Real Analysis Exch
RESEARCH Vol. 39(1), 2013/2014, pp. 101116

J. A. Astorga-Moreno, Centro de Ciencias de Matematicas, Universidad
Nacional Auténoma de México, Campus Morelia, Morelia, 58089, México.
email: astorga@matmor.unam.mx

S. Garcia-Ferreira,* Centro de Ciencias de Matemaéticas, Universidad
Nacional Auténoma de México, Campus Morelia, Morelia, 58089, México .
email: sgarcia@matmor.unam.mx

OUTER MEASURES ON THE REAL LINE
BY WEAK SELECTIONS

Abstract

A weak selection on an infinite set X is a function f : [X]? = X
such that f(F) € F for each F' € [X]* :== {F C X : |E| = 2}. If
f:[X]? = X is a weak selection and z,y € R, then we say that = <; y
if f{z,y}) =« and = <; y if either x = y or <y y. Given a weak
selection f on X and z,y € X, we let (z,y]ly ={z € X 1z <y z <y y}.
If f: [R]* — R is a weak selection and A C R, then we define

AHA) = inf{ S fbu—anl s AC | (an,bn]f}
neN neN
if there exists a countable cover by semi open f-intervals of A, and if
there is not such a cover, then we say that A}(A) = 4o0. This function
A} @ P(R) — [0,400] is an outer measure on the real line R which
generalizes the Lebesgue outer measure. In this paper, we show several
interesting properties of these kind of outer measures.

1 Preliminaries

The Euclidian (standard) order on the real numbers will be denoted by <.
The Lebesgue outer measure will be denoted by A\* and M and N will stand
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for the family of all Lebesgue measurable sets and the family of all null (zero
measure) sets, respectively. The cardinality of the real line shall be denoted
by ¢.

For an infinite set X, we let [X]?2 = {F C X : |F| = 2}. A function
[ [X]? = X is called a weak selection if f(F) € F for all F € [X]?. The
most common example of a weak selection on the real line is the Euclidian
weak selection fz : [R]> — R given by

fe({z,y}) =2 itz <y,

for each {z,y} € [R]?>. The weak selections have been recently studied in
topology (see for instance [2], [4], [5], [6], [7], [9], [11], [10] and [12]). One
important property of the weak selections is that each one of them generates a
topology which has many strong topological properties like complete regularity
and Hausdorff property (see [4], [7] and [11]). In this article we shall only
consider weak selections defined on R.

For a weak selection f : [X]? — X and {z,y} € [X]?, we say x <; y
if f{z,y}) = x, and for z,y € R we define x <; y if either z <; y or
x = y. This relation <; is reflexive, antisymmetric and linear, but it could
fail to be transitive: To see this let us define f : [R]> — R by f({0,1}) = 0,
f({1,2}) =1, f({0,2}) = 2 and for the other points we keep the Euclidian
order. It is evident that < is not transitive.

If f is a weak selection and a,b € R, then the f-intervals are

(a,b)f = {:L‘EX ra<px <y b},
(a,b]f := {xeX : a<fx<fb},
(a,—)f = {J;EX ta<y x}, etc.

For the Euclidian weak selection fr we just write (a,b), (a,b], (a,—) etc.. In
the notation (a,b) we shall understand that a < b. Meanwhile, in the general
notation (a,b); we do not require that a <y b since the relation <; is not
always transitive.

Definition 1.1. Let f be a weak selection and r € R. We say that r is f-
minimal if  <j x, for every x in R\ {r}. If z <; r for all z € R\ {r}, then r
is called f-mazimal.

We remark that every weak selection f admits at most one f-minimal point
and also at most one f-maximal point.

Let us make some comments concerning the f-intervals. It is clear that
if r € R is f-maximal for some weak selection f, then (r,s); = 0 for all
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s € R\ {r}, and if  is f-minimal, then (s,7); = 0 for all s € R\ {r}. Now, we
shall define a weak selection f to see that the f-intervals and the Euclidian
intervals could be quite different one from the other: Consider the Euclidean
interval (a,b), d ¢ (a,b) and its middle point ¢. Define

x if ze(a, and y=a

a if z=a and y=d

fz,y}) =
d if x=b and y=d

x if <y otherwise

for each {z,y} € [R]°>. Then we have that (a,b)f = (¢,b) U {d} and hence
(a,b) Z (a,b)¢ Z (a,b). Also we can define a weak selection f so the f-interval
(0,1)# has only one single point:

z if y=0 and z€(0,3)

f{z,y}) = 1 if z=1 and ye(%vl)
x if <y otherwise

for each {z,y} € [R]*. It is evident that (0, Dy ={3}

As it is mentioned in the Abstract, the main purpose of this article is
to introduce new outer measures on the real line by slightly generalizing the
Lebesgue outer measure and by using weak selections. By analyzing several
examples, we shall see how the analytical properties of these outer measures
interact with the combinatorial properties of the weak selection. In the first
chapter, we give some general properties of our outer measures. In the second
chapter, several examples are given comparing them with the known properties
of the Lebesgue outer measure. We are completely sure that this king of outer
measures will provide several nice examples of new measure spaces with some
exotic properties.

2 Owuter measures by weak selections

The concept of outer measure is due to C. Carathéodory and it is defined as
follows.

Definition 2.1. Let X be an infinite set. A set function p : P(X) — [0, 00)
is called an outer measure if it satisfies the following properties:
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1. pu(0) =o0.
2. If A,BC X and A C B, then u(A) C u(B).
3. If (An)nen is a sequence of subsets of X, u({,cy An) < D pen #(An).

For basic properties of outer measure we refer the reader to the books
[1], [3] and [8]. Recall that the Lebesgue outer measure uses the length of
the Euclidian intervals and countable covers by them to estimate the outer
measure of an arbitrary subset of R. By using the basic idea of the definition
of the Lebesgue outer measure, we introduce the following notion.

Definition 2.2. Let f be a weak selection on the real line R. The outer
measure induced by f is the set function A} : P(R) — [0, +oc] defined, for
every A C R, by

N5(A) = inf{an—an\ P AC U(anabn]f}

neN neN

if there exists a countable cover of A by semi open f-intervals, and if there is
not a countable cover of this form, then we say A\3(A4) = +oo0.

Clearly, for the Euclidian weak selection fg we have that A* = A% . The
proof of the following theorem is similar to the one for the Lebesgue outer
measure.

Theorem 2.3. For every weak selection f, )\? s an outer measure on R.

The outer measure induced by a weak selection f will be called f-outer
measure, and My will denote the family of all A\}- measurable sets and Ny
will denote the family of all A}-null sets.

It is well known that the singleton sets of the reals are null sets. For the
outer measures introduced in Definition 2.2 a singleton set can have f-outer
measure equal to either 0 or +oco, for any weak selection f. We shall prove
this assertion in the next theorem, but first we need to state an easy lemma.

Lemma 2.4. Let f be a weak selection and r € R.

1. If (an)nen C R is a sequence that converges to r and a,, <y r holds for
eachn € N, then X} ({r}) = 0.

2. If a <y r and (an)nen C R is a sequence that converges to a such that
7 <f an for alln € N, then A} ({r}) = 0.

3. If r <; a and (an)nen C R is a sequence that converges to a such that
an <g 1 for alln € N, then A} ({r}) = 0.
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Theorem 2.5. For every weak selection f and for every r € R we have that

3 ={ o

PrOOF. Clearly, if r is f-minimal, then r ¢ (a,b]s for every a,b € R. Thus,
in this case, we have that A} ({r}) = +oo. If r is f-maximal, then take a
sequence (an)nen in R\ {r} that converges to . As a, <y r for each n in N,
by Lemma 2.4 (1), we obtain that the f-outer measure of {r} is zero. Suppose
that we can find two points a,b € R so that r € (a,b) . Assume the negation of
Lemma 2.4(2). Then there is 6 > 0 such that ¢ < r, for each ¢ € [a— 4, a+4].
We have to consider the following two cases:

Case I. @ < r. We know that a +§ <y r and we may assume, in the
Euclidian order, that a + § < r. Consider the set

A:{seRza<s<r and s<fr},

which is not void since (a,a + ] € A. Let d = supA. If d = r, then we
are done by clause (1) of Lemma 2.4. Suppose that d < r. Then choose two
sequences (¢p)nen C (¢, d) with ¢, = d and ¢, <y r for every n € N, and
(dy)nen C (d,r) with d,, — d. Notice that r <y d,, for every n € N. Then,
7 € (Cnydyly, for all n € N, and hence A} ({r}) = 0.

Case II. r < a. We may assume that 7 < a — § and consider the set
B:{SER :r<s<a and s<f7‘},

which is not empty since [a — §,a) C B. Let ¢ = inf B. If ¢ = r, then we are
done by clause (1) of Lemma 2.4. Suppose that r < ¢. Choose two sequences
(¢n)nen C (¢, a) with ¢, — cand ¢, <y r for every n € N, and (dp,)nen C (7, ¢)
with d,, — ¢. Then, we must have that r € (¢, d,], for all n € N, and hence
we obtain that A} ({r}) = 0. O

We list some direct consequences of Theorem 2.5.
Corollary 2.6. Let f a weak selection and r € R.

1. If r is f-mazimal, then A} ({r}) = 0.

2. 1 s f-minimal if and only if X} ({r}) = +o0.

In particular, if there is an f-minimal point in R, then A}(R) = +oo.



106 J. A. ASTORGA-MORENO AND S. GARCIA-FERREIRA

Corollary 2.7. If X C R is countable and f is any weak selection, then

A;(X):{ +02

Corollary 2.8. For every weak selection f, each countable subset of R is
A -measurable.
Corollary 2.9. For every weak selection f, |My| > c.
Unfortunately, we could not answer the following questions.
Question 2.10. Is there a weak selection f such that M| =¢?

Question 2.11. Given an arbitrary weak selection f, is there A € My such
that |[A] = |A\R|=¢?

We shall see next that the Lebesgue outer measure coincides with an outer
measure induced by a weak selection that only changes the Euclidian order on
a countable subset of the reals.

Theorem 2.12. Let f be a weak selection. Assume that there is a countable
subset M of R such that

f{z,y}) =2 ifand onlyif =<y and Hz,y}nM|<1,
for every {z,y} € [R]*. Then AH(A) = A*(A) for all ACR.

PRrROOF. First, notice that (a,b]; = (a,b] whenever a,b ¢ M. On the other
hand, we known that if B C R, then

A*(B) = inf{ Z |y, — x| : BC U (Zn,yn] and ¥n € N(xp, yn € R\M)}
neN neN

So, A}(B) < A*(B) for every B C R. Fix z € M. For each n € N, choose two
points a,, b, € R\ M so that

z € (an,by] and b, —a, < 2i
It then follows that

* * * 1
for every n € N. Thus, A} ({z}) = 0 for each z € M. So, \}(M) = 0 and
hence the set M is A}-null. Now, fix A C R. Applying the Carathéodory’s
condition to M, we obtain that

N5 (A) = N5 (AN M) + X5 (A\ M) = X5 (A\ M).
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To finish the proof we only need to show that the f-outer measure of A\ M
is equal to its Lebesgue outer measure. We already know that )\}(A \ M) <
A*(A\ M). Assume that A7 (A\ M) < A" (A\ M). Then, we can find € > 0
and a countable cover of A\ M by f-intervals {(z,,yn]s : n € N} satisfying

3" Jyn — @al + e <X (A\ M).

neN

For each n € N choose ¢, for which ¢, < 11 and ©, — €y, Yn + €, & M.
2n

Observe that (2, yn]f \ M C (Z5, — €n, Yn + €5,] for all n € N. Hence,

A\Mg U(xn_enayn+6n]

neN
and so
A (A\ M) < Z|yn—xn|+§:; = yn —aal +e< A (A\ M),
neN neN neN
but this is a contradiction. Thus, we have proved that A} (4) = A" (4 \ M).
Therefore, A} (A) = A" (A). O
3 Examples

In this section, we give several examples of weak selections that provide several
very interesting outer measures on R.

In the first example, we shall see that an Fuclidean interval can have infinite
f-outer measure for a suitable weak selection f.

Example 3.1. Let (a,b) an Euclidean interval where a < b. We shall use
transfinite induction to define the weak selection f. To do that we enumerate

all sequences of R as {Sg E< c} and each S¢ as {x% in € N}. Take

o € (a,b) \ So and define 7y <; 29, for all n € N. Let 6 < ¢ and suppose that
for each £ < 6 we have carefully chosen a real number r¢ € R. Fix

ro € (a,b) \ Usgu{r5:§<9}
£<0

and define ry <y x% for each n € N and for each £ < 6. The weak selection
f will preserve the Euclidean order in the rest of the two point sets which
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were not considered above. Let {(a,,by]s : n € N} be a countable family of
f-intervals. Pick 6 < ¢ so that 2§, = a, and z3,,; = b, for all n € N. By
definition, we know that r¢ <y 29 for every n € N, and so

o0

ro € (a,b) \ [U (an: bl

n=0

This shows that (a,b) cannot be cover by a countable family of semi open
f-intervals. Therefore, )\}((a,b)) = +o0.

Now we shall see that the f-outer measures are not in general translation
invariant.

Example 3.2. Fix r € R and consider the weak selection f given by

roif IGR\{T} and y=r
f{zy}) =
z if z<y and z#rFy

for each {z,y} € [R]Q. As the point r is f-minimal, by Corollary 2.6, the
f-outer measure of the set {r} is infinite. Therefore, by Theorem 2.5, we have
that

N ({r}+ 1) = X ({r +11) = 0 < 400 = A5 ({r}).

We shall continue giving examples of f-outer measures that satisfy some
unusual properties when we compare them with the properties of the Lebesgue
outer measure.

Example 3.3. If the point @ € R is f-maximal for some weak selection f,
then A} ((a, b)) = 0 since (a,b); =0, for every b € R\ {a}.

The most trivial outer measure on an infinite set is the one taking the
constant value 0 everywhere. But by using weak selections we can collapse
the outer measure of an Euclidian open interval to 0 as it is shown in the next
example.

Example 3.4. The f-outer measure of an Euclidean open interval could be
zero for some weak selection f.

Fix an Euclidean open interval (a,b). Without loss of generality, we may
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1

assume that ——= < a for each n € N. Our weak selection f is defined by

x if z€(a,b) and y:L

n+1
f{z,y}) = y if z€(a,b) and y= —%
n+

T if <y otherwise

for each {x,y} € [R]> and for each n € N. By the definition of the weak se-
lection, we have (a,b) C (1, 1] , for every n € N. Hence, X]i((a, b)) <
n+l n+1 f

2 *
L for each n € N. Therefore, )\f((a, b)) =0.

Example 3.5. The f-outer measure of an Euclidean interval could be positive
and smaller than its Lebesgue outer measure.
To see this consider the weak selecciéon f defined by

y if xzé and ye(i,g}

f{ay)) = v
T if <y otherwise
2 . 12 12 _
for each {z,y} € [R]". Notice that (g, g] N (g, g] = (). We claim that
f

1 2
0.1l = (0, =-|fU (=, 1]¢.
( ’ ] ( ’3]f (37 ]f
Indeed, fix r € (0, 1].
o Ifre (O,é],then0<frandr<f +. So,re (Oé]f'

e If r € (5,1], then 2 <; r and r <; 1. Hence, r € (E,l}f.
3

W= wIlN

], then 0 <; r and r <y 3. That is, r € (0, 1]f.

o If r e
3

w N

)

Thus we have shown that (0,1] C (0, é]f U (z, 1];. Evidently, by definition,

(0’ g}f U (gv Hf - (Ov 1]

This shows our claim.
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Since (0, é]f U (z, 1]¢ covers (0, 1], we must have that )\}((0, 1}) < z On

the other hand, it follows from the definition of the weak selection that

(0,5 UG D10 (@b)y = [0,5)U G, 1] (0,b),
for every a,b € R with a < b. Hence,
2 =2 (0,5) UG ) = 25(0,5) U (1) < X5 ((0,1).

Therefore, /\}((0, 1]) = z

In the next example, we give a weak selection f for which all subsets of R
are Aj-measurable.

Example 3.6. There exists a weak selection f such that R € Ny. In partic-
ular, every subset of R is A}-measurable.

Construct a sequence ((ai)zez) of sequences of real numbers as follows:

i€N :
First set a? = 2 for all z € Z. Suppose that the sequence (a}).ecz has been
defined for i € N. Then, for each z € Z we define a4"' as the middle point
i+1

of the interval (al,,,a’,,), and a5f'; = a’, ;. Then we have the following
properties of these sequences.

1. The sequence (a’),ez is a not bounded neither below nor above, discrete
in R and strictly increasing, for all i € N,

2. al,, <ay! forall (i,z) € Nx Z, and

z
3. ai+1—ai<2i%forall (i,2) e NX Z.

Let A = {al : (i,z) € N x Z}. By definition, we have that if (i, 2) € N x Z,
then al,, < aj’ for every positive j € N. The weak selection f : R]> - R is
defined by:

%

i. For every pair (i,z) € N x Z and for every real r € (a’,al ;)\ A we
define atl? <y r <y a;jrg+1, for each positive j € N.

ii. The Euclidean order is preserved in the rest of the points not being
considered above.

Notice that there are neither f-minimal point nor f-maximal point. Thus, by
Corollary 2.7, A3(A) = 0. Let us calculate \}(R\ A). Fix (i,z) € N x Z. We
know that o S

(alz7 a’;-&-l) \ A g (a’;—gv alz_J"—g+1]f7
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for each positive j € N. Hence,

o L .y 1
* i i i+ i+
)‘f((az’am-l) \ A) < a2jg+1 - azjzj < itj—17
for every positive j € N. This implies that A}((al,al, ;)\ A) = 0, for all
(4,2) € Nx Z. So,

AR\ A) <A (J a2 a210) VA]) <) A5 ((a2,a2,) \ A) =0.

2€EZL ZEL
Therefore, A3 (R) = 0.

By a slight modification of the previous construction we obtain the follo-
wing example.

Example 3.7. For each proper subset N C R there exists a weak selection f

such that N € Ny and \}(R\ N) =
Fix r € R\ N and consider the sequence ((ai)zez)ieN constructed in
Example 3.6. Assume, without loss of generality, that r # al ¢ N for each

(i,2) ENx Z, and let A = {al : (i,2) € N x Z}. Then define f as follows:
1. r<ysforall s e R\ {r};

2. for every (i,2) 6 N x Z and for every s € (a’,al,,)\ (AU{r}) we define

2]2 <y s<y a2] 41 for each positive j € N; and

3. the Euclidean order is preserved in the rest of the points not being con-
sidered above.

In connection with Examples 3.6 and 3.7, we pose the following question.

Question 3.8. Given an arbitrary weak selection f such that 0 < A}(R) <
+00, is PR)\ My #07?
Example 3.9. Let (a,b) be an Euclidian interval. Then there are a weak
selection f and r € R such that £ +r € My and \* (E) = X} (E), for every
E C (a,b).

Choose a positive r € R so that [—1, 1)N(a+r, b+r) = O = [a, b)N(a+r, b+7).
We define the weak selection f as follows:

z if ze(a+rb+r) and y:i

n+1
fzy}) =9 - if zc(atrbtr) and y=——
n+1 n+1

x if =<y otherwise
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for every n € N and for each {x,y} € [R]*. By definition, we have that

11
bir)C (- b
(a+T, +T> - ( nJrl7 n+1)f7
for every n € N. Hence, )\}((a +7,b+ T)) = 0 and so )\}(E + r) = 0, for
every E C (a,b). Thus we obtain that E 4+ r € M;. Since (z,y] N (a,b) =
(x,y]lyN(a,b) for distinct z,y € R, we conclude that A* (E) =X} (E), for each
E C (a,b).

As an interesting consequence of the previous example is that if F is a
non-measurable subset of (a,b) (for the existence of this set see, for instance,
the book [1, Th. 1.4.7]), then there are a weak selection f and r € R such
that £+ r € My and \*(E) = )\}(E)

We know that every Euclidean interval (a,b) is Lebesgue measurable, con-
trary to this fact we have the following example.

Example 3.10. There is a weak selection f such that (0,1); is not Ap-
measurable.
Our weak selection f is given by the rule:

x if z€(3,4) and y=1
0 if z€(3,4) and y=0
xz if £€(2,3) and y=0
f{z,y}) =< =1 if z€(2,3) and y=-1
x if ze€(2,4) and y=6

5 if ze€(2,4) and y=5

x if <y otherwise

for cach {z,y} € [R]*. We have the following properties:
e (2,4)=(2,4)4, (2,3) = (2,3)r and (3,4) = (3,4);.
hd (07 1)f = (Ov 1) U (334) and (715 O)f = (7170) U (2a 3)

o (5,6); =(5,6)U(2,4).
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It is not hard to show that )\;((2,4)) = )\;‘e((273)) = XJZ((374)) =1 1If
E=(0,1)f and A= (2,4)¢, then

ENA=[(0,1)U(3,49]N(2,4) =(3,4) = (3,4)s, and

E‘NA=][(-00,0]U[1,3]U[4,4+00)|N(2,4) = (2,3) = (2,3);.

So, AH(ENA) = A3(E°NA) =1. On the other hand, since (2,4) C (5,6),
we must have that )\}((2,4)f) < 1. Thus,

MN(ENA)+ X5 (E°NA)=2>1=)}(A).
Therefore, (0,1); cannot be Aj-measurable.

Question 3.11. Let f be a weak selection. Given an f-interval (a,bd)y, is
there a weak selection g such that (a,b)y is not Aj-measurable ?

Next, we shall see that a subset of R of size ¢ can have arbitrary positive
real f-outer measure by defining a suitable weak selection f.

Example 3.12. If A C R has size ¢ and a,b € R satisfy a < b, then there
exists a weak selection f such A} (A) =b—a.

Without loss of generality, we may assume that AN (a,b) = (). The defini-
tion of the weak selection f will be by transfinite induction. First we define

e a <;r <ybforall r € A. Next, consider the set

R = {S eERY : §S=(zy)ney and Vn € N(xg, # x2n+1)}.

Enumerate R as {5’5 €< c} and S¢ by (28)nen for each ¢ < ¢. Now,

suppose that the weak selection f and the number r¢ € A have been
defined in a certain convenient way, for all £ < 6 < ¢. Consider the
sequence Sy. Fix

TgGA\[{T§:§<0}U{$%Z§§0 and nENH,

This is possible, since the cardinality of this set is c. We define the weak
selection f on the point rp with respect to x5, for each n € N, as follows:

o If 25, # a for all n € N, then rq <f xén

e If there is n € N such that 25, = a and xgnH =b, then a <y 79 <y b.
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e If there is n € N such that 25, = a and xgnﬂ # b for all n € N, then
:Ugn +1 <r 7o
The weak selection f will preserve the Euclidean order on the rest of the

points. By the definition of the weak selection, we have that A C (a,b]y and
hence A} [A] < b — a. Suppose that

A g [j (an,bn]f.
n=0

Let 6 < ¢ such that the sequence Sp = (29),en satisfies 2§, = a,, and 2, =
by, for all n € N. Applying the definition of f, for every n € N we have the
following cases:

To é (Z‘gn, $gn+1]f lf a 7é xgn and b 7é x§n+17
ro ¢ (25,,0]; if a # a5, and
To ¢ (a7x§n+1]f if b 7é xén-‘rl'
Hence, it follows that if either a # x5, or b # xgnﬂ, for all n € N, then

[e%S)
To ¢ U (xgn’ ‘rgnJrl]f'

n=0

This shows that the only possible cover of A by f-intervals should contain the
f-interval (a,b]s. Therefore, \5(A) =b— a.

Corollary 3.13. Ifa,b € R satisfy a < b, then there exists a weak selection
[ such that X5((0,1)) =b - a.

We end the article with an open question.

Question 3.14. Let f and g be two weak selections. If A} ((a, b]f) = ((a, b]g),
for all a,b € R, must A} = A7 7
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