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FUCIK SPECTRUM IN GENERAL:
PRINCIPAL EIGENVALUES AND INADMISSIBLE SETS

GABRIELA HOLUBOVA — PETR NECESAL

ABSTRACT. In this paper, we study the Fuéik spectrum of a linear operator
in a general setting. We illustrate the influence of various aspects on the
structure of the Fuc¢ik spectrum. Mainly, we describe the inadmissible areas
where the Fuc¢ik spectrum of a given operator cannot be located.

1. Introduction

There are many papers studying the structure of the so called Fué¢ik spectrum
for a particular self-adjoint differential operator (let us mention, e.g. [4], [8], [1],
[2], [6]) or for finite-dimensional operators represented by real n-by-n matrices
(e.g. [13], [9]). In our text, we formulate the Fuéik spectrum problem in a general
setting. We consider an arbitrary linear operator acting on a general ordered
Hilbert space and we study how the choice of the space, its ordering and the
operator properties influence the structure of the corresponding Fué¢ik spectrum.
We focus mainly on the general description of the inadmissible areas for the
Fuéik spectrum, i.e. the regions in R2-plane where the Fuéik spectrum of a given
operator cannot be located. We show that one of the essential properties is the
normality of the considered operator. Our results are illustrated by a series of
examples in both finite as well as infinite dimensional spaces.
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2. Preliminaries

Let H be a Hilbert space over the field of real numbers R, endowed with
a scalar product (-, -) and a norm || - || induced by the scalar product. Let us
consider a closed pointed convex cone K, i.e. K being a closed subset of H such
that

(a) Vu,ve K: u+veK,
(b) Vue KVAeRT: \ueK,
() KN (=K)={0},
where Rt = [0, +00). Further, let us consider two order relations < and < on
H induced by K by
u<ve(v—u) €K,
u<<ve(v—u) e Int(K).
Moreover, we take into account only such cones K for which (H, (-, ), K) is
a Hilbert lattice, i.e. for any u,v € H the following holds

(a) the supremum w V v and the infimum « A v of u and v exist in H,
(b) [[ful [ = llull; where |u] = u Vv (=u),
(¢) 0 <wu<wvimplies |lu]| < |v||.

Thus, for any element u € H, we can define its positive and negative parts by
u"=uv0 and u” = (—u)VO.

Let us note that v = u™ —u~, |u| = v+~ and u™ is the orthogonal projection
of u onto K. We will need the following auxiliary assertion (see [7]).

LEMMA 2.1. Let (H,(-, ), K) be a Hilbert lattice. Then

(a) Vu,v e K : (u,v) >0,

(b) Vue K\ {0}, veInt(K): (u,v) >0,

(c) Vue H: (ut,u™) =0.

Let us consider a linear operator L: Dom(L) C H — H with Dom(L) dense

in H and let us denote its spectrum by o(L). Further, we define the so called
Fucik spectrum of L as follows.

DEFINITION 2.2. The Fuéik spectrum of an operator L: Dom(L) C H — H
is the set X (L) of all pairs (a, 3) € R2, for which the problem

(2.1) Lu=aout — Bu~
has a nontrivial solution u.

Throughout the text, we will illustrate our general results on two typical
examples.
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EXAMPLE 2.3. Let H = R™, n € N, with a cone K = (R")™ (i.e. K is the po-

sitive orthant). That is, v € H is an n-dimensional vector u = [u1,...,u,]’,
lu| = [Juil, ..., Jun|]t and u® = [uf,.. ., uE]t with
uf = max{u;,0}, wu; =max{-u;,0}, i=1,...,n.

The linear operator L: H — H is represented by a real n-by-n matrix.
EXAMPLE 2.4. Let H = L*(Q) with a cone K = {u € H; u = u(z) > 0
a.e. x € Q}. That is, u € H is a square-integrable function on  and
vt (z) = max{u(z),0}, u (z) = max{—u(z),0}, ae z€Q.

In this setting, we usually consider L to be a real linear differential operator.

3. Symmetry, trivial branches and principal eigenvalues

LEMMA 3.1. The Fucik spectrum X(L) is symmetric with respect to the dia-
gonal o = 3 :
(a,8) € T(L) & (8,0) € B(L).

PROOF. The symmetry of the set ¥(L) follows immediately from the fact that
(—u)t =wu~, namely if (o, ) € 3(L) with u being a nontrivial solution of Lu =
au’ — Bu~ then —u is the nontrivial solution of L(—u) = 8(—u)™ — a(—u)~.0]

LEMMA 3.2. Let A € R be an eigenvalue of L such that there exists a non-
negative (1) eigenvector u corresponding to A, i.e. Lu = \u, 0 < u. Then the

Fuéik spectrum 3(L) contains the “cross”
{(a,B) €R*: (a = N)(B — ) =0},
which is usually called the trivial Fucik branch.

PrOOF. Trivially, since the eigenvector u of L corresponding to A satisfies
u = w, then (2.1) has a nontrivial solution for &« = X and 3 arbitrary. If we
replace u by —u, we obtain 8 = A and « arbitrary. O

EXAMPLE 3.3. Let H = R? be ordered by the cones K, ,, and K, _,
respectively, where

K+++ :{UER?’:UlZO; uz > 0, U;?,ZO},
K. ={uecR®:u; >0, ug >0, uz <0}.

Let us consider two matrices

2.0 0 1 -1 -1
A= -4 0 -4 |, Ay=|-2 2 -2/,
2 0 4 1 -1 3

(1) « nonnegative means u € K.
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FIGURE 1. The Fuéik spectrum of 3-by-3 matrix A; with respect to cones
K+++ and K++7.

N(Az), Kypy Y(A2), Ky

(&% «

FI1GURE 2. The Fuéik spectrum of 3-by-3 matrix A with respect to cones
K+++ and K++_.

both of which have three distinct real eigenvalues and their corresponding eigen-
vectors have first two components positive and the last component negative, i.e.
all of them belong to K, . Figures 1 and 2 depict 3(A;) and X(As) with
respect to cones K, and K _. Notice that in the case of K1, _, both sets
¥(A;) and X(A3) contain three trivial Fucéik branches (cf. Lemma 3.2), more-
over, the Fuéik spectrum 3(As) contains also nontrivial branches which do not
intersect the diagonal o = .

DEFINITION 3.4. A real eigenvalue X of the operator L is called the principal
eigenvalue, if there exists a strongly positive (%) eigenvector u corresponding to
A, ie. Lu = du, 0 < u.

LEMMA 3.5. Let L* be the adjoint operator to L and let A € R be the principal
eigenvalue of L*. Then the necessary condition for nontrivial solvability of the

(?) u strongly positive means u € Int(K).
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problem (2.1) is (a = N\)(B—A) >0, i.e.
{(a,8) eR?*: (a = X)(B—A) <0} NE(L) = 0.

PROOF. Let u be a nontrivial solution of Lu = aut — Bu~ and let v be
a strongly positive eigenvector of L* corresponding to the principal eigenvalue A,
i.e. 0 < v. Using the scalar product, we obtain

(3.1) (Lu,v) = {au™ — pu~,v).
The left-hand side of (3.1) can be written as
(Lu,v) = {u, L*v) = (u, W) = (ut —u~, Av).
Hence, (3.1) becomes
(3.2) 0= (a — N)ut,v) — (8- M{u~,v).

Since 0 < v and 0 < u*, then (u*,v) > 0 and (ut,v) + (u™,v) = (Ju|,v) > 0
(see Lemma 2.1). It means that terms (u™,v) and (u™,v) are not both zero.
Thus (3.2) implies (o — A\)(8 — ) > 0. O

x(Lresm) x(L40)

XA

a Va
FIGURE 3. Inadmissible shifted quadrants (grey areas) and known parts of
the Fucik spectra of the beam and the four point operators.

EXAMPLE 3.6. Let us consider the setting from Example 2.4. Let LP®*® be
the beam operator defined in [11, p. 304] and let L* be the four-point operator
defined in [5, p. 41]. LP®® is the self-adjoint partial differential operator of
the fourth order with the principal eigenvalue A = —1 and L% is the non-
selfadjoint ordinary differential operator of the second order with A = 0 being
the principal eigenvalue of the corresponding adjoint operator. Figure 3 depicts
the inadmissible shifted quadrants and known parts of the Fuéik spectra (LPe*®)
and X(L*). Let us note that the complete description of ¥ (L) is not explicitly
known, but its structure plays an important role in many applications, e.g. in
models of suspension bridges (see [10] and [3]).
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4. Inadmissible sets
THEOREM 4.1. Let € be a fized real number which belongs to the resolvent
set of L, i.e. ¢ € o(L). Further, let d := ||(L —el)™Y| ™!, where I is the identity
on H. Then for (a,8) € (e —d,e+d) x (e —d,e+d), the problem (2.1) has only
a trivial solution, i.e.

(e—d,e+d) x (e —d,e+d)NX(L) = 0.

PROOF. Let us start with the problem (2.1) and write it in the equivalent
form
(L—eNu=(a—eut - (B—e)u".
Since € ¢ (L), we can apply the inverse operator (L —eI)~! to obtain
(4.1) u=(L—el) ' ((a—eut —(B—e)u).

If we denote the right-hand side of (4.1) by Tu, then the operator T: H — H
satisfies

ITu = Tol? = (L = eI)~ (@ — ) (u* —v*) = (6= )(u™ —v )P
<L = D) P — )t —vh) — (8- e)u — o)
< = (= &)™ — o+ (6 — ) — v
+2la—ellf - l((u,v7) + u, 0H)
< 5 max{(e — <2, (6 — )}l — v I+ um o
+2((uT,v7) + (u,vTY))
= & max{(a <), (8 — <} u— v

Here we use the facts that (u™,u™) = (vT,v™) = 0 and that (u™,v~) > 0,
(u=,v") >0 (see Lemma 2.1). Hence, for (a, 3) € R? satisfying
max{|la —¢l,|8 —¢|} < d,

the operator T is contractive, and using the Banach Contraction Principle, we
obtain that the problem (4.1) — and thus also problem (2.1) — has a unique
(trivial) solution. O

COROLLARY 4.2. The set

(L) := {(e —td(g),e + td(e)) € R? :

d(e) 1 = te(—-1,1), sGR\J(L)}

L —eD)
is an inadmissible set for the Fucik spectrum X(L), i.e. I(L)NX(L) = 0. Let
us note that TI(L) is the open set.
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EXAMPLE 4.3. Let us consider the setting from Example 2.4 and the n-
parameter differential operator with nonlocal boundary condition, n € [0,1),

L'u(z) = —u" (),

Dom(L") := {u € H*(0,7) : u(0) =0, (1 —n)u(r) + 17/07r u(z)dx = 0}.

For n = 0, the operator L" is the self-adjoint differential operator with Dirichlet
boundary conditions. For n € (0,1), the operator L is non-selfadjoint with
spectrum o (L") made only of real distinct eigenvalues. Moreover, for n = 1,
the domain Dom(L") is not even dense in H = L?(0, 7). The detailed analytic
description of the Fucik spectrum X(L") is provided in [12]. Figure 4 illustrates
the structure of ¥(L") and the inadmissible set II(L") for various settings of 7.

E(Ln)a n=20 E(Ln)v n=0.5

FIGURE 4. Inadmissible set II(L") (grey areas) of the operator L", n = 0,0.5,0.85,0.99.

EXAMPLE 4.4. Let us consider the setting from Example 2.3 and the following
matrices
0 —24 -80 0 -6 =5
As= 1|0 10 12 |, Agy=10 10 31,
0 1 14 0 4 14
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8§ -2 —4 8 2 4
As=| 4 2 =2, Ag=| —4 2 =2
2 -2 -1 -2 -2 -1

The Fuéik spectra ¥(A;) as well as the inadmissible sets II(4;) for i = 3,4,5,6
are shown in Figures 5 and 6.

¥(A3)

(67 «

FIGURE 5. Inadmissible sets II(A3) and II(A4) (light grey areas) and inad-
missible quadrants (dark grey areas) of 3-by-3 matrices A3 and Ay.

Notice that X(A3z) = X(A4) ATI(As) # TI(A4), and, on the other hand, we have
N(As) # B(Ag) NI(A5) = TI(Ag).

«

FIGURE 6. Inadmissible sets II(As) and II(Ag) (grey areas) of 3-by-3 ma-
trices As and Ag.

Moreover, zero eigenvalues of both matrices A3 and A4 are the principal
eigenvalues of their adjoints (*). Hence, the corresponding Fuéik spectra cannot
be located in the second and fourth quadrants colored in dark grey in Figure 5.

(3) We have A* = A,
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REMARK 4.5. Let L be a normal operator (i.e. L*L = LL*) with spectrum
o(L). Let € be a fixed real number such that € ¢ o(L). Then the operators
(L —el) and (L —eI)~! are normal as well and
1

I =D = Gy

Thus, for a normal operator L, the inadmissible set II(L) has the following form

(L) = {(¢ — td(e),e + td(c)) € R? :
d(e) = dist(e, 0 (L)), t € (—1,1), e € R\ o(L)}.

COROLLARY 4.6. Let L be a normal operator and let A, X € o(L) N R be
such that A < X. Moreover, let o(L) N B(eg,r) = 0, where B(eg,r) := {z € C :
2 —eo| < r} witheg = A+ N)/2 andr = (A= A\)/2 > 0. Then for (a,B) €
(A A) x (A, N), the problem (2.1) has only a trivial solution, i.e.

(A A) x (A, A) NX(L) = 0.

PROOF. Theorem 4.1 together with Remark 4.5 imply that the problem (2.1)
has only a trivial solution for any («, ) € (¢ — d,e + d) X (¢ — d,e + d), with
d = dist(e,o(L)) and € € (L) being arbitrary real number. If we take

E=¢&g = ﬂ,
2
then according to the assumption o(L)NB(gg, ) = 0, we have d = dist(e, 0 (L)) =
r=(XA—\)/2, and hence, (¢ — d, e + d) = (A, A). O

COROLLARY 4.7. Let L be a normal operator with o(L) C R. Then the
problem (2.1) has only a trivial solution for any

(o, B) € TI(L) = S_oo U ( U SA> U S too,
Aeo(L)

where Sy are squares given by

(A A) X (M A)if there exists A > A : [A\, ] No(L) = {\ A},

Sy =
0 otherwise,

and S_y = (—oo,m) X (—00,m), Stoo = (M,+00) X (M,+00) with m =
info(L), M =supo(L).

PROOF. Since the spectrum o (L) contains only real numbers and no complex
ones, we can apply Corollary 4.6 for any two A, e o(L) satisfying A < X, (A, X)ﬂ
o(L) = (. In the case of A = supo(L) or A = inf o (L), we use the arguments
from the proof of Corollary 4.6 with £ tending to 400 or —oo, respectively. [
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(A", n=0 %(A"), n=0.5
B B
(6 «
S(AM), = 1.5
B /
[0 «

FIGURE 7. Inadmissible set II(A") (grey areas) of the 4-by-4 matrix A", n =0,0.5,1,1.5.

EXAMPLE 4.8. Let us consider the setting from Example 2.3 and the normal
n-parameter 4-by-4 matrix, n € R,

0 00 -1
a_| 0 0 0
—n 0 0

-1 00 0

The spectrum (A7) consists of four eigenvalues A1 o = £1, A34 = £ni. The
Fucik spectrum 3 (A") and the inadmissible set II(A") for various settings of the
parameter 7 are depicted in Figure 7. Notice that (cf. Corollary 4.6)

s(ANNB(0,1) =0 & |y > 1.

REMARK 4.9. Let us note that dashed orange curves in all presented Figu-
res 1-7 correspond to the boundary of the inadmissible set II(L) of the considered
operator L. Let us sum up all particular operators used in the paper:

(a) self-adjoint operators LP*®® and L", A" with n = 0,

(b) normal but non-selfadjoint operator A" with n € R\ {0},

(c) non-normal operators L*?, L" with n € (0,1) and A;,i=1,...,6.
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Finally, let us point out the optimality of the set II(L) illustrated in Figures 6

and 7: some parts of the Fué¢ik spectrum ¥ (L) trace the boundary of the inad-
missible set II(L).
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