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Abstract

In this paper we shall study three kinds of descriptive type inte-
grals, that all generalize the wide Denjoy integral. In fact the classes of
primitives for these integrals, restricted to the continuous functions, are
ACG. We shall also study five kinds of Perron type integrals, that are
all in a close relationship with the descriptive type integrals. In the last
three sections we show some relationships between the descriptive type
integrals and the Perron type integrals.

1 Introduction

To define descriptive type integrals on compact intervals the following two
facts are essential.

1) To have a sufficiently general monotonicity theorem.

2) To find some linear spaces, sufficiently general, such that the monotonicity
theorem can be applied.

In this paper we shall study three kinds of descriptive type integrals that
all generalize the wide Denjoy integral. In fact the classes of primitives for
these integrals, restricted to the continuous functions, are ACG.

The integrals mentioned above are based on the following facts.
(I) [ACG] on a compact set is a linear space.
(IT) [VBG]N(N) on a compact set is a linear space ([23], [3], [4]).
(III) VBGN(N) for Borel functions on a Borel set is a linear space ([3], [4]).
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In [11], C. M. Lee introduced the very abstract LDG integral, using (I)
and his monotonicity Theorem A, a). The integrals based on (II) and (IIT)
use Theorem A, b).

To define Perron type integrals on compact intervals the following two facts
are essential.

1/) To have a sufficiently general monotonicity theorem.

2l) To find some upper semilinear spaces, sufficiently general, such that the
monotonicity theorem can be applied.

In this paper we shall study five kinds of Perron type integrals, that are
all in a close relationship with the descriptive type integrals. These integrals
are based on the following facts.

(1) [ACG], |[LG] and [(AC N L)G] on a compact set are upper semilinear
spaces.

(I1)" [VBG] N (N) on a compact set is an upper semilinear space ([4]).

(IIT)" VBG N (N) for Borel functions on a Borel set is an upper semilinear
space ([4]).

In [11], C. M. Lee introduced the very abstract LPG integral, using [ACG]
and Theorem A, a). The Perron type integrals based on (II) and (III) use
Theorem A, c).

The Hake-Alexandroff-Looman Theorem asserts that the restricted Denjoy
integral is equivalent to the classical Perron integral (see [19], pp. 247-252).
In what follows, by a Hake-Alexandroff-Looman type theorem we mean a
theorem that establishes the equivalence between a descriptive type integral
and a Perron type integral.

In the last three sections we show some relationships between the descrip-
tive type integrals and the Perron type integrals. We obtain in Corollary 6
that C. M. Lee’s LPG integral is a strict generalization of his LDG integral
(although he claimed in [11] that they were equivalent). In general the de-
scriptive integrals (II) are strictly contained in the Perron type integrals (IT)
but we identify situations in which the two integrals are equivalent. We show
that the descriptive integrals (III) and the Perron type integrals (III)' are
always equivalent. Surprisingly, some descriptive integrals (II) are contained
in some Perron type integrals (I)/. It seems that the LPG integral cannot
be characterized nicely descriptively. However we identify two situations (see
Definition 15) for which the £LPG integral admits descriptive characterizations.
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2 Preliminaries

We denote by m* (X ) the outer measure of the set X and by m(A) the Lebesgue
measure of A, whenever A C R is Lebesgue measurable. d(A4,z) denotes the
density of the set A at the point = ([1], p. 18). For the definitions of VB,
AC and Ty, see [19]. Let C denote the class of all continuous functions, D the
class of all Darboux functions, B; the functions in Baire class one, and Bor
the collection of all Borel measurable functions. For two classes A1, As of real
functions on a set P let

A1 B A, = {a1F1 +agFy: F1 € Ay, Fr € Ay, aq, 090 > O}

Definition 1. Let F : [a,b] — R, and let P be a closed subset of [a,b],
¢ = inf(P), d = sup(P). Let {(ck,dr)}r be the intervals contiguous to P and
define Fp : [¢,d] — R by

F(z) ifzeP
FP(IE) =
linear on each [cg, d] .

Definition 2. Let F: P — R and [a,b] C P. Define F,;, : R — R by
F(a) ifzx<a
Fop(z) = F(z) ifz € [a,b]
F(b) ifa>b.

Definition 3. ([2]). A function F': R — R is said to be D_ if [F(8), F(«)
F(Jev, B]), whenever o < 8 and F(8) < F(a). Clearly F' is D (Darboux) i
and —F' are both D_.

=
fF

Definition 4 (C. M. Lee). ([11]). A function F': R — R is said to be uCM
if F' is increasing on [c,d] whenever F is increasing on (c,d). F' is said to be
CM if F and —F are both uC'M.

Definition 5 (Garg). ([6]). Let E C R and F': E — R. The function F is
said to be lower internal if

liminf F(y) < F(z) <limsup F(y) (V) v € E.
<z e

F' is said to be internal if F' and —F' are both lower internal.
F :]a,b] = R is said to be lower internal if F, p is lower internal.

Definition 6. Let P C [a,b], xg € P and F': P — R.
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e [ is said to be C; at z( if lim supl/,m F(z) < F(x9), whenever g is a
P

left accumulation point for P, and F (x0) < liminfa\ 4, F(2), whenever
zeP
xo is a right accumulation point for P.

e F' is said to be Cf at zg if limy »y, F(x) exists and is finite, with
zeP
limg ~z, F(z) < F(x0) whenever zg is a left accumulation point for F,

zEP
and if limg\ 5, F'(x) exists and is finite, with F(z¢) < limg g, F(x)
reP reP
whenever x( is a right accumulation point for F.

e F issaid to be C; (respectively C}) on P, if F' is so at each point z € P.
Definition 7. Let £ C R be an open set and F' : E — R.

e Fis said to be C; qp at xg € E if there exists a measurable set E,, C F
with d(E,,,zo) = 1 such that

limsup F(z) < F(xp) < liminf F(x).
T—xTo T—To
z<m0,m€Em0 1>mo,m€Em0

e [ is said to be C; ., at ¢ € I if there exists a measurable set £, C E

i,ap

with d(Ey,,zo) = 1 such that the two limits

lim  F(x) and lim  F(x)
Tr—rTo T—rT0o
m<x0,x€Em0 z>r0,x€EmU

exist, are finite and

mhﬁna}o F(z) < F(xg) < Ill}l’go F(z).
:E<E0,I€E;,;O z>zg,m€EmO

e The function F is said to be C; 4p (vespectively C;,,) on a subset A of
E, if it is so at each point of A.

o Let C; gpla,b] = {F : [a,b] > R : F, 4 is Cj qp on R} and C
[a,b] = R: Fyp is Cf ,,, on R}.

a,b) ={F:

1ap[

Proposition 1. Let Inc={F :R — R : F is increasing}.

(i) Let E C R be an open set and let F,,, F : E — R, n=1,2,.... If each
F, €Ciap on E and F,, — F [unif] on E, then F € C; 4, on E.

(i1) (i) remains true if C; qp ts replaced by C;.

(iii)) C C CBInc C Cf C C; C D_By C D_ C lower internal C uCM on
[a,b].
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(iv) Cop C Cop BInc C Cf,, C Ciap C lower internal C uCM on [a,b].

i,ap
(v) C=C;N(—=C;) and Cop = Ci,ap N (—Ci.ap) on [a,b].
(vi) Ciap N B1 C D_B1 = lower internalN B1 C uCM N By on [a,b].

PROOF. (i) Let € > 0 and choose N large enough such that
|F(z) — F(x)] < g (V) x € E, whenever n> N.

Let g € E. Since Fy € C;4p at g, there exist a measurable set E,, with
d(Ez,,x9) =1 and a 6 > 0 such that

€

FN(u)—E <FN(1‘0) <FN(’U)+§,

3

whenever u € (zg — 0, zo] N Ey, and v € [z, o + J) N Ey,. Then

2
F(zo) < F(wo) + % < Fy(v) + Ee < F(v) + ¢
and

F(zo) > Fy(zo) — § > Fy(u) — % > F(u) —¢.

Therefore F' € C; qp at xo.
(ii) See [2], p. 32.
(iii) and (iv) These follow from definitions and Theorem 2.4.2; (vi) of [2].

(v) This follows by the definitions.
(vi) The first inclusion and the equality follow by (iv) and Theorem 2.5.1,
(1), (iv) of [2]. For the last inclusion see Theorem 2.4.2, (viii) of [2]. O

Definition 8. A function F' : P — R is said to be L on P if there exists a
real constant « such that F(y) — F(x) > a(y — z), whenever z,y € P, z < y.
Clearly F is Lipschitz (abbreviated (L)) on P if and only if F' and —F are
both L on P.

Definition 9. ([14], p. 236). A function F': P — R is said to be AC (respec-
tively AC) if for every e > 0 there is a § > 0 such that

Z(F(bk) — F(ay)) > —e (respectivelyZ(F(bk) — F(ay)) < 6),
k=1 k=1

whenever {[ag,bk]}, & = 1,2,...,n is a finite set of nonoverlapping closed
intervals with endpoints in P and Y, _, (b —ay) < 8. Clearly AC = ACNAC.
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Definition 10. A function F : P — R is said to be VBG (respectively ACG,
ACG, ACG, LG, LG, (ACNL)G) on P if there exists a sequence of sets { P, }
with P = U, P,,, such that F is V B (respectively AC, AC, AC, L, L, ACNL)
on each P,. If in addition the sets P, are supposed to be closed we obtain
the classes [VBG], [ACG], [ACG], [ACG], [LG], [(AC N L)G]. Note that
condition ACG used here differs from that of [19] (because in our definition
the continuity is not assumed).

Definition 11. Let F : [a,b] = R and P C [a,b].

e F'issaid to satisfy Lusin’s condition (N) on P if m*(F(Z)) = 0 whenever
Z is a null subset of P ([19], p. 224).

e [ is said to satisfy Saks’ condition Nt on P if the set F({z € P :
(Fip) () = +o0}) is of measure zero. F is said to be N™°° on P if —F
is Nt on P, i.e., the set F({z € P : (F|P)l(x) = —o0}) is of measure
Z€ro.

Definition 12. Let F' : [a,b] - R, P C [a,b]. F is said to be M on P if
F e AC on @, whenever Q = Q C Pand F € VBNC on Q.

A function F is said to satisfy Foran’s condition (M) on P if F' is simul-
taneously M and M (i.e., F is AC on @ whenever @ is a closed subset of P
and FF € VBNC on Q, see [5]).

Definition 13. (2], p. 6). Let F': [a,b] = R, P C [a,b]. Put

e O®(F;P)=if{d> 2, O(F;P) : U2, P, = P};

o OF(F;P) =inf{3 72, O (F; i) : UZ, P, = P;

o OX(F;P)=sup{d .o, O_(F;P;) : U2, P, = P};
Definition 14. ([2], p. 78). Let F': [a,b] = R, P C [a,b]. F is said to be
(N) on P if OF(F;Z) =0, whenever Z C P and m(Z) = 0. F is said to be

(N)on Pif —F is (N) on P; ie., O®(F;Z) =0.
Theorem A. Let F : [a,b] — R.

a) (C. M. Lee) If F € uCM N[ACG] on [a,b], then F is increasing on [a, b]
if and only if F () > 0 a.e. where F is derivable on [a,b).

b) (C. M. Lee) If F € DB, N (N) on [a,b] and F'(x) > 0 a.e. where F is
derivable, then F' is increasing and continuous on [a,b].

¢) IfFe D_BiToN(N) on [a,b], and F'(z) > 0 a.e. where F is derivable on
[a,b], then F is increasing on [a,b]. In particular, the assertion remains
true if Ty is replaced by V BG.
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d) (N)NVBGNBor = MNVBGNBor is a real upper linear space on a Borel
measurable subset of [a,D].

e) [VBG)IN(N) = [VBG|NM is a real upper linear space on a closed subset
of [a,b].

f) VBGN(N)NBor =VBGN(M)NBor is a linear space on a Borel subset
of [a, b].

g) [VBG|N(N) =[VBG]|N (M) is a linear space on a closed subset of [a,b].

h) VBN (N)=VBnN (M) is a real space on [a,b].

i) VBN (N) =VBNM is an upper semilinear space on [a,b].

PROOF. a) See Theorem 1 of [11], p. 70.)

b) See Theorem 1 of [12], p. 61, or Corollary 4.3.4 of [2].)

¢) By Corollary 4.3.1 of [2], if F € D_ByT,N N~ on [a,b], and F'(z) >0
a.e. where F is derivable on [a,b], then F' is increasing on [a,b]. But () C
N7 (see Lemma 2.21.1 of [2]).

For the second part, VBG C T; follows from [19], p. 279.

d) See Theorem 2 of [4].

e) See Theorem 1 of [4].

f) See Theorem 2, (ii) of [4].

g) Theorem 1, (ii) of [4].

h) and i) follow by Lemma 2 of [4]. O

Remark 1. 1) A generalization of Theorem A, a) can be found in [2] (see
Corollary 4.3.5).

2) Theorem A, b) was proved by C. M. Lee using Bruckner’s Theorem 2.2 of
[1] and the Banach-Ellis Theorem (see Theorem 2 of [2], p. 187, or Theorem
B of [12], p. 62).
We state the following generalization of Theorem A, b) (see Corollary 4.3.3
of [2]): Let F : [a,b] = R, F € D_B, N (N) on [a,b]. If F'(z) > 0 a.e.
where F' is derivable, then F' is increasing on |a, b].

3) Theorem A, c) is an extension of Theorem A, b) and Corollary 4.3.3 men-
tioned above.

4) Theorem A, e) is a special case of Theorem A, d).

5) That [VBG] N (N) is a linear space on a closed subset of [a,b] was first
proved by Sarkhel and Kar in [23] (see also [3]).

6) That VBN (N) is a real space on [a, b] was first proved by Sarkhel and Kar
in [23].
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3 Classes of the First and the Second Type.
The condition ((*)). Examples

Definition 15. Let A C {F: R — R}.

o The class A is said to satisfy the condition (x) if F,; € A for [a,b] C R
whenever F' € A.

o Ais said to be of the first type if Fjj. 4 is continuous on [c, d] whenever
F € A and F is increasing on [c, d].

e A is said to be of the second type if F' € A whenever F' = Fy + Fb,
F,F, :R— R, I} € Aand F; is increasing.

Theorem 1 (Examples).
(i) Any class A C {F : R = R : F is internal} is of the first type.
(i) The following classes satisfy the property (x).

e {F:R—>R:FeD_};
e {F:R—R:FeD};
o {F:R—-R:FecuCM};
o {F:R—->R:FeCM};
e {F:R—R:F € lower internal};
o {F:R—R:F € internal};
(iii) The following classes satisfy the property (%), are linear spaces and of
the first type.
e C={F:R—R:F is continuous on R};
o Cop ={F :R — R: F is approzimately continuous on R};
(iv) The following classes satisfy the property (%), are upper semilinear spaces
and of the second type.
o Inc={F:R — R: F is increasing};
o CHInc and Cqp B Inc;
e Cr={F:R—R:FisCfonR};
e C;={F:R—=R:FisC; onR};
Ciop={F:R—=>R:FisC!,, onR};

z,ap P

Ciap={F:R—>R:FisCq,p on R};
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PROOF. (i) Let [¢,d] C R such that F is increasing on [¢, d], and let ¢ € [c, d).
Since F' is increasing, we have that F(zg) < hmy;)wo F(y). But we also have
Yy>To
(because F is internal) that F(zqg) > hmy;mo F(y). Hence F is continuous to
Yy>xo

the right at xg. Similarly it follows that F' is continuous to the left at xg, if
xg € (c,d]. Therefore Fj| g is continuous on [c, d].
The other assertions are evident. O

4 The Saltus of a Function

Lemma 1. Let F : [a,b] - R be a VB function and A C (a,b) be the set of
all interior discontinuity points of F. Let H : [a,b] — R,

0 ifr=a
H(z) = .
V(F;la,z]) if x € (a,b]

and let h(x) = H(z) — F(x) for every x € [a,b]. Then we have
(i) A is at most countable and the following limits exist.

F(z+):yli_r>I}CF(y), x € AU{a} andF(xf):;i_IgF(y), x € AU{b}.
y>x y<w

(i) H, h are increasing on [a,b], and H, h are continuous on (a,b) \ A.

PROOF. (i) See Corollary 2 of [13], p. 219.
(ii) See Theorem 6 and Theorem 1 of [13], pp. 218, 223. O

Definition 16 (The Saltus of an Increasing Function). ([13], p. 206).

Let F : [a,b] — R be an increasing function, and let A = {a1, ag,...} C (a,b)
be a countable set that contains all interior discontinuity points of F' (see
Theorem 1 of [13], p. 205). Let sp : [a,b] = R, sp(a) = 0 and for every
x € (a,b],

sp(z) = flat) = fla)+ Y (ft+) = ft=)) + f(z) — f(z—).

te(a,x)NA

Clearly F(t+) and F(t—) exist and sp(b) < F(b) — F(a) (see Theorem 1 of
[13], p. 205). Clearly sp is an increasing function, and it is called the saltus
of the function F.

Lemma 2. (Theorem 2 of [13], p. 206). Let F' and sp be as in Definition 16.
Then F — sp is increasing and continuous on [a,b].
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Definition 17 (The Saltus of a VB function). Let F, H,h : [a,b] — R and
A ={aj,as,...} C (a,b) be as in Lemma 1. Let sp : [a,b] = R, sp(a) =0
and for every x € (a,b],

sp(r) = sp(x) — sn(r) =
=F(at)—Fla)+ Y (F(t+) = Ft-)) + F(z) - F(z—)
te(a,x)NA

(see [13], p. 219). sp is called the saltus of the function F.
Let Sp : [a,b] = R, Sp(a) =0, and for every z € (a, b,

Sp(z) = |F(a+) — F(a)|+

+ (IF(t+) = FO)| + [F(t) = F(t=)|) + [F(2) — Fa—)] -
t€(a,x)NA

(That the above series is convergent follows from the footnote on p. 235 of
13].)

For A infinite, let k be a positive integer. We may suppose without loss of
generality that a < a1 < az < ... <ar <b. Let Spy : [a,b] — R be defined
as follows.

Srr(a) =0;

Srk(@) = Lieania (IF(H) = FOI+1F(E) = FE-)]) + [F(z) - F(z-)|
if » € (aval) )

Ska(,?) = Yicantaan [F(tH) = O +[F(t) = F(t=)]) =: ax

Srr(T) = 1+ Y ie anar o) ([F () —F @)+ F(t) = F(t-)|) +|F(z) - F(z—)]
if x € (a1,a2);

SF’k(.?) =01+ Ciean(aran) ([F(tH) = FO)| + [F(t) = F(t-)]) = a2
if 2 =as;

ifx=ay;
SEk(®) = 0+ e an(ap.m) ([F () = F@O+|F () = F(t-)]) +|F(2) - F(2—)|
if x € (ag,b);

SF,k(?) = Olé)k + Xtean(ans (F+) = O] + [F(t) — F(t=)[) = ara
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Lemma 3. ([13], p. 220). Let F': [a,b] = R be a VB function. Then F — sp
is continuous on [a,bl.

Lemma 4. For F, sp, Srp and Sg. defined above we have.
(i) sp € (N) on [a,b] and su(z) =0 a.e. on [a,b].

(i) If F € (M) on [a,b], then F — sp € AC on [a,b]. Particularly, the
assertion remains true for F € (N).

(iii) If F € M onla,b], then F—spr € AC on [a,b]. Particularly, the assertion
remains true for F € (N).

(iv) Sp,Sry are increasing and (N) on [a,b]. Moreover, Sp = S;ﬂ’k =0 a.e.
on [a,b].

(v) Spi(b) = 21 (1F(ait) = F(ag)|+|F(ai) = F(ai—)|) \ 0, for k — oco.

(vi) sp + Sg is increasing and sp — Sg is decreasing on [a,b]; sp + Sp is
increasing and sp — Sp i, is decreasing on each component of the open set
(a,b)\{a1,aq,...,ax}; hence sp+Spi € [ACG] and sp — Sp € [ACG]
on [a,b].

(vii) If F € (N) on [a,b], then F + Sp ) € [ACG] and F — Sp, € [ACG] on
[a,b].

PROOF. (i) To show that sp € (IV), we shall use Sarkhel and Kar’s technique
of [23] (see Corollary 3.6.1). From Definition 16 it follows that sp = sy — sp,.
We show that sy € (N) on [a,b]. But

s ([a;0]) € [0, 5 (b)) \ ((075H(a+)) U (sr(b=), 51 ())V

(U ((smr(an=), s (@) U (sur (o), sm(ax+)))
and sy (a+) = H(a+) — H(a). Also, for each k =1,2,...,
su(ay+) — sm(ax) = H(ap+) — H(ar) ,
sw(ax) — su(ax—) = H(ax) — H(ax—)
and sg(b) — sg(b—) = H(b) — H(b—). Since
su(b) = H(a+) — H(a) + Y (H(ar+) — H(ax—)) + H(b) — H(b-),
k=1

it follows that m(sg([a,b])) = 0. Hence sy € (N) on [a, b]. Of course sp, € (N)
on [a,b]. Since sg,s, € VB on [a,b], by Theorem A, h), it follows that
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sp € (N) on [a,b]. Clearly, sy is derivable a.e. on [a,b]. By Krzyzewski’s
Lemma (see for example [2], p. 70), we obtain that s}{ = 0 a.e. on [a,b].
Therefore s = sy — 55, = 0 a.e. on [a, b).

(ii) From (i), Theorem A, h) and Lemma 3, we obtain that F — sp €
VBNCN(N)= AC on [a,b] (see the Banach-Zarecki Theorem).

(iii) Again from (i), Theorem A, i) and Lemma 3, it follows that F' — sp €
VBNCNM C AC (see the definition of M).

(iv) Let a < 21 < 22 < b. Then

Sr(z2) — Sr(z1) = [F(21+) — F(z1)|+

+ > (P = F@)] + |[F(t) = F(t-)]) + |F(2) — F(aa—),

te(x1,22)NA

so Sp is increasing on [a,b]. Let [z1, 2] be contained in one of the following
closed intervals: [a,a1],[a1,as2],...,[ax—1,ak], [ak,b]. Then

Sew(rz) = Spa(z) = Y (IF(t+) = F(t)[ + |F(t) = F(t-)]) .

te(zy,z2)NA

so Spy is increasing on each [a,a1],[a1,a2], ..., [ak—1,ak],[ak,b]. Therefore
Spk is increasing on [a, b].
We have

Sr(b)=|F(at)=F(a)+ Y (P —FO)+F(t)~F(t-))+F(b)~F(b-)|;

te(a,b)
Sr(y) — Sp(z) = |F(a+) — F(z)| +
+ ) ([FH) = F)| + |[F(t) — F(t=)|) + [F(y) — Fy-)I;

te(z,y)NA
Sr(ait) = Sr(ai) = [F(ait) — F(ai);
Sr(at) = Sr(a) = [F(at) = F(a)];
Sr(ai) = Sp(az ) = |F(ai) - ( i)
Sr(b) = Srp(b—) = |F(b) = F(b-)];

sF<b>=[o,sF<b>]\((o,sp<a+>> (Sp(b-), Sp(b)) U

U (U321 (Sr(ai-), Swlas) U (Sr(ai), Sp(ai+)) )

Therefore m*(Sg([a,b])) = 0; so S € (N) on [a,b]. By Krzyzewski’s Lemma
(see for example [2], p. 70), Sp(z) = 0 a.e. on [a,b]. Similarly it follows that
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Spk € (N) and S’;ﬂ,k(x) =0 a.e. on each [a,a1],[a1,as2),...,[ag—1,ar], [ak,b].
Hence Sgy € (N) on [a,b] and S;ﬂ’k(x) =0 a.e. on [a,b].

(v) This is obvious.

(vi) Let a <z <y <b. Then

se(y) —sp(e) = Flat) = Fl@)+ Y (F(t+) = F(t) + Fy) = F(y-)

te(z,y)NA
and
Sp(y) — Sp(z) = |[F(z+) — F(z)|+
+ Y. (F(t+) = F)| + |F(t) = F(t=)|) + [F(y) — F(y—)|-
te(z,y)NA
Therefore
(sr +Sr)(y) — (57 + Sr)(x) >0

and

(sr = Sp)(y) — (sr — Sr)(x) <0,
hence sy 4+ SF is increasing on [a,b] and sp — SF is decreasing on [a, b].
Let [z1,22] C (a,a1) U (a1,a2) U...U (ag—1,ax) U (ax,b). Then
sp(xa)—sp(z1)=F(x1H—F(x1)+ Z (F(t-H—F(t—))+F(z2)—F(22-)
te(zy,z2)NA

and
SFJg(xQ) — SFJg(l‘l) = |F(.Z‘1—|—) — F($1)| +

+ > (IF@) = FO) + |F(t) = F(t=)]) + [F(x2) — F(x1)].
te(zy,2)NA
Therefore

(sp+SEw) (x2)—(sp+SEx) (1) = (sp(z2)—sr(z1))+HSpr(z2) —SEr(z1)) >0

and

(sp—=SFi)(x2)~(sr—Srx) (1) = (sp(z2)-sp(z1))~(Spr(r2)—Sri(z1)) <0.

It follows that sp + Spj is increasing and sp — Spy is decreasing on each
component interval of the open set (a,a1)U (a1, a2)U. ..U (ak—1,ar)U (ag,b).
(vii) From (ii) and (vi) it follows that

F+ Spy=(F —sp)+sp +Spr € [ACG| on [a,b]

and o
F—Spr= (F —sp)+sr —SFri € [ACG] on [a,b].
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Remark 2. That s, = 0 a.e. in Lemma 4, (i), and that Sj, = S;ﬂ’k =0a.e.
in Lemma 4, (vi), can also be proved as follows. (See the proof of Corollary
3.6.1 of [23].) Take for example sy. Clearly sy is derivable a.e. on [a,b] and
sp(x) > 0 a.e. on [a,b]. Then by Theorem 12 of [24], it follows that

b
() / Sia(t) dt = m* (spr([a,B)) = 0.

By Theorem 6 of [13] (p. 188), it follows that sy (z) = 0 a.e on [a, b].
Corollary 1 (A Jordan Type Theorem). Let F': [a,b] = R, F € VB N (N).
Then there exist H, h : [a,b] — R such that F = H —h and H, h are increasing
and (N) on [a,b).

PROOF. Let

1
H = <F+SF+VF75F) = 5((F_5F)+3F+SF+VF73F)

N | =

and
1 1
h=—5(F=8p=Vps) = =5 ((F=sp) 4 5p = 5 = Vros).

But F — sp € AC (see Lemma 4, (ii)); so Vp_s, € AC on [a,b]. Therefore
(F — sp) 4+ Vp_s, is AC and increasing on [a,b], and (F — sp) — Vp_s, is
AC and decreasing on [a,b]. From Lemma 4, (vi), we obtain that sp + S is
increasing and sy — S is decreasing on [a,b]. Therefore H,h are increasing
on [a,b], and by Lemma 4, (i), (vi) we obtain that sp,Sp € (N) on [a,b]. It
follows that H,h € (N) on [a,b] (see Theorem A, h)). O

Corollary 2. Let F : [a,b] = R, F € VBN(N). Then there exists a sequence
{hi}r of functions, hy : [a,b] — R, having the following properties.

(i) hi(a) =0 for each k;

(i) hy is increasing on [a,b] for each k;
(iii) F + hy, € [ACG] and F — hy, € [ACG] on [a,b] for each k;
(iv) {hx(b)}k is a decreasing sequence converging to 0.

Proor. Put for example hy, = Sp . O
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5 Relations between [ACG] and [LG]

Lemma 5. Let F : [a,b] = R, F' € [ACG]. For e > 0 there exists a function
H : [a,b] — R with the following properties.

(i) H(a) =0, H(b) <¢;
(i) H is increasing and AC on [a,b];
(iti)) F+ H € [LG] on [a,b].
(iv) If F € [ACG), then F + H € [(LN AC)G] on [a,b).

PROOF. We may suppose without loss of generality that F(a) = 0. Since
F € [ACG] on [a,b], there exists a sequence {P,}, of closed sets such that
[a,b] = U, P, and F € AC on each P,. We may suppose without loss of
generality that each P, contains the points a and b. Then Fp, : [a,b] — R
is AC on [a,b] (see Theorem 2.11.1, (xvii) of [2]). By Theorem 2.14.5 of [2],
there exist F;, and h,, such that Fp, = F,, + hy,, F), € AC on [a,b], hy(a) =0,
h, is singular and increasing on [a,b]. Clearly DF,, is summable on [a, b] and

©) / " DEL(t) dt = Fy(x) — Fy(a) = Fo(x)

(see [13], vol. I, p. 255). For €/2™ there exists a function u,, : (—oo, +00] (see
[13], vol. II, p. 166) such that w,, is lower semicontinuous on [a, b]; un(z) >
DF,(z) on [a,b]; u, is summable and

(L) /bun(t) dt < — + (L) /bDFn(t) dt .

271/
Let H,(z) = (L) [

a

*(un(t) — DF,(t))dt. Then H,(a) =0, H,(b) < 5% and

Fo(@) + Ho(z) = (£) / " DE () dt + Ho(2) = (£) / " (t) dt.

Clearly
Fp,(v) + Hy(x) = Fo(z) + Ho () + hn(z)

=(£) / U () dt + hy(z) .

Since u,, is lower semicontinuous on [a, b], from [13] (vol. II, p. 153) it follows
that there exists a constant a,, € R such that u,(z) > «, for each z € [a,b].
Let a <x <y <b. Then

(Fp, +Hn)(y) = (Fp, + Hn)(x) = (£) /y un(t) dt+hn(y) —hn(z) 2 an(y—2),

x
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so Fp, + H, € L on [a,b]. Let H : [a,b] — R and H(z) = > >, H,(z). By
Theorem 11 of [13] (p. 142) it follows that

= (L) /x > (un(t) — DF,(t)) dt.

Clearly H(a) =0, H(b) < € and H is increasing and AC on [a, b]; so we obtain
(i) and (ii).

We have
F(z)+ H(z) = F(z) + Hy(z) + iHl(x) €L on P,
iZn
(since Y ;=1 H;(x) is an increasing function on [a,b]). Hence we obtain (iii).
(iv) f(;llgws from (ii) and (iii). O
Lemma 6. Let F' : [a,b] = R, F € [VBG|N(N), F(a) =0. Then there exist
My, my : [a,b] = R, n=1,2,..., having the following properties.
(i) Mn(a) =mp(a) = 0;
(ii) M,, — F and F — m,, are increasing on [a,b];
(iii) M, € [ACG] and m,, € [ACG] on [a,b];
(iv) The sequences {(M, — F)(b)}, and {(F —m,)(b)}, are convergent to 0.

PROOF. Since F' € [VBG]N(N) on [a, b], there exists a sequence { P; }; of closed
sets such that ' € VBN (N) on each P;. We may suppose without loss of
generality that each P; contains the points a and b. Clearly Fp, € VBN (N)
on [a,b]. Fix a positive integer i. By Corollary 2, there exists a sequence
{hin}tn, hin :[a,b] = R having the following properties.

1) hin(a) =0 for each n;
2) hj is increasing on [a, b] for each n;

3) Fp, + hin € [ACG] and Fp, — h; , € [ACG] on [a,b] for each n;
) Pin(b) < o

Let H, : [a,b] = R, H, = >..°, hin. Then H,(a) = 0, H,, is increasing on
[a,b] and

4

H,(b) < Z 2¢1+n = 2% (1)
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Let M,,,my : [a,b] = R, M,, = F + H,, and m,, = F — H,,. Then (i), (ii) and
(iv) follow by 1), 2) and (1).
(iii) We have

My =F+hin+Y hjn.
j=1
J#i
But F—i—h,’m = Fpi +hz’,n S [&G] on P; and F_hi,n = Fpi _hi,n S [EG] on
P; (see 3)). Since > ;21 hj,, defines an increasing bounded function on [a, b],
i o
it follows that M,, € [ACG] and m,, € [ACG] on [a, }]. O

Lemma 7. Let F,F,: P >R, n=1,2,..., P C [a,b]. If F,,—F is increasing,
F, — Flunif] on P and F,, € AC on P, then F € AC on P.

PROOF. Since F,, — F [unif] on P, for € > 0, there exists a positive integer

ne such that
€

_i < Fu(@) - F@) <3, ()nzn.. (2)
Let 6. > 0 be given for €/2 by the fact that F,,, € AC on P. Let {[a;,b;]},
j=1,2,...,m be a finite set of nonoverlapping closed intervals with endpoints

in P such that > 7" (b; — a;) < dc. Since F,,, — F'is increasing on P, by (2)

we have .
> (F(bj) = F(a;)) =
j=1

= Z (F = Fu ) (b)) = (F = Fo.)(a3) + Y (Fa (b)) = Fa,(a5)) >

j=1 j=1

€ €
- —— = —¢,
2 2

hence F € AC on P. O

>7

Lemma 8. Let P C [a,b] be a Borel set, and let F,M,,m, : P - R, n =
1,2, ..., have the following properties.

M,,m, € VB on P;
o M, — F [unif] and m,, — F [unif] on P;
e M, — F and F — m,, are bounded and increasing on P;
o M, € M and m,, € M on P.

Then F € (N) on P.
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PROOF. Since F = (F —my,) +my, it follows that F € VB on P. Suppose on
the contrary that F ¢ (N) on P. Then by Lemma 7, (iii) of [4], F ¢ M N M
on P. Consider for example that F' ¢ M on P. From the definition of M, it
follows that there exists a compact set @ such that F' € VB NC on @, but
F ¢ AC on Q. We have M,, = (M,, — F)+ F € C; on Q, because M,, — F is
increasing and F' is continuous on . Then M, € VBNC; N M on . Hence
each M, € AC on Q (see Theorem 3, (i), 1) and 4) of [4]). By Lemma 7,
F € AC on @, a contradiction. O

6 The LDG Integral of C. M. Lee

In this section we suppose that ul C {F : R — R} is an upper semi-
linear space, contained in uCM and satisfying property (*) (see Definition
15). Clearly £ = uL N (—uL) is a linear space satisfying property (). Let
Lla,b] ={F :[a,b] > R: F,p € L}.

Definition 18. A function f : [a,b] — R is said to be £LDG-integrable on [a, b]
if there exists F' € [ACG] on [a,b] and F € L([a,b]), such that F(;p(x) = f(x)
a.e. on [a,b]. The function F' is said to be an indefinite £LDG-integral of f on
[a,b] and we write LDG [* f(t)dt = F(b) — F(a).

Proposition 2. The LDG integral is well defined.

PROOF. Let F' and G be indefinite LDG-integrals of f on [a,b]. Then F,G €
Lla,b], F,G € [ACG] on [a, b] and F(;p =f= G;p a.e. on [a,bl]. It follows that
F—G € Lla,b], F — G € [ACG] on [a,}] and (F — G),,, = 0 a.c. on [a,b]. By
Theorem A, a), F' — G is constant on [a,b]. Hence

LDG / b F(t)dt = F(b) — F(a) = G(b) — G(a).

Remark 3.
(i) If in Definition 18, £ = C, then we obtain the wide Denjoy integral.

(ii) If £ = Cqp, then we obtain the S-Ridder integral [17] (that is also called
the AD-integral of Kubota [8]). In fact Ridder gave three equivalent
definitions for this integral: Definitions 2¢ and Definition 2° of [15] (p. 2),
and Definition 7 of [17] (p. 148).

(iii) The fact that the S-Ridder integral is equivalent to the AD integral is
stated explicitly by Kubota in [10] (p. 219).
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Theorem 2. Let f,g: [a,b] — R.
(i) If fand g are LDG integrable on [a,b], then for every a,B € R the
function af + Bg is LDG integrable on [a,b] and
b b b
EDG/ (af +Bg)(t)dt = o - EDG/ f@®)dt+p- EDG/ g(t)dt.
(i5) If f is LDG-integrable on [a,b] and f = g a.e. on [a,b], then g is LDG
integrable and LDG f; f(t)dt = LDG f;g(t) dt.

(iii) If f is LDG-integrable on [a,b], then f is LDG-integrable on any subin-
terval [a, ] of [a,b].

() If a < c<band f is LDG integrable on both, [a,c] and [c,b], then f is
LDG integrable on [a,b] and

c b b
LDG/ f(t)dt+£DG/ f(t)dt:[,DG/ £(t)dt.

PROOF. (i) and (ii) are obvious.

(iii) Since f is LDG integrable on [a,b], there exists F' € [ACG]| on [a,b],
F € L([a,b]), such that Ft;p = f a.e. on [a,b]. Since L satisfies the property
(¥), we have that F, g € L], 5] whenever [o, 5] C [a,b]. Clearly F' € [ACG]
on [a, 8]. Therefore f is LDG integrable on [«, 5] and

B
£DG/ F(t)dt = F(8) — F(a).

(iv) Let F € L[a,c] such that F is [ACG] on [a,c] and F(;p = f a.e. on
[a,c]. Let G € L[e,b] such that G is [ACG] on [e,b] and G;p = f a.e. on
[c,b]. Let H: R — R, H=F, .+ Ge¢p. Then H = H,;, € L. It follows that
Hijqp) € Lla,b]. Clearly H € [ACG] on [a,b], H;p = f a.e. on [a,b] and

b
£DG / F(#)dt = H(b) — H(a) = F(c) — F(a) + G(b) — G(c) =

c b
:EDG/ £(1) dt+£DG/ £t dt.
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7 Sarkhel Type Integrals

In this section we suppose that u£ C {F : R — R} is an upper semilinear
space, contained in lower internal and satisfying property (x) (see Definition
15). Clearly £ = uL N (—uL) is a linear space satisfying property (). Let
Lla,b] ={F :[a,b] > R: Fop € L}.

Definition 19. A function f : [a,b] — R is said to be £S integrable on [a, b]
if there exists a function F € L[a,b], F € [VBG]|N (N) on [a,b] such that
F,,(z) = f(z) a.e. on [a,b]. The function F is said to be an indefinite £S
integral of f on [a,b] and we write LS fab f(t)dt =F(b) — F(a).
Proposition 3. The LS integral is well defined.

PROOF. Let F and G be indefinite £S5 integrals of f on [a,b]. Then F,G €
L[a,b], F,G € (N)N[VBG] on [a, b] and F{;p =f= G;p a.e. on [a, b]. It follows
that F'— G € Lla,b], F—G € (N)N[VBG] on [a,b] (because (N)N[VBG] is a
linear space (see Theorem A, g)) and (FfG);p =0 a.e. on [a,b]. By Theorem
A, b), F — G is constant on [a,b]. Hence £Sf: f)dt = F(b) — F(a) =
G(b) — G(a). O

Remark 4.
(i) A result similar to Theorem 2 is also true for the £S integral.

(ii) In Definition 19, the condition (IN) may be replaced by the condition
(M) (see Theorem A, g)).

(iii) If in Definition 19, £ = C, then we obtain the wide Denjoy integral,
because [VBG]N(N)NC =[ACG]|NC = ACGNC (see Theorem 6.8 of
[19], p. 228).

(iv) Ifin Definition 19, £ = Cqy, then we obtain an integral more general than
the B-Ridder integral. This follows from an example of Sarkhel and Kar
(see Example 3.1 and Theorem 3.6 of [23]), who constructed a function
F : [a,b] — R with the following properties.

o Fe€Cqypon [a,b].
e Fe[VBG|N(N) on [a,b)].
e F is neither ACG nor ACG on [a,b]. Hence F ¢ ACG on |a, b].

(v) The idea of using [VBG] N (N) in the definition of an integral comes
from Sarkhel, who used the condition PAC' in defining his T'D integral
[21] and TP integral [20]. But PAC = [VBG] N (N) on a compact set
(see Theorem 3.6 of [23]). Sarkhel and Kar showed that PAC is a linear
space on a compact set (see Corollary 3.1.1 of [23]).
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8 Generalized Sarkhel Type Integrals

In this section we suppose that u£ C {F : R — R} is an upper semilinear
space, contained in lower internal and satisfying property (x) (see Definition
15). Clearly £ = uL N (—uL) is a linear space satisfying property (). Let
Lla,b] ={F :[a,b] > R: Fop € L}.

Definition 20. A function f : [a,b] — R is said to be LSG integrable on [a, b]
if there exists a function F' € La,b], FF € BNV BG N (N) on [a,b] such that
F. () = f(z) a.e. on [a,b]. The function F is said to be an indefinite LSG

ap

integral of f on [a,b] and we write LSG f: f(®)dt =F(b) — F(a).
Proposition 4. The LSG integral is well defined.

PROOF. Let F' and G be indefinite LSG integrals of f on [a,b]. Then F,G €
L[a,b], F,G € (N)NVBGN By on [a,b] and F{;p =f= G;p a.e. on [a,b].
It follows that F — G € L]a,b], F — G € (N)NVBGN B; on [a,b] (because
(N)NV BGNB; is a linear space, see Theorem A, f)) and (FfG):lp =0a.e.on

[a,b]. By Theorem A, b), F' — G is constant on [a, b]. Hence LSG f: ft)dt =
F(b) — F(a) = G(b) — G(a). O

Remark 5.
(i) A result similar to Theorem 2 is also true for the LSG integral.

(ii) In Definition 20, the condition (N) may be replaced by Foran’s condition
(M) (see Theorem A, f)).

(iii) If in Definition 20, £ = C, then we obtain the wide Denjoy integral,
because VBG N (N)NC = ACGNC (see Theorem 6.8 of [19], p. 228).

(iv) If in Definition 20, £ = C,j, then we obtain Gordon’s Definition 3 of [7].
But in proving the uniqueness of his integral, he neglected to show that
the difference of two VBG N Cyy, N (N) functions satisfies (N) on [a, b].

(v) Question. If £ = C,p, then is the LSG integral a strict generalization
of the LS integral?

(vi) For a suitable choice of the class £, the LSG integral contains the inte-
grals studied by Sarkhel, De and Kar in [22], [20], [21], [23].

9 Perron—Ridder—Lee Type Integrals

Definition 21. Let uL C {F : R — R} be an upper semilinear space, closed
under uniform convergence.
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o L=ulN(-uLl).
o Let ulla,b] = {F :[a,b] > R: F,;, € ul}.
o Lla,b] = {F:[a,b| 5 R: F,, € L}).

Let f : [a,b] — R.

e Suppose that A is an upper semilinear space satisfying the condition (x),
such that C C £ C A C ul C uCM. Let Ala,b] = {F : [a,b] — R :
F,, € A}. We define the following classes of majorants.

- AF(f o) = (M ¢ 00 o R : Ma) = 0, 0 € At
€ [(LNAC)G] on [a,b]; M,,(z) > f(x)a.e. on [a, b]}.
— AMy(f;]a b)) = {M : [a,b] = R : M(a) = 0; M € A([a,b]);
M € [LG] on[ ,0; M, (x) > f(z)a.e. on [a,b]}.
— AMy(f;la, b)) = {M : [a,b] = R : M(a) = 0; M € A([a,b]);
M e [ACG] on [a,b]; M,,(x) > f(x)a.e. on [a,b]}.

e Suppose that A is an upper semilinear space satisfying the condition (x),
such that C C £ C A C uLl C lower internal. Let Afa,b] = {F : [a,b] —
R: F,; € A}. We define the following classes of majorants.

— AM;(f;la, b)) = {M : [a, b] — R M(a) = 0; M € A([a,b]);

ME[VBG]QMOH[CL bl; M, (x )_f( )a.e. on [a,b]}.
— AMu(fi[a,b]) = {M : [a,b] = R : M(a) = 0; M € A([a,b]);
M e VBGNMNDB; on [a,b]; M, ( ) > f(z)a.e. on [a,b]}.

We define the following classes of minorants.

o AM;(f;[a,0]) = {m : [a,b] = R : —m € AM;(—f;[a,b])}, j
0,1,2,3,4.

For each j = 0,1, 2, 3,4 we define the following integral.

o If AM;(f;[a,b]) # 0, then we denote by AI;(f;|a,b]) the lower bound
of all M(b), M € AM,(f;][a,b]).

o If AM,(f;[a,b]) # 0, then we denote by AL;(f;[a,b]) the upper bound
of all m(b), m € AM,(f;[a,b]).

o f is said to have an AP; integral on [a,b] if
AM;(f;[a, b)) x AM;(f;[a,b]) # 0

and

b
AMﬁmmzAuﬁmm=Aﬂ/fww
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Remark 6. (i) In the definition of AMs3(f;[a,b]), the condition M may be

(i)

(iii)

(iv)
(v)

(vii)

replaced by (V) (see Theorem A, e)).

In the definition of AM(f;[a,b]), the condition M may be replaced by
(N) (see Theorem A, d)).

In the definition of AMa(f;[a,b]) the condition [ACG] may be replaced
by VBGINMN[C;G] = [VBG|N(N)N[C,G] = [VBG]NACG N [C;G]
(see Theorem A, d) and Corollary 2.21.1, (iii) of [2]).

If A= ul, then AP, is in fact the LPG integral of C. M. Lee [11].

For A = C,j, the AMa(f;[a, b]) majorants are exactly as in the following
definitions of Ridder: Definition A of [15] (p. 3), Definition 6 of [16]
(p. 12), Definition C; of [17] (p. 148); Definition C; of [18] (p. 176).
Also the AM,(f;[a,b]) minorants are exactly as in Definition B of [15]
(p. 3) and Definition D; of [17] (p. 149). In the same conditions the AP,
integral is exactly as in Ridder’s Definition 3 of [15] (p. 5) and Definition
8 of [17] (p. 149). At p. 6 of [15] Ridder asserts that this integral is
equivalent with his B-integral (Definitions 2¢ and 2° of [15]; see also
Remark 3). His proof is based on the following fact. if (Mg, my) €
AM(f;[a,b]) x AM,(f;[a,b]), then there exists a sequence {E;}; of
perfect sets and a countable set H (possibly empty), with [a,b] = H U
(U2, Ej), such that each My € AC and each my € AC on each Ej;.
This is true, but it needs proof (that is not easy).

For A = C,, the APy(f;[a,b]) integral is exactly as in Kubota’s Defini-
tion 8 of [9] (p. 740), and he calls this integral AP* integral. Although
Kubota doesn’t mention Ridder’s papers [15], [17], [18], [16], he also
proves the equivalence between the AP* integral and the AD-integral
= B-Ridder integral (see Theorem 3.6 of [9]), but he makes the same
omission as Ridder did (see (v)).

For A = C, the AM(f;][a,b]) majorants are exactly as in Ridder’s Def-
inition 13 of [16] (p. 15).

Theorem 3. Let f: [a,b] — R.

(i) AMo(f:[a,b]) € AM(f:[a,b]) € AMo(f; [a,0]).

(i) AMs(f;[a,b]) © AMa(f;[a,b]).

(iii) If A C lower internal, then AMa(f;]a,b]) € AM;3(f;|a,b]).
Moreover, for each j = 0,1,2,3,4, if

(M, m) € AM;(f;[a,b]) x AM;(f;[a,b]),
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then M — m is increasing on [a,b]. Hence M(b) > m(b). This implies
M(b) > ALi(f;[a,b]) = AL;(f;[a,b]) = m(b). 3)

PROOF. The proof of (i) follows by the fact that we always have L C AC on
a set, and the proof of (ii) is obvious. (iii) follows because AC C VB on a
closed set (see Theorem 2.11.1, (vi) of [2]).

That M —m is increasing on [a, b] for j = 0, 1, 2 follows by Theorem A, a),
and for j = 3,4 see Theorem A, c). The relation (3) follows by definitions. O

Lemma 9. The function f : [a,b] — R is AP; integrable on [a,b] for j =
0,1,2,3,4, if and only if for every e > 0 there exists

(M, m) € AM;(f; [a,b]) x AM,(f;[a, 1)) # 0
such that M (b) —m(b) < e.
PrOOF. The proof follows by Theorem 3. O
Corollary 3. Let f : [a,b] — R.

(1) If f is AP; integrable on [a,b], j = 0,1, then f is AP;11 integrable
on [a,b] and AP; f: f(t)dt = APjq f; f(t)dt. Moreover, if f is AP
integrable on [a,b], then f is APy integrable on [a,b]. Hence the two
integrals are equivalent.

(it) If A C lower internal and f is APy integrable on [a,b], then f is AP
integrable on [a,b] and APy f; f(t)dt = AP f; f(t)dt.

(iii) If f is APs integrable on [a,b], then [ is APy integrable on [a,b] and
APy [V f(t) dt = APy [7 f(t) dt .

PRrROOF. We prove for example (i). By Theorem 3, (i) we have

AT, (f;[a,8]) > ATs(f;[a,b]) > ALy(f; [a,b]) > AL (f;[a,b]).

Suppose that f is APs integrable on [a,b]. Then Al (f;[a,b]) = AL, (f;a,b])
€ R. For € >0, let M € AM>(f;[a,b]) such that M(b) < Al>(f;[a,b]) + 5.
Then M € Ala,b], M € [ACG] on [a,b] and M(;p > f a.e. on [a,b]. By
Lemma 5, there exists H : [a,b] — R such that H(a) = 0, H(b) < ¢/2, H is
increasing and AC on [a,b] and U := M + H € [LG] on [a,b]. Since C C A
and A is an upper semilinear space, it follows that U € Ala,b]. We obtain
that U € AM;(f;[a,b]) and U(b) < Alz(f;]a,b]) + €. Hence

b
AT, (f:[a,b]) < AP, / F(t)dt.
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Similarly we obtain that

b
AL (f3[a, b)) > AP, / F(t)dt.

Since we always have that AL, (f;[a,b]) < AIi(f;[a,b]),

b b
APl/ f(t)dt:APQ/ F(t)dt.

O

Definition 22. A function f : @ — R is said to be AP; integrable on a
bounded set E C Q, j =0,1,2,3,4, a = inf(F), b = sup(E), if the function

. _ flx) ifzek
feila, b)) =R fe(z) =

0 if x € [a,0] \ E
is AP; integrable on [a,b]. We shall write

b
AP, /E F(t)dt = AP / Fo(t)dt

Clearly, for E = [¢,d] we have

d
AP; f(t)dt = AP; / f(t)dt.

[c,d]
Theorem 4. If f is AP; integrable on [a,b], j = 0,1,2, 3,4, and [, §] C [a, b],
then f is AP; integrable on |a, B]. Moreover, if a < o < 3, then

« B B
AP, / (&) di + AP, / () di = AP, / Ft) dt. )
PrOOF. By Theorem 3 and Lemma 9 it follows that for € > 0 there exists
(M, m) € AM;(f;[a,b]) x AM;(f;[a,b]) # 0

such that M — m is increasing on [a,b] and 0 < M(b) — m(b) < €. Let
Mi,m; : [o, 8] = R by

Mi(z) = M(z) — M(a) and mq(z) = m(z) —m(a).
Since A satisfies property (%),
(My,m1) € AM;(f3 o, B]) x AM;(f;[ev, B])
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and M;(B8) —m1(B) < e. Therefore by Lemma 9, f is AP;-integrable on the
interval [a, B]. We have

m(a) < AP; : fi)dt < M(a);

a

8
my(B) = m(B) —mla) < AP; [ f(t)dt < M(B) — M(a) = My(5);

o

8
m(B) < AP; [ f(t)dt < M(B).

Therefore
‘Apj/ﬁf(t)dt— (APj/af(t)dtJrAPj/ﬁf(t)dt)‘ =

< M(B) —m(f) <e.

Since € is arbitrary, we obtain (4). O

Definition 23. Let f be an AP; integrable function on [a,b], j = 0,1,2,3,4.
Then we define the indefinite AP; integral of f on [a,b] by F : [a,b] — R,
F(a) =0 and

Flz) = Apj/ Ft)dt, we(ab.
Lemma 10. Let F, M, m : [a,b] — R be functions such that
o M and —m are C; on [a,b];
e M — F and F —m are continuous on [a,b].

Then F is continuous on [a,b].

PROOF. —F =—-m+ (m—F) €, on[a,b) and F = (F—- M)+ M €C; on
[a,b]. Tt follows that F' is continuous on [a,b] (see Proposition 1). O

Theorem 5. Let f be an APj-integrable function on [a,b], j = 0,1,2,3,4,
and F(z) = AP; [ f(t)dt. Suppose that

(M, m) € AM;(f;[a,0]) x AM;(f;[a,0]) #0.
Then

(i) M — F and F —m are increasing on [a,b];

(ii) F € Lla,b];
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(iii) F is approzimately derivable a.e. on [a,b] and F,;p(:v) = f(x) a.e. on

[a, b].

PROOF. (i) Let a < 21 < 29 < b. Let My : [z1,22] = R, My(z) = M(z) —
M(zy). Then My € AM,(f;[r1,22]) (because A satisfies the property (x));
S0

My (z2) > AP, / F(t)dt.

By Theorem 4, we have M (x5) — M(x1) > F(x2) — F(x1).
(ii) For each positive integer n there exists M,, € AM,(f;[a,b]) such that

OgMn(m)—F(x)<%, (V) z € [a,b].
It follows that { M, },, converges uniformly to F' on [a,b]. Hence F' € uL(]a, b]).
Similarly —F € uL([a,b]). Hence F € L]a, b].

(iii) Let Mo € AM,(f;a,b]). Then My € VBG N By on [a,b] and by (i),
My — F is increasing on [a, b]. It follows that F = (F — My)+ My is VBGN B,
on [a,b]. Hence F is approximately derivable a.e. on [a, b] (see Theorem 4.3 of
[19], p. 222).

We show that F,;p(ac) = f(z) a.e. on [a,b]. For € > 0 let

(M,m) € AM;(f;a,b]) x AM;(f;a,b]).

such that M(b) — m(b) < €2. Since M,m € VBG N By on [a,b], it follows
that M and m are approximately derivable a.e. on [a, b] and m;p(x) < f(z) <

M,,(x) a.e. on [a,b]. So f is finite a.e. on [a,b]. Let

E={z¢clab]: f(x), F, (), M, (2), m;p(x) are finite} .

ap ap
Then E is a measurable set and m(E) = b — a. Let
Ac={z € B |Fyy(w) = f(2)] > ¢}
and ) )
Be={x € E: M, () —mg,,(z) > €}.
Since M — F and F — m are increasing on [a, ],

/

M, (x) > F(z) > my,(z), (V)zeck.

a,

Then B, is measurable and A. C B.. Since M — m is increasing on [a, b],

1B < (©) [ (O —m) (t)de <

B
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b
< (L) / (M —m) (£)dt < M(b) — m(b) < €
(see Theorem 5 of [13], vol. I, p. 212). Hence m(B.) < ¢; so m(A,) < €. Let
A={z € E:|F, () - f(x)| > 0}.

Then A = U2, A./on. Hence m(A) < e. Since € was arbitrary, it follows that
m(A) < 0. Hence F(;p(x) = f(x) a.e. on [a,b]. O
Theorem 6. Suppose that A is a class of the first type and let f be an AP,

integrable function on [a,b] and F(x) = APy [ f(t) dt. Suppose that (M, m) €
AMo(f;]a,b]) x AMy(f;[a,b]) # 0. Then

(i) M — F and F —m are increasing and continuous on [a, b|;
(i) F is [CG] on [a,b];
(i1i) F € [ACG] on [a,b].

PROOF. (i) Let F(z) = AP, [ f(t)dt. By Theorem 5, (i), (ii) it follows that
M — F and F — m are increasing on [a,b] and F' € L[a,b]. Now the proof
follows by the fact that A is a class of the first type.

(ii) Let (M, m) € AMx(f;]a,b]) x AMy(f;a,b]). Then there exists {E;};
a sequence of closed sets such that [a,b] = U2, E; and M,—m € AC C VB
on each E; (see for example Theorem 2.11.1, (vii) of [2]). Let

M(z) ifzekE;

linear on the closure of each interval contiguous to E; U {a,b}.
and
m(z) fzek;
Li(z) =

linear on the closure of each interval contiguous to E; U {a, b}.
Then U; and L; are AC on [a,b] (see Theorem 2.11.1, (xvii) of [2]). Let

F(z) ifzekE;
Fi(z) =
linear on the closure of each interval contiguous to F; U {a, b}.

But U; — F; and F; — L; are continuous on [a,b] (see (i)). Also U;, —L; €
AC C C; (see Theorem 2.11.1, (xxi) of [2]). By Lemma 10, it follows that
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F; is continuous on [a,b]. Hence F is continuous on each F;. It follows that
F € [CG] on [a,b].

(iii) Let U : [a,b] — R be a major function of f on [a,b] and let E; be
defined as in the proof of (ii). Then U = F + (U — F) is continuous and
VB on E;. But U € ACG C (N) C M (see Theorem 2.20.1, Theorem
2.32.2, (i), (iv) and Theorem 2.23.1 of [2]). Hence U € AC on E; . Let
{Mp}n C AM,(f;a,b]) converging uniformly to F on [a,b]. Then each M,
is AC on E;. By Lemma 7, F € AC on E;. Similarly it follows that —F € AC
on E;. Hence F € AC on E;. Therefore F € [ACG] on |a, b]. O

10 Relations between the LDG and the AP; Integral

In this section we suppose that C € £L € A C uL C uCM and that ul is
closed under uniform convergence.

Theorem 7. Let f : [a,b] — R.
(1) If f is LDG integrable on [a,b], then f is AP; integrable on [a,b], j =

0,1,2, and the integrals are equal.

(i) If A is a class of the first type, then the LDG integral is equivalent to
the AP; integral, j =0,1,2.

PROOF. (i) Suppose that f is LDG integrable on [a,b]. Then there exists a
function F' € L[a,b] such that F(a) = 0, F € [ACG] on [a,b] and F(;p =f
a.e. on [a,b]. By Lemma 5, for € > 0 there exists H : [a,b] — R such that
H(a) =0, H(b) < ¢/2, H is increasing and AC on [a,b], and M := F+ H €
[(ACNL)G] on [a,b]. Since C C L, it follows that M € L[a,b] C Ala,b]. Thus
M € AMy(f;[a,b]). We obtain that M (b) < F(b) + €/2; so

Alo(f3a,b]) < F(b).
Similarly, it follows that
Aly(f3 [, b]) = F(b).
Since we always have
ALy (f;[a,b]) < Alo(f;[a,b]),

we obtain that APy f; f(t)dt = F(b). By Corollary 3, (i), f is also AP; and
AP5 integrable and the integrals are equal.
(ii) Suppose that f is AP5 integrable on [a,b]. Let

F(z) := AP, /Z ft)dt.
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By Theorem 5, F € L[a,b] and F(;p = f a.e. on [a,b]. By Theorem 6, F €
[ACG] on [a,b]. Therefore F is an LDG indefinite integral of f on [a,b] and

AP, /bf(t) dt = F(b) = KDG/bf(t) dt .

Now see (i) and Corollary 3, (i). O

Corollary 4 (A Hake-Alexandroff-Looman Type Theorem).
If A is a class of the first type, then the two integrals of C. M. Lee, i.e., the
LDG integral and the LPG integral, are equivalent.

PROOF. See Theorem 7, (ii) and Remark 6, (iv). O
Corollary 5 (Special Cases).

(i) For A =uLl = C the following integrals are equivalent: the APy, AP1,
APy integrals and the wide Denjoy integral.

(i1) For A =ul = C,)p the following integrals are equivalent: the APy, AP1,
APy integrals and the 8-Ridder integral (see also Remark 6).

11 Relations between the £S and the AP; Integrals

In this section we suppose that C C L C A C uLl C lower internal and that
uL is closed under uniform convergence.

Theorem 8 (A Hake-Alexandroff-Looman Type Theorem).

The LS integral is equivalent to the APs integral. Moreover, if the class A is
of the second type, then the LS integral is equivalent to the APy integral, and
also to the APy integral.

PROOF. Let f: [a,b] — R.

(I) Suppose that f is £S integrable on [a,b]. Then there exists a function
F € L]a,b] such that F(a) =0, F € [VBG] N (N) on [a,b] and Fl;p = f ae.
on [a,b]. Tt follows that F' € AM3(f;[a,b]) x AM;(f;[a,b]). Hence f is AP
integrable on [a, b] and

Fb) = £S /bf(t) dt = APy /bf(t) dt

(IT) Suppose that f is APs integrable on [a,b]. Let F(z) = APs f; f@)de.
By Theorem 5, it follows that Fl;p(x) = f(z) a.e. on [a,b] and F € L[a,b].
Let M, M, € AM;3(f;a,b]) and m,m,, € AM;(f;[a,b]) such that M, —
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F [unif] and m,, — F [unif] on [a,b]. For M and m there exists a sequence
{P;}: of closed sets such that [a,b] = U2, P;, M € VB and m € VB on each
P;. But the functions M — F, M,, — F, F —m, F —m,, are increasing on [a, ]
(see Theorem 5, (i)). Then F' € VB on P;. Hence M, and m,, are VB on
each P;. By Lemma 8, F' € (N) on each P;. Hence F' € [VBG|N(N) on [a,b)].
It follows that F' is an indefinite £S5 integral of f on [a,b] and

F(b) = APy /bf(t) dt = LS/bf(t) dt.

By (I) and (II) it follows that the £S5 and AP3 integrals are equivalent.

We show the second part. By Corollary 3, (i), we have that the AP; and
APy integrals are equivalent. But the APs integral contains the AP; integral,
and the integrals are equal (see Corollary 3, (ii)). We also have from above that
the £S and the APj3 integrals are equivalent. It remains to show that the APs
integral contains the £S integral. Suppose that f is £S5 integrable on [a, b].
Then there exists a function F' € L[a, b] such that F(a) =0, F' € [VBG]N(N)
on [a,b] and F;p = f a.e. on [a,b]. By Lemma 6, for ¢ > 0 there exist
M,m : [a,b] — R such that

o M(a) =m(a) =0 and M(b) —m(b) < ¢;

e M € [ACG] and m € [ACG] on [a, b];
e M — F and F — m are increasing on [a, b].

Clearly M = (M — F) + F € Ala,b], because M — F is increasing on [a, ],
F € Lla,b] C Ala,b] and A is a class of the second type. Similarly we obtain
that —m = (F —m) — F € —Ala,b]. Therefore

(M, m) € AMa(f; [a,b]) x AM,(f; [a,b])

and M(b) < F(b)+€¢ and m(b) > F(b) — €. It follows that I>(f;a,b]) <
F(b) < I,(f;]a,b]). Since we always have that I,(f;[a,b]) < I2(f;]a,b]), we
obtain that APy [7 f(t)dt = F(b) = £S [ f(t)dt. O

Corollary 6.

(i) For A=uLl = C; we have that L =C and the APy, APy, AP3 integrals
and the wide Denjoy integral are equivalent.

(i1) For A=uLl = C; qp we have that L = Cqyp, and the integrals APy, APa,
APs3 and LS are equivalent. But the LS integral is a strict generalization
of C. M. Lee’s LDG integral.

(ii) C. M. Lee’s LPG integral is a strict generalization of his LDG integral.
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PROOF. (i) See Theorem 8.

(if) That £S D LDG follows immediately from definitions. We show that
the inclusion is proper. By Remark 3, for £ = C,p, the LDG integral is the
B-Ridder integral. By Remark 4, (iv), we obtain that LDG # LS.

(iii) By Theorem 7, (i), it follows that LDG C APs. Assuming the hy-
potheses of (ii), we obtain that LPG = APy = LS # LDG. O

12 Relations between the LSG and the AP, Integrals

In this section we suppose that C C L C A C uLl C lower internal and that
uL is closed under uniform convergence.

Theorem 9 (A Hake-Alexandroff-Looman Type Theorem).
The LSG integral is equivalent to the APy integral.

PROOF. Let f : [a,b] — R. (I) Suppose that f is LSG integrable on [a,b].
Then there exists a function F' € L[a,b] such that F(a) = 0, F € VBGN
Bi N (N) on [a,b] and F(;p = f a.e. on [a,b]. Then F € AMy(f;la,b]) x
AM,(f;]a,b]). Hence

(LSG) /bf(t) dt = F(b) = APy /bf(t) dt.

(IT) Suppose that f is APy integrable on [a,b]. Let F(x) = APy [ f(t)dt.
By Theorem 5, it follows that F(;p(x) = f(z) a.e. on [a,b] and F € L[a,b].
Let M, M, € AMu(f;[a,b]) and m,m, € AM,(f;[a,b]) such that M, —
F [unif] and m,, — F [unif] on [a,b]. For M and m there exists a sequence
{P;}; such that [a,b] = U2, P;, M € VB and m € VB on each P,. We
may suppose that each P; is a Borel set. Indeed, there exists a function
M; : [a,b] — R such that (Mi)lpi = M and M; € VB on [a,b] (see [19],
p. 221). Let Q; = {x : M;(x) = M(z)}. Then P; C Q; and Q; is a Borel set
(because M and M; are By on [a, b]).

But the functions M — F, M,, — F, F —m, F — m,, are increasing on [a, ]
(see Theorem 5, (i)). Then F' € VB on P;. Hence M,, and m,, are VB on
each P;,. By Lemma 8, F' € (N) on each P;,. Hence F € VBG N (N) on [a,b].
Since M € B; on [a,b] and M — F is increasing on [a, b], it follows that F' € B,
on [a,b]. It follows that F' is an indefinite £SG integral of f on [a,b] and

F(b) = APy [ f(t)dt = (ASG) [* f(t)dt. O
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