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WEIGHTED A PRIORI ESTIMATES FOR
THE SOLUTION OF THE DIRICHLET
PROBLEM IN POLYGONAL
DOMAINS IN R?

Abstract

Let © be a polygonal domain in R? and let U be a weak solution
of —Au = f in Q with Dirichlet boundary condition, where f € L% ()
and w is a weight in A,(R?), 1 < p < co. We give some estimates of
the Green function associated to this problem involving some functions
of the distance to the vertices and the angles of 2. As a consequence,
we can prove an a priori estimate for the solution u on the weighted
Sobolev spaces W2P(Q), 1 < p < oo.

1 Introduction

Given a polygonal domain € in R?, we consider the Dirichlet problem

—Au=f in
{ u=20 on 09}, (1)
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346 MARCELA SANMARTINO AND MARISA TOSCHI

where f € LP(Q) and w is a weight in the Muckenhoupt class A,(R?).

Estimates for this solution in the classical Sobolev spaces were given by
Grisvard in [6] where we can see a dependence of the angles of Q. Therefore, it
is a natural question whether weighted a priori estimates are valid also for the
solution of the Dirichlet problem (1). In this paper we give a positive answer
to this question, namely, we prove that for 1 < p < oo,

lullpoo) + D @)Dl + Y lo(@)Dgulliz) < Clfll@), (2)
18|=1 | =2

where p(x) and o(x) are suitable functions depending on the distance from x
to the nearest vertex of 0 and the corresponding angle, and C' is a constant
depending only on €.

The paper is organized as follows: In Section 2 we remind the already
known estimates for the Green function (and its derivatives) of the problem
(1) when Q is a disk, and we define the Schwarz-Christoffel mapping. These
will be the main tools for the proof of our main result (2). In Section 3 and
Section 4 we state the estimates for the Green function and its derivatives
when € is a convex and a non-convex polygon respectively. Finally, in Section
5 we give the proof of the estimate in (2).

2 Preliminaries

The solution of (1) is given by

u(z) = /Q Gl ) f(y) dy, (3)

where Ggq is the Green function for 2 which can be written as

where ) )
I'(z) = —log —
() = 5-log ]
and Hq(z,y) satisfies, for each fixed y € Q,
A Hq(z,y) =0 in Q
Hq(z,y) = -T(zx—y) on .

For a conformal mapping h from the unit disc B to it holds that A(u o
h) = |W'|*(Au) o h, where |/|? is the Jacobian of h. Then, u o h satisfies
—A(uoh) = |N|*(foh) in B
uoh=20 on 0B,
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and for £ € B we have

(woh)(€) = /B (&) (f o h)(n) W' P,

where )
1 1 B
Galéon) = 5 togln €17 = - tog (16l - 155 )

is the Green function in B.
Let g : 2 — B be the inverse mapping of h, then

Gﬂ(xvy) :GB(gvn)v (5)
and

Ho(x,y) = Hp(§,n), (6)
where £ = g(z) and n = g(y).
From the known estimates
dg(n)
1€ =

(see for example [4]), where d(n) denotes the distance from 7 to the boundary
of B we have

|IDgGr(&§n)| < CE— n\_lo“ min{l, } for |af =1, 2,

dp(§)
1€ —nl

Observe that the letter C' denotes a generic constant not necessarily the
same at each occurrence. We will write f < g if there exists a constant C' > 0
such that f < Cg.

The Schwarz-Christoffel mapping. Given a polygonal domain 2 with
N sides, for j =1,---, N, we denote by z; and 6; its vertices and correspond-
ing interior angles respectively. Let k; € R be such that k;7+6; = 7. Observe
that 0 < k; < 1 corresponds to 0 < 0; < 7 while =1 < k; <0tow < 0; < 27.
In particular, if €2 is convex, all the k; are positive numbers.

Given complex numbers w; such that |w;| =1for j =1,--- , N, we define,
for £ € B,

|D?GB(§717)\ <Cl¢- n\_la‘ min {1, } for |a =1, 2. (7)

W (€) i= (€ —w1) M (€ — wa) ™ (§ — wpy)FY,
which is analytic in the interior of B.
Then, the Schwarz-Christoffel mapping h : B — € is defined as

3
h(§) = A h'(s) ds,
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where the integral is taken over the segment from a fixed £, € B to £. Note
that h is analytic on the same region as h’, continuous on B and maps the
points inside the unit disk B to the points inside the simple closed polygon
with vertex at z; = h(w;). We will say that w; are the pre-vertices of 2. For
more details about this mapping see, for example, [2].

We introduce d,,, = min;z; |w; — w;| and define B; = B(w;, &) N B, for
j=1,---,N,and Byy1 = B\ U}, B;. Then, Q; = h(B;) is a neighborhood
of z; and Q = U?f:ﬁl 2;. We will analyze the behavior of the Green function G
near each vertex z;. The following remark outlines some useful observations.

Remark 1. For ¢ € B;, withj=1,--- ,N, we have
1. Ifn € B; and s is in the segment from & to n, then |s — w;| > % when
i 7],
2. Ifne B; withi+#j and i # N + 1, then \5—77|>d7m.

3. Ifn € Bny1 and s is in the segment from & ton, then, either |{—n| >
or |s —w;| > dTm, foralli=1,--- N.

dm
8

For ¢ € Bny1, we have

4- |f*wi|>d7m,f0ralli:1,...7]\7'

3 The convex case

In this section we assume that €2 is a convex polygon. In this case the exponents
defining the Schwarz-Christoffel mapping satisfy 0 < k; < 1.

Lemma 2. Let {,n € Bj, withj=1,--- ,N. Then ifk; >0
=yl 2 [€ —wy| 7M€ =]

PROOF. By definition

where h/(s) = (s — w;) ki ¢(s) for
B(s) = (s —wi) M .(s —wj_1)TF1 (s —wjp1) F (s — wy) TRV
¢ is analytic in w; and |¢(s)| < 1. Moreover we can write

W (s) = (s —w;) M p(w;) + (s —w;) ~H(s),
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where v is analytic in B; and [¢(s)| < 1.
Then

[A(€) — h(n)| = 1 —w; '™ + 1€ —wy|' ™5 + ¢ — ]
When [ — w;| < %|r]—wj| we have %|n—wj| < |¢€ —n| and
11(E) — ()] = I — w; 1 + | — )
< 1€ = w7 ]g = ml.
When [€ — w;| > 1|np —w;| and |¢ — 5| > 1|¢ — w;| we have
[R(€) = h(m)| = 1€ —w;["™% + |¢ =]
<€ =y ]g =l
If |€ —n| < 1€ —w;| we use that [£ —w;| < 2|s—w,]| for all 5 in the segment

from & to i and then

¢ k
I(€) — h(1)] 5/ s — wj| ™ ds < [€ — w;| M |¢ —

n

as we desire. O

Remark 3. As a particular case of the previous lemma we obtain for & € B;
that
|z — 2] < [€ —wy|' M, (9)

with j =1,--- ,N and k; > 0.
If Q is a bounded domain, it was proved in [7] that

min{dg ($), d(l (y)} _ 1
= — ] ) Sl -yl

Gale,y) < log (1 + (10)

where dq(z) denotes the distance from z to the boundary of .
In order to have some estimates for the first and second order derivatives
of Go(x,y), using (5) we obtain

ID2Ga(z,y)| < |DEGBEn)||g (z)]  for a] =1, (11)
and

D5 Gale )| S1DEGE Ml @ +1DEGs(E Dlls' @] forlol =2
12
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where |8 = 1. We will use the following estimates for g:

g (z)] = <€ —w || — wa 2 |E —wn [PV =€ —wil (13)

[ (6)]

and . )
lg ()] 2 1E —wi]® 7 g ()] 2 1€ —wy PP, (14)

for x € Q;, with j =1,...,N.
Lemma 4. Let z,y € Q and || = 1. Then we have
DY Ga(z,y)| = |z —y~".
Proor. Consider first € 2, with j =1,...,N. For y € Q; we have that
DY Gale,y)l < IDEGEE Mg ()] 2 1€ —nl 7" € —wyl™ <o —y|7",

by (11), (7), (13) and Lemma 2.
For y € (Q; U Qn41)¢, recalling that |£ —n| > d}l", we have

|DEGo(x,y)| =< [€ —n|7HE —wy|™ < 1.

For y € Qn41, it only remains to see the case when % <|s—w;| <1, for

t=1,....,N and s is in the segment from £ to 7. But there |g/ ()] <1 and
|h (z)| = 1, then

|DEGa(w,y)| 1€ —nl7" = o —y[7".

Finally, if 2 € Qy1, we have %= < |6 —w;| < 1 for all i = 1,..,N.
Therefore |x — y| =< | — | and
D Galz,y)| = |DEGE(E )| |g (x) = o —y| 7"
O

In the following two lemmas we analyze separately each term of (12) to
obtain estimates for the second order derivatives of Gq(x,y).

Lemma 5. Let x € Q;, with j =1,...,N and |3| = 1. Then we have:
1|z =2 |D{GEEN g (@) < |z —y| 77, ify € Qj and 0 < a < 1.

2. |D{GBEm)lg ()] =1, if y € (4 UQNn11)°.
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3. ID{GuEn|lg @) < e —y™", if y € Qv
ProOOF. (1) If y € Q; and |z — y| < |z — 2;|, we have for any a > 0
IDEGBE )| 1g (@) < 1€ —nl7HE — w7
<z =y = 2wy

S =yl T e gt

by (7), (14), Lemma 2 and (9).
On the other hand, if |x — y| > |z — 2;|, we have for 0 < a <1

I3 o
DEGa(E s ()] = £ d( fzs—wﬂ%ﬂ 1
< |z —y|™?
< |z — Zj|_1+a|l“ -y~

by (7), (14) and Lemma 2.
(2) If y € (2 UQn41)¢, since |€ — 5] > L= we obtain

|D§GB<g,n>||g<>|_|5 ()25 wyPHt = [ — PR <1,

(3) For y € Qx4 1, it remains to consider the case when %= < |s —w;| < 1,
for i =1,...,N and s is in the segment from £ to 7. But there |g ()] <1 and

ID{GB(E ) g @) 2 1E—nl"" < |z -y,

Lemma 6. Let x € Q;, with j =1,...,N and |a| = 2. Then we have:

d
Q(x)s; if y € QU QN4

j i S
|z -yl
2. |DEGBEN| g (@)? =1, ify € (2 UQNn41)° .

ProOOF. (1) If y € Q; we have that

dp (&)
€ =0l

1. |DEGE(E )| g ()2

|2k ( )

IDEGE(E g (2)* = T e -yl

€ —w € — wy| 7

by (7), (13) and Lemma 2.



352 MARCELA SANMARTINO AND MARISA TOSCHI

Let now Xy € 99 such that do(z) = |z — Xo| and Q¢ € B with g(Xo) =
Qo. Then there exists & in the segment from x to Xy and 79 = g(§o) such
that

dp(€) < g (&)l — Xo| < |no — w;[*da(x). (15)
Therefore

dQ(l‘)

|CE 7y‘3‘770 - w]|kj|§ _wjl_kja

IDEGs(E g () =<

and for each 1 < i < M, there exists & in the segment from &_; to z; such
that

mi1 —wyl* = 1g(&i1) — g9(z)| < lg (€16 — 23] = |ms — wy|*[& — 2.
By iterating, we have
n—w;| =< |m — wj|kj|§o — zjl

2 .
< |2 — w; *5 161 — 2|77 |€o — 2]

3 2 .
= ns — w;|*i & — 2" €1 — 251 &0 — 2]

M 2 .
<l = w76 = 216 = 2116 — %)
M 2 .
<z =z = zlP | — 25 e - 2,
where we used that [§; — z;| < |z — z;| and |n; — w;| = |z — 2.

Note that the implicit constant involved in < above does not depend on
M. In fact, by (13) and (9)

/ (dn \*
g6 = il (%)

where p = ij <o kj and we have that
M Ekn

d P Yn=o i d P> nlo k?
() =) T e

Therefore

do(z)
|z —y[?

IDEGB(E )9 (@) < o — 21P1€ —wi| ™,
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1—M+2

where 8 = Zi@il kP = kj ( = ) Taking v = :—ka, by (9), it follows
that

_ ’ dQ(x)
o= 2| IDECale g () < 22
Then, given £ > 0 there exists M large enough such that —3 + v < ¢ and
taking € tending to zero

dQ($)

« ’ 2 ~<
[DgGr&n)llg ()] = iz — y?

For y € Qn.11, we consider only the case when dé" <|s—w;| <1, fori=

1,...,N and s is in the segment from £ to 7 (the other case will be considered
in (2)). In this case, |z —y| < |€ —n| and

g ’ ds (& o d

ki < do(z)

Tz —y?

0 — wjl
(2) If y € (2 UQn41)¢, since |€ — 5] > L= we obtain

IDEGR(E Iy @) =16 =072l — s < Jg — w;* < 1.

4 The non-convex case
In this section we assume that 2 is a nonconvex polygon. In this case the

exponents defining the Schwarz-Christoffel mapping can be negative, i.e. there
exists at least one j = 1,..., N such that —1 < k; <0.

Lemma 7. Let {,n € B, with j =1,...,.N. Then if k; <0
|z —y| = |u—v].
PROOF. As k; < 0 we have |s —w;| ™% <1 and by (8)

[h(u) = h(v)] < /u |5 = wj| ™" [o(s)] ds

=< |u—0l.
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To complete the study of the first and second order derivatives of G (z,y)
for the non-convex case we need to obtain estimates when —1 < k; < 0. To
do this, we use (11), (12), (13) and (14) as in the convex case.

Lemma 8. Let x € Q;, withj=1,...,N, y € Q and |a| = 1. Then we have
-2 a _
|z — 2| % |DgGa(z,y)| < |z —y| ™
Proor. For y € Q; we have that
DS Ga(z,y)| =g (@)1€ =]~ 2 [€ = w;M]E —n[~" <€ —wy[ |z —y[ 7,

by (11), (7), (13) and Lemma 7. Taking v = =5 = 1 = 7 > 0 it follows
from (9) that |z — z;|Y <€ — w;|1 %7 and

|z — 2 |"|Dg Gale,y)| = |z —y| ™,

as we wanted to prove.
For y € (Q; UQn41)° we have

IDEGE(E )| |g ()] =< 1€ — w;l*

and we obtain the desired inequality as before.
For y € Q41 the proof is analogous to the case 0 < 0; < 7. O

Analogously to the convex case, we analyze separately each term of (12)
to obtain estimates for the second order derivatives of Gg(z,y).

Lemma 9. Let x € Q; with j =1,...,N and || = 1. Then we have:
2T " _ 3
L fo = 2| W DEGREN g (@) S v -y, if y €9y
2T 4 . c
2 o= 25 IDEGHEN| g @) 21, iy € (U Qni)°

3. |D{GEEn) g (@) < |z =yl ™", if y € Unaa.

ProoF. (1) If y € Q; we have that
DEGBE g (@) = 1€ = nlM¢ — w7 = o — gl 7l — w7,

by (7), (14) and Lemma 7. Taking ~ = % =2 - 7 it follows from (9)
that |z — 2|7 < |€ — w;| 2%+ and

o — 2 ["|D{ Gl lg" (2)] < |v -y,
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(2) Iy € (2 UQy41)",

ID{GBE g ()] 2 1€ —nl7HE — wy PRt 2] —wy[Po

and the result follows in the same way as above.
(3) For y € Qn41 and € and n are at a distance from the pre-vertex of Q
greater than %= |z —y| < |¢ — | and

IDEGB(E M) 1g" (x)] < |6 — 0l ~He — w4571 2 o —y| 7.

Lemma 10. Let x € Q; with j =1,...,N and |a| = 2. Then we have:

2— @ ’ dQ X .
L fo = 5 DEG(Ellg @F = 2200 iy € U Oy and o

such that do(x) < %|a: -zl

a+2-24- _91q -
2. |z — 2l i |IDgGR(E &g (@) =< |z —y| 72 yify € QUQN 1, T

such that 1|z — zj| < do(z) < |z —y| and a > 0.

o_ o ’ . c
3. |z — 2" W [DEGBE g ()P 21, if y € (2 UQn11)° .

PROOF. (1) If y € Q; and do(z) < |z — zj|, we have that

dp(8) w24 < da(x)

j |§ _ = ij
e [ — P ™

I — wyl* 1€ — w

IDEGB(E )19 ()]

(16)

by (7), (13), Lemma 7 and (15), where h(n) = £ is in the segment form x to
Xo.
Taking v = — J: and 3 = 1— k , by (9) it follows that

|§—@Wm—awu%03@mﬂmum2_Qﬁ%@.

Since v+ <2 — glj it is enough to prove that |z — z;| < | — z;| provided
that do(z) < 1z — 2.

We will consider the following two cases:

If |z — £| < §|@ — z;| the result follows directly.

If [z — & > Ilz — z;| we also have that 1|z — z;| < |Xo — z;|. Then
Lz —zj| < |Xo— 2| <dp(&) + £ — 2] < 2|§—zj| as we desire.
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y € Q; and |z — 2| < da(z) < |z — y|, we have for any a >

2) If y € Q; and 1 | < d have f 0

IDRGB(E Mg (@)1 = 1€ =nl7216 —w; 5 = o —y| 727w — 25| 72J¢ —w; [,
(17)

by (7), (13) and Lemma 7. Taking v = %, by (9) it follows that

| — 2| DEGB(E )l lg (2)]* = |z —y| 72
For y € Qn41 and € and 7 at a distance from the pre-vertex of {2 greater

than C%” (the other case will be considered in (3)), |z —y| < [ —n| and consider

again the previous two cases using that |£ —w;|?* in (16) and (17) is bounded.
(3) Since |¢ — | > %= we obtain
IDEGBE Mg @)F = 1€ =0l 726 = wj P < [¢ — [
and the result follows in the same way that (16). O

To complete the study of the behavior of the second order derivatives of
the Green function Gg, it suffices to consider x € Qn41. In this case there is
no relation to the vertex of Q as we prove in the following lemma:

Lemma 11. Let z € Qny1 and y € Q. Then we have:
1. For|p| =1
DG (& mllg (@) % o~y 7.
2. For |a] =2 and do(z) < |z — y|

. : d

PrROOF. (1) For |3] =1 we have that

IDEGEE g ()] < 1€ -1,

by (14) and using that dT’" <|&—w;| <1fori=1,..,N. Moreover, we have
by Lemma 2 that |z — y| < |£ — 7| and the result follows directly.
(2) For |a| = 2 we have that

« ' d 5
D2Ga(E )]l @) < 22 [ — yP?

T lE=nP
where we are assuming as in (15) that w; is the pre-vertex closest to n.

If k;j > 0 we have |n — w;|* <1 as we desired.

If k; < 0 we can follow the proof of (2) of Lemma 6 and we consider the
cases do(z) < 3|z —z;] and 3|z —zj| < da(z) < |z —y| respectively using also
that, when « € Qn 11, |z — 25| > d&”. O

€ —w;|* < In —w;|*,
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5 Main result

Let us recall that the solution of the problem (1) is given by

u(x) = / Gale.y) F(w) d.

where Go(x,y) = T'(z,y) + Ho(z, y).

In order to prove our main result (2) we also need to establish some esti-
mates for the second order derivatives of Hg and T'.

Applying the same ideas used in the previous section for Gg, by (6), we
have for || =1 and |a| =2

D Hal(z,y)| = |DgHp(& )l g (0)° + |D{Hp(En)l 9" (2)]-
Moreover, as B is a smooth bounded domain, we have
|D{Hp(&,n)| < Cdp(§)™ and |[DgHp(E,m)| < Cdp(§)™2, (18
(see Lemma 2.1 in [5]) and we have the following lemma:
Lemma 12. Let y € Q and || = 2. Then
1. For x € Qy, with j =1,..., N we have:
(a) |DgHo(x,y)| = do(z) ™2, if 0 < kj < 1.
() | = 2[5 |D Halr,y)| = da(w) . if ~1 < k; <0,
2. For xz € QN1 we have:

|DS Ho(z,y)| = da(z) 2.

PrOOF. (1) For z € Q;, let Xy € 0N such that g(Xo) = &, with dg(§) =
|€ — &|. Then there exists n in the segment from & to &y such that

do(z) < [W' ()]|€ = &l = |n — w;| " dp(€). (19)

Consider first 0 < k; < 1. It follows from (18), (13), (14) and (19) that

IDEHB(E )19 ()] < dp(€) (€ — wy[*

o i , (20)
=0 —w;| "M dg(x) %€ — wy|
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and

IDZH(E )19 ()] = dp(&) & — wy[*

—k; —1 2%;—1 (21)
= n = wj| T da(x) 1§ —w [T

If we also consider | — w;| > 3|¢ — w;| we have

ID¢Hp(E )| (@)* + [DHp(E )| |9 (2)] 2 da(@)™* + da(a) |z — 2|
j dQ(.’E)_27

by (20), (21) and (9).
If |n — wj| < 1|¢ — wj|, we can see that dp(£) > £[¢ — wy|. Then we have

IDEHB(E )| |g () + DL Hp(E,n)| g (2)] = |2 — 2|72 = da(z) 72,

by (20), (21) and (9).
Now, consider —1 < k; < 0. By (19) we obtain do(z) < dg(§) and taking
" = IEZZ <2- 7§, and v = 117_2]6]“7?' =2—F, it follows from (20), (21) and

(9) that

| — 2| DEHp (&, )| |g (2)]* = da(x)
and )
|z — 22| D Hp (&)l 9" ()] = da(x) ™,
as we desired. / )
(2) If © € Qny1 we have |g ()] <1, |9 (x)] <1 and
DS Hp(x,y)| = dp(6) "> +dp(&) "

In order to prove that dqo(z) < dp(§) we consider two cases depending on the
k; associated with the pre-vertex w; closest to n given by (19).

If k; < 0 the proof follows directly and if k; > 0 we have to consider
In—w;| > 3¢ —w;| > %= and |n — w;| < 3| — w;| as above. O

With respect to I, since |DET(z)| < Cla|* =" for |8] = 1, we have
D2 [ T —y) ftu)dy = | DIV =) o)y
¢
However, for |a| = 2, DT is not an integrable function and we cannot

interchange the order between second derivatives and integration. A known
standard argument shows that for |§] = || =1

D /Q DET(e — y) f(y) dy = K f(x) + () (@),
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where ¢ is a bounded function and

Kf(z) = lim DiT(z —y) f(y) dy

e—0 \z—y|>e

is a Calderén-Zygmund operator. Indeed, since DT € C*°(R? \ {0}) and
it is a homogeneous function of degree —1, it follows that D%Tq(x — y) is
homogeneous of degree —2 and has vanishing average on the unit sphere (see
Lemma 11.1 in [1, page 152]). Then, it follows from the general theory given
in [3] that K is a bounded operator in LP for 1 < p < oo.

Moreover, the maximal operator

K f(x) = sup
e>0

/ DETo(e — y) f(y) dy
|lz—y|>e

is also bounded in L? for 1 < p < co.
Our main result is a consequence of the next proposition which follows the
same ideas of Lemma 2.3 in [5].

Proposition 13. Let u be a solution of (1) and let p and o be the functions
given by

p(x) = { |wfzj|1feli ‘ forz e Q; andm < 6; <27
1 for either x € Q5 and 0 < 0; <7 or x € Qn41,
and .
|m—zj|2_"7 forz e Q; andm <6; <2m
o(x) = |x—zj|1_“ forz € Qjand0<b; <7
1 forx € Qnia,

with 0 < a < 1.
Then for any x € Q, || =1 and |a] = 2 we have

u(z)| + |p(a) DSu(x)] = M[(z),
o (@) Dgu(w)| < K f(w) + M f(x) + |f(2)],
where M f(x) is the ususal Hardy-Littlewood mazimal function of f.

ProoOF. Calling ¢ the diameter of €2

|f(y)] - |f(y)
lu(z)] < — 2L _dy = 77 d
/ y /;)/{ y

|z—y| <5 |z —y|~! 2= (b +1) §< |z —y|<2-F5} lz -yl
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by (3) and (10). Then, it follows that
|u(@)| = M f(x)

(see Lemma 2.8.3 in [9, page 85| for details).
Analogously, from Lemma 4 and Lemma 8 we obtain

|p(z)Du(x)| = Mf().

On the other hand, by (3) and (4) we obtain

o(z)D3u(x) = lim o(z) DIT(z —y) f(y) dy + cf (x)

€20 Jec|z—y|<da(z)

n / o(x) DS Ha(x,y) f(y) dy
|z—y|<da(z)

+ / o(x) DyGa(x,y) f(y) dy
|z—y|>da(z)
=1+ 11+ IIT+1V.
Now, we have
1] < |K f(@)] + K f(2) < 2K f(x).

Since ¢ is a bounded function we have |II| < f(z). Therefore, we only
need to estimate the last two terms. By Lemma 12 and as o(z) < 1 for z € €
with 0 < k; < 1 it holds that

/ o (2)DS Ha(e.9) §(4) dy = dofe) 2 [ @) dy
lz—y|<dq(x)

le—y|<da(z)

= Mf(z).

Finally, by the results given by Lemma 5, Lemma 6, Lemma 9, Lemma 10
and Lemma 11, it follows that

and the proposition is proved. O

We can now state and prove our main result. First we recall the definition
of the A,(R?) class for 1 < p < co. A non-negative locally integrable function
w belongs to A,(R?) if there exists a constant C' such that
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(5 ) G v <

for every cube Q C R2.

For any weight w, LP () is the space of measurable functions f defined in
Q such that

1/p
iz = [ 0P et ir)  <oo
and WkP(Q) is the space of functions such that

1/p

Hf”w]yp(g) = Z HDQJC”I[J&(Q) < 00.

la| <k

Theorem 14. Let Q be a polygonal domain in R2. Let u be a solution of (1)
with f € LP(2), 1 <p < oo.
Then, for w € A,(R?), we have

lull Loy + Y lo@)Diull iy @) + Y lo@)Dgulloy ) = I1f o),
[Bl=1 lor]=2

where p(x) and o(x) are the functions defined in Proposition 183.

Proor. Taking Q2 = U;y;rlle, since M and K are bounded operators in L?
(see [8, Chapter V]), the proof is a consequence of Proposition 13. O
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