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SEPARATELY CONTINUOUS FUNCTIONS
IN A NEW SENSE ARE CONTINUOUS

Abstract

Two new notions of separate continuity either of which is equivalent
to continuity are introduced.

1 Introduction

Let us denote the set of real numbers by R. R™ (n > 2) will denote the set of

all vectors © = (x1,...,2,) with elements z; € R (i = 1,...,n) and a norm

]| = (3 xf)l/Q. By U(2°) will be denoted a neighborhood of the point
i=1

20 = (29,...,2%) € R™. We shall consider functions whose values are in R.

Recall that a function f, defined in the neighborhood U(x?), is called
continuous at the point z° (sometimes it is called jointly continuous at the
point x0) if

lim f(z) = f(z°). (1.1)

r—x

In addition to the notion of continuity at the point, for functions of several
variables we also have the notion of separate continuity at a given point. A
function f is called continuous at z° with respect to the variable x; if the
relation

lim f9,... ,x%fl,x;ﬁxgﬂ, o 2d) = f(af) (1.2)
Tp—x}
holds.
If a function f is continuous at z° with respect to each variable zy, k =
1,...,n, then f is called separately continuous at the point z¥. It is well

known that separate continuity of the function f at the point z° does not
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imply, generally speaking, the continuity of f at 2°. Therefore the continuity
of a function of two variables at the point (2, 29) along the two straight lines
xg = 29 and x1 = 2§ does not imply its continuity at (29, 29). Moreover,
there exists a function of two variables discontinuous at the point (0,0) which
is continuous along every straight line passing through (0,0) ([2], p. 404-5;
[1], p. 48; [3], p. 464). Among such functions there are both bounded and
unbounded ones ([7], Chapter 4, Exercise 8). What is more, H. Lebesgue called
attention to the fact that a function of two variables can be discontinuous at
the point (29, 29) even if it is continuous along every analytic curve through
(29, 29) [4]. Later, A. Rosenthal established the following fact. If the single-
valued function f(z1,z2) is continuous at the point Py = (2, 29) along every
convex curve through Py which is (at least) once differentiable, then f is also
continuous at Py as a function of (x1,z2). Yet f can be continuous along
every curve through Py which is (at least) twice differentiable without being
continuous at Py as a function of (1, x2) ([6], Theorem 1. Here a generalization
of this theorem is also given for n > 2 variables with the term “convex curve”
being replaced by “primitive curve” (Theorem 4)).

The main purpose in this paper is to find necessary and sufficient conditions
for the function f(z1,...,x,) to be continuous at the point 2% = (z9,...,29),
which would give information on the properties of the function f at z° with
respect to each independent variable. To this end, below we shall give the
required definitions.

2 Separate Continuity in the Strong Sense

Definition 2.1. A function f defined in the neighborhood U(x°), will be
called continuous in the strong sense, at 20, with respect to the variable z}, if

hInO I:f(xla' vy L1y Thy Thg1y -+ ,xn)
— i (2.1)
— f(@1, ey Th1, Ty Tt 1, - - - ,xn)} =0.

Definition 2.2. A function f, defined on U(z"), will be called separately
continuous in the strong sense, at the point z°, if f is continuous in the strong
sense, at z°, with respect to each variable z;, k=1,...,n.

We have the following assertion.

Theorem 2.1. For a function f to be continuous at the point x° it is necessary
and sufficient that it be separately continuous in the strong sense at x°.
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ProoF. To show the necessity we take any number k, 1 < k < n, and write
the obvious equality

f(xl,...,xk,l,xk,xkﬂ,...,xn)—f(ml,...,xk,l,xg,mkﬂ,...,xn)
z[f(ml,...,xk_l,xk,xk+1,...,xn) —f(a:o)] (2.2)
+ I:f(xo) - f(x17"'7xk717x27‘rk+17” 71:77,)]

Since the function f is continuous at the point z°, the square-bracketed ex-
pressions on the right-hand side of equality (2.2) are arbitrarily small. There-
fore the left-hand side of (2.2) is also arbitrarily small. This is equivalent to
equality (2.1) for the number k. But k was chosen arbitrarily and therefore
the function f is separately continuous in the strong sense at the point x°.

To prove the sufficiency, we first recall the fact that the function f is
strongly continuous at the point z° with respect to the variable ; and thus
we have the equality
IILHJ}O [f(xl,xg, vy ) — f(2Y 2, . 733”)] =0. (2.31)

Likewise, strong continuity of f at the point z° with respect to the variable
To is equivalent to the equality

limO [f(gcl,xg,xg,...,mn) — f(a:l,xg,xg,...,xn)] =0,
Tr—x

which in the particular case xq = z{ takes the form

lim [f(x?7x2,x3, s xn) — f(2Y, 29, 23, . . ,xn)] =0. (2.32)

r—x0

By the strong continuity of the function f at the point z° with respect to
the variable x,,, this process eventually results in the equality

lim0 [f(xl, ey Tp—1,Zy) — f(21,. .. ,xn,l,x?l)] =0,
r—x
which for particular values z; = m?, j=1,...,n—1, takes the form
lim_ [f(29,... 20y, @) — f(aY,...,20_1,20)] = 0. (2.3,,)

Summing up equalities (2.31)—(2.3,,), we obtain

lim [f(xl,...,xn)ff(x(l),...,:rg)} =0,

z—z0

which is equivalent to equality (1.1). The theorem is proved. O
Equality (2.2) indicates that the following theorem is valid.
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Theorem 2.2. For a function f(x1,...,2,) to be continuous at the point
20 = (29,...,20) it is necessary and sufficient that f(z1,...,x,) be strongly

continuous at the point z° with respect to only one of the variables and con-
tinuous at £° with respect to all other variables collectively.

This theorem is especially simple for functions of two variables and is for-
mulated as follows.

Corollary 2.1. For a function of two variables ¢(x1,22) to be continuous at
the point ¥ = (29, 29), it is necessary and sufficient that ¢(x1,x2) be contin-
uous in the strong sense at the point x° with respect to one of the variables

and continuous at £° with respect to the other variable.
This corollary yields the following assertion.

Corollary 2.2. Let a function of two variables p(x1,x2) be separately contin-
uous at the point 20 = (29, 29). For p(x1,5) to be continuous at the point z°,
it is necessary and sufficient that (x1,x2) be continuous in the strong sense

at 20 with respect to only one of the variables.
Corollary 2.1 and Theorem 2.1 imply this corollary.

Corollary 2.3. If a function of two variables ¢(x1,x2) is continuous in the
strong sense at the point x° = (29,29) with respect to one of the variables
and continuous at ° with respect to the other variable, then @(z1,2) will be
continuous in the strong sense at the point x° even with respect to that other

variable.

3 Separate Continuity in the Angular Sense

Definition 3.1. A function f defined in the neighborhood U(z"), will be
called continuous in the angular sense at x° with respect to the variable z}, if

for every collection of positive constants ¢ = (¢1,...,¢y)
lim [f(@1, . 1, Ty T 1, - -+, T —
01}4’1} o
wj—zj|<cjler—wyl (3.1)
J#k
. =0
_f('rla <oy Th—1, Ll Thet-1, - - - 7xn)} — Y-

Obviously, the fact that the function at 2° is continuous in the strong sense
at the point z° with respect to the variable z; implies that this function is
continuous in the angular sense at z° with respect to the same variable .
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Definition 3.2. A function f, defined on U(z"), will be called separately
continuous in the angular sense at the point 2° if f is continuous in the angular
sense at 20 with respect to each variable z, k= 1,...,n.

Theorem 3.1. For a function f to be continuous at the point z° it is necessary
and sufficient that it be separately continuous in the angular sense at z°.

PROOF. The necessity follows from the fact that the continuity of the function
f at the point 20 implies that the function f is continuous in the strong sense
at 20 with respect to each variable (see Theorem 2.1). This in turn implies
that the function f is continuous in the angular sense at the point 0 with
respect to each variable. Therefore the function f is separately continuous in
the angular sense at the point z°.

Let us now prove the sufficiency. Let the function f be separately contin-
uous in the angular sense at the point #°. Then f will be continuous in the
angular sense at the point 2° with respect to each variable. Hence relation
(3.1) will be fulfilled with respect to each variable zj (k =1,...,n) for every
collection of positive constants. In particular, it will be fulfilled for ¢; = 1,
j=1...,n.

Let us represent the space R™ as the union of pyramids Aq,..., A, hav-
ing the common vertices at 2. Each pyramid Ay is defined by a system of
inequalities |x; — x3] < |z — x| for all j # k. The pyramid Ay contains a
straight line passing through the point 2° and parallel to the real Oxj-axis.
(Here the pyramid is assumed to be two-sheeted; i. e., stretching infinitely on
both sides of the vertex x°.)

To show that equality (1.1) holds, it is sufficient to prove the validity of
the relation

lim f(x) = f(2°) (3.2)

2EAL
foreach k=1,...,n.
Without loss of generality, we consider £ = 1 and shall adapt our further
reasoning to the case (x1,...,2,) € Ay. Since f is continuous in the angular
sense at the point 2 with respect to the variable x;, we have the equality

lim [f(z1,20,...,20) — f(2F,20,...,2,)] = 0. (3.31)
|$j—$g§r§)Tw1—w?\

j=2,....,n

Since f is continuous in the angular sense at z° also with respect to the
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variable x5, we obtain

limo I:f(thQ?xSu e 7‘7’.774) - f(m1,$g7$3, T 7:En)j| =0
r—x
|zj—a;?|§|lz—lg|

2
Hence for the particular case x; = 2 we have the equality

lim [f(2Y, 20,23, ...,2p) — f(2f,29,23,...,2,)] =0, (3.32)
Tr—x
|o;—2)|<|ze—3|

7j=3,....,n

and so on.
Finally, by the continuity of f in the angular sense at the point z° with
respect to the variable z,,, we have the equality

1imO [f(ml, U R o I I € P m%)] =0,
Tr—x
|2j —af | <|an—af)|
j=1,..,n—1
which for z; = 29, j =1,...,n — 1, takes the form
xli_,n;() [f(x(l)a ce 7x9L—1’ xn) - f(x(l)v ce 7x9L—1’ x?z)] =0. (3371)
Combining equalities (3.31)-(3.3,,) we obtain continuity. O

Theorems 2.1 and 3.1 give rise to the following fact.

Theorem 3.2. Separate continuity in the strong sense of the function f of n
variables at the point 2° = (29,...,29) and separate continuity in the angular
sense of the same function f at 2° are equivalent to each other, and either of

them is equivalent to the continuity of the function f at the point z°.

4 Continuity in the Wide Sense

For functions of several variables it is possible to form differences of an-
other type which figure in the definition of functions of bounded variation
(see, e. g., [2], §254; [5], Ch. II, §4, Section 42, and Ch. III, §2, Sec-
tion 59). For a functionf of n variables the difference AQO f is defined as

cooshn hiseccshn—
N0 = = Al A ) = AR Al ), whore
r = (1,...,2,), 2° = (29,...,2%), h = (h1,...,hy), AZ(Ef(xl,...,xn) =

f(xl,...,:l:k_l,zg F Mk, Thot 1y ey Tpy) — f(xl,...,xk_l,;vg,xk+1,...,;vn).
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Thus,

Alyelena) =p(ed + b th) - o(edb £ h)
- (p(SL’? + ha, l‘g) + 90(33(1)7 {)Sg),
AZ}:Z; ZS¢($1,$2,$3) = [¢($? + h1,a:g + h27$g + h3)
— (2, 9 + ho, 23 + hs)—
- [w(‘r(l) + hl,.ifg + ha, .I‘g) - ¢($(1)733(2) + hang)
- 1/)(1'(1) + h17 xg» :L‘g) + w(l_(l)’ xgv l‘g)]
Now we introduce the following notion.

Definition 4.1. A function f(x), * = (x1,...,2,) € U(2°) will be called

continuous in the wide sense at the point z° = (29,...,29) if

hm Al f(z) = (4.3)
Theorem 4.1. If a function 1 (z), v = (21,...,2,) € U(z?), is continuous
in the strong sense at the point x° = (29,...,29) with respect to only one

variable, then 1 (z) is continuous in the wide sense at z°.

ProoF. Without loss of generality we shall verify that this theorem is valid
for functions of three variables. Let the function ¥ (z1, z2, 23) be continuous in
the strong sense at the point z° = (29, 29, 29) with respect to any one variable,
say, with respect to x3. Then we can regroup the terms in equality (4.2) as
follows

AR (a1, w2, 03) =[0(2f + hu, 2§ + ha, 2§ + ha)
—P(af + hy, wy, 23 + hs)]
— [w(mhxg + ho, 23 + h3) — (29, 29, 23 + h3)]
— [7,/1(3:1 + hy, 29+ hg,x3) () + hl,xQ,xg)]
+ [(aY, 29 + ho, 28) — (2], 29, 23)].

The expressions within the square brackets tend to zero when (hq, ha, hs) —
(0,0,0) (see equality (2.1) for n = 3 and k = 2). Therefore

h17h2,h3

lim T1,X9,T 0
(h1,ha,hs)—(0,0,0) L‘I),J,g, ( 1,42, 3)
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and the theorem is thereby proved. O

Theorems 2.1 and 4.1 give rise to the following result.

Corollary 4.1. If a function f, defined on U(z), is continuous at the point

20 = (29,...,29), then f is continuous in the wide sense at x°.

Remark 4.1. Generally speaking, continuity in the wide sense does not imply
the continuity. Indeed, for any finite functions a(z1) and B(x2) we have the
equality AZ%:Z;Z"P(M’%?) = 0, where ¢(x1,22) = afx1) + B(z2). Therefore
a(ry) + B(x2) is continuous in the wide sense at (20, 29). For this function to
be continuous at some point (29, 29) it is necessary and sufficient (by Theorem
2.1) that (21, 72) be continuous in the strong sense at (29, 29) with respect
to both 21 and x5. Hence the differences

(@] + h1, @) + ho) — (2], 29 + he) = (2 + h1) — a(a?),
(2] + h1, @) + ho) — (2] + h1,29) = B(x§ + ha) — B(z))

must tend to zero when (hy,hy) — (0,0). Therefore a(xzq) and [(z2) are
continuous at z§ and z9, respectively.
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