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WEIGHTED PSEUDO ALMOST AUTOMORPHIC SOLUTIONS
TO NONAUTONOMOUS SEMILINEAR

EVOLUTION EQUATIONS WITH DELAY
AND Sp-WEIGHTED PSEUDO ALMOST

AUTOMORPHIC COEFFICIENTS

Yong-Kui Chang — Rui Zhang — G.M. N’Guérékata

Abstract. By some new properties of Stepanov-like weighted pseudo al-

most automorphic functions established by Chang, Zhang and N’Guérékata
recently, we shall deal with weighted pseudo almost automorphic solutions

to the nonautonomous semilinear evolution equations with a constant de-

lay: u′(t) = A(t)u(t) + f(t, u(t − h)), t ∈ R in a Banach space X, where
A(t), t ∈ R generates an exponentially stable evolution family {U(t, s)}
and f : R × X → X is a Sp-weighted pseudo almost automorphic function

satisfying some suitable conditions. We obtain our main results by the
Leray–Shauder Alternative theorem.

1. Introduction

In this paper, we deal with some existence results for weighted pseudo almost
automorphic mild solutions to the following nonautonomous semilinear evolution
equation with a constant delay:

(1.1) u′(t) = A(t)u(t) + f(t, u(t− h)), t ∈ R,
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where h ≥ 0 is a fixed constant, and {A(t)}t∈R satisfies the “Acquistapace–
Terreni” condition in [1], and U(t, s) generated by A(t), is exponentially stable,
and f ∈ WPAASp(X) ∩ C(R, X) for p > 1.

In the earlier sixties, Bochner introduced the concept of almost automorphic
functions in his papers [4]–[6] in relation to some aspects of differential geometry.
G.M. N’Guérékata and Pankov introduced the concept of Stepanov-like almost
automorphy and applied this concept to study the existence and uniqueness of
an almost automorphic solution to the autonomous semilinear equation in [11].
Moreover, J. Blot introduce the notion of weighted pseudo almost automorphic
functions with values in a Banach space in [3]. Very recently, motivated by
the works [7], [11], [12], [15], [21], [16], Zhang, Chang and N’Guérékata estab-
lished some new composition theorems of Stepanov-like weighted pseudo almost
automorphic functions in [27].

In [19], Haewon Lee and Hadi Alkahby considered Stepanov-like almost au-
tomorphic solutions to equation (1.1). In this paper, we shall apply the concept
of Sp-weighted pseudo almost automorphy and the composition theorems to ob-
tain some existence results of weighted pseudo almost automorphic solution to
the nonautonomous semilinear evolution equation (1.1) with Sp-weighted pseudo
almost automorphic coefficients.

The rest of this paper is organized as follows. In Section 2, we recall some
basic definitions, lemmas, and preliminary results which will be used through-
out this paper. In Section 3, we prove the existence of weighted pseudo almost
automorphic mild solutions to the nonautonomous semilinear evolution equa-
tion (1.1). In the last section, we give a suitable example.

2. Preliminaries

Throughout this paper, we consider (X, ‖ · ‖) and (Y, ‖ · ‖Y) are two Banach
spaces. The notation C(R, X) stands for the space of all continuous functions
from R into X. We let BC(R, X) (respectively, BC(R×Y, X)) stand for the class
of all bounded continuous functions from R into X (respectively, the class of all
jointly bounded continuous functions from R × Y into X). Note that BC(R, X)
is a Banach space with the sup norm ‖ · ‖∞.

Definition 2.1 [23]. A continuous function f : R → X is said to be almost
automorphic if for every sequence of real numbers {s′n}n∈N there exists a subse-
quence {sn}n∈N such that

g(t) := lim
n→∞

f(t + sn)

is well defined for each t ∈ R, and

lim
n→∞

g(t− sn) = f(t) for each t ∈ R.
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The collection of all such functions is a Banach space and will be denoted
by AA(X).

Definition 2.2 ([10]). A continuous function f(t, s): R × R → X is called
bi-almost automorphic if for every sequence of real numbers {s′n}n∈N, there exists
a subsequence {sn}n∈N such that

g(t, s) := lim
n→∞

f(t + sn, s + sn)

is well defined for each t, s ∈ R, and

lim
n→∞

g(t− sn, s− sn) = f(t, s) for each t, s ∈ R.

The collection of all such functions will be denoted by bAA(R× R, X).

Now, like in [9], let U denote the set of all functions ρ: R → (0,∞), which
are locally integrable over R such that ρ > 0 almost everywhere. Set

m(T, ρ) :=
∫ T

−T

ρ(t) dt.

Thus the space of weights U∞ is defined by

U∞ :=
{

ρ ∈ U : lim
T→∞

m(T, ρ) = ∞
}

.

Now for ρ ∈ U∞, we define

PAA0(X, ρ) :=
{

f ∈ BC(R, X) : lim
T→∞

1
m(T, ρ)

∫ T

−T

‖f(t)‖ρ(t) dt = 0
}

;

PAA0(Y, X, ρ) :=
{

f ∈ C(R× Y, X) : f( · , y) is bounded for each y ∈ Y

and lim
T→∞

1
m(T, ρ)

∫ T

−T

‖f(t, y)‖ρ(t) dt = 0 uniformly in y ∈ Y
}

.

Definition 2.3 ([3]). Let ρ ∈ U∞. A function f ∈ BC(R, X) (respectively,
f ∈ BC(R × Y, X)) is called weighted pseudo almost automorphic if it can be
expressed as f = g + h, where g ∈ AA(X) (respectively, AA(R × Y, X)) and
h ∈ PAA0(X, ρ) (respectively, PAA0(Y, X, ρ)). We denote by WPAA(X) (re-
spectively, WPAA(R× Y, X)) the set of all such functions.

Lemma 2.4 ([22, Theorem 2.14]). Let ρ ∈ U∞. If PAA0(X, ρ) is translation
invariant, then (WPAA(X), ‖ · ‖∞) is a Banach space.

Definition 2.5 ([12], [24]). The Bochner transform f b(t, s), t ∈ R, s ∈ [0, 1]
of a function f : R → X is defined by

f b(t, s) := f(t + s).
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Definition 2.6 ([12]). The Bochner transform f b(t, s, u), t ∈ R, s ∈ [0, 1],
u ∈ X of a function f : R× X → X is defined by

f b(t, s, u) := f(t + s, u) for each u ∈ X.

Definition 2.7 ([12], [24]). Let p ∈ [1,∞). The space BSp(X) of all
Stepanov bounded functions, with the exponent p, consists of all measurable
functions f : R → X such that f b ∈ L∞(R, Lp(0, 1; X)). This is a Banach space
with the norm

‖f‖Sp = ‖f b‖L∞(R,Lp) = sup
t∈R

( ∫ t+1

t

‖f(τ)‖p dτ

)1/p

.

Definition 2.8 ([19], [24]). The space ASp(X) of Stepanov-like almost au-
tomorphic (or Sp-almost automorphic) functions consists of all f ∈ BSp(X) such
that f b ∈ AA(Lp(0, 1; X)). In other words, a function f ∈ Lp

loc(R, X) is said to
be Sp-almost automorphic if its Bochner transform f b: R → Lp(0, 1; X) is almost
automorphic in the sense that for every sequence of real numbers {s′n}n∈N, there
exist a subsequence {sn}n∈N and a function g ∈ Lp

loc(R, X) such that

lim
n→∞

( ∫ t+1

t

‖f(s + sn)− g(s)‖p ds

)1/p

= 0

and

lim
n→∞

( ∫ t+1

t

‖g(s− sn)− f(s)‖p ds

)1/p

= 0.

pointwise on R.

Definition 2.9 ([19], [24]). A function f : R× Y → X, (t, u) → f(t, u) with
f( · , u) ∈ Lp

loc(R, X) for each u ∈ Y, is said to be Sp-almost automorphic in t ∈ R
uniformly in u ∈ Y if t → f(t, u) is Sp-almost automorphic for each u ∈ Y. That
means, for every sequence of real numbers {s′n}n∈N, there exist a subsequence
{sn}n∈N and a function g( · , u) ∈ Lp

loc(R, X) such that

lim
n→∞

( ∫ t+1

t

‖f(s + sn, u)− g(s, u)‖p ds

)1/p

= 0,

and

lim
n→∞

( ∫ t+1

t

‖g(s− sn, u)− f(s, u)‖p ds

)1/p

= 0,

pointwise on R and for each u ∈ Y. We denote by ASp(R × Y, X) the set of all
such functions.
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Definition 2.10 ([27]). Let ρ ∈ U∞. A function f ∈ BSp(X) is said to
be Stepanov-like weighted pseudo almost automorphic (or Sp-weighted pseudo
almost automorphic) if it can be expressed as f = g + h, where g ∈ ASp(X)
and hb ∈ PAA0(Lp(0, 1; X), ρ). In other words, a function f ∈ Lp

loc(R, X) is said
to be Stepanov-like weighted pseudo almost automorphic relatively to the weight
ρ ∈ U∞, if its Bochner transform f b: R → Lp(0, 1; X) is weighted pseudo almost
automorphic in the sense that there exist two functions g, h: R → X such that
f = g + h, where g ∈ ASp(X) and hb ∈ PAA0(Lp(0, 1; X), ρ). We denoted by
WPAASp(X) the set of all such functions.

Definition 2.11 ([27]). Let ρ ∈ U∞. A function f : R × Y → X, (t, u) →
f(t, u) with f( · , u) ∈ Lp

loc(R, X) for each u ∈ Y, is said to be Stepanov-like
weighted pseudo almost automorphic (or Sp-weighted pseudo almost automor-
phic) if it can be expressed as f = g + h, where g ∈ ASp(R × Y, X) and
hb ∈ PAA0(Y, Lp(0, 1; X), ρ). We denoted by WPAASp(R × Y, X) the set of
all such functions.

Lemma 2.12 ([27]). Let ρ ∈ U∞. Assume that PAA0(Lp(0, 1; X), ρ) is trans-
lation invariant. Then the decomposition of a Sp-weighted pseudo almost auto-
morphic function is unique.

Lemma 2.13 ([27]). If f ∈ WPAA(X), then f ∈ WPAASp(X) for each
1 ≤ p < ∞. In other words, WPAA(X) ⊂ WPAASp(X).

Lemma 2.14 ([27]). Let ρ ∈ U∞. The space WPAASp(X) equipped with the
norm ‖ · ‖Sp is a Banach space.

Theorem 2.15 ([27]). Let ρ ∈ U∞ and let f = g + h ∈ WPAASp(R×X, X)
with g ∈ ASp(R×X, X), hb ∈ PAA0(X, Lp(0, 1; X), ρ). Assume that the following
conditions are satisfied:

(a) f(t, x) is Lipschitzian in x ∈ X uniformly in t ∈ R; that is, there exists
a constant L > 0 such that

‖f(t, x)− f(t, y)‖ ≤ L‖x− y‖ for all x, y ∈ X and t ∈ R.

(b) g(t, x) is uniformly continuous in any bounded subset K ′ ⊂ X uniformly
for t ∈ R.

If u = u1 +u2 ∈ WPAASp(X), with u1 ∈ ASp(X), ub
2 ∈ PAA0(Lp(0, 1; X), ρ) and

K = {u1(t) : t ∈ R} is compact, then Λ: R → X defined by Λ( · ) = f( · , u( · ))
belongs to WPAASp(X).
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Theorem 2.16 ([27]). Let ρ ∈ U∞ and let f = g + h ∈ WPAASp(R×X, X)
with g ∈ ASp(R×X, X), hb ∈ PAA0(X, Lp(0, 1; X), ρ). Assume that the following
conditions are satisfied:

(a) there exists a nonnegative function L ∈ BSp(R) with p > 1 such that for
all u, v ∈ X and t ∈ R( ∫ t+1

t

‖f(s, u)− f(s, v)‖p ds

)1/p

≤ L(t)‖u− v‖.

(b) ρ ∈ Lq
loc(R) satisfies

lim
T→∞

sup
T 1/pmq(T, ρ)

m(T, ρ)
< ∞.

(c) g(t, x) is uniformly continuous in any bounded subset K ⊂ X uniformly
for t ∈ R.

If u = u1 +u2 ∈ WPAASp(X), with u1 ∈ ASp(X), ub
2 ∈ PAA0(Lp(0, 1; X), ρ) and

K = {u1(t) : t ∈ R} is compact, then Λ: R → X defined by Λ( · ) = f( · , u( · ))
belongs to WPAASp(X).

Theorem 2.17 ([27]). Let ρ ∈ U∞ and let f : R × X → X be a Sp-weighted
pseudo almost automorphic function. Suppose that f satisfies the following con-
ditions:

(a) f(t, x) is uniformly continuous in any bounded subset K ′ ⊂ X uniformly
for t ∈ R,

(b) g(t, x) is uniformly continuous in any bounded subset K ′ ⊂ X uniformly
for t ∈ R,

(c) For every bounded subset K ′ ⊂ X, {f( · , x):x ∈ K ′} is bounded in
WPAASp(X).

If x = α + β ∈ WPAASp(X), with α ∈ ASp(X), βb ∈ PAA0(Lp(0, 1; X), ρ)
and K = {α(t) : t ∈ R} is compact, then the function f( · , x( · )) belongs to
WPAASp(X).

Now, we recall a useful compactness criterion.
Let h′: R → R be a continuous function such that h′(t) ≥ 1 for all t ∈ R and

h′(t) →∞ as |t| → ∞. We consider the space

Ch′(X) =
{

u ∈ C(R, X) : lim
|t|→∞

u(t)
h′(t)

= 0
}

.

Endowed with the norm ‖u‖h′ = sup
t∈R

‖u(t)‖/h′(t), it is a Banach space (see [18]

and [2]).
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Lemma 2.18 ([2], [18]). A subset R ⊆ Ch′(X) is a relatively compact set if
it verifies the following conditions:

(a) The set R(t) = {u(t) : u ∈ R} is relatively compact in X for each t ∈ R.
(b) The set R is equicontinuous.
(c) For each ε > 0 there exists L > 0 such that ‖u(t)‖ ≤ εh′(t) for all u ∈ R

and all |t| > L.

Lemma 2.19 (Leray–Schauder Alternative Theorem, [17]). Let D be a closed
convex subset of a Banach space X such that 0 ∈ D. Let F :D → D be a com-
pletely continuous map. Then the set {x ∈ D : x = λF (x), 0 < λ < 1} is
unbounded or the map F has a fixed point in D.

Theorem 2.20 ([25]). Assume that A(t), t ∈ R is a bounded linear operator
on a Banach space X and t → A(t) is continuous in the uniform operator topol-
ogy, then for −∞ < s ≤ t < ∞, U(t, s) generated by A(t), is a bounded linear
operator satisfying the following:

(a) ‖U(t, s)‖ ≤ exp(
∫ t

s
‖A(τ)‖ dτ).

(b) U(t, t) = I, U(t, s) = U(t, r)U(r, s), for −∞ < s ≤ r ≤ t < ∞.
(c) (t, s) → U(t, s) is continuous in the uniform operator topology for −∞ <

s ≤ t < ∞.
(d) ∂U(t, s)/∂t = A(t)U(t, s) for −∞ < s ≤ t < ∞.
(e) ∂U(t, s)/∂s = −U(t, s)A(s) for −∞ < s ≤ t < ∞.

3. Main results

In this paper we assume that {A(t)}t∈R satisfies the “Acquistapace–Terreni”
conditions introduced in [1], [14], that is,

(H1) There exist constants λ0 ≥ 0, θ ∈ (π/2, π), L,K ≥ 0, and α, β ∈ (0, 1]
with α + β > 1 such that

Σθ ∪ {0} ⊂ ρ(A(t)− λ0), ‖R(λ, A(t)− λ0)‖ ≤
K

1 + |λ|
and

‖(A(t)− λ0)R(λ, A(t)− λ0)[R(λ0, A(t))−R(λ0, A(s))]‖ ≤ L|t− s|α|λ|−β

for t, s ∈ R, λ ∈ Σθ := {λ ∈ C \ {0} : |argλ| ≤ θ}.
Remark 3.1 (see [1], [13]). If the condition (H1) holds, then there exists

a unique evolution family {U(t, s)}−∞<s≤t<∞ on X, which satisfies the homoge-
neous equation u′(t) = A(t)u(t), t ∈ R.

We further suppose that

(H2) The evolution family U(t, s) generated by A(t) is exponentially stable,
that is, there are constants K, ω > 0 such that ‖U(t, s)‖ ≤ Ke−ω(t−s)
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for all t ≥ s. And the function R×R 7→ X, (t, s) 7→ U(t, s)x ∈ bAA(R×
R, X) uniformly for all x in any bounded subset of X.

Consider in the Banach space (X, ‖ · ‖) the abstract differential equation:

(3.1) u′(t) = A(t)u(t) + f(t), t ∈ R

where {A(t)}t∈R satisfies the condition (H1) and f ∈ WPAASp(X)∩C(R, X) for
p > 1. Throughout this paper we set 1/q = 1− 1/p. Note that q 6= 0, as p 6= 1.

Lemma 3.2. Assume that (H1) and (H2) hold. Then the equation (3.1) has
a unique weighted pseudo almost automorphic mild solution given by

u(t) =
∫ t

−∞
U(t, σ)f(σ) dσ.

Proof. To prove Lemma 3.2, we refer Theorem 3.2 in [19]. First, we prove
the uniqueness of the weighted pseudo almost automorphic solution. Assume
that u( · ): R → X is bounded and satisfies the homogeneous equation

(3.2) u′(t) = A(t)u(t), t ∈ R

Then u(t) = U(t, s)u(s), for any t ≥ s. Thus ‖u(t)‖ ≤ MKe−ω(t−s), where
‖u(s)‖ ≤ M . Take a sequence of real numbers {sn} such that sn → −∞ as
n → ∞. For any t ∈ R fixed, one can find a subsequence {snk} ⊂ {sn} such
that snk < t for all k = 1, 2, . . . By letting k →∞, we get u(t) = 0. Now, if u1,
u2 are bounded solution to the equation (3.1), then v = u1 − u2 is a bounded
solution to the equation (3.2). In view of the above, v = u1 − u2 = 0, that is,
u1 = u2.

Now let us investigate the existence of the weighted pseudo almost au-
tomorphic solution. Since f ∈ WPAASp(X), there exist g ∈ ASp(X) and
hb ∈ PAA0(Lp(0, 1; X), ρ) such that f = g + h. So

u(t) =
∫ t

−∞
U(t, σ)f(σ) dσ

=
∫ t

−∞
U(t, σ)g(σ) dσ +

∫ t

−∞
U(t, σ)h(σ) dσ = Φ(t) + Ψ(t),

where Φ(t) =
∫ t

−∞ U(t, σ)g(σ) dσ, and Ψ(t) =
∫ t

−∞ U(t, σ)h(σ) dσ. We just
need to verify Φ(t) ∈ AA(X) and Ψ(t) ∈ PAA0(X, ρ). Above all, we prove that
Φ(t) ∈ AA(X). Consider for each n = 1, 2, . . . the integral

Φn(t) =
∫ n

n−1

U(t, t− σ)g(t− σ) dσ.

We obtain

Φn(t) =
∫ t−n+1

t−n

U(t, σ)g(σ) dσ.
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Therefore

‖Φn(t)‖ ≤ K

∫ t−n+1

t−n

e−ω(t−σ)‖g(σ)‖ dσ.

By using the Hölder’s inequality and Weierstrass test (see [10, Lemma 11.2]), we

obtain that
∞∑

n=1
Φn(t) is uniformly convergent on R. Now let

Φ(t) =
∞∑

n=1

Φn(t), t ∈ R.

Observe that

Φ(t) =
∞∑

n=1

Φn(t) =
∫ t

−∞
U(t, σ)g(σ) dσ, t ∈ R.

Clearly, Φ(t) ∈ C(R, X). Moreover, for any t ∈ R, we have

‖Φ(t)‖ ≤
∞∑

n=1

‖Φn(t)‖ ≤ Cq(K, ω)‖g‖Sp ,

where Cq(K, ω) depends only on the fixed constants q, K and ω, i.e. the param-
eters of the problem.

Now let us show that each Φn ∈ AA(X), and then we conclude that Φ ∈
AA(X). Indeed, let {sm} be a sequence of real numbers. Since g ∈ ASp(X),
there exists a subsequence {smk} of {sm} and a function g̃ ∈ Lp

loc(X) such that( ∫ t+1

t

‖g(σ + smk)− g̃(σ)‖p dσ

)1/p

→ 0 as k →∞.

Let

Vn(t) =
∫ n

n−1

U(t, t− σ)g̃(t− σ) dσ.

Then using the Hölder’s inequality we get

‖Φn(t + smk) − Vn(t)‖

=
∥∥∥∥∫ n

n−1

U(t, t− σ)[g(t + smk − σ)− g̃(t− σ)] dσ

∥∥∥∥
≤K

∫ n

n−1

e−ωσ‖g(t + smk − σ)− g̃(t− σ)‖ dσ

≤K

( ∫ n

n−1

e−qωσ dσ

)1/q( ∫ n

n−1

‖g(t + smk − σ)− g̃(t− σ)‖p dσ

)1/p

=C ′
( ∫ t+1

t

‖g(smk + σ − n)− g̃(σ − n)‖p dσ

)1/p

,

where C ′ = C ′q(K, ω). Obviously the last integral goes to 0 as k →∞.
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Similarly we can prove that ‖Vn(t − smk) − Φn(t)‖ → 0 as k → ∞. Thus
we conclude that each Φn(t) ∈ AA(X) and consequently their uniform limit
Φ(t) ∈ AA(X).

Next, we prove that Ψ(t) ∈ PAA0(X, ρ). It is obvious that Ψ(t) ∈ BC(R, X),
the left task is to show that

lim
T→∞

1
m(T, ρ)

∫ T

−T

‖Ψ(t)‖ρ(t) dt = 0.

For this, we consider

Ψn(t) =
∫ t−n+1

t−n

U(t, σ)h(σ) dσ,

for each t ∈ R and n = 1, 2, . . . From triangle inequality, exponential dichotomy
of (U(t, s))t≥s and Hölder’s inequality, it follows that

‖Ψn(t)‖ ≤K

∫ t−n+1

t−n

e−ω(t−σ)‖h(σ)‖ dσ

≤K

( ∫ t−n+1

t−n

e−qω(t−σ) dσ

)1/q( ∫ t−n+1

t−n

‖h(σ)‖p dσ

)1/p

≤K

( ∫ n

n−1

e−qωσ dσ

)1/q( ∫ t−n+1

t−n

‖h(σ)‖p dσ

)1/p

≤ K
q
√

qω
(e−qω(n−1) − e−qωn)1/q

( ∫ t−n+1

t−n

‖h(σ)‖p dσ

)1/p

≤ Ke−ωn

q
√

qω
(eqω − 1)1/q

( ∫ t−n+1

t−n

‖h(σ)‖p dσ

)1/p

≤ Ke−ωn

q
√

qω
(eqω + 1)1/q

( ∫ t−n+1

t−n

‖h(σ)‖p dσ

)1/p

.

Then, for T > 0, we see that

1
m(T, ρ)

∫ T

−T

‖Ψn(t)‖ρ(t) dt

≤ Ke−ωn

q
√

qω
(eqω + 1)1/q 1

m(T, ρ)

∫ T

−T

( ∫ t−n+1

t−n

‖h(σ)‖p dσ

)1/p

ρ(t) dt.

Since hb ∈ PAA0(Lp(0, 1; X), ρ), the above inequality leads to Ψn ∈ PAA0(X, ρ).
The above inequality leads also to

‖Ψn(t)‖ ≤ Ke−ωn√
[q]qω

(eqω + 1)1/q‖h‖Sp .

Since the series
K

q
√

qω
(eqω + 1)1/q ×

∞∑
n=1

e−ωn
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is convergent, then we deduce from the Weierstrass test that the series
∞∑

k=1

Ψn(t)

is uniformly convergent on X and

Ψ(t) =
∫ t

−∞
U(t, σ)h(σ) dσ =

∞∑
n=1

Ψn(t).

Applying Ψn ∈ PAA0(X, ρ) and the inequality

1
m(T, ρ)

∫ T

−T

‖Ψ(t)‖ρ(t) dt

≤ 1
m(T, ρ)

∫ T

−T

‖Ψ(t)−
m∑

n=1

Ψn(t)‖ρ(t) dt +
m∑

n=1

1
m(T, ρ)

∫ T

−T

‖Ψn(t)‖ρ(t) dt,

we deduce that the uniformly limit Ψ(t) =
∞∑

n=1
Ψn(t) ∈ PAA0(X, ρ). Therefore

u(t) = Φ(t) + Ψ(t) is weighted pseudo almost automorphic.
Finally, let us prove that u(t) is a mild solution of the equation (3.1). Indeed,

if we let

(3.3) u(s) =
∫ s

−∞
U(s, σ)f(σ) dσ,

and multiply both sides of (3.3) by U(t, s), then

U(t, s)u(s) =
∫ s

−∞
U(t, σ)f(σ) dσ.

If t ≥ s, then∫ t

s

U(t, σ)f(σ) dσ =
∫ t

−∞
U(t, σ)f(σ) dσ −

∫ s

−∞
U(t, σ)f(σ) dσ

= u(t)− U(t, s)u(s).

It follows that

u(t) = U(t, s)u(s) +
∫ t

s

U(t, σ)f(σ) dσ.

This completes the proof of the lemma. �

Lemma 3.3. If u ∈ WPAASp(X) and h ≥ 0, then u( · − h) ∈ WPAASp(X).

Proof. There exist u1 ∈ ASp(X) and ub
2 ∈ PAA0(Lp(0, 1; X), ρ) such that

u = u1 + u2, since u ∈ WPAASp(X). First, by [19, Lemma 3.3] we can obtain
that u1( · − h) ∈ ASp(X).

Now, we prove that ub
2( · − h) ∈ PAA0(Lp(0, 1; X), ρ).
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Since ub
2 ∈ PAA0(Lp(0, 1; X), ρ) and the space PAA0(X, ρ) is translation in-

variant, then for every h ≥ 0 we have

lim
T→∞

1
m(T, ρ)

∫ T

−T

( ∫ t+1

t

‖u2(s− h)‖p ds

)1/p

ρ(t) dt

= lim
T→∞

1
m(T, ρ)

∫ T

−T

( ∫ t−h+1

t−h

‖u2(s)‖p ds

)1/p

ρ(t) dt

= lim
T→∞

1
m(T, ρ)

∫ T−h

−T−h

( ∫ t+1

t

‖u2(s)‖p ds

)1/p

ρ(t + h) dt.

Next, the rest of the proof is similar to that of [8, Lemma 3.1], i.e. t → ub
2(t−h)

belongs to PAA0(Lp(0, 1; X), ρ). So, u( · − h) ∈ WPAASp(X). �

Let us list the following basic assumptions:

(H3) f ∈ WPAASp(R×X, X), and there exists a constant Lf > 0, such that

‖f(t, x)− f(t, y)‖ ≤ Lf‖x− y‖

for all t ∈ R and each x, y ∈ X.
(H4) The function f ∈ WPAASp(R × X, X), and there exists a nonnegative

function Lf ( · ) ∈ BSp(R), with p > 1 such that

‖f(t, x)− f(t, y)‖ ≤ Lf (t)‖x− y‖

for all t ∈ R and each x, y ∈ X.
(H5) Let ρ ∈ Lq

loc(R) satisfy

lim
T→∞

T 1/pmq(T, ρ)
m(T, ρ)

< ∞,

where 1/p + 1/q = 1 and

mq(T, ρ) =
( ∫ T

−T

ρq(t) dt

)1/q

.

(H6) The function f = g+h ∈ WPAASp(R×X, X), where g ∈ ASp(R×X, X)
is uniformly continuous in any bounded subset M ⊂ X uniformly on
t ∈ R and hb ∈ PAA0(X, Lp(0, 1; X), ρ).

The following theorems are the main results of this section.

Theorem 3.4. Let ρ ∈ U∞ and suppose that the conditions (H1)–(H3) and
(H6) are satisfied. Then equation (1.1) has a unique weighted pseudo almost
automorphic mild solution on R provided that KLf/ω < 1.

Proof. Let Γ: WPAA(R, X) → WPAA(R, X) be the nonlinear operator de-
fined by

(Γu)(t) =
∫ t

−∞
U(t, s)f(s, u(s− h)) ds, t ∈ R.
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First, let us prove that Γ(WPAA(R, X)) ⊂ WPAA(R, X). For each u ∈
WPAA(R, X), by using the fact that the range of an almost automorphic function
is relatively compact combined with the above Lemma 2.13, Theorem 2.15 and
Lemma 3.3, one can easily see that f( · , u( · − h)) ∈ WPAASp(R, X). Hence,
from the proof of Lemma 3.2, we know that (Γu)( · ) ∈ WPAA(R, X). That is, Γ
maps WPAA(R, X) into WPAA(R, X).

Now, let us prove that Γ has a unique fixed-point. To this end, for each
t ∈ R, u, v ∈ WPAA(R, X), we have

‖(Γu)(t)− (Γv)(t)‖ ≤
∫ t

−∞
‖U(t, s)[f(s, u(s− h))− f(s, v(s− h))]‖ ds

≤K

∫ t

−∞
e−ω(t−s)‖f(s, u(s− h))− f(s, v(s− h))‖ ds

≤KLf

∫ t

−∞
e−ω(t−s)‖u(s− h)− v(s− h)‖ ds

≤KLf

∫ t

−∞
e−ω(t−s) ds‖u− v‖∞ ≤ KLf

ω
‖u− v‖∞.

So ‖Γu−Γv‖∞ ≤ (KLf/ω)‖u− v‖∞. By the Banach contraction principle with
KLf/ω < 1, Γ has a unique fixed point u in WPAA(R, X), which is the weighted
pseudo almost automorphic solution to equation (1.1). �

A different Lipschitz condition is considered in the following result.

Theorem 3.5. Let ρ ∈ U∞ and assume that (H1), (H2), (H4)–(H6) hold.
Then equation (1.1) has a unique weighted pseudo almost automorphic mild so-
lution whenever

‖Lf‖Sp <
1− e−ω

K

(
ωq

1− e−ωq

)1/q

.

Proof. Consider the nonlinear operator Γ given by

(Γu)(t) =
∫ t

−∞
U(t, s)f(s, u(s− h)) ds, t ∈ R.

Let u ∈ WPAA(R, X), with the range of an almost automorphic function being
relatively compact combined with the above Lemma 2.13, Theorem 2.16 and
Lemma 3.3, it follows that the function s → f(s, u(s− h)) is in WPAASp(R, X).
Moreover, from Lemma 3.2, we infer that Γu ∈ WPAA(R, X), that is, Γ maps
WPAA(R, X) into itself.

Next, we prove that the operator Γ has a unique fixed point in WPAA(R, X).
Indeed, for each t ∈ R, u, v ∈ WPAA(R, X), we have

‖Γu(t)− Γv(t)‖ ≤
∥∥∥∥∫ t

−∞
U(t, s)[f(s, u(s− h))− f(s, v(s− h))] ds

∥∥∥∥
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≤K

∫ t

−∞
e−ω(t−s)‖f(s, u(s− h))− f(s, v(s− h))‖ ds

≤K

∫ t

−∞
e−ω(t−s)Lf (s) ds‖u− v‖

=
∞∑

n=1

∫ t−n+1

t−n

Ke−ω(t−s)Lf (s) ds‖u− v‖

≤
∞∑

n=1

( ∫ t−n+1

t−n

Kqe−ωq(t−s) ds

)1/q

‖Lf‖Sp‖u− v‖

≤ K

1− e−ω

(
1− e−qω

ωq

)1/q

‖Lf‖Sp‖u− v‖,

which implies

‖(Γu)(t)− (Γv)(t)‖∞ ≤ K

1− e−ω

(
1− e−qω

ωq

)1/q

‖Lf‖Sp‖u− v‖∞.

Since ‖Lf‖Sp < (1− e−ω/K)(ωq/(1− e−ωq))1/q, Γ has a unique fixed point u ∈
WPAA(R, X). �

We next investigate the existence of weighted pseudo almost automorphic
mild solutions to equation (1.1) when the perturbation f is not necessarily Lip-
schitz continuous. For this, we require the following assumptions:

(H7) f ∈ WPAASp(R × X, X) and f(t, x) is uniformly continuous in any
bounded subset M ⊂ X uniformly for t ∈ R and for every bounded
subset M ⊂ X, {f( · , x) : x ∈ M} is bounded in WPAASp(X).

(H8) There exists a continuous nondecreasing function W : [0,∞) → (0,∞)
such that

‖f(t, x)‖ ≤ W (‖x‖) for all t ∈ R and x ∈ X.

Remark 3.6. Let f(t, x) = sin(t) + sin(πt) + sin(x/φ(t)), where φ(t) =
max{1, |t|}, t ∈ R. According to [2, Remark 3.4], this defined function also
satisfies the condition (H7) with ρ(t) = 1 + t2.

Remark 3.7. For condition (H8), an interesting result (see Corollary 3.1)
is given for the perturbation f satisfying the Hölder type condition.

Theorem 3.8. Let ρ ∈ U∞ and conditions (H1) and (H2) hold. Let f : R×
X → X be a function satisfying conditions (H6)–(H8) and the following additional
assumptions:

(a) For each z ≥ 0, the function

t →
∫ t

−∞
e−ω(t−s)W (zh′(s− h)) ds
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belongs to BC(R). We set

β(z) = K

∥∥∥∥∫ t

−∞
e−ω(t−s)W (zh′(s− h)) ds

∥∥∥∥
h′

,

where K is the constant given in (H2).
(b) For each ε > 0 there is δ > 0 such that for every u, v ∈ Ch′(X),

‖u− v‖h′ ≤ δ implies that, for all t ∈ R,∫ t

−∞
e−ω(t−s)‖f(s, u(s− h))− f(s, v(s− h))‖ ds ≤ ε.

(c) lim inf
ξ→∞

ξ/β(ξ) > 1.

(d) For all a, b ∈ R, a < b and z > 0, the set {f(s, h′(s−h)x) : a ≤ s−h ≤ b,

x ∈ Ch′(X), ‖x‖h′ ≤ z} is relatively compact in X.

Then equation (1.1) has at least one weighted pseudo almost automorphic mild
solution.

Proof. We define the nonlinear operator Γ:Ch′(X) → Ch′(X) by

(Γu)(t) :=
∫ t

−∞
U(t, s)f(s, u(s− h)) ds, t ∈ R.

We will show that Γ has a fixed point in WPAA(R, X). For the sake of conve-
nience, we divide the proof into several steps.

(1) For u ∈ Ch′(X), we have that

‖(Γu)(t)‖ ≤K

∫ t

−∞
e−ω(t−s)W (‖u(s− h)‖) ds

≤K

∫ t

−∞
e−ω(t−s)W (‖u‖h′h

′(s− h)) ds.

It follows from condition (a) that Γ is well defined.
(2) The operator Γ is continuous. In fact, for any ε > 0, we take δ > 0

involved in condition (b). If u, v ∈ Ch′(X) and ‖u− v‖h′ ≤ δ, then

‖(Γu)(t)− (Γv)(t)‖ ≤ K

∫ t

−∞
e−ω(t−s)‖f(s, u(s− h))− f(s, v(s− h))‖ ds ≤ ε,

which shows the assertion.
(3) We will show that Γ is completely continuous. We set Bz(X) for the

closed ball with center at 0 and radius z in the space X. Let V = Γ(Bz(Ch′(X)))
and v = Γ(u) for u ∈ Bz(Ch′(X)). Firstly, we will prove that V (t) is a relatively
compact subset of X for each t ∈ R. It follows from condition (a) that the
function s → Ke−ωsW (zh′(t− s− h)) is integrable on [0,∞). Hence, for ε > 0,
we can choose a ≥ 0 such that K

∫∞
a

e−ωsW (zh′(t− s− h))ds ≤ ε. Since

v(t) =
∫ a

0

U(t, t−s)f(t−s, u(t−s−h)) ds+
∫ ∞

a

U(t, t−s)f(t−s, u(t−s−h)) ds
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and∥∥∥∥∫ ∞

a

U(t, t− s)f(t− s, u(t− s−h)) ds

∥∥∥∥ ≤ K

∫ ∞

a

e−ωsW (zh′(t− s−h)) ds ≤ ε,

we get v(t) ∈ ac0(N) + Bε(X), where c0(N) denotes the convex hull of N and
N = {U(t, t − s)f(ξ, h′(ξ − h)x) : 0 ≤ s ≤ a, t − a ≤ ξ − h ≤ t, ‖x‖h′ ≤ z}.
Using the strong continuity of U(t, s) and property (d) of f , we infer that N

is a relatively compact set, and V (t) ⊆ ac0(N) + Bε(X), which establishes our
assertion.

Secondly, we show that the set V is equicontinuous. In fact, we can decom-
pose

v(t + s)− v(t) =
∫ s

0

U(t, t− σ)f(t + s− σ, u(t + s− h− σ)) dσ

+
∫ a

0

[U(t, t− σ − s)− U(t, t− σ)]f(t− σ, u(t− h− σ)) dσ

+
∫ ∞

a

[U(t, t− σ − s)− U(t, t− σ)]f(t− σ, u(t− h− σ)) dσ.

For each ε > 0, we can choose a > 0 and δ1 > 0 such that∥∥∥∥∫ s

0

U(t, t− σ)f(t + s− σ, u(t + s− h− σ)) dσ

+
∫ ∞

a

[U(t, t− σ − s)− U(t, t− σ)]f(t− σ, u(t− h− σ)) dσ

∥∥∥∥
≤K

∫ s

0

e−ωσW (zh′(t + s− h− σ)) dσ

+ K

∫ ∞

a

(e−ω(σ+s) + e−ωσ)W (zh′(t− h− σ)) dσ ≤ ε

2

for s ≤ δ1. Moreover, since {f(t−σ, u(t−h−σ)) : 0 ≤ σ−h ≤ a, u ∈ Bz(Ch′(X))}
is a relatively compact set and U(t, s) is strongly continuous, we can choose
δ2 > 0 such that ‖[U(t, t − σ − s) − U(t, t − σ)]f(t − σ, u(t − h − σ))‖ ≤ ε/2a

for s ≤ δ2. Combining these estimates, we get ‖v(t + s) − v(t)‖ ≤ ε for s small
enough and independent of u ∈ Bz(Ch′(X)).

Finally, applying condition (a), we can see that

‖v(t)‖
h′(t)

≤ K

h′(t)

∫ t

−∞
e−ω(t−s)W (zh′(s− h)) ds → 0, |t| → ∞,

and this convergence is independent of x ∈ Bz(Ch′(X)). Hence, by Lemma 2.18,
V is a relatively compact set in (Ch′(X)).
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(4) Let us now assume that uλ( · ) is a solution of equation uλ = λΓ(uλ) for
some 0 < λ < 1. We can estimate

‖uλ(t)‖ =λ

∥∥∥∥∫ t

−∞
U(t, s)f(s, uλ(s− h)) ds

∥∥∥∥
≤K

∫ t

−∞
e−ω(t−s)W (‖uλ‖h′h

′(s− h)) ds ≤ β(‖uλ‖h′)h′(t− h).

Hence, we get
‖uλ‖h′

β(‖uλ‖h′)
≤ 1

and combining with condition (c), we conclude that the set {uλ : uλ = λΓ(uλ),
λ ∈ (0, 1)} is bounded.

(5) It follows from Lemma 2.13, (H6)–(H7), Theorem 2.17 and Lemma 3.3
that the function t → f(t, u(t − h)) belongs to WPAASp(R, X), whenever u ∈
WPAA(R, X). Moreover, from Lemma 3.2 we infer that Γ(WPAA(R, X)) ⊂
WPAA(R, X) and noting that WPAA(R, X) is a closed subspace of Ch′(X), con-
sequently, we can consider Γ:WPAA(R, X) → WPAA(R, X).

Using properties (1)–(3), we deduce that this map is completely continuous.
Applying Lemma 2.19, we infer that Γ has a fixed point u ∈ WPAA(R, X), which
completes the proof. �

Remark 3.9. The main technique in the above Theorem 3.8 can be seen as a
generation of that in [2, Theorem 3.4] to a weighted pseudo almost automorphic
function.

As a direct consequence of Theorem 3.8, we can obtain the following inter-
esting corollary for the the Hölder type condition (see also [18, Corollary 4.10]).

Corollary 3.10. Let ρ ∈ U∞. Assume that conditions (H1)–(H2) hold. Let
f : R × X → X be a function satisfying assumptions (H6)–(H7) and the Hölder
type condition:

‖f(t, u)− f(t, v)‖ ≤ γ‖u− v‖α, 0 < α < 1,

for all t ∈ R and u, v ∈ X, where γ > 0 is a constant. Moreover, assume the
following conditions are satisfied:

(a) f(t, 0) = q.
(b) sup

t∈R
K

∫ t

−∞ e−ω(t−s)h′(s− h)α ds = γ2 < ∞.

(c) For all a, b∈R, a<b and z >0, the set {f(s, h′(s− h)x) : a≤s− h≤b,
x ∈ Ch′(X), ‖x‖h′ ≤ z} is relatively compact in X.

Then equation (1.1) admits at least one weighted pseudo almost automorphic
mild solution.
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Proof. Let γ0 = ‖q‖, γ1 = γ, and we take W (ξ) = γ0 + γ1ξ
α. Then

condition (H8) is satisfied. It follows from (b), we can see that function f

satisfies (a) in Theorem 3.8. Note that for each ε > 0 there is 0 < δα < (ε/γ1)γ2

such that for every u, v ∈ Ch′(X), ‖u− v‖h′ ≤ δ implies that

K

∫ t

−∞
e−ω(t−s)‖f(s, u(s− h)− f(s, v(s− h))‖ ds ≤ ε for all t ∈ R.

The assumption (c) in Theorem 3.8 can be easily verified by the definition of W .
So, from Theorem 3.8, we can conclude that equation (1.1) has a weighted pseudo
almost automorphic mild solution. �

4. An application

As an application, we consider the following equations with Dirichlet bound-
ary conditions:

(4.1)


∂u

∂t
u(t, x) =

∂2u

∂2x
u(t, x)

+u(t, x) sin
1

2 + cos t + cos
√

2t
+ f(t, u(t− h, x)),

u(t, 0) = u(t, 1) = 0, t ∈ R,

where h > 0, X = L2(0, 1) and D(B) := {x ∈ C1[0, 1] : x′ is absolutely contin-
uous on [0, 1], x′′ ∈ X, x(0) = x(1) = 0}, Bx(r) = x′′(r), r ∈ (0, 1), x ∈ D(B).
Then B generates a C0-semigroup T (t) on X given by

(T (t)x)(r) =
∞∑

n=1

e−n2π2t〈x, en〉L2en(r),

where en(r) =
√

2 sinnπr, n = 1, 2, . . . Moreover, ‖T (t)‖ ≤ e−π2t, t ≥ 0.
Define a family of linear operators A1(t) by

D(A1(t)) = D(B), t ∈ R,

A1(t)x =
(

B + sin
1

2 + cos t + cos
√

2t

)
x, x ∈ D(A1(t)).

Then, {A1(t), t ∈ R} generates an evolution family {U1(t, s)}t≥s such that

U1(t, s)x = T (t− s)e
R t

s
sin(1/(2+cos τ+cos

√
2τ)) dτx.

Hence

‖U1(t, s)‖ ≤ e−(π2−1)(t−s), t ≥ s.

It is easy to see that U1(t, s) satisfies (H1)–(H2) with K = 1, ω = π2 − 1. Set

f(t, u) = u sin
1

cos2 t + cos2 πt
+ max

k∈Z
{e−(t±k2)2} sinu, t ∈ R.
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According to [20], [26], f clearly satisfies conditions (H3) and (H6). From The-
orem 3.4, the problem (4.1) has a unique weighted pseudo almost automorphic
mild solution.
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do almost periodic solutions to some classes of differential equations with Sp-weighted
pseudo almost periodic coefficients, Nonlinear Anal. 72 (2010), 430–438.
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