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COVERING THE CIRCLE WITH RANDOM
OPEN SETS

Abstract

The Dvoretzky covering problem is to cover the circle with random
intervals. We consider the covering of the circle with random open sets.
We find a necessary and sufficient condition for the circle to be covered
almost surely when each open set is composed of a finite number of
intervals which are separated by a positive distance.

1 Introduction

The classical Dvoretzky problem is as follows([D]). Let T = R/Z be the circle.
We consider a decreasing sequence of positive numbers {l,, },,>1 with0 < [, <1
and an i.i.d. sequence of random variables {wy }n>1 of uniform distribution
(Lebesgue measure). We let I, = w,+(0,1,). The Dvoretzky covering problem
is to find conditions on the length sequence {l,,},>1 of the random intervals
{I,,} in order to cover the whole circle T almost surely (a.s. for short); i.e.,
(oo} oo
T= () U I, as. After several contributions due to P. Levy, J. P. Kahane,

N=1n=N
P. Erdos, P. Billard (see[K1]), L. Shepp [S1, S2] gave the following necessary

and sufficient condition for covering.

oo

1
Z ﬁe(lﬁ”'*l") = 00. (1.1)

n=1

The reader can see the survey papers [K2, K3] for more information on the
subject and related topics.

What about covering the circle by random translates of open sets instead
of random intervals I,,? This problem was considered by M. Wschebor [W1].
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In his paper, he pursued the extremal character of intervals among open sets
but we shall study this problem in a quite different way in our paper.

Let {O,}n>1 be a sequence of open sets in T. (O,, will play the role of
the interval (0,1,).) Let O, = O,, + w, be the translation of O,, by w,. As
in the Dvoretzky model, we assume that the w/ s are i.i.d. random variables
with Lebesgue distribution. We say that T is covered if T = limsup O,, a.s.

nHoo
We denote by [, the Lebesgue measure of O,,. Clearly Z lp, = o0 is
neceSbary for T to be covered. So, in the followmg, we alwayb assume that
Z l,, = 4o00. Furthermore, we assume that Z 12 < +oo.

=1 n=1
Denote by X,, the characteristic function of the open set O,,. Let

t) =3 &u(t) with &,(£) = Xy, % X (t). (1.2)
n=1
If we consider the T-martingale,
ﬂ 1 — X (t — wy)
oot 1-1, ’

in the same way as in [K2|, we can get that

/ dd’(t) -
O/exp ) dt < 00 <= /exp ))7((1),@))2 <

and

n=1

1
do'(t) 1 .
0/eXp(q)(t))((I),(t))2 = Z e P )

Combining (1.1) and Proposition 4 in Chapter 11 of [K1], it’s easy to see that

1

/expcb =00 (1.3)

0

is a necessary condition for T to be covered.

In this paper, we will prove that this necessary condition is also sufficient,
when some supplement separation conditions are satisfied. Suppose that, for
any n > 1, the open set O, is composed of ¢, ; open intervals of length
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lnik(k=1,2,...,my). Let ¢, be the number of the component intervals of O,,.
We have t, =t 1+tn 2+ -+t m,. Without loss of generality, we can assume
lng >1lp2 >+ >y m,. Consider the set of lengths {l,, , : n > 1,1 < k < m,}
and reorder them by 1 > xo > --- >z, > ... . Let

pj = Card{l, k1 lnx =2;,n>1,1 <k <m,}.

Assume that O, is composed of open intervals I, 1, I, 2, . . ., In ¢, . Throughout
this paper, we make the following separation hypothesis

d:=inf inf d(I,;,Inx) > 0. (1.4)

n>1 1<5,k<tn
i#k

where d(I,I') denotes the distance between the two sets I and I’. The main
result of this paper is the following assertion.

Theorem. Under the separation hypothesis (1.4), we have

oo
. Pn+1 D(Tnt1)
T =limsupO,, a.s. < E — "It = o,
n—>oop " (pl +-+ pn)2

n=1

A very special case is that O,, is composed of two disjoint intervals of length
p% and (1 —p)S with 0 < p < 1 and o > 0. If we assume that the separation
condition is satisfied, then as a consequence of the theorem, we can conclude
that T is covered iff & > 1. Note that the covering condition is independent
of 0 <p<1.

2 The Proof of Theorem

We can get our theorem after proving a series of lemmas.

Let U, = O1 O --JOn, F =T\ U,. If some of the sets of {O,, :
n > 1} are composed of one interval exactly, we denote by h; the length of
the longest one of those sets.

For any given n and interval [, 3], denote the Lebesgue measure of F,, ([, 3]
by pin(e, 8) and i, (0,€) by pn(e).

Let A, = {w: F,N][0,¢] # 0}.

Let E be the expectation operator. With this notation the first lemma can
be stated.

Lemma 1. E(u,(2¢)) > P(A,)E(un(e) |0 € Fy).

PrROOF. Let A, Ny = {w : F,([0,¢] contains an interval of length = }.
Obviously, P(A,) = Nlim P(A, n). Choose an appropriate ¢ such that
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0 < 2¢ < min{d,1 — h1}. (Note that if ¢, > 2 for all n, then we only need to
choose 0 < 2¢ < d.) If the event A, ny occurs, then at least one more point of
{£:7=0,1,...,[Ne]} belong to [;,. Write

An,N:O :{w :0 e Fn}

i 1 j—1 J -
Ap N 7{w.OeUn,N eUy,,..., N eUn,N eF,} (j=1,2,...,[Ne]).
[Ne]
Clearly, P(A, n) < > P(Ap nij)-
§=0

In order to prove this lemma, we only need to prove

J J
E(,Un(2€)IAn,N:j) EE(Hn(Na N + E)IAn,N:j)

>P(An n:j)E(pa(e) |0 € F) (7 =0,1,...., [Ne]).

The first inequality of the above expression is obvious and the second one can
be rewritten as

Bl 2 4) | Aung) 2 B2, L +e) | L e R). (2)

J
'N

=

Therefore, if
P@e&h@zP@eﬂ|%e&) (2.2)

holds for all z € (ﬁ, % + ¢), we can easily get this lemma.
We rewrite inequality (2.2) as P(z € U, | A;) < Pz € U, | & € Fy),
which is equivalent to

1 .
P(OeUn,...,JTeUn|%an,ern)
i1 ; (2.3)
<P(0€U,,....—cU,| =~ €F,).
<P(0€ N € |Ne )
Thus if
1 ‘
zmemww%veumﬁeﬂ@em)
PR j (2.4)
<P e — c F, F,
= (OEUnv TN EUn|]\7€ ny T € n)7

holds, then inequality (2.3) follows immediately.
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Now we proceed to prove that for Vk=1,2,...,n

P(OeUn,...,jN eU, | L an,xgolu...U@k_we@k)

J—
POeU,,..., ~ eUn\Nan,xan).

In fact, if 0 < 2¢ < min{d,1 — h;} and O} contains = but does not contains
%, then under the separation hypothesis (1.4), O ][0, %] = (). Moreover,
O, (n > 1) are i.i.d. Thus

P(OeUn,...,]TeU| e Fag 0| JOw 1,2 €0
_P(OEkah...,]TEUk717OEOk+1U“'UOn,...,

IleowlUUonlLenn Lo Loy -U
O,z ¢ O -+ JOk-1,2 € O)

1
(OGkal,...,]i€Uk 1|*€Fk 1,2 € Fi_ 1)

N
and
P(OeUn,...,]TeU| an,xeF)
P(OeUn_l,...,NeUn 1| €Fpq, = ¢On,x¢01U...
U On—lax ¢ On)
:P(OEUnfl,..‘,N€Un 1| GFn 1,$¢01U UOnl
P(OEUk_l,...,NEUk_l|N€Fk_1,$€01U~-~UO/€_1)
for all k > 1, which implies that the inequality (2.3) holds. O

€
Lemma 2. Under the separation hypothesis (1.4), if [ exp(®(t))dt = oo (0 <
0
e <d), then T =limsup O,, a.s.

n—oo



346 JINGHU YU

PROOF. Firstly, we will show that P(A,) — 0(n — o0). In fact

2e

Eu,(2¢) / H (1 —x;(t—wj))dt
2 an n
:/H (1= x;(t —wj))dt = Hl_l
0 J=1

Jj=1

L, [0 - x5 (-wy)
E(un(£)|0 € Fy) /EH1—XJ w;)) x =2 dt

Yy applying lemma 1 we can get

2 >P(A)([[0 - 1) /
0

! j:; (2.5)
=P(A,) [ TTt+ gj(i) . lg ) d
(1=15)
o J7=1 J

Under the separatlon hypothesis, 0 < &;(¢) < [;, combining with the assump-

tion that Z 12 < oo, we have

n=1

n _lz
ijl—l Zg] +0(1) and Z 1-1 )2 =0(1).

j=1
n
Hence from (2.5) we can get P(A fexp > &i(t)dt < Ce, where C depends
Jj=1
only on ly,l2,...,l,. Obviously, if fexp(q)(t))dt = o0 (0 < € < d), then
0
P(4,) — 0(n — o0).

By substituting any interval [, 5] for [0, €], it’s easy to get the this lemma.
O
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Lemma 3. Under the separation hypothesis (1.4), szexp (t))dt < oo (0<
e < d), then T # limsup O, a.s.

n—oo
The proof of this lemma is very similar to that of proposition 3 in chapter
11 of [K1]. Consequently we omit it here.
I

Note that [exp(®(t))dt < oo (0 < € < d) is a necessary and sufficient
condition for TQ to be covered under the separation hypothesis (1.4). So now
we proceed to give a concrete expression of jexp(@(t)) dt. A useful lemma
must be inserted here. ’

Lemma 4. [K1] If ®(t) is conver and decreasing on (0,¢), then

g

/exp(CI)(t)) dt < 00 <= /exp(q)(t))
0

0

g
We will use Lemma 4 to calculate [exp(®(t))dt. First of all, there exist

0
0 > 0 such that ®(¢) is convex and decreasing on (0,4). In fact, for any n > 1
and k > 1, there exists ji(n) > 0 such that

s legetm) = Ty legmy+ts o lemy < Togr
and V¢ € (0,d) we have

t) = Z tn,i - sup{0,1,; —t}.
i=1

Write ng = inf{n : z,, < W} Then for any n > ng and t € [x,41,Z)

Jr(n)
aswell as k > 1, &.(t) = Z tri(lks —t). ThusVn > ng and V¢ € [2p41,25)

oo Jr(n) oo Jr(n)
we have ®(t) = Z kil —t), where > > tp; = p1+ - + pn.
k=1 i=1 k=1 i=1
Furthermore, we can get that
oo Jr(n) oo jr(n)
(p xn+1 Z Ztkz lk1 xn-&-l Z Z tkzlkif p1+"'+pn)xn+la
k=1 i=1 k=1 i=1
[e’e] Jk(n

Z Z tkz = pl + - ern), Vite [In+1,$n).

k=1 i=1
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Similarly, for any n > ng and Vt € [z,42, Tnt1) We have

oo Jr(n+l)

Z > trilleg — 1)
=1
1

i=1

However, for any £ > 1 and n >

' i Ly sy 11 <
Je(n+1) = ]k(n)’ M i (m)+1 < Tt
Jk(n) + ]., if lk,jk(n)-l—l = Tp41;

S0 it’s easy to prove that ®(¢t) — ®(z,41) (t — Tpy1).
Take § = x,,,. Then the above facts show that ®(¢) is convex and decreas-
ing on (0, d]. For any n < ng define
@(.’)31) =0

[e%e] jk("*l)

D(zy,) :Z Z tii(lks — xn)(no > n > 2).
k=1 i=1

Note that d®'(zn41) = pp+1 and ®'(t) = —(p1+- - ~+py) forany t € [Tn41,20).
Then it’s easy to check that

s
de'(t) o~ exp[®(@n)lpy
exp(P(t)) s = .
| 2@ DI s
0 n=ng
Combining all the above conclusions, we can get our Theorem. O
Notation. If t, =1 (n > 1), then our covering problem becomes the

classical Dvoretzky covering problem and in this case, =, = [,,, p, = 1 and
O(xp) =l +la+ -+ 1, — nl,.

3 Examples

Example 1. Suppose O,, is composed of two disjoint intervals of lengths p=
and (1 —p)% respectively, where 0 < p < 1 and o > 0. We assume that the
separation condition is satisfied. Without loss of generality, we suppose p < %

Corollary. For this special case, T is covered iff « > 1. The covering is
independent of 0 < p < 1.

PROOF. We need to sort the lengths of all intervals into x1,...,2Z,,... by
their sizes and to calculate ®(t).
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For any positive number y, denote by [y] the integer part of y. Write

zp = [1;%] and y, = 1}'%1’ — Zp.

(I) p is irrational. Then 2 2 % for all n and m, which implies that the
lengths of all intervals are different and hence p,, = 1(n > 1).

Note that for any Z, 1%” > 2 for k < [n~1_7p} and %p < 2 for k >
[n - 1;%} +1. Let ky, = [m - %](m >1). Then

k L= km + Zp if [myp + yp] = [myp]
mE km + 2zp +1 otherwise
and
€Tl = (1 _p)a7
_1-p _1-p
Ty = =5 Ty = n Q,
Try+1 = P,
ki1+2 kl +1 s k143 A +2 geeesbko+1 k2 )
D
Lot+2 = 504
Ty+3 = 1;]9@71.]6 +4 = 1;047"'755/6 +2 = 1_pa7
2 ko +1 2 ko + 2 3 ks
Thy+3 = EO@
3+ 3
l—p
Tkp4+n—1 = «,
n kn
b
Tp4+n = 5047
- _t=p _t=r, _l=p,
kn+n+1 kn+1 s Lhn+n+2 kn+2 3ty kn+1+" kn+1 )

Now we want to compute ®(z,,).
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(1) If n = ky, +m for some m, then z,, = pa-l and

I (m+1)z, if [myp + yp) = [myy)
m (m+ 1)z, + m otherwise
n— (zp + )m if [myp + yp] = [mys]
(zp +2)m —1 otherwise.

‘Which leads to

Em

{ z:il n if [myp + yp| = [myy)]

ZI; (n+1)—1 otherwise

n+1
zp+2

m— zpz-l if [myp + yp| = [my,)
otherwise.

In addition, we have

1 1 1 1

)pa+(1+§+~--+a)(l—p)a—n-%pa

=palnm+ (1 —p)alnk,, — ﬁpa —ai,
m

1
B(x,) =(1+= 4+ —
(@) =L+ 5+ 4 —

where a7 is independent of n.
(2) If kyy + m < n < kg1 +m + 1, that means that n = k,,, + m + j for

some 1 < j < kpq1 — ki < 2p + 1. In this case, z,, = klffja and

ky = z:il (n =) if [myp + yp] = [my,]

" z”]:; (n+1—j)—1 otherwise

m = szrjl if [myp + yp| = [mys)

"ji}j otherwise.

Meanwhile, we have

1 1 1 1 1-p
@ n) = 1 — e — 1 — e 1— _ .

(n) =( +2+ +m)pa+( +2+ +km+j)( pla—n km+ja
=palnm+ (1 —p)aln(k,, +j) — n (1 -pla— ag,

km + 7

where as is independent of n.
According to our theorem, it’s not difficult to check if @ > 1, then T =
limsup O,, a.s. otherwise, if @ < 1 then T # limsup O,, a.s.

n—oo n—oo
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(IT) p is rational.

1— . 1—p - . 1—
(1) If Tp = zp,ie., Tp is an integer, then for [nTp] =n-z, ¥V n and

1— . 1—
~Lo = Lq. In this case, z, = —La. If n = m -z, for some m, then
”L‘Zp n n

1—
T, = —2a and

mZp

Y1—-pa+(1+4+---+ !

o (14 ... il _
(zn) =(1 + +mzp m)pa (n+m)z,
n—+m
=(1-plalgn+ palgm — (1-pa—a
n n+m
=(1 - plalgn+palg ~ — (1-p)—ar.

P

Otherwise, if n = mz, + j for some m and j < z, — 1, then

1 1
@(a2) =(1 4+ 1)1~ pact (L4 + Spa— (n+ m)a,
n—+m
=(1-plalgn+ palgm — (1-pa—a
n—j mn+m
—(1-p)algn+palg —L — (1-p)—ar.

Zp

It’s clear that T = limsup O,, a.s iff a > 1.

n—oo
(2) If 11.%” isn’t an integer, let 1?%? = %, where y; and z; are irreducible.
In this case, only when m = k- 21(k > 1) and n = =Py = ky1, we have

P
1— . .
—£ = P Repeating the above procedure, we can get the same conclusion as

before. O

Example 2. Suppose O, is divided into m disjoint intervals of the same
length —©— and assume that the separation condition is satisfied. Then by the
way Corollary 3 was proved, we can also verify the fact that T = limsup O,

n—oo
a.s. iff a > 1.

4 Remark

If we remove the separation hypothesis (1.4), we can get a sufficient condition
for T to be covered a.s. Let s, ,(k = 1,...,t,) be the smallest integers z
satisfied 1, > l?" and sy, be the biggest one of {sp i, :m =1,...,n,k, =

t'VL
1,...,tm} . Obviously, s, > 1 and > <1.
k=

_1
Snk
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Proposition. If limsup % exp(ly +la+---+1,) = o0, then T = limsup O,

a.s. Specially, if > 1> = co and s, = O(n®) for some a > 0, then T =
n=1

limsup O,, a.s.

n—oo

PrOOF. Write u,, = %exp(ll +-+1,). If u, > sup u,y,, then we say n € A.
m<n
From the condition of this proposition, we know A is infinite and lim u,, = co.

n—oo

For any n € A, we have u,, > u,_1 and [, > 1g -5 > %7 which implies that

; 1
for any given n € A and m < n, we have [,, > 5

For convenience, denote the interval of center z and radius [ by I(x,[). Let
m € A be a given but arbitrary. For any n < m, let Z,, s (k =1,...,¢,) be the
intervals with the same centers as 7, j, and the length of I,, ;, — ﬁ Write

- tn .
On= U Zng Let zj = 52—(j =0,...,2m-s,,) be those points on T which
k=1 "
2Mm-Sm
divide T into 2ms,, parts; that is, T is covered by | I(z;, ﬁ); SO it’s
j:0 m
easy to get that

2ms,
1
{w:T#Un} C U {‘Uj(l"jvm) Z Un,
j=0 "
2msm mo 2msm, m  tn ~
- U {wiz; ¢ UO"}: U {w:z; & U UInk}
3=0 n=1 3=0 n=1k=1

Otherwise, if 3 j such that ; € |J O,, then 3 ng and ko € {1,...,tn,}

n=1

such that x; € Z,,, 4, Then

1 1
I(z;, —— I(x;, —— In O, Un.
(x]a 4msm) C (Ija 4m5n0,k0) - 10,k0 c Lo c
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It follows that

tn

P(T # Up) <2msm [[11 = (ln —

n=1 k=1

1
2msy, i

tn

:QmsmH[lfln+%Zi]

s
n=1 k=1 "k

m 1 tn 1
<2mspexpl~ Y (ln— 57— ¥ ——
<tmsexpl= Yot~ 53 L)

<2mSy, exp[— Z(l” - Lm)]

1
Sn,

tn
For the next to the last inequality, we have use the fact > - < 1. Let
k=

m — oo (m € A). We get P(T # . 0,) =0. If 3 12 = oo, then there

n=1 n=1
exists infinite [,, such that [,, > n*%, this implies that I; +---+1,, > n3 when
n is large enough. O
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