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ON SOME PROPERTIES OF THE CLASS A*

Abstract

In this paper we investigate problems connected with some general-
ization of spaces A* and Qp considered in [3].

In paper [2] the authors investigate problems connected with the linear space
of Darboux derivatives. In their work they introduced some subsets of the set
of all Darboux derivatives which possess interesting properties from a topo-
logical point of view. For example these subsets played an important role in
consideration connected with stationary sets and some generalization of the
notion of a retract with respect to the topological space formed by Darboux
derivatives ([3]). In [4] some generalizations of classes of functions considered
in [3] was introduced. Now we apply the following definitions (the notion of
the class Qp is more general than in [4]).

By R (Q, N, I) we denote the set of real numbers (rational numbers, natural
numbers, segment [0,1]). The cardinality of R is denoted by c.

For any =,y € [0,1] (x # y), denote by I, ,) the closed interval [z,y] if
x <y, and the closed interval [y, z] otherwise. For a function f : I — I and
for z,y € 1 let

AL =Ty p) \ [Tay) and AT = | ] Al
z,y€el

Let J be a family of all o-ideals J of subsets of I such that:

e cach A € J is boundary in T;

Key Words: Darboux function, quasicontinuous function, porosity
Mathematical Reviews subject classification: 26A21, 26A24
Received by the editors December 18, 2000

141



142 RYSZARD J. PAWLAK, WELADYSLAW WILCZYNSKI AND BOZENA S,WI@TEK

o {z} € Jforeach z €

For fixed o-ideal Jy € J let A}l denote the family of all nowhere constant
functions f : I — I such that Af € Jy. Then let

A = Ay
Jed

For a fixed o-ideal Jy € J let Q‘Z])‘) denote the family of all nowhere constant
functions f : I — I such that Agy € Jy for every x,y € I. Then let

Op = U Q7.

JeJ

A function f : X — Y (where X, Y are topological spaces) is called a
Darboux function if f(C) is a connected set for each connected set C' C X.
The set of all nowhere constant Darboux functions f : I — I will be denoted
by D.

It is obvious that D C A* C Qp and D # A*, but it was an open question
if the classes Qp and A* are equal. It turns out that an answer is positive
(Theorem 1).

In the second part of our work we consider the class of real functions defined
on the space A*. Our results are connected with a class of functions Dp; i.e.,
a class of functions f : A* — R such that f(L) is a connected set for each
arc! L C A*. We prove that there exists a subset ® of the space A* such
that if f is a function of the class Dp and f [¢ or f [ 4+\g is quasicontinuous
(cliquish), f is also (but the corresponding assertion for continuity is false).
We also show that the set Dp is porous at each point of some subset of the
space of all functions f: A* — R. To formulate these all facts more precisely
let us apply the following notion and definitions.

We say that € cl,(A) if x € A or there exists an arc L such that L\{z} C
A.

A function f : X — R (where X is a topological space) is cliquish at a
point x € X if for each € > 0 and each neighborhood U of x there exists a
nonempty open set G C U such that |f(y) — f(z)] < e for each y,z € G. A
function f: X — R is said to be cliquish if it is cliquish at each point z € X
([1]).

A function f: X — Y (where X, Y are topological spaces) is quasicontinu-
ous at a point x € X if for each neighborhood U of = and for each neighborhood

LA subset I C X (where X is a topological space) is called an arc if there exists a
homeomorphism h : I — L. The elements h(0) and h(1) will be called the endpoints of L.
The arc with endpoints = and y is denoted by L(z,y).
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V of f(x) there exists a nonempty open set G C U such that f(G) C V. A
function f : X — Y is said to be quasicontinuous if it is quasicontinuous at
each point z € X.

If (X,d) is a metric space, 29 € X, r >0, A C X let

B(xg,r) ={y € X : d(z0,y) <1},

B(zo,7) ={y € X : d(xo,y) < r},

S(zo,r) ={y € X : d(xo,y) =1},

da(z) = inf{d(z,a): a € A}.

Let M C X,z € X, R>0. Then v(z, R, M) denotes the supremum of the
set of all > 0 for which there exists z € X such that B(z,r) C B(z,R) \ M.
The set M is porous at x if limsupp_ o+ Lﬁ’m > 0.

By p we denote the metric of uniform convergence (i.e., p(f, g) = sup{|f(z)—
o@)| :z e T}),

We begin our consideration with two lemmas.

Lemma 1. Let x,y,z € I be such that x <y < z. Then Af, C A,{,y UAZJ;Z.
Let
X I={(z,y) elxl:z<y
I, ={(z,y) eIxcI:z<qg<y}forge(0,1)NQ.
ThenIx . I=J I

qgelnQ ~q-
Lemma 2. If f(0) =0,0 <z <y and f(y) < f(x), then A(];x D Agy.
Theorem 1. A* = Op.

PrOOF. Obviously A* C Qp. We shall prove an inverse inclusion. Let f € Qp.
Then there exists a o-ideal Jy € J such that Agy € Jo for every x,y € I. We
have to prove that A’ € Jy. Since

A=J4,= U U 4,
z,y€l q€QN(0,1) (z,y)€ly

it suffices to show that for every ¢ € QN (0, 1) we have U(
let g € @N(0,1) be fixed. Note that (by Lemma 1)

U Al c U (Al uAl) = U Al U U Al

(z,y)€ly (z,y)€ly 0<z<q 1>y>q

z)el, Aﬁy € Jp. So

So it is sufficient to prove that (., <4 A{;x € Jy. To simplify notation assume
that f(0) = 0. Let {B,}nen be a base in I. Fix n € N. Then we choose
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{Zn k}ren € By such that f(x, ) koo sup,ep, f(x). Let

6={$€H:f($) >O/\3y€[0,z)f(y) Zf(w)}a
D={zel:f(x)>0}\C,
E={

Then

From the assumption that f(0) = 0 we deduce that | .5 Agm = 0. So it
is sufficient to show that (J,.& Agm € Jo and J,cp Agm € Jo.

If x € C, there exists y € [0,z) such that f(y) > f(x) > 0 and there
exist n, k € N such that 0 < z,, &, < z and f(z, %) > f(z). So, by Lemma 2,

Agm - A(’;‘mn,k. Hence |, & Agm C Un ken A(J;ifn,k € Jo. Now let {t;}ien be a
dense set in D containing all points which are left isolated in D. Note that

U 4l c 4. (1)
=1

x€D

Indeed, let z € U,cp Agm. Then there exists © € D such that z € Agm. If
there exists ig € N such that x = t;, 2 € U,y Agti. So let us assume that
x ¢ {t; : i € N}. Hence x is a left accumulation point of D and hence also
of {t; : i € N}. It is also easy to show that f [ is strictly increasing and
continuous from the left. Therefore it is not difficult to conclude that there
exists 79 € N such that f(¢;,) > z. Then z € [0, f(¢;,)] \ f([0,%:,]) = Agtq:o’
which finishes the proof of (1). From (1) we conclude that (J .5 A(J;I € Jo,
which finishes the proof of the theorem. O

The following lemmas can be found in [4] (see also [3]).

Lemma 3. A* C cl,(A*\ D).

Lemma 4. A* C clo(D).

Theorem 2. Let f: A* — R and let f € Dp. Then the following conditions
are equivalent:

(i) the function f is quasi-continuous (cliquish),

(ii) the function f [z is quasi-continuous (cliquish),

(#ii) the function f [4\p 1S quasi- continuous (cliquish,).
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PrOOF. (for quasi-continuity). Implications (i) = (ii) and (i) = (iii)
follows from the fact that sets D and A* \ D are dense in A*. Now we shall
prove the implication (ii) = (i). (The proof of the implication (iii) = (i) is
analogous.)

Let € € A%, let ¢ > 0 and let § > 0. We will show that there exists
n € DN B(E, ) such that f(n) € (f(&) — 5, f(€) + 5). Indeed, if £ € D, it
suffices to put n = £. So assume that £ ¢ D. By Lemma 4 there exists an
arc L = L(€,a) such that L\ {¢} ¢ D. We can assume that L C B(&,0).
Since (by assumption) f(L) is a connected set, there exists € L such that
fn) C (f(&) —5,f() +5). Then f [ is quasi-continuous at 7). Hence there
exists a nonempty open set V' C B(¢,d) such that

F(V D) C (f(©) = 5. F(©) + ). (2)

Consider ¢ € V'\ D. Then ¢ is an endpoint of an arc L* = L(¢,b) such that
L*\ {¢} € VN D (Lemma 4). By assumption f(L*) is a connected set; so
(from (2)) £(9) € [£(€) — 5, /() + 5]. Hence f(V\ D) C [£(€) — 5, F(€) + 5]
From this and (2), it follows that f(V) C (f(&) — ¢, f(§) + €), which finishes
the proof of the quasi-continuity of f at &.

PrOOF. (for cliquish). Implications (i) = (ii) and (i) = (iii) follow from
the fact that sets D and .A* \ D are dense in .A*. Now we shall prove the
implication (i) = (i). (The proof of the implication (iii) = (i) is analogous.)
Let £ € A*, let € > 0 and let 6 > 0. Then from Lemma 4 we can infer that
there exists 7 € D N B(&,6). Then f I 5 is cliquish at 1. Hence there exists a
nonempty open set V C B(§,d) such that

1f(6) — F(¥)] < % for each ¢, € V N D. (3)

Now let n,7 € V. There are three possible cases.
1° n,revVnD.

Then [f(n) — f(7)| < § < e from (3).
2 pevnD,TeV\D.

Then by Lemma 4 there exists an arc L* = L(7, 1) such that L* \ {r} C
V ND. Hence from (3) we infer that

F(@) € (Fn) = 5. (n) + 5) for each a € L*\ {r}.

According to our assumption f(L*) is connected; so f(7) € [f(n)—5, f(n)+5].
Therefore [f(7) — f(n)| < § <e.

30 n,reV\D.
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Then by Lemma 4there exist arcs Ly = L(n,m) and Ly = L(7,7;) such
that L1\{n} C VND and Ly\{r} C VND. Hence from (3) we infer that f(a) €
(Fm) =5, f(n)+3) for eacha & Ly\ {1} and £(b) € (F(m)— %, Flm)+5) for
each b € Lo\ {7}. According to our assumption f(L;) and f(Lz) are connected
sets, so

£

Fn) € [£0m) = 5, 70m) + 5] and f(7) € [£m) = 5, flm) + 5].

Hence [f(n) = f(7)] < |f(n) = f(m)| +|f(m) = f(T)| < 5 + 5 <& So we have
shown that |f(n) — f(7)| < € for each n, 7 € V, which finishes the proof of the

fact that f is cliquish at &. O

Remark 1. The last theorem fails for continuity. For example let &, € D be
fixed and define f : A* — R by

_ sin(%fo) for £ € A*\ {&}
1) {O ’ for £ = &.

Then f € Dp, f | AN\D is a continuous function, but f is not continuous at &.

Remark 2. The analogous theorem fails for Darboux functions f : R — R.
We will show that there exists no set A C R such that for each Darboux
function f: R — R:

(i) if f 4 is quasi-continuous, then f is quasi-continuous;
(ii) if f [r\4 is quasi-continuous, then f is quasi-continuous.

PROOF. Suppose that there exists a set A C R such that for each Darboux
function f : R — R conditions (i) and (ii) hold. First note that R\ A is dense
in R. Indeed, suppose that there exists a nonempty open interval P C A.
Let f : R — R be a function such that f(z) = 0 for x ¢ P and f(P') =R
for each nonempty open interval P C P. Then f is the Darboux function,
[ Ir\a= 0is quasi-continuous, but f is not quasi-continuous, which contradicts
the condition (ii).

In the analogous way we can prove that A is dense in R. Moreover note
that there exists a nonempty interval (a,b) such that A is c-dense in (a,b) or
R\ A is c-dense in (a,b). Suppose, for instance, that the set A is c-dense in
some interval (ag, bp); i.e., the set AN (ag,bp) is c-dense in itself. Hence

Aﬂ (ao,bo) = U Aa,

a<c



ON SOME PROPERTIES OF THE CLASS A* 147

where A,, a < ¢, are dense in AN (ag, by) and these sets are pairwise disjoint.
Let £: {A, : a < ¢} — R be a bijection. We define a function f: R — R by

o ifz ¢ AN (ao,bo)
J(@) = {f(Aa) ifreAdy,a<c

First note that f is a Darboux function. Indeed, let P C R be a non-degenerate
interval. If P C R\ (AN (ag, b)), then f(P) = {0} is connected. So assume
that P N AN (ag,bp) # @. Then Int(P) N A, # 0 for each @ < c. Hence
F(P) D £{Aq : @ < c¢}) =R is a connected set.

The function f [g\ 4= 0 is quasi-continuous, but f is not quasi-continuous
at any point of the interval (ag, bo). O

If A C X (where X is a topological space) let Ca denote a set of all
functions f : X — R which are continuous at some point of the set A.

Theorem 3. Let F be a space of functions f: A* — R such that f [s€ Dp
(with the metric of uniform convergence). Then the set Dp C F is porous at
each point n € Cp N F.

Proor. Let n € C5 NF. Then there exists a point go € D of continuity of
the function 7. Let R > 0. Then there exists § > 0 such that

1(B(g0,8)) C (n(g0) — = n(go) + 2.

8 8
By Lemma 3 there exists an arc Ly = L(go, to) such that Lo \ {go} C A*\ D.
We may assume that Lo C B(go, g) For each « > 0 let T, = {t € A* :
pL,(t) = a}. Let ag > 0 be such that Ty, C B(go, g) Define h : A* — R by

n(t) if t € A*\ B(go,6)
%siné—l—n(gg) ifteT,,0<a<a
. . )
R sin L +1(g0) ifte (JTanBlgo )
a>ag

h(t) = B sin45; —|—177(g0) 1 ) if t € S(go,7),r € [34,0)
R(sin £ —sin — R(3sin =— —2sin %
et en)y 4 y(go) + S E 2D gy ¢ S(go,r),r €[4, 30]
n(go) — & if t = go
n(go) + & if t € Lo \ {g0}-

First we shall show that
hefF. (4)
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Let L C D be an arc. Then there are 6 possible cases with some subcases.
1Y L ¢ A*\ B(go,9).
Then h(L) = n(L) is a connected set, because n € F.
20 . € Blgo, 3).
If L C T, for some a € [0,+00) or L C U,+q, Ta N B(go, %), then h(L)
is a singleton; thus a connected set. Hence assume that these cases fail. Let
= inf{a € [0,+00) : LNT, # 0} and ay = sup{a € [0,+00) : LNT, # 0}.
Then 0 < a3 < ay < +oo0. Moreover, since an arc L is connected, we can
conclude that L NT, # @ for each o € (a1, ). Hence

Moy =hen |J T =¢ora)),

a€{ar,az)

where £ : [0,+00) — R is defined by

1(go0) — % forz =0
&(x) = % sin% +n(go) for z € (0, ay)
R

3 sin O%O +1(g0) for x € [avg, +00)

and (a1, as) is an interval with endpoints o1 and «g such that a; € (a1, ag) <=
LNT,, #0and as € (a1,02) <= LNT,, # 0. Hence h(L) is a connected
set, because ¢ is a Darboux function.

3% L C B(go,9) \ B(go, 3).

If L C S(go,r) for some r € [5,0), then h(L) is a singleton; hence a
connected set. So assume that this case fails. Let r;1 = inf{r € [%,6) :
LN S(go,r) # 0} and ro = sup{r € [3,6) : LN S(go,7) # 0}. Then it
is not difficult to see that g <7 < reg <46 Let (ri,r3) be an interval
with endpoints r; and ro such that r1 € (ry,m) <= LN S(go,71) # 0 and
79 € (r1,7m2) <= LN S(go,72) # 0. Then (r1,72) C [,6) and LN S(go, 1) # 0
for each r € (r1,72). Hence

W) =h(LN U S(go,7)) = 7((r1,72)),

rE 71 r2>

where 7 : [2,0) — R is defined by

27

R(sin § — sin 3-) R(3sin = — 2sin $)
_ 20—z +1(g0) + e for z € [3, %]
T(x) = 2 v 8 204
£sin 51— + n(g0) for z € [3,4).

Hence h(L) is a connected set, because 7 is the continuous function.
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4° L C B(go,8) and L N B(go,d) \ B(go, 3) # 0 and LN B(go, ) # 0.
Let 7o = sup{r € [,0) : LN S(go,d) # 0}. Note that § < ry < 4. Then

LN S(go,r) # 0 for each r € [g,rg). (5)

Consider the following two subcases:

42) LN Upcaca, Ta # 0.
Then let a1 = inf{a € [0,a0] : LN T, # 0}. Hence LNT, # 0 for each
a € (a1, aql. By (5)

h(L)=h(Ln |J To)unLn J TaﬂB(go,g))

0<a<ap a>ap

UR(L N Blgo,8) \ Blgo, 2)

2
=h(Ln |J Toun@n | TaﬁB(gmg))uh(Lﬂ U Stgo.r)
a€(ar,ap] a>ag Te[g,m)
) )
=¢((ar, o)) UL N Ta 0 B(go, 5)) UT([5:72)),
a>oaq

where ¢ is defined as in the case 20, 7 is defined as in the case 3° and
[g,r2> is an interval with endpoints g and ro such that ro € [g,T2> —

LN S(go,r2) # 0 and {ay,ap] is an interval with endpoints oy and asy such
that oy € (a1, ap] <= LNT,, # 0. So, from the fact that

ML Tan Blon,5) < (g sin o+ nlon)} © €(lan, o))

2
a>oo

,7“2>)
(3))-

we get that h(L) = &((a, o)) U T([$,72)), where sets £((ou, o)), 7([3
are connected and are not disjoint (because £(ag) = £ sin aio +n(g0) =7

Therefore h(L) is a connected set.
4b) LN Up<caca Ta = 0.

Then
ML) =h(L 0 () TulLo) 0 Bloo, 2)) U R(L N Blgo, )\ Bloo, 2))
~(§ sin =+ ()} Ur([3.72)) = (0572,

where 7 and [£,72) are defined as in the case 4a). So h(L) is a connected set.



150 RYSZARD J. PAWLAK, WELADYSLAW WILCZYNSKI AND BOZENA S,WI@TEK

50 L € A*\ B(go, 3) and L\ B(go,6) # 0 and LN B(go, ) # 0.

Let r = inf{r € [§,0) : LN S(go,7) # 0}. Then L N S(go,r) # 0 for
each r € (r1,d). Let {S;}icr be the family of all nonempty components of
L\ B(go,6). Then

S; N S(go,d) # O for each i € I. (6)

Indeed, suppose that there exists ig € I such that S;, N S(go,d) = 0. Let
H :[0,1] — L be a homeomorphism. Then for each i € I, H~1(S;) = [a;, b;]
for some a;, b; such that 0 < a; < b; < 1. It is easy to see that a;, # 0 or
b, # 1 (if not S;, = L, which is impossible). Let, for instance, a;, # 0. Then

there exists {an }nen C [0,1] such that a, T a4,

and a, ¢H*1(U S;) for each n € N. (7)
iio

Indeed, suppose that there is 0 < a* < a;, such that (a*,a;,) C H‘l(Ui#i0 Si)-
Let

Iy = {’L # g : H_I(SZ) n (a*,aio) =+ (Z)}

Then (a*,a;,) € H*(U,.;. Si).- Hence

i€l

H(J s =81 S)u(a” ai)

i€lp i€lp

is a connected set, because for each i € Iy we have that H=1(S;)N(a*, a;,) # 0.
So Ujey, Si is also a connected set (in L). Since S;, i € Iy, are components
of some set, In = {jo} for some jo € Iy. Then jo # ip. Hence (a*,a;,) C
H~1(S;,). Hence

H™Y(S3,) N l(HTH(S5,)) D laig, bio) N [a%, ai0] # 0.

Thus H~1(S;,) U H~(S},) is a connected set as a sum of non-separated con-
nected sets. So S;,US, is a connected set in L, which is impossible completing
the proof of (6).

Let {an }nen C [0, 1] be a sequence such that a,, T a;, and a,, ¢ H_l(U#iO Si)
for each n € N. Hence H(a,) € LNB(go, d) for each n € N. Then H(a;,) € LN
B(go, ). On the other hand H (a;,) € S;, C L\ B(g0,)\S(g0,6) = L\ B(go,9).
This contradiction finishes the proof of (7).
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So we have

h(L) = h(L'N B(go,d)) Uh(L\ B(go,9))
=h(Ln |J S(90.9)Un(L\ Blgo,d)) = 7((r1,8)) Un(| S

TE(r1,0) iel (8)
= nlgo) — 2 ngn) + 2 U | (s
icl

where 7 is defined as in the case 3° and (ry,d) is an interval with endpoints
r1, § such that ry € (r1,8) <= LN S(go,r1) # 0. Moreover note that for each
i€l

n(8; N S(go,8)) € n(B(g0,9)) € (n(go) — %J](go) + %);

so 1(S;) N [n(go) — £,n(go) + £] # 0 for each i € I. From the fact that for
each i € I, n(S;) is a connected set and from the equality (8) we can infer that
h(L) is a connected set.

6° LN B(go, ) #0, LN B(go,6)\ Blgo,3) # 0 and L\ B(go, ) # 0.

Then obviously
0
LN S(go,r) # 0 for each r € [5,5). (9)

Let {S;}ier be the family of all nonempty components of L\ B(gg,d). Then,
as in the case 5° we can prove that S; N S(go,d) # (0 for each i € I. Let us
consider the following two cases

6a) LN Up<cn Tn 7 0-

Let a; = inf{a € [0,a0] : LNT, # 0}. Then LNT, # ( for each
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a € (aq,ap]. Hence by (9)

A(L) =h(L 1 Blgo, 5)) U A(L 0 Blgo,5) \ Blgo, 3)) Uh(L\ Blgo, )

:h(Lﬂ U TQ)Uh(Lm U TamB(g()vg))
0<a<ap a>ag
Uh(Ln J S(go,r)Un(L\ B(go,0))
r€[§.9)
=h(Ln |J ToHuhLn |J TaﬂB(go,g))

a€(a,ap] a>ap

(10)

=¢((a1, a0)) UL N TaﬂB(go,gD

a>oo

Ulngo) — (o) + 10U n(S)
iel

=¢((as,0]) Uln(ao) — 5 (90) + 51U n(S5)
icl

where £ and 7 are defined as in previous cases and (a7, ] denotes an interval
with endpoints a1, aqg such that a1 € (ay,ap] <= LNT,, # 0. As in case 5°
we can see that for each i € I, 7(S;) N [n(g0) — &, n(go) + Z] # 0 and

o nlg0) + ] {€l)} 0.

&((ar, aol) N ng0) — -

Moreover n(S1) is connected for each ¢ € I and £({a1, ap]) is connected. Hence
from the equality (10) we can infer that h(L) is a connected set.

6b) L1 Upcaca, Tn = 0.
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Then

ML) =(L 0 Tu ) Bloo. 2)) UKL 0 Blao. )\ Bloo. 2)) UKL Blgo. )
:{gsmaiow(go)}umm U So.ryualJs)
TE[%JS) el

—(§ sin =+ ()} Ur((3.5) u Jn(s)
i€l

R R

o ) + =JU SZ)

2 190) + 3] ieUIn(

=[n(g0) —

and in analogous way as in the case 6a) we can prove that for each i € T

R R
1(g0) = 5 100) + 5] (1) 0
thus h(L) is a connected set. This completes the proof of (4).
It is easy to prove (using (3)) that p(h,n) < &. From this inequality it is
easy to conclude that

R
Now we show that B
B(h, g) NDp = 0. (12)

Indeed, let u € B(h, %). Then

B higo) + 5y = (ng0) - 2 n(g0))

w(go) € (h(go) — R 3 1

and for t € Lo\ {go}, pu(t) € (h(t) = §,h(t) + £) = (n(90),1(go) + %)). Hence
(L) is not a connected set; so p ¢ Dp and the proof of (12) is finished.
Hence from (11) and (12) we conclude that v(n, R, Dp) > & and conse-

R, D 1 . .
quently lim supp_, o+ M > —; so the set Dp is porous at the point 7.
The proof of theorem is finished. O
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