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WEIGHTED PSEUDO ALMOST AUTOMORPHIC SOLUTIONS
TO NONAUTONOMOUS SEMILINEAR
EVOLUTION EQUATIONS WITH DELAY
AND SP-WEIGHTED PSEUDO ALMOST
AUTOMORPHIC COEFFICIENTS

Yonc-Kut CHANG — Rutl ZHANG — G.M. N’GUEREKATA

ABSTRACT. By some new properties of Stepanov-like weighted pseudo al-
most automorphic functions established by Chang, Zhang and N’Guérékata
recently, we shall deal with weighted pseudo almost automorphic solutions
to the nonautonomous semilinear evolution equations with a constant de-
lay: u/(t) = A(t)u(t) + f(t,u(t — h)), t € R in a Banach space X, where
A(t),t € R generates an exponentially stable evolution family {U(¢,s)}
and f:R x X — X is a SP-weighted pseudo almost automorphic function
satisfying some suitable conditions. We obtain our main results by the
Leray—Shauder Alternative theorem.

1. Introduction

In this paper, we deal with some existence results for weighted pseudo almost
automorphic mild solutions to the following nonautonomous semilinear evolution

equation with a constant delay:
(1.1) u'(t) = A(t)u(t) + f(t,u(t —h)), teR,
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where h > 0 is a fixed constant, and {A(t)}:er satisfies the “Acquistapace—
Terreni” condition in [1], and U (¢, s) generated by A(t), is exponentially stable,
and f € WPAASP(X) N C(R,X) for p > 1.

In the earlier sixties, Bochner introduced the concept of almost automorphic
functions in his papers [4]-[6] in relation to some aspects of differential geometry.
G.M. N'Guérékata and Pankov introduced the concept of Stepanov-like almost
automorphy and applied this concept to study the existence and uniqueness of
an almost automorphic solution to the autonomous semilinear equation in [11].
Moreover, J. Blot introduce the notion of weighted pseudo almost automorphic
functions with values in a Banach space in [3]. Very recently, motivated by
the works [7], [11], [12], [15], [21], [16], Zhang, Chang and N’Guérékata estab-
lished some new composition theorems of Stepanov-like weighted pseudo almost
automorphic functions in [27].

In [19], Haewon Lee and Hadi Alkahby considered Stepanov-like almost au-
tomorphic solutions to equation (1.1). In this paper, we shall apply the concept
of SP-weighted pseudo almost automorphy and the composition theorems to ob-
tain some existence results of weighted pseudo almost automorphic solution to
the nonautonomous semilinear evolution equation (1.1) with SP-weighted pseudo
almost automorphic coefficients.

The rest of this paper is organized as follows. In Section 2, we recall some
basic definitions, lemmas, and preliminary results which will be used through-
out this paper. In Section 3, we prove the existence of weighted pseudo almost
automorphic mild solutions to the nonautonomous semilinear evolution equa-
tion (1.1). In the last section, we give a suitable example.

2. Preliminaries

Throughout this paper, we consider (X, || -||) and (Y, | - ||v) are two Banach
spaces. The notation C(R,X) stands for the space of all continuous functions
from R into X. We let BC(R, X) (respectively, BC(R x Y, X)) stand for the class
of all bounded continuous functions from R into X (respectively, the class of all
jointly bounded continuous functions from R x Y into X). Note that BC(R, X)
is a Banach space with the sup norm || - || -

DEFINITION 2.1 [23]. A continuous function f:R — X is said to be almost
automorphic if for every sequence of real numbers {s] },en there exists a subse-
quence {s, }nen such that

g(t) := lim f(t+s,)
n—oo

is well defined for each t € R, and

lim g(t —s,) = f(t) for each ¢t € R.

n—oo
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The collection of all such functions is a Banach space and will be denoted
by AA(X).

DEFINITION 2.2 ([10]). A continuous function f(¢,s):R x R — X is called
bi-almost automorphic if for every sequence of real numbers {s/, },,cn, there exists
a subsequence {s, },en such that

g(t,s) = nhﬂngo ft+ sn, s+ sn)
is well defined for each ¢,s € R, and

lim g(t — sp,s —sp) = f(t,s) for eacht,s € R.

n—oo

The collection of all such functions will be denoted by bAA(R x R, X).

Now, like in [9], let U denote the set of all functions p: R — (0, 00), which
are locally integrable over R such that p > 0 almost everywhere. Set

T
m(T,p) := /_T p(t) dt.

Thus the space of weights Uy, is defined by
Uy := {p eU: lim m(T,p) = oo}.
T—o0

Now for p € Uy, we define

T
PAAdxwﬁz{fEBC@&ijmgwm;jﬂ/?Jf@WM@dt0}

PAAG(Y,X, p) := {f e C(RxY,X): f(-,y) is bounded for each y € Y

1 T
and lim 7/ ft,y)|lp(t) dt =0 uniformly in y € Y}.
Jim s [ Il

DEFINITION 2.3 ([3]). Let p € Us. A function f € BC(R,X) (respectively,
f € BC(R x Y,X)) is called weighted pseudo almost automorphic if it can be
expressed as f = g + h, where g € AA(X) (respectively, AA(R x Y, X)) and
h € PAA((X, p) (respectively, PAA((Y, X, p)). We denote by WPAA(X) (re-
spectively, WPAA (R x Y, X)) the set of all such functions.

LEMMA 2.4 (][22, Theorem 2.14]). Let p € Us. If PAA(X, p) is translation
invariant, then (WPAA(X), || - ||eo) 48 a Banach space.

DEFINITION 2.5 ([12], [24]). The Bochner transform f°(t,s), t € R, s € [0, 1]
of a function f:R — X is defined by

fb(t, s) = f(t+s).
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DEFINITION 2.6 ([12]). The Bochner transform f°(t,s,u), t € R, s € [0, 1],
u € X of a function f:R x X — X is defined by

fo(t,s,u) ;== f(t+s,u) for each u € X.

DEFINITION 2.7 ([12], [24]). Let p € [1,00). The space BSP(X) of all
Stepanov bounded functions, with the exponent p, consists of all measurable
functions f:R — X such that f* € L>°(R, LP(0,1;X)). This is a Banach space
with the norm

t+1 1/p
Ifllse = 12l oo (r, L) = Sup (/ If(T)II”dT> ,
teR t

DEFINITION 2.8 ([19], [24]). The space ASP(X) of Stepanov-like almost au-
tomorphic (or SP-almost automorphic) functions consists of all f € BSP(X) such
that f® € AA(LP(0,1;X)). In other words, a function f € LI (R,X) is said to
be SP-almost automorphic if its Bochner transform f*:R — LP(0, 1;X) is almost
automorphic in the sense that for every sequence of real numbers {s, },,¢cn, there

exist a subsequence {s,}nen and a function g € Li, (R, X) such that

t+1 1/p
lim ( / f(8+8n)—9(8)||pd8> ~0

n—oo

and

i ([ ots = 50) - 1917 ) "o

n—oo

pointwise on R.

DEFINITION 2.9 ([19], [24]). A function f:R XY — X, (¢t,u) — f(¢, u) with
(- u) € Li, (R,X) for each u € Y, is said to be SP-almost automorphic int € R
uniformly in u € Y if t — f(¢,u) is SP-almost automorphic for each u € Y. That
means, for every sequence of real numbers {s/, },cn, there exist a subsequence
{8n}nen and a function g(-,u) € Lt (R,X) such that

loc

t41 1/p
lim ( [ s+ sm - g(s,u>||Pds> o,
t

n—oo

and

t+1 1/p
lim (/ llg(s = sn,u) — f(s,u)|? ds) =0,
t

n—oo

pointwise on R and for each u € Y. We denote by ASP(R x Y,X) the set of all
such functions.
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DEFINITION 2.10 ([27]). Let p € Uy. A function f € BSP(X) is said to
be Stepanov-like weighted pseudo almost automorphic (or SP-weighted pseudo
almost automorphic) if it can be expressed as f = g + h, where g € ASP(X)
and h® € PAA((LP(0,1;X), p). In other words, a function f € LY (R,X) is said
to be Stepanov-like weighted pseudo almost automorphic relatively to the weight
p € U, if its Bochner transform f%:R — LP(0,1;X) is weighted pseudo almost
automorphic in the sense that there exist two functions g, h: R — X such that
f =g+ h, where g € ASP(X) and h® € PAA((LP(0,1;X),p). We denoted by
WPAASP(X) the set of all such functions.

DEFINITION 2.11 ([27]). Let p € Us. A function f:R xY — X, (¢,u) —
f(t,u) with f(-,u) € Li (R,X) for each v € Y, is said to be Stepanov-like
weighted pseudo almost automorphic (or SP-weighted pseudo almost automor-
phic) if it can be expressed as f = g + h, where ¢ € ASP(R x Y,X) and
h® € PAA((Y,LP(0,1;X),p). We denoted by WPAASP(R x Y,X) the set of
all such functions.

LEMMA 2.12 ([27]). Let p € Uso. Assume that PAAG(LP(0,1;X), p) is trans-
lation invariant. Then the decomposition of a SP-weighted pseudo almost auto-
morphic function is unique.

LemMA 2.13 ([27]). If f € WPAA(X), then f € WPAASP(X) for each
1 <p < oo. In other words, WPAA(X) C WPAASP(X).

LEMMA 2.14 ([27]). Let p € Us,. The space WPAASP(X) equipped with the
norm || - ||se is a Banach space.

THEOREM 2.15 ([27]). Let p € Uy, and let f = g+ h € WPAASP(R x X, X)
with g € ASP(R x X, X), h® € PAA((X, LP(0,1;X), p). Assume that the following
conditions are satisfied:

(a) f(t,x) is Lipschitzian in x € X uniformly in t € R; that is, there exists
a constant L > 0 such that

Nf(t,z) = ft, |l < Lllz—y|| forallz,yeX andteR.

(b) g(t, ) is uniformly continuous in any bounded subset K' C X uniformly
fort eR.

If u = uy +us € WPAASP(X), with u; € ASP(X), u € PAAG(LP(0,1;X), p) and
K = {uy(t) : t € R} is compact, then A:R — X defined by A(-) = f(-,u(-))
belongs to WPAAS?P (X).
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THEOREM 2.16 ([27]). Let p € Uy, and let f = g+ h € WPAASP(R x X, X)
with g € ASP(R x X, X), h® € PAA((X, LP(0,1;X), p). Assume that the following
conditions are satisfied:

(a) there exists a nonnegative function L € BSP(R) with p > 1 such that for
all u,v € X and t € R

(f T ) - f(s,v)“pds)l/p < D)u o,

(b) p e L (R) satisfies
TV/Pm (T
li S q( 7p)

T—o0 m(T, p) < 00

(¢) g(t,x) is uniformly continuous in any bounded subset K C X uniformly
forteR.

If u = uy +uy € WPAASP(X), with uy € ASP(X), ub € PAAG(LP(0,1;X),p) and
K = {u1(t) : t € R} is compact, then A:R — X defined by A(-) = f(-,u(-))
belongs to WPAAS?(X).

THEOREM 2.17 ([27]). Let p € Uy and let f:R x X — X be a SP-weighted
pseudo almost automorphic function. Suppose that f satisfies the following con-
ditions:

(a) f(t,x) is uniformly continuous in any bounded subset K' C X uniformly

forteR,

(b) g(t, ) is uniformly continuous in any bounded subset K' C X uniformly
forteR,

(c) For every bounded subset K' C X, {f(-,z):x € K'} is bounded in
WPAAS?P(X).

If z = a+ B € WPAASP(X), with o € ASP(X), B° € PAAG(LP(0,1;X), p)
and K = {a(t) :t € R} is compact, then the function f(-,x(-)) belongs to
WPAAS? (X).

Now, we recall a useful compactness criterion.
Let h/:R — R be a continuous function such that h'(t) > 1 for all t € R and
R/ (t) — oo as |t| — co. We consider the space

Cr(X) = {u €CRX): lim ;”,((tt)) = o}.

Endowed with the norm ||u||s = sup ||u(t)||/R'(¢), it is a Banach space (see [18]
teR
and [2]).
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LEMMA 2.18 ([2], [18]). A subset R C Cy/ (X) is a relatively compact set if
it verifies the following conditions:

(a) The set R(t) = {u(t) : uw € R} is relatively compact in X for each t € R.

(b) The set R is equicontinuous.

(c) For each e > 0 there exists L > 0 such that ||u(t)|| < eh/(t) for allu € R
and all |t| > L.

LEMMA 2.19 (Leray—Schauder Alternative Theorem, [17]). Let D be a closed
convex subset of a Banach space X such that 0 € D. Let F: D — D be a com-
pletely continuous map. Then the set {x € D : x = AF(z), 0 < A < 1} is
unbounded or the map F has a fized point in D.

THEOREM 2.20 ([25]). Assume that A(t), t € R is a bounded linear operator
on a Banach space X and t — A(t) is continuous in the uniform operator topol-
ogy, then for —oco < s <t < 0o, U(t,s) generated by A(t), is a bounded linear
operator satisfying the following:

(a) |U(t,s)] < exp(fst |A(T)| dr).

(b) U(t,t)=1,U(t,s) =U(t,r)U(r,s), for —co < s <r <t < 00.

(c) (t,s) = U(t,s) is continuous in the uniform operator topology for —oco <
s <t<o0.

(d) aU(t,s)/0t = A(t)U(t,s) for —oo < s <t < 0.

(e) OU(t,s)/0s = =U(t,s)A(s) for —oo < s <t < 0.

3. Main results

In this paper we assume that {A(¢)}:cr satisfies the “Acquistapace—Terreni”
conditions introduced in [1], [14], that is,

(H1) There exist constants A\g > 0, § € (7/2,7), £L,K > 0, and «, 3 € (0,1]
with o + 8 > 1 such that

Bg U{0} Cp(A(t) = Xo),  [[R(NA(t) = do)l <

L+ Al
and
ICA() = Ao) RN, A(t) = Ao)[R(No, A(t)) — R(Xo, A(s))]|| < LIt — %A
fort,s e R, A€ g :={A € C\ {0} : larg A| < 0}.
REMARK 3.1 (see [1], [13]). If the condition (H1) holds, then there exists
a unique evolution family {U (¢, s)} —co<s<t<oo 00 X, which satisfies the homoge-
neous equation v’ (t) = A(t)u(t), t € R.
We further suppose that

(H2) The evolution family U(¢, s) generated by A(t) is exponentially stable,
that is, there are constants K,w > 0 such that ||U(t,s)| < Ke™«(t=)
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for all t > s. And the function RxR — X, (¢,s) — U(t,s)z € bAA(R x
R, X) uniformly for all z in any bounded subset of X.

Consider in the Banach space (X, || - ||) the abstract differential equation:
(3.1) u'(t) = A(t)u(t) + f(t), teR

where {A(t) }+er satisfies the condition (H1) and f € WPAASP(X)NC(R,X) for
p > 1. Throughout this paper we set 1/¢ =1 — 1/p. Note that g # 0, as p # 1.

LEMMA 3.2. Assume that (H1) and (H2) hold. Then the equation (3.1) has

a unique weighted pseudo almost automorphic mild solution given by
t
u(t) = / U(t,o)f(o)do.

PROOF. To prove Lemma 3.2, we refer Theorem 3.2 in [19]. First, we prove
the uniqueness of the weighted pseudo almost automorphic solution. Assume
that u(-):R — X is bounded and satisfies the homogeneous equation

(3.2) u'(t) = A(t)u(t), teR

Then u(t) = U(t,s)u(s), for any ¢ > s. Thus |Ju(t)|]| < MKe <=5 where
lu(s)]| < M. Take a sequence of real numbers {s,} such that s, — —oo as
n — oo. For any t € R fixed, one can find a subsequence {s,;} C {sn} such
that s, <t for all k =1,2,... By letting k — oo, we get u(t) = 0. Now, if uy,
ug are bounded solution to the equation (3.1), then v = u; — ug is a bounded
solution to the equation (3.2). In view of the above, v = u; — uy = 0, that is,
Uy = uUg.

Now let us investigate the existence of the weighted pseudo almost au-
tomorphic solution. Since f € WPAASP(X), there exist ¢ € ASP(X) and
h® € PAAG(LP(0,1;X), p) such that f = g+ h. So

u(t) = / U(t,0)f(c) do

— 00

- / U(t, 0)g(o) da+/ U(t, 0)h(o) do = B(t) + U(2),

— 00 — 00

where ®(t) = fioo U(t,0)g(o)do, and V(t) = fioo U(t,o)h(c)do. We just
need to verify ®(t) € AA(X) and U(t) € PAA((X, p). Above all, we prove that
®(t) € AA(X). Consider for each n =1,2,... the integral

B, (1) = /n1 Ut t — o)g(t — o) do.

‘We obtain
t—n+1
Q,(t) = / U(t,o)g(o)do.
t

—-n
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Therefore
t—n-+1

1 (8] < K e g(0)] do

t—mn

By using the Holder’s inequality and Weierstrass test (see [10, Lemma 11.2]), we
o0

obtain that Y ®,(t) is uniformly convergent on R. Now let
n=1

O(t) = i ®,(t), teR.
n=1
Observe that
O(t) = i D, (t) = /t U(t,o)g(o)do, teR.
n=1 —o0
Clearly, ®(t) € C(R,X). Moreover, for any t € R, we have
@@ < i [@n(B)]] < Cq(Kw)lgllse,
n=1

where Cy(K,w) depends only on the fixed constants ¢, K and w, i.e. the param-
eters of the problem.

Now let us show that each ®,, € AA(X), and then we conclude that ® €
AA(X). Indeed, let {s,,} be a sequence of real numbers. Since g € ASP(X),

there exists a subsequence {s,,} of {s,,,} and a function g € L (X) such that

t+1 1/p
</ ||9(J+Smk)—§(0)||pd0) —0 ask — oo.
t

Let .
Vi(t) = / Ut t — 0)j(t — o) do.

-1
Then using the Hoélder’s inequality we get
[P (t + 5mk) = Va(t)]]

= H 7; U(t,t —o)[g(t + smr —0) —g(t — o)]do

gK/ e g(t + smr — o) —g(t — o) do
n—1

n 1/q n 1/p
<k ["eear) ([ 1ot s o) -5 - P ac )
n—1 n—1
t+1 1/p
:C’(/ IIg(smk+0—n)—§(U—n)pd0> :
t

where C" = C (K,w). Obviously the last integral goes to 0 as k — ooc.



78 Y.-K. CHANG — R. ZHANG — G.M. N'GUEREKATA

Similarly we can prove that ||V, (¢ — smr) — @n(t)|| — 0 as k& — oco. Thus
we conclude that each @,(t) € AA(X) and consequently their uniform limit
O(t) € AAX).

Next, we prove that U(t) € PAAo(X, p). It is obvious that ¥(¢) € BC(R, X),
the left task is to show that

T

1
lim ———
b ]

For this, we consider

1@ (8)[|p(t) dt = 0.

t—n+1
U, (t) = /t U(t,o)h(o) do,

—n
for each t € R and n =1,2,... From triangle inequality, exponential dichotomy
of (U(t, s))1>s and Holder’s inequality, it follows that

t—nm+1
W (8] <K e |h(0) || do

t—n

t—n+1 1/q t—n+1 1/p
( / ¢—a(t=) da) ( / ||h(a)||pda>
t—n t—n
n 1/q t—n—+1 1/p
<K / e w7 do) </ [1h(e)|P dO’)
n—1 t—n

K t—n+1 1/p
< (emaw(n=1) _ g=awn)l/q </ |~ ()] dU)
t

L—n

Ke—wn t—n+1 1/p
< eq“’—ll/q</ h(o pda)
e ( ) - 1R ()]l

Ke—wn t—n+1 1/p
< Ke <eqw+1>1/q( / |h<a>||?do) .
v qw t—n

Then, for T' > 0, we see that

IA
=

ﬁ / e @lle(t) dt

Kefwn
<

e | i ( / tnnﬂ ||h<o>||pda)1/pp<t> .

Since h® € PAA((LP(0,1;X), p), the above inequality leads to ¥,, € PAAq(X, p).
The above inequality leads also to

K wn

Vidaw

R (@) < (e + 1)M|| s

Since the series

K oo
— (et 4+ 1)1/q X Z e wn
Vaw n—1
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oo

is convergent, then we deduce from the Weierstrass test that the series > W, (t)
k=1

is uniformly convergent on X and

— 00

W(t) :/ U(t,0)h(o)do =Y Un(t).

Applying ¥,, € PAA((X, p) and the inequality

T
m(; ) /_T 19 (@)lp(t) dt

1 T “ |
<o [ 1 LIRS SET /

|
=T n=1 =T

T

W (t)|p(t) dt,

we deduce that the uniformly limit ¥(¢) = > U, (t) € PAAy(X, p). Therefore
n=1

u(t) = ®(t) + ¥(¢) is weighted pseudo almost automorphic.
Finally, let us prove that u(t) is a mild solution of the equation (3.1). Indeed,
if we let

(3.3) u(s) = /_S U(s,o0)f(0)do,

and multiply both sides of (3.3) by U(t, s), then

U(t, s)u(s) = / " Ut,0)f(0) do.

—00

If t > s, then

/tU(t,O')f(U)dO' = /t U(t,o)f(o)do — /s U(t,o)f(o)do
6 - - =u(t) — U(t, s)u(s).
It follows that
u(t) =Ul(t, s)u(s) + /t Ul(t,o)f(o)do.
This completes the proof of the lemma. ) O
LEmMMA 3.3. If u € WPAASP(X) and h > 0, then u(- — h) € WPAASP(X).

PROOF. There exist u; € ASP(X) and u4 € PAAG(LP(0,1;X), p) such that
u = uj + ug, since u € WPAASP(X). First, by [19, Lemma 3.3] we can obtain
that ui (- — h) € ASP(X).

Now, we prove that u§(- — h) € PAAG(LP(0,1;X), p).
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Since u§ € PAA((LP(0,1;X), p) and the space PAAy(X, p) is translation in-
variant, then for every h > 0 we have

1 T t+1 1/p
lim 7/ (/ us(s —h pds) t)dt
Jim s [ (] Tt = mias) ot
1 T t—h+1 1/p
:limi/ (/ uspds> p(t) dt
Jim s [ ([ I 0

1 T—h t+1 1/p
= lim 7/ (/ us(s pds) t+ h)dt.
Jin s [ ([ ) Coten)

Next, the rest of the proof is similar to that of [8, Lemma 3.1], i.e. t — ub(t — h)
belongs to PAA(LP(0,1;X), p). So, u(- —h) € WPAASP(X). O
Let us list the following basic assumptions:

(H3) f € WPAASP(R x X, X), and there exists a constant L; > 0, such that

1f(t2) = f(9)ll < Lyllz -yl

for all t € R and each z,y € X.
(H4) The function f € WPAASP(R x X, X), and there exists a nonnegative
function Ly(-) € BSP(R), with p > 1 such that

1t z) = f(E )l < L(B)]|x = yll

for all t € R and each z,y € X.
(H5) Let p € L (R) satisfy

loc
TPmg (T
hm mq( ap)
T—oo  m(T,p)
where 1/p+1/q =1 and

my(T, p) = (/TT p1(%) dt)l/q.

(H6) The function f = g+h € WPAASP(R x X, X), where g € ASP(R x X, X)
is uniformly continuous in any bounded subset M C X uniformly on
t € R and h® € PAA((X, LP(0, 1;X), p).

< 00,

The following theorems are the main results of this section.

THEOREM 3.4. Let p € Us, and suppose that the conditions (H1)-(H3) and
(H6) are satisfied. Then equation (1.1) has a unique weighted pseudo almost
automorphic mild solution on R provided that KLy/w < 1.

PROOF. Let I WPAA(R, X) — WPAA(R, X) be the nonlinear operator de-
fined by

(Tu)(t) = /_ U(t,s)f(s,u(s—h))ds, teR.
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First, let us prove that I'(WPAA(R,X)) ¢ WPAA(R,X). For each u €
WPAA(R, X), by using the fact that the range of an almost automorphic function
is relatively compact combined with the above Lemma 2.13, Theorem 2.15 and
Lemma 3.3, one can easily see that f(-,u(- —h)) € WPAASP(R,X). Hence,
from the proof of Lemma 3.2, we know that (T'w)(-) € WPAA(R,X). That is, T’
maps WPAA(R, X) into WPAA(R, X).

Now, let us prove that I' has a unique fixed-point. To this end, for each
t e R, u,v € WPAA(R, X), we have

t

[(Tu)(#) = (To)(®)]| < / 1U(, 8)[f(s,uls = h)) = f(s,v(s = h))]]| ds

—0o0

<K / e~ f(s,uls — b)) — f(s,0(s — b)) ds

t
<KLy / e =) |lu(s — h) — v(s — h)| ds

t
—w(t—s KL
gKLf/ e 09 ds|lu — v]|so < wf||u—v||oo.

— 00

So ||T'u —T'v|jee < (KLj/w)||u—v||s. By the Banach contraction principle with

KLj/w < 1,T has a unique fixed point v in WPAA(R, X), which is the weighted
pseudo almost automorphic solution to equation (1.1). O

A different Lipschitz condition is considered in the following result.

THEOREM 3.5. Let p € Uy and assume that (H1), (H2), (H4)-(H6) hold.
Then equation (1.1) has a unique weighted pseudo almost automorphic mild so-

1—e¥ wq 1/a
Ly¢l|ge .
[ITERES mte—1

ProOF. Consider the nonlinear operator I' given by

lution whenever

(Tu)(t) = /_ U(t,s)f(s,u(s—h))ds, teR.

Let u € WPAA(R, X), with the range of an almost automorphic function being
relatively compact combined with the above Lemma 2.13, Theorem 2.16 and
Lemma 3.3, it follows that the function s — f(s,u(s —h)) is in WPAASP(R, X).
Moreover, from Lemma 3.2, we infer that T'u € WPAA(R, X), that is, I" maps
WPAA(R, X) into itself.

Next, we prove that the operator I" has a unique fixed point in WPAA(R, X).
Indeed, for each t € R, u,v € WPAA(R, X), we have

ITu(t) - To(t)]| < H [ 015 uls = 1) = f(ss0(s — W)l s
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<K / eI f(s,u(s — b)) — f(s,0(s — h))|| ds

t
< K/ e~ =, (s) ds|lu — v

t—n+1
/ Ke U9 (s)ds|lu — |
t

—n

t—n+1 1/q
([ mrea2as) sl - ol

t—n

IN

')
n=1
0o
n=1

K [1—ea)\Y
s (550) Nitdis -l

which implies

— e 1/q
00 = OO0 < oz () Wl = ol

Since ||Lslls» < (1 —e™*/K)(wg/(1 — e %9))}/4, T has a unique fixed point u €
WPAA(R, X). O

We next investigate the existence of weighted pseudo almost automorphic
mild solutions to equation (1.1) when the perturbation f is not necessarily Lip-
schitz continuous. For this, we require the following assumptions:

(H7) f € WPAASP(R x X,X) and f(¢,2) is uniformly continuous in any
bounded subset M C X uniformly for ¢ € R and for every bounded
subset M C X, {f(-,z) :x € M} is bounded in WPAASP(X).

(H8) There exists a continuous nondecreasing function W:[0,00) — (0, c0)
such that

If@t, )| <W(||z|) forallte R and x € X.

REMARK 3.6. Let f(t,z) = sin(t) + sin(wt) + sin(z/¢(t)), where ¢(t) =
max{1l, [t|}, ¢ € R. According to [2, Remark 3.4], this defined function also
satisfies the condition (H7) with p(t) = 1 + 2.

REMARK 3.7. For condition (H8), an interesting result (see Corollary 3.1)
is given for the perturbation f satisfying the Holder type condition.

THEOREM 3.8. Let p € Us, and conditions (H1) and (H2) hold. Let f:R x
X — X be a function satisfying conditions (H6)—(HS8) and the following additional
assumptions:

(a) For each z > 0, the function

t
t— / e EW(2h (s — h)) ds
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belongs to BC(R). We set

)

B(z) = KH /t e IW (zh (s — b)) ds
— 00 h/

where K is the constant given in (H2).
(b) For each € > 0 there is 6 > 0 such that for every u,v € Cy (X),
lu —v||p < 6 implies that, for allt € R,

/ e_‘”(t_s)Hf(S,u(S —h)) — f(s,v(s—h))||ds <e.

(c) ligminff/ﬂ(f) > 1.
—00
(d) Foralla,beR,a<bandz >0, theset{f(s,h'(s—h)x):a<s—h<b,
z € Cp(X), ||z||n < 2} is relatively compact in X.

Then equation (1.1) has at least one weighted pseudo almost automorphic mild
solution.

PrROOF. We define the nonlinear operator I': Cp,/ (X) — Cj/ (X) by

(Tu) (1) ::/ Ut s)f(s,u(s — h)) ds, t€R.

We will show that I' has a fixed point in WPAA(R, X). For the sake of conve-
nience, we divide the proof into several steps.
(1) For u € Cp/(X), we have that

[(Tu) @) SK/_ e IW (Jlu(s — b)) ds

t
gK/ e =W (||ul|p b (s — h)) ds.
—00

It follows from condition (a) that I" is well defined.
(2) The operator T" is continuous. In fact, for any ¢ > 0, we take § > 0
involved in condition (b). If u,v € Cp/(X) and ||u — v||pr < J, then

|(Cu)(t) - (Do) ()] < K / e f(s,u(s — h)) — f(s,0(s — h)) | ds < e,

which shows the assertion.

(3) We will show that T" is completely continuous. We set B,(X) for the
closed ball with center at 0 and radius z in the space X. Let V' = I'( B, (C}/ (X)))
and v = T'(u) for u € B,(Ch/ (X)). Firstly, we will prove that V(¢) is a relatively
compact subset of X for each ¢ € R. It follows from condition (a) that the
function s — Ke “*W(zh/(t — s — h)) is integrable on [0, c0). Hence, for £ > 0,
we can choose a > 0 such that K [ e “SW(zh/(t — s — h))ds < e. Since

oo

v(t):/OaU(t,t—s)f(t—s,u(t—s—h))ds+/ Ut t—s)f(t—s,u(t—s—h)) ds
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and

we get v(t) € aco(N) + B:(X), where ¢o(N) denotes the convex hull of N and
N ={U(t,t —s)f(&,(E—h)x):0<s<a, t—a<—h <t |z <z}
Using the strong continuity of U(t,s) and property (d) of f, we infer that N
is a relatively compact set, and V(¢) C aco(N) + B:(X), which establishes our
assertion.

/OOU(t,t—s)f(t—s,u(t—s—h))ds

< K/ e W (zh'(t—s—h))ds <e,

Secondly, we show that the set V is equicontinuous. In fact, we can decom-
pose

v(t+s)—v(t):/OSU(t,t—a)f(t+s—o,u(t+s—h—a))da
-l-/oa[U(t,t—a—s)—U(t,t—a)]f(t—cr,u(t—h—a))da
Jr/OO[U(t,t—a—s)—U(t,t—or)}f(t—o,u(t—h—a))da.
For each ¢ > 0, we can choose a > 0 and §; > 0 such that
H/OSU(t,t—a)f(t+8—U,u(t—i—s—h—a))da

+/OO[U(t,t—a—s)—U(t,t—a)]f(t—a,u(t—h—o))da

< K/ e YW (zh'(t+s—h—0o))do
0

DO ™

o0
+ K/ (e L e N\ W (2h/ (t — h — o)) do <
a

for s < 6;. Moreover, since { f(t—o, u(t—h—0)) : 0 < o0—h < a, u € B,(Cy/(X))}
is a relatively compact set and U(t,s) is strongly continuous, we can choose
d2 > 0 such that ||[U(t,t —o —s) —U(t,t —o)|f(t —o,u(t —h —0))|| <e/2a
for s < 3. Combining these estimates, we get ||v(t + s) — v(t)|| < ¢ for s small
enough and independent of u € B,(Ch/ (X)).
Finally, applying condition (a), we can see that
[lv@l _ K

t
(D) < 0] /_Ooe_“(t_s)W(zh’(s —h))ds — 0, |t| — oo,

and this convergence is independent of z € B,(C/(X)). Hence, by Lemma 2.18,
V is a relatively compact set in (Ch/(X)).
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(4) Let us now assume that u*(-) is a solution of equation u* = AT'(u*) for
some 0 < A < 1. We can estimate

(1)) = AH /. Ut ) fs s — b)) ds

<K/ W (|| [ (s = h)) ds < Bl )W~ h).
Hence, we get
[
— " <1
BlluMa) ~

and combining with condition (c), we conclude that the set {u* : u* = A\['(u?),
A € (0,1)} is bounded.

(5) It follows from Lemma 2.13, (H6)-(HT7), Theorem 2.17 and Lemma 3.3
that the function ¢ — f(¢,u(t — h)) belongs to WPAASP(R, X), whenever u €
WPAA(R,X). Moreover, from Lemma 3.2 we infer that I'(WPAA(R,X)) C
WPAA(R, X) and noting that WPAA(R, X) is a closed subspace of Cy/(X), con-
sequently, we can consider I': WPAA(R, X) — WPAA (R, X).

Using properties (1)—(3), we deduce that this map is completely continuous.
Applying Lemma 2.19, we infer that I" has a fixed point © € WPAA(R, X), which
completes the proof. O

REMARK 3.9. The main technique in the above Theorem 3.8 can be seen as a
generation of that in [2, Theorem 3.4] to a weighted pseudo almost automorphic
function.

As a direct consequence of Theorem 3.8, we can obtain the following inter-
esting corollary for the the Holder type condition (see also [18, Corollary 4.10]).

COROLLARY 3.10. Let p € Uy,. Assume that conditions (H1)—(H2) hold. Let
[ Rx X — X be a function satisfying assumptions (H6)—(HT7) and the Holder
type condition:

[t u) = fF(E )| < Allw =2 0<a <],

for all t € R and u,v € X, where v > 0 is a constant. Moreover, assume the
following conditions are satisfied:

(a) f(t,0)=g¢
(b) SupKffOo e =) (s — h)* ds = vy, < .
teR
(c) For all a,beR, a<b and z>0, the set {f(s,h'(s —h)zx) : a<s—h<b,
x € Cr(X), |lz|ln < 2} is relatively compact in X.
Then equation (1.1) admits at least one weighted pseudo almost automorphic
mald solution.
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PRrROOF. Let 79 = |lq||, 71 = 7, and we take W(§) = v + 71£%. Then
condition (H8) is satisfied. It follows from (b), we can see that function f
satisfies (a) in Theorem 3.8. Note that for each € > 0 there is 0 < 6% < (¢/71)72
such that for every u,v € Cp/(X), ||lu — v||p» < 0 implies that

t
K/ e~0=9)| f(s,u(s — h) — f(s,v(s — h))||ds < e for all t € R.

The assumption (c) in Theorem 3.8 can be easily verified by the definition of W.
So, from Theorem 3.8, we can conclude that equation (1.1) has a weighted pseudo
almost automorphic mild solution. O

4. An application

As an application, we consider the following equations with Dirichlet bound-
ary conditions:

0%u
aﬂ(t,l’) 92 U(t,l‘)
(4.1) t,x)si ! tou(t —h
+u(’x)sm2+cost+cosﬁt+f(’u( @),

u(t,0) =u(t,1) =0, teR,

where h > 0, X = L?(0,1) and D(B) := {z € C'[0,1] : 2’ is absolutely contin-
uous on [0,1], 2" € X, z(0) = z(1) = 0}, Bx(r) = 2" (r), r € (0,1), z € D(B).
T(t)

Then B generates a Cp-semigroup on X given by

Ze_" ” t (z,en)r2en(r),

where e, (r) = v2sinnar, n = 1,2,... Moreover, ||T(t)|| <e ™, t>0.
Define a family of linear operators A;(t) by

D(Ay(t)) = D(B), teR,

1
Ay(t)yx = | B+ si , € D(A4(t)).
ook < Sm24—(:0815—&-005\/525):6 v (A1 (6))

Then, {A1(t), t € R} generates an evolution family {U (¢, s)}+>s such that

Uy(t,s)x =T(t — s)els sin(1/(2tcos Ttcos V2r)) dr g,

Hence
UL (¢t 8)|| < e =D >
It is easy to see that U (¢, s) satisfies (H1)-(H2) with K =1, w = 7% — 1. Set

max{e” (t£K%)" }sinu, teR.

t,u) =usin ——— +
J(t,u) cos2t + cos?2mt  kez
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According to [20], [26], f clearly satisfies conditions (H3) and (H6). From The-
orem 3.4, the problem (4.1) has a unique weighted pseudo almost automorphic
mild solution.
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