_T€Z7 qu,

[xaq]B 1f.’L’¢WUZ7
[yk(yTvt)7Q]P 1fx:yT€W7

H/([$7q]P7t): [yl(y—T,t),O]P 1fx:y_T€Z7 q:O,
[$7Q]P 1f.’L’¢WUZ7

y-ky-7,t) fax=y-1eW,
h(z,t) =< y-ly-—7,t) fzx=y -—T€Z,

x ifxgW.
Notice that for all t € [ we have: ifx = y-7 € WNB then andifz = y-7 € WNHy
then k(zx,t) € By, so the above maps are well-defined and continuous. Homotopy
h joins ¢ with idx, so ¢ ~ idx ~ . Finally, (H,h) and (H', h) are homotopies
joining (\IJ o (b,’l/) o (p) with (ld U(B)aidX) and ((I) o \I/, @ o ’l/)) with (idU(p),idx).
As a consequence, (U(B),rpg, sg) has the same fiberwise moving homotopy type
as (U(P),rp,sp) and (U(B1),7B,,58,)- O

If 2 € B\ A(B), then z - —oj(z) € ¥+, 2 - 05(z) € £~ Put

og(z) +ok(z) ifx€ B\ A(B),
o5(e) = { +o0 it x € A(B).
and
T :=inf{op(z): = € B}.
Take TV € (0,T'). Now the set By := B\ (B~ - (—=1",0]) created by “squeezing”
B is also an isolating block for S.
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LEMMA 4.3. (U(B2),7B,,5B,) and (U(B),rp,sp) have the same fiberwise
moving homotopy types over X.

PrOOF. Take T” € (T',T). We have a~(B) C intg-: B~ so, by the Re-
mark 3.16, there exists an open neighbourhood V of bd v~ B~ in ¥~ and a con-
tinuous function e™:clg-V — Ry such that if # € clg-V then z - —eT(z) € T
and if z € B~ Nclg-V then z - [—e™(x),0] C B. Moreover, making V smaller, if
necessary, we may assume that the values of e™ on cly,- V are greater than T”.

By the Urysohn lemma there exists a continuous function v: ¥~ — [0, 1] such
that v|x-\(vup-) =0 and v|g- = 1. Define the set

Wi={y - —1:y€clg-V\ ints- B, 7 €[0,v(y)e (v)]}.

Notice that B\InvtB={y-—7:y€ B~, 7 € [0, (y)]}.
Let 3: W U (B \ InvT™B) — R be a continuous function given by formula:

0 if 0 <7 <w(y)T,
T//
Bly-—7) =\ mr—m (T —v@)T) o)’ <7 <v(y)T”,
- if 7> o(y)T".

Now we define maps
®:U(B2) — U(B), U:U(B) — U(Ba2), o, X - X
by formulas:

y-(—Bly-—71))qlp fz=y-—7eWU(B)\ InvtB),
[x,q]B ifrgWUBorze Inv'tB,

q)([xa q]32> = {

VU([z,qlB) =, 4B,
(z) = y-(—Bly--71)) ife=y-—7eWU(B\ InvtB),
= x ifrgWUBorzelnv'B,
Y(z) =z

One can easily check that the above maps are well-defined and continuous. More-
over, they satisfy the following:

((I)v 50) € MorSB(X)((U(BQ)v TBa) 532)7 (U(B)v B, SB))
(\Ila 1/’) € MorSB(X)((U(B)v B, 33)7 (U(B2)7 "Bz 332))'

In order to check condition (2.5) define an auxiliary map

EWU(B\InvTB)xI—R
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by formula:
tr if 0 <7 <oy,
e 7" — T’ ! A ! "
k(y - —,t) := W(T —o(y)T") + to(y)T" ifo(y)T' <71 <ov(y)T”,
T if 7 > o(y)T”.
Now define

H:U(Bg) xI—U(By), H:UB)xI—-U(B), hXxI—-X

by formulas:

ifr=y-—7eWU(B\ InvtB),
ifz W UBIlub z € Inv B,

Hlz, gl 1) = { v (~k(y - —7.).dlp,

fez=y-—7eWU(B\ InvtB),
ifx g WUBIlub 2 € Inv ' B,

hot) = y-(=k(y-—7,1)) ifz=y-—7eWU(B\ InvtB),
7 x ifrgWUBorzelnvtB.

The above maps are well-defined and continuous. The homotopy h joins ¢
with idx, so ¢ ~ idx ~ . Finally, (H,h) and (H',h) are homotopies joining
(U o®,1poyp) with (idy(p,),idx) and (P o ¥, o) with (idy(p),idx). Hence,
(U(B),rp,sp) and (U(B2),7B,, $B,) have the same fiberwise moving homotopy

types. 0
The following theorem enables us to define a new index:

THEOREM 4.4. For any two isolating blocks B, C' of S the fiberwise moving
homotopy types of (U(B),rp,sg) and (U(C),rc, sc) over X are equal.

PROOF. The proof is an exact repetition of the proof of Theorem 22.29
from [6], where the operations of “shaving” and “squeezing” are used. The
only difference is that we use Lemmas 4.2 and (4.3) instead of the fact that the
quotient spaces By/B; and Bz/B; have the same homotopy type as B/B~.
Therefore, we omit the proof. |

Now we may define an alternative Conley index of .S over a phase space X:

DEFINITION 4.5. The Conley mh-index of an isolated invariant set S over
a phase space X is the fiberwise moving homotopy type of a block space (U(B),
rg,sp) over X, for any isolating block B € IB(S).

The index will be denoted by lAL(S, 0)-
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4.2. The Conley index — a discrete case. Let X be a fixed locally
compact metric space, f: X — X — a continuous map, S — an isolated invariant
set for f, P = (P, ) € IP(S) — an index pair for S.

Let us briefly recall the definition and the continuation property of the Conley
index over a phase space for discrete semidynamical systems from [7] and [8].

The definition is based on the notions of M-equivalence, of the index space
and of the index map.

Consider (U,r,s) and (U’,r',s") two objects in SB(X) and two morphisms
(F, f) € Morssex) (U, 5), (Uyr, 5)), (F', f)€Morsso (U7, '), (U, 7).

DEFINITION 4.6. Two pairs ((U,r,s), (F, f)) and ((U',r',s"),(F', f')) are
M-equivalent over a base X, if f ~ f’ and there exist m,n € N, (®,p) €
Morggx)((U,r,5), (U',r',s")) and (¥,9) € Morggx)((U’,r',s'),(U,r,s)) such
that ¢ ~ f™, ¢ ~ f™ and there exists k € N such that

(@) o (F' [) f1)o(®9).

(F'

(W, 9) o (F', f') ~. (F, ) (W, ),
(W, ) o (B, ) o (F, ) « (B, fymnt,
(
)

12

*

12

*

| Z

| 2

(®,0) 0 (W, )0 (F', ) F frymntk,

The class of M-equivalence ((U,r,s),(F, f)
[((U7 T, ‘9)7 (Fa f))]X

REMARK 4.7. M-equivalence over a given base is an equivalence relation.

*

over X will be denoted by

A close relation between M-equivalence over a base and a fiberwise moving
homotopy type over a base is illustrated by the following lemma;:

LEMMA 4.8. If (U,r,s),(U’,1",s") € Ob(SB(X)), then
[(U,r,s), (idv,idx)]lx = [U',7',s), ([dvr,idx)]x
(3

[U,rs]x =[U,7",s]x.
PROOF. The lemma follows easily from definitions of both homotopy types.[]

The index space over X is a triple (U(P),rp, sp) constructed according to
the Example 2.3. The index map fp: U(P) — U(P) is defined by formula:

fo(lz, dlp) = [f(x),1]p ifqg=1, 2, f(z) € P\ P,
rEar [f(z),0]p otherwise.

Recall the main theorem of [8]:

THEOREM 4.9. For any P, P’ € 1IP(S) pairs (U(P),rp,sp),(fp,f)) and
((U(P"),rpryspr), (fpr, f)) are M-equivalent over a phase space X .
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DEFINITION 4.10. The Conley M-index over a phase space iAzd(S, f) of an iso-
lated invariant set S is an M-equivalence class of (U(P),rp, sp), (fp, f)) over X,
for any index pair P € IP(S5):

ha(S, f) = [(U(P),rp,sp), (fr, f))]x-

Recall the Theorem 5.1 from [10]:

THEOREM 4.11 (The continuation property of the discrete index). If A C R
18 a compact interval and S is an isolated invariant set for a continuous map

i X x A= X x A satisfying f(x,\) = (fa(x),\) € X x A, for each x € X and
A € A, then for any \,v € A,

ha(Sx, f) = ha(Sy. f.).
Thus, indices Ed(S)\, fr) do not depend on the choice of \.

4.3. The comparison of indices. At first, we will show that the Conley
mh-index over a phase space is more general than the classical Conley index
defined in [2].

THEOREM 4.12. Assume p,p': X x R — X are flows S, S’ are isolated
invariant sets, respectively for p and p’. Then

(S, p) = h(S',p) = h(S,p) = h(S, ).

PrROOF. Let B and B’ be isolating blocks for S and S’, respectively. There
exist (D,p) € MOI‘SB(X)((U(B), rg,ss), (U(B),rp,sp)), (¥,¢) € MorSB(X)
(U(B"),rp,sp), (U(B),rp,sp)) satistying (2.5).

Define maps @: B/B~ — B’/B’~ and i B'/B'~ — B/B~ by formulas:

Bo) = p(z) ifxe B\B™, ®([z,1]) e U(B') \ sp (X),
() = [B'~] otherwise.
~ - Y(x) ifze B \B~, ¥(z1]) e U(B)\ sp(X),
)= [B7] otherwise.
The composition 12 o { is given by formula

~ (Wo)(x) ifxzeB\B™, U ((x,1]) € UB)\ sp(X),
Yo p(z) = _ :
[B7] otherwise.
Let (H, h) be a homotopy joining (¥ o®, o) with (id y(py,idx). Define a map
lAL:B/B_ x [0,1] — B/B~ by formula:
- { h(x,t) if x € B\ B~, H([z,1]),t) € U(B)\ sp(X),
h(z,t) :=
[B7]  otherwise.
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One can easily verify that % is a well-defined continuous homotopy joining zz; op
with id B/B--

Similarly one can define a homotopy joining @ o 1Z with id g//p/—. Thus, @
and 1) are mutually inverse homotopy equivalences, so B /B~ and B’/B’~ have
the same homotopy type. 0

The following very simple example shows that the inverse implication in
Theorem 4.12 is false.

EXAMPLE 4.13. Consider the space X = R\ {0} and two flows p, p’: X xR —
X induced by differential equations

¥=x-(1—2z) and 2’ =2z (1+2).

FIGURE 5. Phase spaces of the flows p and p’.

One can easily notice that S = {1} and S’ = {—1} are attracting fixed
points which are isolated invariant sets respectively for p and p’. There is no
continuation between (p,S) and (p’,S’). The classical Conley index for both
sets is the same because p and p’ behave the same way in the neighbourhood of
their fixed points. If we choose B = [1/2,2] an isolating block for (p, S), then
B'={z € X :—z € B} =[-2,-1/2], will be an isolating block for (p’,5’). In
both cases the exit set is empty.

We define continuous maps
®:B/0 > [z] — [—z] € B'/0, U:B'/0 > [z] — [—z] € B/0,

which are mutually inverse homotopy equivalences.

We will show that (U(B),rg,sp) and (U(B’),rp’, sp’) have different fiber-
wise moving homotopy types over X. Assume the opposite. Then there would
exist morphisms (®,¢) and (V,9) satisfying (2.4) and (2.5). One can eas-
ily see that ®(U(B) \ sp(X)) would have to be contained in U(B’) \ sp/(X),
so (rp o ®)(U(B) \ sp(X)) € (—00;0). On the other hand, ¢ ~ idx, so
(porp)(U(B)\ sg(X)) C (0;+00). This would be, however, impossible be-
cause rg: o ® = porpg. Thus, E(S, p) # E(S’,p’).
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Example 4.20 illustrates a nontrivial application of the Conley mh-index over
a phase space to prove the lack of continuation between two isolated invariant
sets, whose classical Conley indices coincide.

Now we are going to compare The Conley mh-index over a phase space for
a flow and the Conley M-index for its discretization.

Let p: X x R — X be a flow with an isolated invariant set S. From Theo-
rem 3.24 we know that S is also an isolated invariant set for each discretization
pt = p(-,t), where t > 0. By Theorems 3.13 and 3.26 we can find an isolating
block B and a regular index pair P for p, which is also an index pair for pp, if
T > 0 is small. The block B and the pair P satisfy B\ B~ = P; \ Pz, so, up to
natural identifications, U(B) = U(P). We also have the following lemma:

LEMMA 4.14.

3CZ—‘O >0VT e (07T0] (fPaf) e (ldU(P)7ldX> = (ldU(B)7ldX>7
where [ = pr and fp denotes its index map.

PROOF. The desired homotopies H:U(P) x I — U(P) and h: X xI — X
are given by formulas:
[U'tT,l]p 1fq:1,u[0,tT]CP1\P2,

[u-tT,0]p otherwise,

H([u, q]p, 1) ={

h(u,t) =u-tT.

P is an index pair for all maps pyr, so H is well-defined and continuous and
(H, h) is a homotopy joining (fp, f) with (id y(p),idx). O

The above lemma and Lemma 4.8 imply

COROLLARY 4.15. Let p,p': X x R — X be two flows, S, S’ — isolated
invariant sets for p and p' (thus, for their discretizations as well). Then there
exists Ty > 0 such that for all T, T" € (0, Tp]

n(S,p) =h(S",p") & ha(S,pr) = ha(S', pips).

For a given flow p with an isolated invariant set S and positive numbers Ty
and Th, there is a continuation between (pr,,S) and (pr,,S) (homotopy along
trajectories), hence, from the continuation property of a discrete Conley M-index
over a phase space, in the above corollary we can easily ignore the assumption
that T and T” should be small.

THEOREM 4.16. Let p, p: X xR — X be two flows, S, S’ — isolated invariant
sets for p and p’ (thus, for their discretizations as well). Then, for all T,T' > 0,

R(S,p) = h(S".p") & hal(S, pr) = ha(S', pip:).
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A natural question that one can ask is: what is the relation between the
Conley mh-index over a phase space and the Conley index over a base defined
in [5]?

Examples 2.12 and 2.13 show that there is no relation between fiberwise
deforming and moving homotopy types over a phase space, even if we consider
objects (U(P),rp, sp), where P=(Py, P,) is a pair of compact sets P, C P; C X.

These examples, however, do not answer our question, as the pairs P and
@ are neither isolating blocks nor index pairs for any flow. It appears that
the answer in general is not that easy. Assuming that the exit sets for isolating
blocks are empty and taking a phase space as a base we can easily prove a relation
between the Conley mh-index and the Conley index over a base:

REMARK 4.17. Let p, p': X xR — X be two flows with isolated invariant sets
S and S’. If there exist B € IB(S) and B’ € IB(S’) such that B~ = B'~ =),
then
(S, p) = h(S',p) = hiax (S, p) = hiax (S',p').

PROOF. h(S,p) = h(S’,p'), so there exist continuous maps
®:U(B) — U(B'), V:U(B') — U(B), o, X — X
such that ¢ ~idxy ~ 1 and
rgo® =gporg ~rg, rgoV¥ =vYorg ~rp,
Vod ~idyp), DoV ~idy(py.

Define maps ®: U(B) — U(B') and ¥: U(B') — U(B) by formulas:

~ ®([u,qlp) ifq=1,
(I)([uv Q]B) = .
[U,O]B/ lfq: 0,
< U([u,qlp) ifq=1,
([u, ) = .
[u,0]p if g=0.
B~ = B’~ =0, so the above maps are well-defined and continuous and satisfy
conditions (2.1)—(2.3), hence hiay (S, p) = hiay (S, p'). O

It is quite surprising that even under so restrictive assumption the reverse
implication is not obvious.

The main problem which appears when one wants to compare these indices
is the lack of relation between homotopies in (2.2) and (2.3) and homotopies
in (2.4) and (2.5). Anyway, it is an interesting problem to solve.

4.4. Properties of the index. The fiberwise moving homotopy type of
(X,idx,idx) over X will be called a trivial Conley mh-index over a phase space
and will be denoted by [0]x.

It is obvious that ) is an isolating block for an empty set, so
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THEOREM 4.18 (The Wazewski property). Ifh(S, p) is nontrivial, then S #0.

THEOREM 4.19 (The continuation property). If A C R is a compact interval
and S is an isolated invariant set for a flow p: X x A X R — X X A such that
plx, A\ t) = (palz,t),\) CX XA, forallz € X, t € R and A € A, then for any
AV EA,

E(SM pA) = /H(Suv pu)'

PROOF. S), S, are isolated invariant sets respectively for py and p,. There
is a continuation between (Sy,py) and (S,,p,), so from Theorem 3.24 and
Lemma 3.25 we know that Sy, S, are also isolated invariant sets respectively
for pap and p,p, for any T € R. Moreover, there is a continuation between
(Sx, par) and (S, ppr). From the continuation property of the discrete index
we get

Ra(Sx, par) = ha(Su, pur)-
Thus, from Theorem 4.16 we get the thesis. 0

EXAMPLE 4.20. Consider the space X = R3\ Oz, where Oz = {(0,0,2) : z €
R} and two flows p, p’: X x R — X, for which there exists a hyperbolic periodic
orbit winding once and twice around Oz. Periodic orbits S, S’ in both cases are
isolated invariant sets, while thin cylinders B and B’ containing these orbits are
isolating blocks for S and S’.

The homotopy types of B/B~ and B’/B’~ do not depend on the number of
rotations the periodic orbits make, so h(S, p) = h(S’, p’).

Example 5.17 and Theorem 5.6 in [9] show that Ed(S, or) # iz\d(S’,p’T,) for
any T,T" > 0. Theorems 4.16 and 4.19 imply the lack of continuation between
(p,S) and (p',5").

The example may be easily generalized by considering two hyperbolic peri-
odic orbits winding p and ¢ times (p # ¢) around any line.

The same example was considered in [5], where the above result was obtained
by means of the Conley index over a base.

The following example illustrates potential applications of the mh-index in
studying dynamical systems on noncontractible manifolds.

EXAMPLE 4.21. Consider a torus X = [—1,1] x [-1,1]/=, where (z,—1) =
(x,1), forall z € [-1,1] and (—1,y) = (1,y), for all y € [—1, 1]. Define two flows
on X:

_ =0, ) 2 =ad —x,
p1 given by , 5 p2 given by ,
Yy =9 -y y =0
As one can easily notice S1 := {[z,0] € X} is an isolated invariant set of

fixed points for p; and Sy := {[0,y] € X} is an isolated invariant set of fixed
points for pa.
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s v
1

FIGURE 6. Two flows on torus

S
— | <—
—> | <—

Take By := {[z,y] € X : z € [-1,1], y € [-1/2,1/2]} and Bs := {[z,y] €
X :xe[-1/2,1/2], y € [-1,1]} as the isolating blocks for Sy and Sy. Exit sets
in both cases are empty. Obviously, the classical Conley indices in both cases
are the same.

If it were the case, as far as the mh-indices are concerned, there would exist
morphisms (®, ) and (¥, ) satisfying (2.4) and (2.5). This would imply that

Q(U(B1) \ 5B, (X)) 2U(B2) \ 8B,(X),

S0

(rB, 0 @)(U(B1) \ 55, (X)) = By
(C = D denotes C and D have the same homotopy type in X). On the other
hand, ¢ ~idx, so

(porp, )(U(B1)\ s5,(X)) = Bi.
This would contradict the fact that (®,¢) is a morphism. Thus, k(S p1) #
ﬁ(SQ, p2) and there is no continuation between these sets.
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