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Abstract

In this paper we introduce some modifications of the core topology
on the plane. Here the role of the Euclidean topology on the real line
on every or almost every direction is played by the density topology or
the Hashimoto topology connected with the o-ideal of null sets and the
o-ideal of meager sets. We demonstrate the proper inclusions between
these families, we investigate the separation axioms and functions con-
tinuous with respect to these topologies.

1 Introduction

The aim of this paper is to introduce some modifications of the core topology
on the plane. The core topology was considered earlier by M. Kuczma and his
students ([K], [KK]). The topologies presented here are modifications of this
topology, similar to the d-crosswise topology (cf. [LMZ], p. 98).

Generally speaking, a point is an interior point of a set A C R? if and only
if it is an interior point of the set A in a certain topology on the line in every
or I-almost every direction, where I is a certain o-ideal. Investigations of the
topologies of this kind ([WBW], [LS]) can lead one to answers to interesting
questions connected with the behavior of real-valued functions on R? in dif-
ferent directions. The problem of connections between the partial derivatives
and directional derivatives was considered by Bruckner and Rosenfeld in [BR].

The comparison of the topologies defined here and already known density
topologies seems to be interesting, especially when one considers the open
question of the coarsest topology for which strongly approximately continuous
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functions are continuous; i.e. of the complete regularity of the topologies and
an analogue of the Lusin-Menchoff Theorem ([GNN]).

Recall the notion of the core topology, which is denoted here by 7T’-core.
Let A C R2. A point z € A is said to be an algebraically interior point of A
if and only if, for each y € R?, there exists € > 0 such that = +ty € A for
t € (—¢,¢); i.e., A contains an open segment centered at the point x on each
line passing through x.

The set of all points which are algebraically interior to A is denoted by core
A. A set A C R? is called algebraically open if A = core A. The family

T'-core = {A CR?*: A= core A}

forms a topology in R2, called the core topology.

There are at least two kinds of natural modifications of this definition;
changing the set of directions on which we have a neighborhood in some topol-
ogy, and changing the topology on the line.

This paper consists of two sections. In the first one we introduce several
topologies analogous to the core topology on the plane, using the o-ideal of
null sets. Here the role of the Euclidean topology on the real line on every
or almost every direction is played by the Hashimoto topology or the density
topology on the real line. We demonstrate the proper inclusions between these
families and compare them with the density topologies and the Hashimoto
topology on the plane. We investigate the separation axioms and prove that
functions continuous with respect to these topologies are of Baire class 1.

In the second section we consider analogous problems for Baire category.
We obtain a similar diagram for the core topologies connected with the ideal
of meager sets. Only the results of the comparison with the ordinary I-density
topology on the plane and separation axioms are a little bit different. We prove
that functions continuous with respect to these topologies are of Baire class at
most 2.

For the terminology and definitions of density point, I-density point, den-
sity and I-density topologies on the line and on the plane (d, dy, do, dr,, d3,
di,), see [CW], [GNN], [PWW], [W], [WB].

Let my, denote Lebesgue measure on R¥, k = 1,2, £, — the family of all
measurable sets on R*, k = 1,2, B, — the family of all sets having the Baire
property on R¥, k=1,2.

The ball (circle) centered at a point (x,y) with radius r is denoted by
K((z,y),r) (S((z,y),r)). Let sec(e, B) denote an angular domain determined
by the lines forming angles o and 8 with the z-axis. Let po (pe(z)), © € (0,7),
denote the line running through the origin (the point z) and forming an angle
© with the z-axis. Let p§ (p5()), © € (0, 27), denote the analogous half-line.
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We denote by x, the characteristic function of a set A and by B;, Baire
class 1.

2 Core Topologies Defined with Null Sets

Definition 2.1. A set A C R? is Hash-core (ap-core) open if and only if,
for each point x € A and for each © € (0,7), the set po(x) N A contains a
neighborhood of = in the Hashimoto topology (density topology) on the line
po(x); i.e., a set of the form G\ N where G is open in the Euclidean topology,
N is a null set and 2 € G\ N. (In other words, pg(z) N A contains a linearly
measurable set B such that dy(B,z) =1 and = € B.)

Let T'-Hash-core (7”-ap-core) denote the family of all Hash-core (ap-core)
open sets.

Definition 2.2. A set A C R? is core-a.e. (Hash-core-a.e., ap-core-a.e.) open
if and only if, for each point x € A, there exists a linear set H C (0, 7) such
that mi(H) = m and, for all © € H, the set pe(z)N A contains a neighborhood
of z in the Euclidean topology (Hashimoto topology, density topology) on the

line po(z).
Let T'-core-a.e. (T’'-Hash-core-a.e., T'-ap-core-a.e.) denote the family of
all core-a.e. (Hash-core-a.e., ap-core-a.e.) open sets.

It is easy to see that the families of sets we have just defined form topologies.
They also contain non-measurable sets (see [WBW]).

Theorem 2.3. The following proper inclusions hold.

T'-core-a.e. C T'-Hash-core-a.e. C T'-ap-core-a.e.
U1 5) 1) ) U 1)

T’ -core C T'-Hash-core - T’ -ap-core
2) 3)

PRroOF. It suffices to construct three sets. Let
A:RQ\{(x,y) eR?: z+#0, y =0}

Then A € T'-core-a.e. \ T'-ap-core. This shows that the inclusions denoted by
1) are proper. Let B = R?\ (UneN 5((0,0), %)) Then B € T'-Hash-core \ T'-core-a.e.

This shows that the inclusions denoted by 2) are proper.
Let £ =, en(@n, bn) where limy, 00 by =0, 0 < apy1 < bpy1 < a, and 0
is a point of right-hand density of E. Let

C={(r,0):reE, 60,2}
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where (r, ©) denotes the polar coordinates. Then C' € T’-ap-core \ 7’-Hash-core-a.e.
This shows that the inclusions denoted by 3) are proper. O

To compare the topologies considered with the density topologies on the
plane, we assume open sets to be measurable. Thus we define the following
families of sets.

T-core = T'-core N Lo,

T-core-a.e. = T'-core-a.e. N Lo,
T-Hash-core = T’-Hash-core N Lo,
T-Hash-core-a.e. = T’-Hash-core-a.e. N La,
T-ap-core = T'-ap-core N Lo,
T-ap-core-a.e. = T'-ap-core-a.e. N L.

It is easily seen that there are proper inclusions between these families
because the sets A, B, C from Theorem 2.3 are measurable.

So we have
T-core-a.e. C T-Hash-core-a.e. - T -ap-core-a.e.
U U U (1)
T-core C T-Hash-core C T-ap-core.

Theorem 2.4. All the families of sets from (1) are contained in the density
topology on the plane.

The proof is analogous to that of Theorem 2.4 in [WBW].
Corollary 2.5. Each of the families from (1) forms a topology.

The families from (1) are called core topologies connected with the o-ideal
of null sets.

Now, we compare them with the Euclidean topology, the Hashimoto topol-
ogy and the density topologies on the plane.

It is easy to see ([S]) that the Euclidean topology is essentially weaker than
each of the core topologies connected with the o-ideal of null sets.

Theorem 2.6. The strong density topology on the plane is not contained in
any of the core topologies connected with the o-ideal of null sets.



CORE TOPOLOGIES ON THE PLANE 189

PRrROOF. It suffices to prove that dj ¢ T-ap-core-a.e. Let {a,}nen be a de-

a
creasing sequence of positive numbers tending to 0 such that ol = 0.

[£27)
We construct a set A which is a union of parts of ring-shaped domains with
radii a,, and 2a,,. Let a = % Put

AR = {(7"7 0) 11 € (a@an —p—1)4(2t-1-1)+120(2n —n 1)1 (251 —1)+1)s

1 1
Oc < 1 ot (l - 1)(n+1—k - n+2—k)a
n+2—k 2k—1
1 1
at l(n+1—k - n+2—k)a>}
n+2—k 2k—1

forneN, ke {l,...,n}, 1 €{l,...,2"" 1} and
A=UU
n=1k=1

We arrange the sets AS{‘”” in a sequence {C,,}men in the following way.

1
) A,

2k—
1=1

A;kll’ll) precedes Ag,k;’l"’) in this sequence if and only if n; < ny or n; = ny and
k1 < ko or n; = no, k1 = ko and [y < ly. So the set C,, is a part of the ring
with radii a,, and 2a,,. Angles which form the lines marking the set C}, with
the z-axis are denoted by a,, and 3, 0 < am < B < G- Let wyy = B —

m € N. From the construction it follows that the sequence {w, }men tends to
zero.

Put
A= {(@y) : (5,2) € A%}
A=A{(z,y): (v,y) € A°U A" or (—z,y) € AU A
or (z,—y) € AYUA or (—z,—y) € AU A}
and B = R?\ A.

Observe that B is not open in the T-ap-core-a.e. topology. Indeed, for each
O € (0, ), the set po N B does not contain a neighborhood of the point (0, 0)
in the density topology on the line because, on the line pg, there are intervals
of the form (ay,, 2a,,) arbitrarily close to (0,0) and contained in A.

We shall show that B is open in the strong density topology on the plane.
It suffices to prove that d3(B,(0,0)) = 1; i.e., for each pair of sequences of
positive numbers {t, }neny N\ 0 and {hy, }nen \( 0, we have

dn _ m2(Bm (<*tn7tn> X <7hn;hn>)) — 1.
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We need only show that any subsequence of {d,},cn includes a subsequence
tending to 1. Let us take an arbitrary subsequence {n,, }men of the sequence

of positive integers. There are three cases.

tn, . t
1° The sequence { o }m en includes a subsequence { h"m”

}p N converging

to a number a, 0 < a < 0o. Then there exists a number « such that 0 < a <

h”—p < é < oo for sufficiently large p € N. Hence the sequence of rectangles

nmy,

mp

Ey,., = (“tnn, tn,,) X (=hn, hn, ), p € N, is regular. Consequently, we
only need to consider the limit

lim ma(ANK((0,0),r)) .

r—0+ w2

Fix r € (an,an—1). Then mo(C,) = %aiwn and

mo(ANK((0,0),7) _ 83a2wy, + m(2an11)?

mr2 - mr2
4 2
< Bwn + an;l
an
So
ma(A 0 K((0,0),1)) .
2 r—0+ '

tn m

. }m en includes a subsequence {

t
myp

0
2Y The sequence { B, }pEN

tending to
oo and 1° does not hold.

Fix tp,, € (ak,ar,—1). Then, after elementary calculations, we obtain

ma(AN ((—tnmp tnmp> X <—hnmp hnmp>))
Atn,, Pn,.,
4- 2Clkp-i-l hnmp + 4m2(ckp n (<_tnmp tnmp> X <_hnmp hnmp>))
Atn,, hn,.,
2ak, 11 ma(Cr, N (<_tnmp tnmp> X <_hnmp hnmp>))
fo t B ;

nmp

nmp

Nany, Nny

S0,
ma(AN (<_tnmp tnmp> X <_hnmp hnmp ) — )

4t,  h p—oo

nmp

’ﬂmp

tn . tng,
39 The sequence { .. }m N includes a subsequence {h—p}
m nmp

to 0 and neither 1° nor 2° holds.

nvergin
pen converging
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Similar to 2°, we have

ma(AN ((ftnmp 29 ) X <*hnmp o, ) .
4ty h p=ee

Nmyp

0.

My,
So, we have proved that B € d§\ Tap-core-a.e. O

Corollary 2.7. The density topology on the plane is not contained in any of
the core topologies connected with the o-ideal of null sets.

Theorem 2.8. None of the core topologies connected with the o-ideal of null
sets is contained in the strong density topology on the plane.

ProOOF. It is sufficient to show that T-core ¢ dj. Let

A=R*\{(z,y) €ER?: 2 >0, 2* <y < 2?}.

We have
ma (40 (=4, D x (= 5) 12010
ma((—% 7} % (=5 ) ton -4
Consequently, d5(A’,(0,0)) > 0; so A ¢ d3. Obviously, A € T-core. Hence
A € T-core\ d5. O

Corollary 2.9. None of the core topologies connected with the o-ideal of null
sets are contained in d X d.

PRrROOF. We have d x d C dj (see [WB]); so the proof is obvious. O

Corollary 2.10. The core topologies connected with the o-ideal of null sets
and the strong density topology are incomparable.

It is known ([WBW], Th. 2.4) that the topology d x d is weaker than the
T-ap-core topology.

Corollary 2.11. The topology dxd is weaker than the T -ap-core-a.e. topology.

Theorem 2.12. The topology d x d is contained in neither the T -Hash-core-
a.e. topology nor the T -core, T -core-a.e., T-Hash-core.

Proor. It is sufficient to show that d x d ¢ 7T-Hash-core-a.e. Let E =
Unen(@n, bn)U(—00;0) where |,y (@n, br) is an interval set such that d(E, 0) =
1. Put A=FE xR. Then A €dxd \ 7T-Hash-core-a.e. O

Theorem 2.13. None of the core topologies connected with the o-ideal of null
sets is contained in the Hashimoto topology on the plane (O*).
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Proor. It follows from Theorem 2.8 because O* C d3. O

Theorem 2.14. The Hashimoto topology on the plane is weaker than the T -
Hash-core-a.e. and the T -ap-core-a.e. topologies.

ProOOF. It is sufficient to show that O* C T-Hash-core-a.e. Let A € O* and
(z0,y0) € A. We may assume that g = yo = 0. We prove that (0,0) is an
interior point of A in the T-Hash-core-a.e. topology. Since A € O*, there exist
sets G, N C R? such that A = G\ N, G is open in the Euclidean topology on
the plane and mq(N) = 0. By Fubini’s theorem for polar coordinates, there
exists a set H C (0,7) such that mi(H) = 0 and, for © € (0,7)\ H, the set
No = N Npg is a null set on the line pg. Consequently, we can choose an
open interval (ag,be) C G Npg such that (0,0) € (ap,be)\ No C pe N A and
m1(Neg) = 0 for almost all © € (0, 7). Thus (0, 0) belongs to the interior of A
in the 7-Hash-core-a.e. topology. O

Theorem 2.15. The Hashimoto topology on the plane is not contained in any
of the topologies: T -core, T -core-a.e., T -Hash-core, T -ap-core.

ProOF. It is sufficient to show that O* ¢ T-core-a.e. and O* ¢ T-ap-core.
The set B from Theorem 2.3 is open in O* and is not open in the 7T -core-a.e.
topology. The set A from the same theorem is open in O* and is not open in
the T-ap-core topology. O

The results of Theorems and Corollaries 2.4-2.15 are presented in the fol-
lowing scheme.

o* dxd O* d3
7 g0 7
T-core-a.e. C T-Hash-core-a.e. C T-ap-core-a.e. C do
U U U (2)
O C T-core C T-Hash-core C T-ap-core.
7
ds O~ d%;ld g*

Theorem 2.16. The T -core topology is not regular.

PrOOF. We show that there exists a set F' closed in the T-core topology,
which cannot be separated from the point (0,0).

Consider a sequence of rectangles Q. ; where k € NU{0},1 € {1,...,2¥} and
Qr, = (12_71 QL,C) X (Qk% 2%) Form a sequence {P, },en by putting P, = Qg
where n = Zf;ol 2¢ + 1. Choose points p, € P,, n € N, in such a way
that any three of them are not colinear. Let F' = {p, : n € N}. Then
F' =R2?\ F € T-core and (0,0) ¢ F.
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Let G, Gy € T-core, (0,0) € Gy and F C G. We shall show that GNG, # ().
The set Gy is a neighborhood of (0, 0) in the T-core topology; so there exists a
number d € (0,1) such that (0,d) x {0} C Gg. Similarly, G is a neighborhood
of the points p, = (2, yn) in the T-core topology; so there exist §,, € (0, 1),
n € N, such that

U (@n = 6, 2+ 62) x {yn} C G.

neN
Let

E = limsup(z,, — 0pn, Tp + 0p) =

n

DL

[OJ (xm - (sm» Tm + 5m)

n=1

From the construction of F' it follows that the set {x,,, m > n} is dense on
the interval (0, 1) for each n € N. Consequently, E is residual on this interval.
Let z € EN(0,d). Since (z,0) € (0,d) x {0} C Gg and Gy € T-core, there
exists a number h > 0 such that {z} x (0,h) C Go. Then

({2} x (0,7)) N ((2n = 6, Tn + 6n) X {yn}) # 0

for infinitely many n € N (since x € (x,, — 0p, Tpn, + 05,) and y,, < h for almost
all n € N because y, 0). Hence Go NG # (. O

n—oo

Theorem 2.17. The T -Hash-core topology is not reqular.

PRrOOF. Let F' = J,,¢q, S((0,0),w). Obviously, (0,0) ¢ F' and F is closed in
the T-Hash-core topology.

Let G, Gy € T-Hash-core, (0,0) € Gy and F' C G. We shall show that, for
each © € (0, 7), the intersection Gy N G N pe is non-empty.

Indeed, for each © € (0, ), the set G Npe includes, with each point of the
set F'Npo, a set of full measure on some interval. Since there are points of
the set F'Npe arbitrarily close to (0,0), the set Go Npe, as a set containing a
neighborhood of (0,0) in the Hashimoto topology on the line pg, is not disjoint
from G Npe. O

We shall show that the 7-Hash-core-a.e. topology is not regular. We shall
use the following lemmas.

Lemma 2.18. If G € T-Hash-core-a.e. and (0,0) € G, then, for each r > 0,
A, ={O €(0,7) : mi(GNK((0,0),r) Npe) =2r}

1s measurable.
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The proof follows immediately from the theorem on integration by substi-
tution and Fubini’s theorem.

Lemma 2.19. If G € T-Hash-core-a.e. and (0,0) € G, then there exists a

number ng € N such that my (A;) > 0, where the sets A, are as above.
no

Theorem 2.20. The T -Hash-core-a.e. topology is not reqular.

PROOF. Put F =, . 5((0,0), ). Obviously, (0,0) ¢ F and F is closed in
the T-Hash-core-a.e. topology. Let G, Gy € T-Hash-core-a.e., (0,0) € Gy and
F c G. We assume that G N Gy = (). By Lemma 2.19, there exists a number
no € N such that

Ay = {ee <0,w):m1(GoﬂK((070)»nio) mpe) - %}

has positive linear Lebesgue measure. Let @y be a density point of A1 . Let
no

us consider S((0,0), n%) where n; > ng. Let (zo,y0) be one of the points of

the intersection S((0,0), n%) N pe,. We can assume that zg,yo > 0. In the
other cases the proof is analogous. Obviously, (zg,y0) € G. We shall show
that (zo,yo) is not a dispersion point of Gg, which is a contradiction.

mQ(K N GO)

ma(K)

the balls K with center at the point (xg,yo) and radius sufficiently small, which
means that da(Go, (zo,y0)) > 0.

Let 0 < a < nolnl. We denote by (2”,y”) the point of intersection of

the circle S((0,0), - + 4) and the half-line p5 , by (z2,42), the point of
intersection of the circle S((,¥0),a) and the half-line p%+@0 (2, y"). Let 6

We shall show that there exists @ > 0 such that > « for all

denote an angle between the half-line pgo and the half-line running from the
point (0,0) through the point (x2,y2). Then

tand = 4——. (3)
T2

ni
Thus lim,—,0 6 = 0. Put r2 = y/x3 + y3. Denote by (2, y’) the point of intersec-
tion of the circle S((0,0), n% — £) and the half-line pgo, by (z1,y1), the point
of intersection of the half-lines pg, , 5 and pg(ﬁ% (2',y"). Put ri = /22 + y3.
1 _a 1 4 g
n1

Then cos§ = M2 — . Let
T1 T2

= (ThTZ) X (A; N (@0 — 9, O +5)>,

nQo

A
U= (r1,r2) X (69 — 6, Op +9).




CORE TOPOLOGIES ON THE PLANE 195

Obviously, A C U.

Let f(r,0) = (rcos®, rsin®), (r,0) € U. Put K = K((x9,¥0),a). Then
f(U) C K and

ma(f(U)) (3 —13)8 0

mao(K) a2 macos?

Since f(U) D f(A) and ma(f(A)) = ma(f(A) N Go) + ma(f(A)\ Gy), it
follows that

ma(K NGo) _ ma(f(A)) —ma(f(A)\Go)
mg(K) - WZQ(K) )

We have

mum»=Ame@@=Lqum@wmw

2 2
T

doe

Oo+5  pra
- [ [t = |
Op—0d (&1 Aiﬂ(eo—é, @0-‘1—6) 2
no
2 .2
= 2 " ma (A; N (90 - 57 80 + 5))
2 no

and

ma(f(A)\ Go) = /f(U) Xr\ ao (p)dp = /UXf(A)\Go (f(r,©))rdrde

o+  pra
/ / Xf(A)\GO(f(r,@))rdrd@

Op—6

T2
_/ / 0rdrdO
(@0—5, @0+5)ﬂAL 1

0

T2
+/ / rdrd®
(©0—0,00+6)\A 1 Jri

0

2 2

ry — T
<2 1m1((90—5, 90+§)\A%>.
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Thus
ma(K N Go) _ ma(f(A)) —ma(f(A)\ Go) m2(f(U)
mo(K) ma(f(U)) ma(K)
(ml((@of& O +0)N AL ) —ma((O0 -, (90+6)\A%))
- GRISE
i o g
2 ni
% ma cos? §
m1(<60—5,@0+6)ﬂ14%) ml((@o—é,(%—i—é)\A%)
- [ 26 a 25 }
w0 VB
% 7 cos? o @% +a
by (3).

Since d(AL,QO) =1, it follows that
no

mi((B0 6,00+ 3)NAL)  mi((On—3, 6 +6)\AL)

Yy { 2 - 26 }
no 8 V3 VB
mTcos?2 tg5n2—1+a T
SO % > 2—‘/5 for sufficiently small a. O

Denote by C'y the family of all continuous functions from the plane with
a topology T to the real line with the Euclidean topology. The following
inclusions hold.

OT—core—a.e. C CT—Hash-core—a.e. C CT—ap—core—a.e. C Odg
U U U
CO C CT— core - CT—Hash—Core C CV'T—ap-core

Since approximately continuous functions are of Baire class 1, all the func-
tions from the last diagram are also of this class.

Theorem 2.21. The T -core-a.e., T -ap-core and T -ap-core-a.e. topologies are
not normal.

PROOF. Let A, B be two disjoint countable subsets of (0,1) x {0} which are
dense in the Euclidean topology on (0,1) x {0}. Then A and B are closed in
the T-core-a.e. (T-ap-core, T-ap-core-a.e.) topology.
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We suppose the space to be normal. Then there exists f € Cy.core-ae.
(CT—ap—cor97 C’T—ap—core—a.e.) such that f(A) = {1} and f(B) = {0} Conse-
quently, f is discontinuous everywhere on (0,1) x {0}. but this is impossible
because f is of Baire class 1. O

3 Core Topologies Defined with Meager Sets

Analogous to the topologies defined in the previous section we can define the
topologies connected with the o-ideal of meager sets.

Definition 3.1. A set A C R? is [-Hash-core (I-ap-core) open if and only if,
for each point x € A and for each © € (0,7), the set po(x) N A contains a
neighborhood of x in the I-Hashimoto topology (I-density topology) on the
line po(x); i.e. a set of the form G\ P where G is open in the Euclidean
topology, P is a linear meager set and x € G\ P. (In other words pg(x) N A
contains a set B having the Baire property, such that d;(B,z) = 1 and z € B.)

Let T'-I-Hash-core (T'-I-ap-core) denote the family of all I-Hash-core (I-
ap-core) open sets.

Definition 3.2. A set A C R? is core-I-a.e. (I-Hash-core-I-a.e., I-ap-core-I-
a.e.) open if and only if, for each z € A, there exists a linear set H C (0, )
residual on (0,7) such that, for all © € H, the set pg(z) N A contains a
neighborhood of z in the Euclidean topology (I-Hashimoto topology, I-density
topology) on the line pg(x).

Let T'-core-I-a.e. (T’-I-Hash-core-I-a.e., T'-I-ap-core-I-a.e.) denote the
family of all core-I-a.e. (I-Hash-core-I-a.e., I-ap-core-I-a.e.) open sets.

It is easy to see that the families of sets we have just defined form topologies.
They also contain some sets without the Baire property (see [WBW]).

Theorem 3.3. The following proper inclusions hold:

T'-core-I-a.e. C T’—I-Hash-lc)ore—l—a.e. C) T'-I-ap-core-I-a.e.
U 3

u1) 2) Ul
T’ -core C) T'-I-Hash-core C) T'-I-ap-core
2 3

The proof is analogous to that of Theorem 2.3. Only in the last part we
take the set E = (J,~ y(an,bn) where 0 < apy1 < bpy1 < ay, limy, o0 by, = 0
and 0 is a point of right I-density of E.

To compare the topologies considered here with the I-density topologies on
the plane, we assume open sets have the Baire property. Thus we define the
following families of sets.



198 GRAZYNA HORBACZEWSKA

Ti-core = T'-core N Bay,
T-core-I-a.e. = T'-core-I-a.e. N Bo,
T-I-Hash-core = T'-I-Hash-core N Ba,
T-I-Hash-core-I-a.e. = T'-I-Hash-core-I-a.e. N Ba,
T-I-ap-core = T'-I-ap-core N By,
T-I-ap-core-I-a.e. = T'-I-ap-core-I-a.e. N B.
It is easily seen that there are proper inclusions between these families
because the sets A, B, C from Theorem 3.3 have the Baire property.
T-core-I-a.e. C T-I-Hash-core-IT-a.e. C T-I-ap-core-I-a.e.
U U U (4)
Tr-core C T-I-Hash-core C T-I-ap-core.

Remark 3.4. Each of the families from (4) forms a topology.

The proof is analogous to those of Lemma 2.2 and Theorem 2.3 in [WBW]|
for the T-I-ap-core family.

The families from (4) will be called core topologies connected with the o-
ideal of meager sets. Now, we compare them with the Euclidean topology,
the I-Hashimoto topology and the I-density topologies on the plane. It is
easy to see that the Euclidean topology is essentially weaker than each of the
topologies considered here.

Theorem 3.5. The strong I-density topology is not contained in any of the
core topologies connected with the o-ideal of meager sets.

PRroOF. It suffices to prove that dj, ¢ T-I-ap-core-I-a.e. Consider the set B
from Theorem 2.6. It is not open in the 7-I-ap-core-I-a.e. topology. We shall
show that B is open in the strong I-density topology on the plane. It suffices
to prove that dj, (A% (0,0)) = 0; i.e., for each pair of sequences of positive
integers {n’m}ﬁeN, {n’,ﬁl}ieN, there exists a subsequence {mp}p/eN such that

limsup((n;np,nxlp)Ao) N(0,1)? € I.
p

Let us take any sequence of positive integers {nﬁn}i‘ ey and {n%}ieN and
fix m € N. Let j,, denote the smallest positive integer for which

a0 (. %> % (0, i>) £0.
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Then ((n},,n,)C;,.) N{0,1)% # 0 and a;, < n—\/? Let

m? m
m

" "

n n
'Ym = arCtg (fm tg Oéjm>7 6771 = arCtg ( 77’ tg /Bjm)'
n L

m

Then (n),,n;,)C;,. C sec(Vm,0m). We shall show that 8, —vm 7,57 0.
For an arbitrarily fixed m € N, let a denote the length of the segment
joining the points of intersection of the line x = n/, with the z-axis and the

line p,,,. Then

am = n{fi’b(tg /Bjnl - tg ajTrL)’ b"n = nfr:’z tg a]m

@ COS Yy SIN Oy

By the law of sines, sin(d,, — vm) = > . Since
B N , ,
— m— oo ]" Am oo O’ ﬂm m—oo 0’

A

Am
— . : N
we have 3 oo 0; 50 sin(dm — Ym) 5,500 O-

m
Since 0 < d,, < § for each m € N, we can choose a convergent subsequence

{5mp }p€N~ Let 50 = hmpﬁoo 6mp~ Thus 60 e <07 g> and

lim sup sec(Ym, 0m, ) C Ps,- (5)
p

Since
(n’mp,nﬁ%)AO n(0,1)% c ({0, Qajmpﬂn;np) x (0,1)) Usec(Ym,0m, ),
it follows that
limpsup(n’mp, ny, VAN (0,1)% C limpsup((O, 2a5,, . Mm,) % (0,1))
U lim sup sec(Yim,, 0m,, )-

p

s

From aj,, nj, < V2 and % oo’ 0 we have 205, .\ M, 2o 0550
mp

the set limsup, ({0, 2a;,, Ny, ) % (0,1)) is included in the segment {0} x (0, 1).

Consequently, by (5), lim supp((n;np,nﬁlp)AO) N{0,1)2 € .

Corollary 3.6. The I-density topology on the plane is not contained in any

of the core topologies connected with the o-ideal of meager sets.
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Theorem 3.7. None of the core topologies connected with the o-ideal of meager
sets is contained in the strong I-density topology on the plane.

ProoF. It is sufficient to show that Tj-core ¢ d7,. The set A from Theo-
rem 2.8 is not open in the strong I-density topology, more precisely, (0,0) is
not a strong I-density point of A. For the sequences {n},en and {n3},en
and any subsequences {ny }ren and {n} }ren, we have (o Uy [, nf) AN
(—1,1)2 D (0,1)%. This means that limsup,[(nkni)A’ ] N (—1,1)% ¢ I,. Hence
A € Ti-core \ di,. O

Corollary 3.8. None of the core topologies connected with the o-ideal of mea-
ger sets is contained in dy X dj.

Proor. We have dr x dr C dj, (see [WB]); so the proof is obvious. O

Corollary 3.9. The core topologies connected with the o-ideal of meager sets
and the strong I-density topology are incomparable.

It is known (see [WBW], Th. 2.3) that the topology d x d; is weaker than
the T-I-ap-core topology. Consequently the topology d; X dj is weaker than
the T-I-ap-core-I-a.e. topology.

Theorem 3.10. The topology d; X dy is contained in neither the T -I-Hash-
core-I-a.e. nor the Tr-core, T -core-I1-a.e., T-I-Hash-core.

Proor. It is sufficient to show that dy x d; ¢ T-I-Hash-core-I-a.e. Change the
set from Theorem 2.13. Let £ = |, cn(an, bn) U (—00,0) where |, cx(an, bn)
is an interval set such that d;(E,0) = 1. Put A= E x R. Then

A € d; x dy \ T-I-Hash-core-I-a.e. O

It is also known (see [WBW], Cor. 2.5) that the 7-I-ap-core topology
is not contained in the I-density topology on the plane. Consequently, the
T-I-ap-core-I-a.e. is not contained in the I-density topology on the plane.

Theorem 3.11. The I-density topology on the plane is stronger than the T -
I-Hash-core-I-a.e., T -core-I-a.e. and Ty-core topologies.

Proor. It is sufficient to show that 7-I-Hash-core-I-a.e. C dr,. Assume there
exists a set A such that A € T-I-Hash-core-I-a.e. and there exists a point
(x0,90) € A such that dr, (A, (zo,%0)) # 1. We can assume that zg = yg =
0. Then there exists a sequence {nk}k/eN of positive integers such that, for

any of its subsequences {nkm}iel\ﬁ we have B = N2, U>_;(nk,,nk,, ) A’ N
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(—1,1)2 ¢ I,. Obviously, B has the Baire property; so it is residual on some
ball K((z,y),0). We can assume that (0,0) ¢ K((z,y),0) and y > 0.

Let po,, pe,, where @1 < Oy, are lines tangent to the ball K((z,y),J)
passing through the point (0,0). By the Kuratowski-Ulam theorem ([O], p.56),
there exists a set H; C (01, O2) residual on this interval and such that, for © €
Hy, the set Bo = K((z,y),6) N BNpg is residual on the interval K((z,y),d)N
po. We shall denote this interval by (ag,be). Since A € T-I-Hash-core-I-a.e.
and (0,0) € A, there exists a set Ha € (0, 7) residual on this interval and such
that, for © € H,, there exist eg > 0 and a set Kg C peo which is meager on
this line and such that (—eg,c0)\ Ko C AN po.

Let now © € H; N Hy. We notice that there exists ng € N such that neg >
be for any n > ng. Since (—cg,c0)\ Ko C A, we have (ag,bo) \nKeo C nA
for n > ng. Let p € (ag,be) N B\nKg. Then p € (ag,bo) N B = Bg;sop €
(ng,, ,nk,, )A’ for infinitely many m € N, which means that ( 1 1 )p ¢ A

)
Mkm " Mhm

for infinitely many m € N.
On the other hand, p € (ag,bo) \nKeo C nA for n > ng. Thus ( , %)p cA

1
n
for each n > ng. This contradiction ends the proof. O

Theorem 3.12. None of the core topologies connected with the o-ideal of
meager sets is contained in the I-Hashimoto topology on the plane (OF).

The proof follows from Theorem 3.7 because O C d7, .

Theorem 3.13. The I-Hashimoto topology on the plane is weaker than the
T-I-Hash-core-I-a.e. and the T -I-ap-core-I-a.e. topologies.

PROOF. As in the proof of Theorem 2.15, O7 C T-I-Hash-core-I-a.e. by using
the Kuratowski-Ulam theorem for the polar coordinates. O

Theorem 3.14. The I-Hashimoto topology on the plane is not contained in
any of the topologies: Tr-core, T -core-I-a.e., T -1-Hash-core, T -I-ap-core.

PRrROOF. It is enough to show that O ¢ T-core-I-a.e. and OF ¢ T-I-ap-core.
The set B from Theorem 2.3 is open in OF and is not open in the 7-core-I-
a.e. The set A from the same theorem is open in O and is not open in the
T-I-ap-core topology. O

The results of Theorems and Corollaries 3.5-3.14 are presented in the fol-
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lowing scheme.

o* drxdy o* d12 d?2
77 7 nr U n
T-core-I-a.e. C T-I-Hash-core-I-a.e. C T-I-ap-core-I-a.e.
U @] @]
Tr-core C T-1-Hash-core C T-I-ap-core.
7 7 U Yy a
i, O7 drxdr 0% dp,

We can see that only the results of the comparison of the I-density topologies
with the core topologies connected with the o-ideal of meager sets differ from
the analogous ones obtained in the previous section.

Now, we present theorems on the regularity of the core topologies connected
with the o-ideal of meager sets.

Theorem 3.15. The T;-core topology is not regular.
The proof is analogous to that of Theorem 2.17.
Theorem 3.16. The T -core-I-a.e. topology is not reqular.

ProoOF. Consider a sequence of sets Qy; where k € NU {0}, [ € {1,...,2%}

and Qp,; = {(7‘, O):re (Qk% 2%), GRS (12%1% 2%%)} Let us form a sequence

{K, }nen by putting K,, = Q,; wheren = Zf:_ol 2¢+1. Choose points p,, € K,
n € N, in such a way that any three of them are not colinear. Let F' = {p,, :
n € N}. Then F’ = R?\ F € T-core-I-a.e. and (0,0) ¢ F.

Let G,Go € T-core-I-a.e., (0,0) € Gy and FF C G. We shall show that
GoNG # 0. Let rp, O, denote the polar coordinates of p. Put p,, = (1,0,,)
for n € N. From the construction of F it follows that the set {py : kK > n} is
dense on the arc L = {(r, 0):r=1, ¢ (0, g)} Hence, for each n € N, the
set {O,, 1 k > n} is dense on (0, 3).

Let G = {(1,0,) : p € G}. Since G € T-core-I-a.e., it contains, with every
point p,, a neighborhood A,, of p, in the T-core-I-a.e. topology (we may
assume that A, C K,). Then G contains, with every point p,, an open arc
containing p,,. We denote that arc by A,. Then (J,~,, Ak is residual on L for
every n € N and so is A = limsup,, A,,. Thus the set U = {© : (1,0) € A} is
residual on <O, g)

Since Gy is a neighborhood of (0,0) in the T-core-I-a.e. topology, Gg
contains neighborhoods of (0,0) in the Euclidean topology on each direction
from (0, Z) \ P where P is some set of the first category.
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Let ©® € U\ P. The set Gy contains a segment Ig with center (0,0),
Io C pe. Since © € U, the line pg intersects infinitely many sets A,. Si-
multaneously, the segment Ig is disjoint from a finite quantity of the rings
{(r, O) :1 € (58 5¢), © € (0, 277)}; so I intersects infinitely many sets A,,.
Hence Gy N G # () because Ig C Gg and A,, C G for each n € N. O

Theorem 3.17. The T-I-Hash-core, T -1-Hash-core-I-a.e., T-I-ap-core and
T-I-ap-core-I-a.e. topologies are not regular.

PRrOOF. First consider the 7-I-Hash-core topology. Let F' = {J,,cq, S((0,0), w).
Then F is closed in the T-I-Hash-core topology, and (0,0) ¢ F.

Let Gy, G € T-1I-Hash-core. Then they have the Baire property and they
are of the second category on the plane. We assume that (0,0) € Gy and
F C G. We shall show that G NGy # (). The set Gy is residual on a certain
ball K. This ball has common points with F' and contains their neighborhoods
in the 7-I-Hash-core topology, included in G and of the second category on
the plane. Thus G NGy # 0.

This proof also shows that the 7-I-Hash-core-I-a.e., T-I-ap-core and T-1-
ap-core-I-a.e. topologies are not regular. (F' is closed in these topologies and
non-empty open sets have the Baire property and are of the second category
on the plane.) O

We can consider the families of continuous functions with respect to the
core topologies connected with the o-ideal of meager sets.
The following inclusions hold.

Cuas,
U
CT—corc—I—a.c. - CT—I—Hash-corc—I—a.c. - C’T—I—ap-corc—[—a.c.
@] U @]
C’TI—(:ore - C"7'-I—Hash—core C C’T—I—ap—core

Since Cq,, C By (see [PWW]), the functions belonging to C7;_cores CT-core-I-a.c.s
C7.I-Hash-core; CT-I-Hash-core-I-a.e. are of Baire class 1. The functions belong-
ing to C7_r-ap-core are separate I-approximately continuous. By Theorem 3.1
[BLW], they are at most of Baire class 2.
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