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Abstract

This paper deals with the generalization of the density points with
respect to category. Topologies using this concept of density are intro-
duced, and their properties are investigated.

The concept of a density point with respect to category as the analogue of
a density point with respect to Lebesgue measure was first introduced in 1982
(see papers [6], [5]). In this paper, we will present a more general approach to
the density point with respect to category. It is a generalization of the concept
presented in [5] and [3].

Let R be the set of reals and N stand for the set of natural numbers. Let
7 be the o-ideal of first category sets in R, & be the o-algebra of sets having
the Baire property in R, and 7,,,; be the natural topology in R.

According to paper [5], we say that 0 is a density point with respect to
category of a subset A of reals having the Baire property if the sequence
{futnen = {Xnan|=1,1]}nen converges with respect to the o-ideal of the first
category sets to the characteristic function x(_ ;). It means that every subse-
quence of the sequence { f,, }nen contains a subsequence converging to the func-
tion x[—1,1) everywhere except for a set of the first category. For J,, = [an, by,
n € N, let us put

1
s(Jn) = §(an +by),
h(A, Jn)(z) = X2 (A=s(Jn))N[-1,1] (z),
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where A+z={a+z:a€ A}, aA={aa:a€ A} for z,a e R,A CR.
By J = {Ju}nen, we shall denote a sequence of intervals tending to zero, that
means
lim s(J,) =0 A lim |J,| =0.
n—oo

n—oo

We will identify sequences which differ in finite numbers of their terms.

Definition 1. The point 0 is called an Z(J)—density point of a set A € S if

h(A, ) (2) 2 xo1(@),

n—oo

which means that

3 3 vV h(A4, Jnkm)(x) — X[-1,1)(2).

{nktren  {nky,tmen ©O€I  z2¢© m—00
It is obvious that 0 is an Z(J)—density point of a set A € § if and only if

3 lim sup([fl, U\ (A = 5(Jny . ))L) eT.

{nktken  {Nkptmen  m—oo | T, |

We shall say that a point xg € R is an Z(J)—density point of a set A € S
if and only if 0 is an Z(J)—density point of the set A — xo.

A point zg € R is an Z(J)—dispersion point of a set A € S if and only if
xo is an Z(J)—density point of the complementary set A’.

It is easy to see that if .J,, = [—%, ﬂ, for n € N, then x¢ is an Z(.J)—density
point of a set A € S if and only if z( is an Z—density point of A (see [5]).
Moreover, if J,, = [fi, é], where s = {s,}nen is an unbounded and
nondecreasing sequence of positive real numbers, then z( is an Z(J)—density
point of a set A € S if and only if  is an (s)—density point of A (see [3]).

If A€ S, then we let
Oz (A) = {r € R: z is an Z(J) — density point of A}.
Theorem 1. For any sets A, B € S we have :
1. 705)(0) =0, @705 (R) =R;
2. AABeT= dg)(A) = g0 (B);
3. ANdr(A)eT;

4. @z (AN B) = ®zp(A) NP1y (B).
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PROOF. Properties 1 and 2 are obvious. Let us prove property 3. Let A € S.
Then there exist an open set GG and a set P € 7 such that A = G A P. We
shall show that A\ ®z(;)(A) € Z. Let us take a point € G. Then there exists
a number ng € N such that x + J, C G for n > ng, and hence J, C G —z. So
we obtain

(A— (x+s(Jn))) o) i((G\P) — (x+s(Jn))> =
(

If P € Z, then ‘f—nl(P (z+ s(Jn))) € T. Hence, for z € G, we obtain
that
hA =z, Jn)(2) o X[=1.1] (2),
so that A\ ®7(;)(4) € T.
We prove that ®7(;)(A) \ A € Z. Observe that &5 (A) C R\ $z¢p(A").
Then

(I)I(J)(A) \A = (I)I(J) (A) NA c (R \ CDI(J) (AI)) NA =A \ (I)I(J) (A/) crl.

This fact ends the proof of property 3.
It remains to show 4. Observe that

Sz (AN B) C O75)(A), Pzn(ANB) C Pgy)(B).

Hence, CI)I(J)(A N B) C CI)I(J) (A) N (I)I(J) (B)

Suppose that zg € ®z(5)(A)NPz()(B), and let us take a sequence {ny }ren-
From the assumption that zq € ®7()(A), there exists a subsequence {ny,, }men
such that

1imsup([—17 1\ (A= s(Jn,,, =

im su ))m> el.

Using the assumption that zq € ®7(;)(B), we can choose a subsequence
{nk,,, hien of {n,, tmen such that

timsup ([=1, 1\ (B = (., ) 77—

l—o0
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For the sequence {ny,, }ien, we obtain that

limsup([*lv 17\ ((A NB) - S(J""‘"”l ))ﬁ> -

l—00 km,
s ( (107 (450, ) 7)o
(P s )57 -

lim sup <[1, 1\ (A - (s, ) 2) U

l—o0 |Jnkml ‘

limsup([—l,l]\(B—S(Jnkml)) 2 )eI.

l—o0 |Jn

]
Hence, z € ®7(;)(AN B). O
Theorem 2. Let J be a sequence of intervals tending to zero. Then
Tz ={A€S: AC 0705 (A)}

is a topology on R, which will be called Z(J)—density topology.
Moreover, we have Tpnat C Tz(y)-

PROOF. From the previous theorem, it follows that the operator 75 : S —
S is a lower density operator, and the pair (S,Z) fulfills countable chain con-
dition. By the general lifting theorem (see [4]), we obtain that 77,y is a
topology on R. O

Theorem 3. Let J = {J,}nen, where J, = [an,by] for n € N, be a sequence
tending to zero. Then 0 is an Z(J)—density point of the set

A={0}u ( int(Jn).
neN
Moreover, A € Tz(y).

PROOF. Observe that for every n € N,

(A= s(Jn))— D (—1,1).

|Jn]

Hence, h(A,J,) N X[-1,1]- It implies that 0 € ®z(;(A). Moreover,
Tnat C Tz, 50 wWe obtain that A € Tzj. O
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The following theorem shows that we have obtained an essential extension
of Z-density points.

Theorem 4. For every sequence J = {J,}nen of intervals tending to zero,
there exists a sequence K = { K, }nen of intervals tending to zero such that

T \Tzy #9  N Tz \ Tz # 0.

ProOOF. Let J, = [an,by,] for n € N. Let us consider that b, > 0. We can
assume that b, > b, (eventually we choose subsequence {ny }ren such that
bny, > bn,,, ). Let us denote ¢, = max{ay,,by41}. Now we define intervals K,
for n € N in the following way:

1
K, = [bn — (b - cn)7bn].
The sequence K = {K,, }nen tends to zero. Putting
A={0}u (U int(J)\ | int(Kn)), B = {0y u | int(K,),
neN neN neN

we obtain from the previous theorem that B € 77(x). Moreover, B ¢ Tz(;) and
A ¢ Tr(k). Let us notice that for every n € N,

(A ,s(Jn))‘JQ—n| S5 (-1 %}

Thus, we obtain A € Tz(y).

If there exists sequence {ny}ren such that b,, > 0, then we do analogous
construction for this subsequence. Otherwise, we do similar construction for
the sequence —J = {—J, }nen. Therefore, the theorem holds. O

From definition 1 we have:

Proposition 5. Let J = {J,}neny and K = {K,}nen be sequences tending
to zero. If for every n € N there exists k(n) € N such that J, = Ky, then
Tr(r) C Tz(s)-

Theorem 6. Let J = {J, }nen, where J, = [an,by,] for n € N, be a sequence
tending to zero. Let us fiz lo € N and ig € {1,...,lp}. Putting

S .

Kn = |ay + L(bn - an)aan + Zj(brL - an)
lo lo

for n € N, we have that the sequence K = {Kp}nen tends to zero and

T1(s) C Tr(x)-
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PROOF. The fact that the sequence K = {K, },en tends to zero is a conse-
quence of the assumption that the sequence J = {.J,, }nen tends to zero.

Now we prove that 7z(;) C Tz(x). Let A € S be such a set that 0 €
P7(5)(A). We will show that 0 € ®z(x)(A). Let us take a sequence of natural
numbers {ny }ren. From the assumption there exists a subsequence {ng,, }men
and a set ©g € 7 such that

h(A, Ty, )x) — X[=1,1)(x) for ¢ Oq. (1)

m— 00

Let us put © = [;©g — 2ig + 1 + lg. Obviously, © € Z. We will show that

h(A, Ky, )(x) — xj—1,1)(x) for x ¢ ©.

m— 00

It is sufficient to consider the case when x € [—1,1] \ ©. Then

1 2ig—1-1 2ig — 2 —1lo 2ip—1
E 06[20 0 2o —lo

lo lo :| \@0 - [—1,1] \@0

lo lo

From condition (1), there exists a natural number m, such that for every
m > mg, we have that

1 219 — 1 —
h(A, Jnkm)(lox“r ZOZOZO> =1.

This is equivalent to the condition :

1 2ip—1—-1 2
—m—l—MG(A—S(J

e ) ——— N [=1,1].
I I km))unkml [—1,1]

Simultaneously,

2ig—2—1p 2ip— 1o

1.
$(Kne, ) =T, ) = 5 (2io—1=10) Ky, | A = -
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Hence, we have that

1 2ip—1—
h(A, Jnkm) (1‘ + 'LOllO> =l
0

nk ) - S(Jnkm)) 2
( lo| Koy, | ) € (4= 50n,) T
[210—2—50 21g —lo} - (ac—f— 2(S(Knkm)_s(‘]nkm))> c
lo |K7lkm|
(A o ) 2l [zio —2— Iy, 2ip — zo} &
" g, |
) — 8(Jn, ))) 2
T+ ™ € (A —s(Jn, —N
(w7 (420 2,
'n-k S(Jnk )) 2(S(Knk ) - S(Jnk )) :|
m)) _q, = w41 &
[ |Kn | Ko, |

ve (A-s(K, ))|Kj

Therefore, we obtain that

N[-1,1] & h(A, K,, )(z) = 1.

-

h(A, Ky, )(@) 5 X1,

m— 00

and finally we have proved that 0 € ®z(x)(A). O

Observe that, if in the above theorem we take sequences {an tnen, {bn }nen
such that 0 < b,41 < an, for every n € N, [y > 1, then we obtain that
T7(7) # Tz(K)- 1t suffices to take the set

A={0}u ] int(K,).

neN

Then, A € ,TI(K) and 0 ¢ (PI(J) (A)
Moreover, if 0 < by41 < ap, and we put K,, = [an,an + %(bn — an)] , then
we obtain that the inclusion 77( ;) C 77 (k) does not hold. Indeed, let us put

A={0}U (U int(J)\ Kn>.

neN neN

'Then,A;G 7&(]% and()é QZ(K)@4)
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Theorem 7. Let J = {J, }nen, where J, = [an,by], be a sequence tending to
zero. Let us put

1—1 7
T(bn - afn)aan + Z(bn - an)]y

formeN, l e N, ie{l,...,l1},n € N. Then the family {K%}ie{l,‘..,l},neN
ordered in the sequence

K. = [an—i—

K={K|,K? . K, Kj K2 . .  K,..}
tends to zero and Tz(5) = Tr(k)-

PROOF. The fact that K tends to zero is the consequence of the assumption
that the sequence J = {J,}nen tends to zero . The inclusion 77y C T7(k)
follows from the previous theorem.

It suffices to show the reverse inclusion. Let A € S be such a set that
0 € ®z(x)(A). We will prove that 0 € ®z(5)(A). Let {ny}ren be a sequence of
natural numbers. From the assumption there exists a subsequence {n1 1 }ren C
{ng}tren and a set ©1 € Z such that

h(A,KiLLk)(x) 2 X1 (z) for © ¢ ©;.

Similarly, for every 1 € {2,...,1}, we find a subsequence
{nik}ren of {ni—1 k}ren and such a set ©; € T that

h(A, Kflk)(x) o X1 (z) for z ¢ ©;.

Let {n,, }men = {7k }xen. Then for every = ¢ U§:1 ©; and j € {1,...,1},
WA KD, (@) — X (@) @)
Let us put

l .
@:U1<}@i_1+2(l_ll)+l>u{1}.

Obviously, © € 7.
We will show that for every x ¢ ©, we have that
WA, Tn, )(@) — Xi-11(2)-

m— 00

It is sufficient to consider the case when x € [—1,1]\ ©. Then there exists
ig such that
2(19 — 1 2i
% —1<e< -l
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Observe also that

v Q(iOU17%01}\@¢(m2<ioll)+l+1>le[l,1]\@io-

From condition (2), there exists a natural number m, € N such that for every
m > m,, we have that

h(A, K" )<(m— Ho-D+1, 1)1) ~1.

nkrn l

Simultaneously,

h(A,Kifkm)((x— M +1)z> —1e

((x _ w + 1)z> e (A - s(KfLOkm)) IK;MI nl-1,1

(x— w +1> € (A—s(KﬁLOkm))”Kzok ‘ N {_TI’H &

2ip— 1)+ 1 4 9 11
20D Y (4 g -1t
(w ; + )e( s ”km))\Jnkmlm[ 11

1 2(i0 _1)+1 |J’I’Lk ‘ 2
_ 20 _ m
ze (A s(Kio )+ ( 1) 3= ) 7

l
[—ll n (Q(io —ll) +1 1)7%_’_ (2(2'0 —ll) +1 1)]

|«

From the equality,

i |J7’Lk ‘ 2(Z.O - 1) +1
20 — — m —
S5, ) = 50y, ) = 22 (1 ),

we obtain that the last assertion is equivalent to the following one:

T € (A = 8(Jns,, )) |Jn2k | N {2(101— D) -1, 2(50) - 1] =
ve (A-s(h,)) % A1) & h(A, Juy, (@) = 1.

So for every m > m,, we have that
h(A, Ty, )(x) =1
It implies that h(A,J,, )(x) — x1y(x) for x ¢ ©. Therefore,

m—00

0e (I)Z(J)(A) O
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The next theorem gives us an example of a situation when the topologies
generated by sequences of intervals are identical.

Theorem 8. Let J = {J,}nen and K = {K, }nen be sequences of intervals
tending to zero. If
. | A K|
lim ——% =

=0,

then TI(J) = ,TI(K) .

PROOF. Let A € S be a set such that 0 € ®z(;)(A). We show that
0 € ®7(k)(A). Let us take a sequence {n}ren of natural numbers. From
the assumption that 0 € ®7(;)(A), there exists a subsequence {ng,, }men and
a set © € Z such that

h(A, Jn,, )(x) — Xx[—1,1](7) for = ¢ ©;. (3)

k—o0

It is easy to see that

o={-1,1u

meN

[T, | 2(8(Kny,, ) — 5(Jny,, )
(@1 | |Kn ) el.

Tkm | km ‘

From the assumption, we obtain that

2(3(Kn) - s(Jn))

K| A 0
|Jn| n—oo | K| n—oo
Indeed,
.| N K ) [Jo\ (Jn & Ky
1=1 — =1 _— >
noo [T N K| el Jn N K| ©
Jn . Jn A K, . Jn . J.
lim sup [Jnl | nl = hmsup# > lim sup [Jnl

-, — 1m .

Similarly, we can show that

: K|
lim su <1,
e T =

and hence,

lim inf [/n] > 1.
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Thus, we obtain that

lim [/n]

n—oo | K| -

1.

Suppose conversely that there exists 1 > « > 0 and a natural number
ng € N such that for every n > ng, we have

|s(Kn) — s(Jn)l
e

> Q.
There exists n; > ng such that for every n > ni, we have
(1 —a)|K,| <|Jn] < (14 a)|K,|.

Then we obtain that

| T A Ky > al K| o
=a
[T, N Ky = | Kyl

It contradicts with the assumption of the theorem. Indeed, if intervals J,,, K,
are mutually disjoint, then for every n € N, we have |J,, A K,| > |K,|. In the
opposite case, we have |J, A K,| > [s(K,) — s(J,)|.

Let x € (—1,1) \ ©. For sufficiently large m € N, we have that

|Jnkm‘ 2(S(Jnk-m) - S(Knkm )) |J’ﬂkm| 2(S(Jnkm) - S(Knkm))
e [‘ K| K| K,

Tkm

‘ Mkm Mkm Tk

Therefore,

|Knkm| ( Q(S(K’ﬂkm) - S(Jnkm

DN
T ] )e[ 1,1]\ ©;.

| Kn km

From condition (3), there exists a natural number mgy > m; such that for
every m > mg, we have that

|Kn 771.‘ 2 S(Kn m,)is(Jn w)
h(AaJnkm)<|Jk ‘ x 4+ ( k‘K | kb) =
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Simultaneously,

‘Knkm 2 S(Knkm) - S(Jn m)
Nk Nk

2(s(Kn) =5 ))\ (4 2

e |

| K,

|y, |
| Ky,
& Tx +5(Kn,, ) —5(Jn,, )| € (A - s(Jnk))

i | T, | | K, |
ﬂ[— 2" , 2’“ & 2’“ r+s(Kp,, )

[Tk |
2

N[-1,1]

AN |-
can| .

Jn
b s(gy ) Tl s(Jnkmﬂ
|K

e

| T

el ) = st ) = st )

2

Sre (A — s(Kn,cm))‘iﬂ
nkm

2(S(Jnkm) - S(Knkm)) ‘Jnkm| 2(S(Jnkm,) - S(Knkm))]

+ i

T e (A — s(Knkm))ﬂ

Vil
|K7Lkm‘ | Nk
2

nk'l’?l

, | Nkm km
Hence, we obtain that h(A, K, )(x) =1 for m > my, so
h(A, Ky, (@) — x[-1,1) for z ¢ ©.
m—00

It follows that 0 € ®z(x)(A).
Similarly, we prove that 7z(xy C 7z(). This ends the proof. O

The following theorems show some properties of the family of Z(J) type
topologies. Let J be the family of all sequences tending to zero.

Theorem 9. Let Ty = {V \ P:V is open, P € T}. Then

ﬂ Tz(5) = Th-
JeJ
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PRrOOF. Tt is obvious that 7 C ()¢, 7z(s)- Let us suppose to the contrary
that there exists a set A € ﬂjej T7(7y\ 7. Observe that for every set A € S,
there exist sets G, F' such that G is regular open, FF € 7, and A = G A F.
Since A ¢ Ty, there exists a point zg € F'\ G. Let B = (G \ F)U {zo}. We
have that B € (;c; Tz(s) because B A A € T and B C A. If g ¢ FrG,
then d(zg,G) > 0 and for every sequence J = {J, }nen € J, there exists ng
such that for every n > ng, we have (B — o) N J,, C {0}. Hence, z( is not
an Z(J)—density point of B, for any sequence J € J and B ¢ (¢ 7 Tz(J)-
If xg € FrG, then there exists a sequence J = {J,}nen € J such that
Jn C R\ (G — x9) for every n € N. Therefore, we have (B — o) N J,, C {0}
for every n > ng. In this case, we obtain that xg is not an Z(J)-density point
of B and B ¢ (;cs Tz(s)- O

Theorem 10. Let 7™ be the topology generated by \J ;¢ 7 Tz(sy- Then

7 =2% and | Tz #AT"
JeJg

PROOF. From theorem 6 in [2], it follows that 7* = 2. Tt is obvious that
Uses Tz() # T* because {0} ¢ Tz for any J € J. O

Theorem 11. For any sequence J of intervals tending to zero, the space
(R, Tz()) is Hausdorff but not regular.

PrOOF. Let J be a sequence of intervals tending to zero. The fact that the
space (R, 7z(y)) is Hausdorff is evident because 77(;) contains the natural
topology. The concept of a proof that (R, 77(;)) is not regular is based on
the proof of theorem 2.6.2 from [1]. Observe that if V' € T7(;) is a dense
set in the natural topology, then V is residual. Suppose to the contrary that
X\ 'V is second category. Then there exists a nonempty open set G such that
G A (X\V) eI Hence, G C ®7(;)(G) = Pz()(X \ V) # 0. So we obtain
that V N @z (X \ V) C @705 (V) N P75 (X \ V) = 0. On the other hand,
V is a dense set so ) # VNG C V NPz ;) (X \ V). This contradiction proves
that the set X \ V must be of the first category. Finally, we have that the
set of all rational numbers Q, which is dense with respect to 7,,4: and 7z z)-
closed, cannot be separated from any point 2z € R\ Q with respect to topology
1z()- O

References

[1] K. Ciesielski, L. Larson, K. Ostaszewski, Z-density continuous functions,
Mem. Amer. Math. Soc., 107(515) (1994).



286 RENATA WIERTELAK

[2] G. Horbaczewska, The family of I-density type topologies, Comment.
Math. Univ. Carolin., 46(4) (2005), 735-745.

[3] J. Hejduk, G. Horbaczewska, On Z-density topologies with respect to a fized
sequence, Rep. on Real Anal., Rowy, 2003, 78-85.

[4] J. Lukes, J. Maly, L. Zajicek, Fine topology methods in real analysis and
potential theory, Lecture Notes in Math., 1189 (1986), Springer-Verlag,
Berlin.

[5] W. Poreda, E. Wagner-Bojakowska, W. Wilczyniski, A category analogue
of the density topology, Fund. Math., 125 (1985), 167-173.

[6] W. Wilczynski, A generalization of density topology, Real Anal. Exchange,
8(1) (1982/83), 16—20.



