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Abstract

In this paper, we establish a summability factor theorem for summa-
bility |A, 8|k as defined in (1) where A is a lower triangular matrix with
non-negative entries satisfying certain conditions. Our paper is an ex-
tension of the main result of [1] using definition (1) below.

Recently, Bor and Seyhan [1] proved a theorem on |N,p, 8|, summability
factor under weaker conditions by using an almost increasing sequence. Unfor-
tunately they used an incorrect definition, (for detail, see, [3]). In this paper,
we generalize their result by using the correct definition and a lower triangular
matrix with non-negative entries satisfying certain conditions.

Let A be a lower triangular matrix, {s,} a sequence. Then

n
A, = E AnuwSy.
v=0

A series Y a,, is said to be summable |A|g, k > 1 if

o0
an71|An —Ap_1|F < .

n=1

and it is said to be summable |4, §|x, k > 1 and § > 0 if (see [2])

(oo}
> R A, — Ay |F < oo, (1)

n=1
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356 B. E. RHOADES AND EKREM SAVAS

We may associate with A two lower triangular matrices A and A defined
by
n
Apy = Zam, n,v=0,1,2,...,
r=v
and
Gny = Qpy — Gp—1,0, N =1,2,3,... .

A positive sequence {b,} is said to be almost increasing if there exists an
increasing sequence {c,, } and two positive constants A and B such that Ac,, <
b, < Be,. Obviously every increasing sequence is almost increasing. However,
the converse need not be true as can be seen by taking the example, say
b, = e(=V"n,

Given any sequence {z,}, the notation x,, < O(1) means z, = O(1) and
1/x, = O(1). For any matrix entry a,,, Ay any := Gny — Gpyt1-

Theorem 1. Let {X,,} be an almost increasing sequence and let {8,} and
{An} be sequences such that:

(i) [AX,] < Bn,
(ii) lim B, = 0,

(ii3) Zn|Aﬂn|Xn < 00, and

n=1
(i) |An| X, = O().

Let A be a lower triangular matriz with non-negative entries satisfying
(v) nay, < O(1),
(Vi) @n_1, > any for n>v+1,

(vii) @no =1 for all n,
n—1

(viii) > avpiny i1 = O(am),
v=1

m+1

(ix) Z n6k|AV&W| = O(U‘Skaw>, and

n=v+1

m—+1

(x) Z n‘sk&nyﬂ :O(V‘Sk).

n=v+1
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If

() 3oy n®FHtn]* = O(Xim),
where t,, ;= ; Z kay, then the series Y apA, is summable |A, 0|, k > 1,
0<d< 1/k.

The following lemma is essential for the proof of Theorem 1.

Lemma 1. ([1]) Under the conditions on {X,},{Bn} and {\,} as taken from
the statement of the theorem if (i) is satisfied, then

(1) nB, X, =0()

(2) Y BnXn < o0.

n=1

PRrOOF. Let (y,) be the nth term of the A-transform of the partial sums of
> o Aia;. Then

n n i n n n
= E AniS; = E Qnj E )\l/aV = § )\l/al/ E Qpi = E d’ﬂl/)\llal/
=0 =0 v=0 v=0 i=v v=0

and
n

Yn =Yn —Yn—-1 = Z(dnl/ — Qp— 1, u )\ vy = Zam/)\ Ay .

v=0

We may write (Note that (vii) implies that d,o = 0.)
= A’VLI/)\V ’I’Ll) v Z —
=y (e )Vav:Z(a ) Xren - Zmr}
v
v=1 v=1 r=1
n—1 v n
Gny A Gpn A
— AV ( nv l/) - nn’‘\n .
g Y g ra, + n E ra

= (AL Gny )\ t+ Gn.or1 (AN, VJrltV
Z " Zn+ )

v

n—1

R 1 n+ Dap,Ant
+Z:1an,y+1>\y+1ytu+()WL

=1n1+ Tn2 + Tn3 + Tn47 say.

n
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To complete the proof, by Minkowski’s inequality, it suffices to show that
o0

Zn5k+k_1|an|k < oo, forr=1,2,3,4.

n=1
From the definition of A and by (vi) and (vii)

n

n—1
An,v+1 = C_ln,qul - anfl,u%»l = § Ani — § An—1,i

i=v—+1 1=v—+1
v 174 v
=1- g Qn; — 1+ E On—1, = E (anq,i - an,i) > 0.
i=0 i=0 i=0

By Holder’s inequality

m m n—1 v+1 k
R § ok+k—1 k __ § : Sk+k—1 § : ~
Il = n + ITnl‘ = n + ‘ A,,an,,)\l,Tt,,
n=1 n=1 v=1

m—+1 n—1 k
—0(1) Z poktk—1 ( Z |Al,dm,|\)\,,|\t,,\)
::-11 :i n-1 k—1
—omy n6k+k_1<z |Al,dm,|\)\l,|k|tl,|k) X (Z |Ayany|)
n=1 v=1 v=1

Auanu = Qpy — Ap 41 = Apy — C_Lnfl,u - an,qul + C_Lnfl,l/Jrl

= Qpy — Ap—1,v < 0.

Thus, by (vii)

n—1 n—1
Z |Audnu| = Z(anfl,u - anu) =1-1+ Apn = Apn.
v=0 v=0

Since {X,,} is an almost increasing sequence, condition (iv) implies that {\,}
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is bounded. Then, by (v), (iz), (z7), and (i) and condition (2) of Lemma 1,

m—+1
Zn namkIZ\)\||t||AanV|
m—+1 n—1
=0() > 0™ (3 I A A 161
n=1 v=1
m m—+1 m
1)Z|>‘V‘|t1/|k Z n5k|AVng| :O(l)ZV6k|)‘V|aW|tV|k
v=1 n=v—+1 v=1

m v v—1
DY [ @t ™ = 7 apft 1]
v=1 r=1 r=1
_m v m—1 v
=0 SIS a0 = 3 il Y arr|tr|kr‘$k]
- r=1 v=0 r=1

v=1

~m—1 v m
=0 3" AN Y @t 7% + A Zaw\trmﬂ
T v=1 r=1 r=1

O S A St ] 30 ]
T v=1 r=1 r=1

o) ST 1AMIX, + O A X

v=1

=0(1)>  BuX, + O(1)Am|Xpm = O(1).

v=1

,_.

S

By (i) and Holder’s inequality,

m—+1 m+1

1 k
Zn6k+k 1|T Zn5k+k 1‘2%1,“ (AM) v+
m—+1
_ Z nSktk—1 [Z“" Vi1 Bults |}
m—+1

k—1

n—1
Znék-l—k 125 It,|*an, l/+1i| X {Z&n,u+lﬁy:|
v=1
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Using the definition of A and A and conditions (vi) and (vii)

n—1

n—1
J:= Z &n,v+1ﬁu - Z(dn,u+1 - anfl,u+1)ﬁu
v=1

n—1

v=1

n—1

:Z( z”: Ani — Z anfl,i)ﬁy

v=1
n—1 (
v=1

n—1

1=v+1 1=v+1

1-— Zam- -1+ Zanq,i)ﬂu
i=0 i=0

v

=3 (Y i~ ani)) s

v=1

n—1

=0

n—1 v

- Z(anfl,o - an,O)ﬁu + Z Z(anfl,i - an,i)ﬁu

v=1

v=1 i=1
n—1

n—1 n—1
= (tn-10=n0) D _ By + > (an-1i—ani) Y _ By
v=1 i=1 v=i

v

IA

>

=0

n—1
An—1,4 — an,i) Z BV'
v=1

Since {X,} is almost increasing, condition (2) of the Lemma implies that
ijozo B, converges. Therefore there exists a positive constant M such that
Yool o By < M and we obtain J < May,,. Using (v) we have

I,=0

=0

Therefore, from (x),

I = O(

m—+1

n—1
(1) Y 0% (nann)* Y i Bt
v=1

n=2
m—+1

(1)Zﬂv|tv|k Z nék&n,u+1'
v=1

n=v+1

m

14

m tz/ k
DY VB =001) ) Vﬁy| = .
v=1 v=1



A SUMMABILITY FACTOR THEOREM 361

Using summation by parts, (iii), (xi) and conditions (1) and (2) of Lemma 1,

i [irék L, [ — Zrék Lit, | }
v=1 r=1
m v m—1 v
o[> vh Zr“ el = 3 1) 30 ]
v=1 r=1 v=1 r=1
m—1 m
Z A(vBy) ngk_lhﬂk + O(l)mﬂer‘Sk_1|tr|k
v=1 r=1 r=1
m—1

=0(1) ) |AWwS)IXy +O(1)mpBm X

v=1
m—1 m—1
=0(1) Y VIAB)IX, +0(1) Y B X, +0(1) = O(1).
v=1 v=1
By (viii) and Hoélder’s inequality,
m—+1 m—+1
Z k- I‘Tn3|k¢ Z Ok+k— 1‘ Za” ”H)\”H,
m—+1 a
<5 [ S|
m—+1
= Z n6k+k ! [Z |>\u+1‘an 1/+1|t |am/:|
m—+1

Zn6k+k 1|:Z|)\u+l‘ avylt | an y+1:|
R k—1
X [Zayu|an,y+1|i|
v=1
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By (iv), (v), (x) and the boundedness of (a,, ),

m+1 n—1

13 == 0(1) Z ndk(nann)kil Z |)\y+1|kam/|tv|kdn,v+1
n=2 v=1
m+1 n—1

= 0(1) Z Vék Z ‘/\D-}—l|k71|)\u+1|ayu‘tu|kdn,u+1
n=2 v=1

m m+1
= O(l) Z |)‘u+1‘am/|tu|k Z ngk&n,z/+1
v=1 n=v+1

=0(1) Y Pun ™ an |t = 01),

v=1

as in the proof of I;.
Finally, by (iv) and (v) we have

m m

1 Antn |k
PRl e n5k+k71‘m
n=1

n
n=1

_ O(].) Z n6k+k71|ann|k|>\n|k‘tn|k

n=1

= 0(1) 3 ™ (maann) A A
n=1

= 0(1) 3" 0 ap Al [talt = O(1),
n=1

as in the proof of I;. O
Setting § = 0 in the theorem yields the following corollary.

Corollary 1. Let {X,,} be an almost increasing sequence and let {3,} and
{An} be sequences satisfying conditions (i)-(iv) of Theorem 1. Let A be a
triangle satisfying conditions (v)-(viii) of Theorem 1. If

(vit) 325y 7 ltn]* = O(Xim),

1

here t, ;= ——
where by 1=

n
Z kay, then the series Y apAy is summable |Alg, k > 1.
k=1

Corollary 2. Let {p,} be a positive sequence such that P, :== >, _, pr — 00,
and satisfying:
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(v) np, = O(P,) and

m—+1 sk Dn l/ék
(i) 3 Mg l= O(?)'

n=v+1
Let {X,} be an almost increasing sequence, let {B8,} and {\,} be sequences
satisfying conditions (i)-(iv) of Theorem 1. If

(vii) 35y n " = O(Xom),

1 « _
where t,, ;== —— Z kag, then the series . ap Ay, is summable |N,p, |k, k >
n+1 —

1 for0<é<1/k.

PRrOOF. Conditions (i)-(iv) and (vii) of Corollary 2 are, respectively, condi-
tions (i)-(iv) and (xi) of Theorem 1. Conditions (vi), (vii) and (viii) of Theorem
1 are automatically satisfied for any weighted mean method. Condition (v) of
Theorem 1 becomes condition (v) of Corollary 2, and conditions (ix) and (x)
of Theorem 1 become condition (vi) of Corollary 2. O
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