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Abstract

In the paper we present an exhaustive discussion of the relations
between Darboux-like functions within the class of additive Sierpiriski-
Zygmund (SZ) functions. In particular, we give an example of an addi-
tive Sierpinski-Zygmund (SZ) injection f: R — R such that f~' is not
an SZ function. Under the assumption that R cannot be covered by less
than c-many meager sets we give examples of an additive SZ bijection
f: R — R such that f~! is not SZ and of an additive injection f: R — R
such that both f and f~* are SZ.

A function f: R — R belongs to the class of Sierpinski-Zygmund functions
(abbr. f € SZ) if the restriction f[A is discontinuous for each A C R of size
c¢. This concept was introduced in [SZ]. A function f: R — R is additive if
flz+y) = f(z) + f(y) for every =,y € R.

In this paper we will construct several examples of additive SZ functions.
The paper has two main goals. The first of them is to show that almost
all inclusions from Gibson’s diagram remain strict in the class of additive SZ
functions. The second one is to examine when the inverses of additive SZ
injections are also of SZ type.

Our terminology is standard. In particular, symbols Q and R stand for
the sets of all rationals and reals, respectively. We consider only real-valued
functions of one real variable. No distinction is made between a function and
its graph. The cardinality of R is denoted by ¢. For a cardinal number x the
symbol [X]* will denote the family of all subsets Y of X with card (V) = x. If
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Ais a planar set, we denote its z-projection by dom (A4). For z € Rand A C R?
we denote the z-section of A by A,. The closure of a set A C R is denoted
by cl (A), its interior by int (A), and its boundary by bd (4). M denotes the
ideal of meager subsets of the real line and cov (M) is the minimal cardinality
of a family of meager sets which cover R. If A C R (or A C R?), then LIN (A)
denotes the linear subspace of R (R?, respectively) over Q generated by A.
(Note that if A C R2, then dom (LIN (A)) is a linear subspace of R.) In
particular, if ¢ € Q and (z,y) € R?, then q(z,y) = (qz,qy) and if ¢ € Q and
A C R?, then qA = {qa: a € A}.

Let Cqe, be the collection of all real-valued continuous functions defined
on G subsets of R, and C¢,, be the family of all nowhere constant functions
g € Cg; . It is well known that f is an SZ function iff card (f Ng) < ¢ for
every g € Cg, [SZ]. We will need also the following lemma. (We will use it
for one-to-one and for countable-to-one functions.)

Lemma 1. ([CN, Lemma 4.24]) Let X € [R]® and f: X — R have all level
sets of size less than c. Then f € SZ iff card (f Ng) < ¢ for every g € Cé, -

1 Additive Darboux Like Sierpinski-Zygmund Functions.

In several papers Darboux like properties in the class of SZ functions were con-
sidered. (See Section 4 in [GN].) In the first of them, [UD], Darji constructs
in ZFC an SZ function having a perfect road at each point, and in [BCN], Bal-
cerzak, Ciesielski, and Natkaniec give an additive example of such a function.
In [NR], Natkaniec and Rosen under the assumption that cov (M) = ¢ con-
structed an example of an additive almost continuous SZ function which is PR
but not CIVP . Note that some additional set-theoretic assumptions are here
necessary, because the existence of an SZ Darboux function is independent
of ZFC axioms [BCN, Section 5]. (For example, this is one of the conse-
quences of CPA Axiom introduced by K. Ciesielski and J. Pawlikowski [CP,
Paragraph 6.2].)

Let us flash back to several definitions. All but the second definition are
given for functions f: R — R.

D - fis a Darbouz function if f(C) is connected whenever C is connected in
R;

Conn - f: X — R is a connectivity function if the graph of f restricted to C'
is connected in X x R whenever C' is connected subset of X;
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AC — f is an almost continuous function in the sense of Stallings, if each
open subset of R? containing the graph of f contains also the graph of
a continuous function from R to R;

Ext — fis an extendable function if there exists a connectivity function g: R x
[0,1] — R such that f(z) = g(z,0) for all z € R;

PR - f has a perfect road if for every x € R, there exists a perfect set P
having x as a bilateral limit point such that f[P is continuous at x;

CIVP - Cantor Intermediate Value Property. f € CIVP if for all p,q € R
with p # g and f(p) # f(q) and for every Cantor set K between f(p) and
f(g), there exists a Cantor set C between p and ¢ such that f(C) C K;

SCIVP - Strong Cantor Intermediate Value Property: f € SCIVP if for all
p,q € R with p # g and f(p) # f(q) and for every Cantor set K between
f(p) and f(q), there exists a Cantor set C' between p and ¢ such that
f(C) C K and f|C is continuous;

PC - f is peripherally continuous if for every x € R there exist two sequences
sn /" x and t, \, x such that lim,, ., f(s,) = f(z) = lim,— 00 f(tn)-

The basic relations between these classes for the functions from R to R are
given in Gibson’s diagram, in which arrows — denote strict inclusions, and
the symbol C denotes the class of all continuous functions. (See [GN].)

AC Conn — D

C — Ext \PC

S SCIVP —CIVP — PR

We will show that almost all inclusions from Gibson’s diagram remain strict
in the class of all additive Sierpinski-Zygmund functions. Moreover, examples
from the lower line of this diagram (SCIVP — CIVP — PR — PC) can be
found in ZFC, in the class of one-to-one functions. In the examples from the
upper line (Ext — AC — Conn — D) we need some additional set-theoretic
assumptions, like CH or cov (M) = ¢. Additionally, such examples cannot be
1 — 1, because of the well known fact that a one-to-one function f: R — R
satisfying the intermediate value property must be continuous.

We start with two easy observations.

Remark 2. No SZ function has the SCIVP , and therefore there is no SZ
extendable function.
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Remark 3. FEvery additive SZ function f: R — R is PC.

PRrOOF. This is a consequence of the following facts. Every SZ function is
discontinuous, each additive discontinuous function is dense in R2?, and all
dense functions are PC. O

Example 4. There is an additive SZ injection having a perfect road at no
z €R.

PrOOF. Let Cqy = {ge: € < ¢}, and let {I,: @ < ¢} be the family of all
proper open intervals. Let {H,: a < ¢} be a family of pairwise disjoint sets
such that H = |J,.. Hq is a Hamel basis and each H,, is a Bernstein set. (See
e.g., [KC, Theorem 7.3.4, p. 113].) Let H = {hq: a < c}. First we define
inductively an injection f: H — H. Suppose f is defined on {hg: B < a}.
Let V,, = LIN ({hg: 8 < a}) and W, = LIN ({f(hg): 8 < a}). Choose

Fha) € H\ (LIN (Wa +U gg(vaH)) u Iﬁ)
E<a

where h, € Hg, B <.

Let f be an additive extension of f. Then f is 1—1, and dom (fNnge) C Ve
for any £ < ¢, so f € SZ. To see that f has a perfect road at no z, fix x € R
and € > 0. Let 8 be the number of the interval (f(x) — ¢, f(z) +¢). Then for
each perfect set P there is h, € PN Hg with f(hy) & I3, so P is not a perfect
road of f at x. O

In the next examples we need the following lemma.

Lemma 5. ([BCN, Lemma 2]) There exists a collection {{Hq,pao): o < c}
such that:

1. Hy U{ps} is a compact perfect subset of R and p, is a bilateral limit
point of H,,

2. H:Ua<c
3. HoNHg =10 for all o # 3,

H, is a linearly independent set,

4. for every x € R there exists c-many v < ¢ such that x = p,.

Example 6. There exists an additive SZ injection f: R — R with the CIVP .
(Note that f is not Darbouz.)

PrOOF. Let {I,: n < w} be the family of all open intervals with rational
end-points, and let {Cg: 8 < ¢} be the family of all Cantor sets. Fix a Hamel
basis B which is a Bernstein set (See e.g., [KC, Theorem 7.3.4], p. 113.), and
a family {H, n: o < ¢,n < w} of pairwise disjoint perfect sets such that
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(1) Uacc Uncw Han is linearly independent;
(i) Unee Han C Iy for all n < w.

(The existence of such sets is an easy consequence of Lemma 5. Cf. [KCI,
Lemma 4.2].) Let H = {hy: o < ¢} be a Hamel basis containing all sets Hy .
Fix b € B and put By = B\ {b}. We will define inductively a 1 — 1 function
f: H — B. Assume fisdefined on {hs: 8 < a}. Put V, = LIN ({hg: § < a})
and W, = LIN ({f(hg): B < a}). At the step a choose:

(1) f(hoz) € By N Cﬁ \ LIN (Wa + Ufga g{(VaJrl)) if ho € Un<w Hpgn;

(2) f(ha) € Bo \LIN (Wa + Uecy 96 (Vas1)) if ha & U, o, Upee Hon-

Let f: R — R be the additive extension of f.

First observe that the set { f (ha): @ < ¢} is linearly independent, so f is
an injection.

To verify that f € SZ we will show that for a given £ < ¢, dom (fNge) C Vg,
so card (f N ge) < ¢. In fact, fix 2 € R with f(z) = g¢(z). Let a be the
first ordinal for which x € Voy1. Then z = v + gh, for some v € V,, and
g € Q\ {0}, and consequently, g¢(z) = f(z) = f(v) + ¢f(ha), so f(ha) =
—q 1 f(v) + ¢ ' ge(x) € Wo + ge(Viat1). Thus the statements (1) and (2) give
easily a < €.

Since dom (f Ng¢) C Ve for any € < ¢, so f € SZ. Next, fix 2,y € R and
a Cantor set C between f(z) and f(y). There are n < w and < ¢ such that
I, C (z,y) and C' = Cg. Then Hg, C (z,y) and f(Hg,,) C C, so f has the
CIVP. O

Example 7. There exists an additive SZ injection f: R — R such that f €
PR \ CIVP.

Proor. In [BCN, Theorem 2|, an additive SZ function f: R — R with a
perfect road is constructed as the additive extension of a function f: H — R
where H = {hy: a < ¢} is a Hamel basis containing the set H = J,,_. Hq of

Lemma 5. For each o < ¢, they chose f(hq) such that

a<c

(i) f(ha) # f(hg) for all § < a along with other properties, and they chose a
set H, = H, for some 7 such that h, = py and Hy, N {hg: < a} = 0.

But here we also require the following.
(ii) f(ha) € H\ K, where K = Hy U {ho}, and
(iii) f(ho) < min(K) < max(K) < f(hy).
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By (i) and (i), f: H — H \ K is one-to-one and so f is one-to-one. To see
J & CIVP, let C be a perfect nowhere dense subset of R between ho and hy.
Then f(C) C f(R) = LIN (f(H)) c LIN(H \ K) c R\ (K \ {ho}) because
Ho =K\ {ho} C H. O

Example 8. Assume cov (M) = c¢. There exists an additive SZ function
f: R — R which is Darboux but not connectivity.

PROOF. Let R = {ro: o < ¢}, 710 =0, and let H = {hy: a < ¢} be a Hamel
basis. Let {ga: @ < ¢} be an enumeration of the family C¢,, with go = idg.
We choose inductively two families of two-element sets {{an,bs}: o < ¢},
{{¢asda}: a < c} such that

(1) The set {aq,bq: a < ¢} is a Hamel basis.
(2) ¢ =0, and {do} U{ca,da: 0 <a<c¢} =H.

(3) If f: R — R is the additive function such that f(a,) = ¢, and f(by) = do,
for a < ¢, then

(3a) dom (f Nge) C LIN {aq,ba: a < }) for every € < ¢
(3b) f is Darboux and all level sets of f are countably dense (Thus f
is dense in R2.);

(3¢c) f(z) # x for any x € R\ {0}.

Let ag = hg, ¢co = 0, bg = hy and dy = hg. Assume that « is fixed and
ag,bg, c,dg are defined for 8 < a. Let V, = LIN ({ag,bg: 5 < a}), W, =
LIN ({cg,dg: § < a}), W, = LIN (Wo U {ha}), and fo: Vo — W, be the
linear function defined by fa(ag) = cg, fa(bg) = dg for 5 < a.

STEP I. Let

aa € R\ (Vo + |J Qo5 (W)

Bla

Such a choice is possible because the assumption cov (M) = ¢ implies the
inequality Vo + U<, Qg ' (Wy) # R. Put V. = LIN (V, U {aa}).
SteP II. If hy € W,, then c, = ho. Otherwise choose

ca € B\ (Wat |J Qoa(V2).

BLa
Put W/, = LIN (W, U {cs}). Then

(1) fa(v) +qca # ga(v + qaa) for § <, v €V and g € Q\ {0}
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Step III. If r,, & V., then b, = r,. Otherwise pick arbitrary b, € H\ V..
STEP IV. Choose

do € H\ (Wi + |J Qos(Varn) )

BLla
Then

(ii) fo(v)+qocat+qrda # 9s(v+qoaa+aqiba) for B < o, v € V,, and qo, 1 € Q,
¢ # 0.

By counstruction, the set Hy = {aq,bo: @ < ¢} is linearly independent and,
for each o < ¢, ro € LIN ({ag,bs: 8 < a}), so Hy is a Hamel basis and (1)
is fulfilled. Since dy € H, cq,do € H for 0 < a < ¢, and h, € W/, for each
a < ¢, the condition (2) holds.

To see that (3a) holds fix £ < ¢ and assume that f(z) = ge(x). Let o be
the first ordinal for which = € V, ;. Then there are v € V,, and qo,¢1 € Q
with |go| + |g1| # 0 such that © = v + goaa + ¢1bo. Now we have two cases to
consider.

o ¢1 # 0. Then by (ii), ge(x) = f(x) # gg(x) for B < a, so a < €.

o ¢; = 0. Then ¢o # 0, and (i) implies g¢(z) = f(z) # gs(z) for 8 < a, so
a <€

In both cases € Ve. Now we will verify that (3b) holds. Since the range
of f is a linear subspace of R and, by (2), H C f(R), so f(R) = R. Hence
to prove that f is Darboux it is enough to observe the kernel of f, f~1(0),
is dense in R. This is because Qhy C f~1(0). To see that level sets of f
are countable it is enough to prove that the kernel of f is countable. (Recall
that any level set of an additive function f is a translation of the kernel
of f. See e.g., [MK, Theorem 1], p. 295.) So, fix z € f~1(0). There are
to, ... tn € H1 \ {ho} such that t; # t; whenever ¢ # j, and ¢,qo,...,¢, € Q
such that © = gho 4 qoto + - - +gntn. Then 0 = f(x) = qof(to) +- - - +qn f(tn)
is a linear combination of the vectors f(to),. .., f(¢tn) from the Hamel basis H.
Since fis 1—1 on Hy, so f(t;)’s are pairwise different. Thusgp =--- = ¢, = 0.
Therefore = qhgy and consequently, f~1(0) = Qhy.

The conditions (3b) and (3a) together with Lemma 1 imply f € SZ. Fi-
nally observe that the condition (3a) implies dom (f Nidg) = dom (f N go) C
LIN (¢) = {0}. This and (3b) give f & Conn. O

Example 9. Assume the Continuum Hypothesis CH. Then there exists an
additive SZ. function which is Conn but not AC.
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PROOF. Let Cqy = {ga: @ < ¢}, go = 0, K = {Kp: 3 < ¢} be the family
of all continua K C R? with card (dom (K)) = ¢, Ko = [0,1]%, and let R =
{ry: 7 < ¢} be an enumeration of all reals such that the set X = {r,,: n < w}
is linearly independent and dense in the interval (—1,1). We will adapt the
proof of [CR, Theorem 2.3], where an example of an additive function f €
Conn \ AC was constructed. Let F, M and Z be as in [CR, Lemma 2.1J;
ie, F: R — (—1,1) x R is a continuous embedding; M = F(R) is closed in
R?; Z is a closed subset of M and g N Z # () for every continuous function
g: [-1,1] —» R; Z, = M, is a singleton for all x € (—1,1) \ X; for each
x € X the section M, is a non-trivial closed interval and Z, consists of the
two endpoints of that interval.

We will define inductively a C-increasing sequence f¢, £ < ¢, of additive
functions defined on subspaces of R such that

(i) dom fy = LIN (X);

(ii) re € dom fg;

(iii) go N fe C fo for a < &;
(iv) Ken fe #0;

(v) Zn fe=0.

Simultaneously we will choose a sequence {g;: § < ¢} C Cq, with g; C K¢\
QZz.

Let f = U6<cf5. Notice that f is an additive function. By (ii), f is
defined on all of R. By (iii), f is SZ. By (iv), f is Conn, and by (v), it is not
AC.

The function fy is defined inductively, similarly to f,’s, n < w, in [CR,
Theorem 2.3], such that (r,, fo(r,)) € M and the condition (v) holds; i.e.,
(rns fo(rn)) & Wy, = QZ + LIN ({(rs, fo(ri)): i <n}), so fo(rn) € My, \W,,.
It is possible because for each n < w we have an entire interval of possible
choices for fo(ry) (the set M, ), while there is only a countable number of
exceptional points we have to avoid, (the set W,. ). Let g{ = 0. Assume that
¢ < ¢ and the sequences {fg: 3 < £}, {gj: B < &} are constructed. We will
construct fe and gé in 3 steps.

SteP L If r¢e € dom (Us_, fp), then f¢ = fe. Otherwise choose y € R such
that

L. <T§7y> ¢QZ+U5<5 fﬂ;

2. qy+v2 # gs(qre +v1) for {vi,v2) € Uge f5, B <& and g € Q\ {0};
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3. qy+v2 # gi(gre + o) for (vi,v2) € Use f5, B <&, and ¢ € Q\ {0},

and set fé = LIN (U[3<§ fﬁ U {<r5ay>})'
STEP II. Let {I,: n < w} be a sequence of all intervals with rational
end-points. For each n < w choose d¢ , such that

1. either d¢,, € I, or d¢ , = 05
2. the set D¢ = {d¢ s n <w} \ {0} is linearly independent;
3. D¢ Ndom fg = 0;

4. LIN (g¢[Dg U f1) N (Uﬁ<5 98U Up<e 923) C fé
5. LIN (g¢[De U ft) N Z = 0.

Points d¢ ,’s are defined inductively. Assume d¢; are defined for i < n. Let
D¢ = {dg,i i <n}\{0} and fe ., = LIN (f{ U ge[Dg ). If dom (ge \ (QZ +
fen)) is residual in I,, and all sets I, N dom ([ge \ (QZ + fen)] N [qgs + w)),
I, Ndom ([g¢ \ (QZ + fe,n)] N ggj +w]) are nowhere dense for all 8 < &, ¢ € Q
and w € f¢,, then choose de,, € I, Ndom (g¢ \ (QZ + f¢n)) \ dom fe ,, such
that

e LIN ({<d5,n7gf(df,n)>} U ff;n) N (U,@gg 95 U Upe 9&) C fems

o LIN ({(dw ge(de.n))} U fg,n) nz=09.

Otherwise, d¢, = 0. Put f¢' = LIN (g¢[De U f{).
SteP IIL. If K¢ N f' # 0, then f¢ = f{ and g; = 0. Otherwise, choose

(z.y) € Ke \ ((dom f¢ x R)U(QZ + f) U (| Qus + F) U (| Qo + 1))
B<E B<E

To argue for this, we will consider 3 cases.

Case 1. If ) # (I x R)N (¢M +v) C K¢ for some v € f¢, g € Q\ {0} and
an open interval I, then K¢ N f{' # 0. (Cf. the proof of [CR, Theorem 2.3].)
Moreover, let g¢ = 0.

CASE 2. Let A = {z € R: card ((K¢),) = ¢} be uncountable. Then note
that A is analytic (cf Mazurkiewicz-Sierpinski Theorem, [AK, Theorem 29.19,
p.231]), so it has cardinality ¢, and we can choose z € A\ dom f{’ and y such
that

(w.y) € Ke\ (@7 + ) u | @os + )0 | @aj + 1))
B<E B<E
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In this case also g; = (.

CASE 3. Neither Case 1 nor Case 2 hold. Then A = {z € R: card ((K¢).) =
c} is countable. Put Y’ = K¢\(AXR). Then Y is a Baire space, f{' is countable,
and for each ¢ € Q and v € fé’ the set ¢Z + v is nowhere dense in Y. (Cf. the
proof of Case 3 in [CR, Theorem 2.3].) We claim that dom (Y \ (QZ + f{))
is residual in dom K¢. Let V be a non-empty open subset of dom K. Fix
g€ Qandv e f. Pickwe [(VxR)NY]\(¢Z +wv). Let U CV xR
be a K¢-open neighborhood of w such that cl (U) C (V x R) \ (¢Z + v). By
the boundary bumping theorem (cf. [CR, Proposition 1.1]), there is a con-
tinuum L such that w € L C cl(U) C (V x R)\ (¢Z +v) and LNbd (U) #
(). Since dom (w) ¢ A, L ¢ dom (w) x R. Thus, int (dom (L)) # @ and
dom (L) € V Nndom (K¢ \ (¢Z + v)). Thus, dom (K¢ \ (¢Z + v)) contains
a dense open subset of dom (K¢). Since A and f{ are countable, we have
dom (Y \ (QZ + fé’)) = [ﬂvef” qeq dom (Ke \ (QZ + f, ))] \ A is residual in
dom (K¢). Since the set Y\ (QZ + f¢') is Borel (Here we use the CH) with
all sections countable, the Lusin—Novikow Theorem (See e.g., [AK, Theorem
18.10, p. 123].) implies that there is a Borel function g defined on a set
dom (Y \ (QZ + f{')). Consequently there is a continuous function g de-
fined on a G subset of R which is residual in some interval I, and such that
¢ CY\(QZ + f{)) C K¢. Again, let {I,,: n < w} be a sequence of all
open intervals with rational end-points. Define inductively a sequence d/g,n
(similarly to d¢ ,’s from the second step) such that

1. either d’g,n eI, or d’&n =0;
2. the set Dy = {d; ,: n < w} \ {0} is linearly independent;
3. Dy Ndom f{ = 0;

4. LIN (g¢[Dg U f¢) 0 (UﬁgggﬁUnggé) C fés
5. LIN (g¢ D U f)N Z = 0.

Let fe = LIN (f{ UggDg). Then fe satisfies the conditions (iv) and (v). First
we will verify that fe N Z = 0. Since fe =U, ., f¢,, (where f{  =LIN(f{U
g¢M{d; ; # 0: i < n}), it is enough to show that f{, NZ =0 for each n < w.
We work inductively. Assume f{, NZ = 0. Since (d; ,,, g;(d; ,,)) € QZ + f{ .
we have f{ ., NQZ = 0.

Now observe that fe VK¢ # 0. In fact, if all the sets INdom [(ggs +w) Ng¢]
for # < ¢ and w € f{, and I Ndom [(qgj +w) N gg] for B < € and w € f{ are
nowhere dense, then (d; o, g¢(d; o)) € fe N K¢. Otherwise, there is 8 < & such
that either
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e there are ¢ € Q\ {0} and w € f{’ such that dom [(ggs+w)Ng] is residual
in some interval .J, or

e 3 <&, and there are ¢ € Q\{0} and w € f{ such that dom [(ggj+w)Ngg]
is residual in some interval J.

Let « be the first ordinal with this property, and pick a ¢ € Q \ {0}
and a w = (w1, wy) € f{ for which dom [(¢ga + w) N g¢| is residual in some
interval J. First of all, observe that (gg, + w) N (J x R) C K¢, because
q9a + w, gfg. are continuous, gé C K¢, and K¢ is closed. Moreover, for each
B <a ¢ €Q\{0}and v € f{ the sets J Ndom[(¢'gs + v) N (¢9a + w)],
JNdom [(¢'gi3+v)N(gga+w)] are nowhere dense. Let m be the first integer such
that I,,, C ¢~'(J —w1) and there are ¢’ € Q and v € f, ,, such that at least
one of the sets I,,, Ndom (¢'gs +v), I, Ndom (¢'g; +v) is not nowhere dense.
(Hence it is residual in some non-degenerate interval.) Then dom g, is residual
in I,, and for each 8 < «, ¢ € Q and v € f, , the sets I, N dom (¢'gs + v),
I, Ndom (¢'gj; +v) are nowhere dense. Thus (da,m; ga(da,m)) € ga N(Im X R),
and Q<da,mvga(da,m)> +we f& N [qga + w] N (J X R) - f& N Ke. O

Problem 1. Can the example above be constructed under a weaker assumption

cov (M) =c?

Example 10. Assume cov (M) = c. There exists an additive SZ function
which is AC and CIVP .

PrOOF. Let {I,: n < w} be a sequence of all open intervals with rational
end-points, Cg; = {ga: @ < ¢}, {Ky: a < ¢} be the family of all closed sets
K C R? with dom (K) having non-empty interior, {Cy,: a < ¢} be a sequence
of all perfect subsets of R, and let H = {H,: a < ¢} be a sequence of pairwise
disjoint sets such that:

e the set | J,,_. Hq is linearly independent;

a<c

e for each non-empty open interval I and « < ¢ the set H, NI contains a
perfect set.

Such a sequence can be obtained as an easy consequence of Lemma 5. (Cf.
[KC1, Lemma 3.3].) Let H = {hy: o < ¢} be a Hamel basis that contains all
H,.

We will define a sequence f,, a < ¢, of additive functions and a sequence
P, € H, a < ¢, with the following properties:

(i) ha € dom (f,) and card (dom (fy)) < ¢;
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(ii) if o # 3, then P, # Pg;

(iii) fs C faif B <o

(iv) faNgs C fzfor B < o

(V) falz) € Cy for z € Py and o < c;
(vi) faNKy #0.

Functions f, are constructed by induction. Suppose « is fixed and all f3,
Pjs are defined for 8 < a.

Step I. Let f, = LIN (U5<a f3). We define inductively a sequence dg, »,
n < w, in the following way. Let Dy, = {da:: % < n} \ {0} and fo,n =
LIN (2 U (ga| D). T

(%) dom (gq) is residual in I,,, and for all § < o, ¢ € Q and w € f, 5, the set
I, Ndom [(ggs + w) N g, ] is nowhere dense,

then pick do n € I, Ndom (g4) \ dom (f«,») such that

~—

LIN <{<da,naga(da,n)>} U f(x,n) N U 9p C fa,n~ (1
B<a
Otherwise dq ., = 0.
STeEP II. Let fo = U, <y, fan- Let B(a) be the first ordinal 3 < ¢ for
which Hg N dom (f,) = 0. (Such 3 exist because card (dom (f,)) < ¢.) Put

P, = Hg(,). Now choose a number y, such that y, = f(ha) whenever h, €
dom f(, Otherwise, choose

va € R\ {g5(v + gho) — 07 fa(v): B< @, g € Q\ {0}, v dom (fo) |

Moreover, if h, € Pe¢ for some £ < o, then we may pick y, € C¢. This will
give (v).

Put fo = LIN (fo U {(ha;¥a)}) and define f as the union of all f,. As in
[NR, Theorem 1] we can verify that f has the property (vi), so f € AC, and
(iv), so f € SZ. Finally, the property (v) guarantees that f € CIVP. O

2 Additive Sierpinski-Zygmund Bijections and Their In-
verses.

In this section we examine when the inverses of additive one-to-one SZ func-
tions defined on subspaces of R are also of SZ type. (Note that the inverse
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of an additive function is additive again.) Recall that in ZFC there exists a
one-to-one SZ function f: R — R with f=! ¢ SZ[CN1], which we make ad-
ditive in Example 11, however the existence of an SZ bijection f: R — R is
not provable in ZFC [BCN] unless one makes an extra assumption like R is
not the union of less than c-many meager subsets [CN1]. Recall also that it is
consistent with ZFC that there is no bijection f from a set X € [R]® onto a
set Y € [R]* with f, f~! € SZ [CN1, Corollary 9].

Example 11. There exists an additive injection f: R — R such that f € SZ
and f~1 € S7Z.

PROOF. To see this, let H = {hy: a < ¢} be a Hamel basis which meets
every perfect set in R. (See e.g., [KC, Theorem 7.3.4].) For a < ¢ set V,, =
LIN ({hg: B < a}). Let g: R — R be a continuous nowhere constant function
such that card (g7 !(y)) = ¢ for every y € R. (See e.g., [AB], p.222, for an
example of such a function.) Let Cf, = {g¢: & < ¢}. Since the perfect set
g (hy) meets H in ¢-many points, then by transfinite induction, for each
« < ¢ we can choose f(ha) = 14 such that

1. Yo € g Y (ha) N H;
2. yo #Fyp for < oy

3. Yo 7& pgﬁ(x) - fa(t) for ﬁ < a,peE @7 te Vow S Va+17 and fa bejng
the additive extension of f[{hg: 8 < a}.

Let f: R — R be the additive extension of f. By the condition (2), f is
one-to-one. To verify that f € SZ use Lemma 1 and observe that for a given
€ <c¢,dom(fNge) C Ve, socard(fNge) <c Fix z € R with f(z) = ge(z).
Let « be the first ordinal for which € V,41. Then z = v 4 ¢h,, for some
v eV, and g € Q\{0}. Thus g¢(z) = f(z) = fa(v) + qYa, and the condition
(3) gives o < . Let A = f(H). Since f[H is one-to-one, card (4) = ¢, and
f71TA C g because f~1(ya) = ha = g(ya) for every a < c¢. Therefore f~1[A
is continuous, so f~! € SZ. O

Example 12. Assume cov (M) = c¢. There exists an additive bijection f: R —
R such that f € SZ and f~' ¢ SZ.

Proor. Let Cf, = {ga:a < ¢}, R = {ro: a < ¢}, and let g: R — R
be a continuous nowhere constant function with card (¢7!(y)) = ¢ for every
y € R. We will construct inductively two families {{an,bs} € [R]*: a < ¢},
{{ca,da} € [R]?: a < ¢} such that {aq,ba: @ < ¢}, {ca,ds: @ < ¢} are Hamel
bases. Then define f: R — R as the additive extension of the set of all pairs
(asCa)s (bayda) for a < c.
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Thus assume that ag, bg, cg and dg are chosen for 8 < a. Let V, =
LIN ({ag,bg: B < a}), W, = LIN ({cg,dg: § < a}). We choose aq, by, Ca,

o

(i) If ro € Vg, then a, = ro. Otherwise pick arbitrary a, € R\ V,. Set
V! = LIN (Vi U {aa}).

(ii) If ro ¢ W,, then dy = r,. Otherwise pick arbitrary d, € R\ W,. Set
W/ = LIN (W, U{d,}).

(iif) ca € 97 (aa) \ (WE + Ug<q Qoe(V2))-
(iv) ba € R\ (V2 + Ugca Qog ' Warsn))-

Such a choice is possible because the set Vg + U, <, Qggl(WuH) is the union
of less than w - @ < ¢ many of meager sets.

First observe that the sets {aq,bs: a < ¢} and {cq,dn: o < ¢} are Hamel
bases. In fact, they are linearly independent, and for each a < ¢, ro €
LIN ({ag,bg: 8 < a})NLIN ({cg,ds: 8 < a}). Let f be defined on {aq, by : a <
¢} by the equations f(as) = Ca, f(ba) = do for a < ¢, and let f be the additive
extension of f . Then f is an additive bijection on R.

To verify that f € SZ fix £ < ¢. We will show that dom (f N ge) C Vg, so
card (f Nge) < ¢. Fix z € R with f(z) = ge(x). Let a be the first ordinal for
which « € Vo41. Then 2 = v + goaq + q1b, for some v € V,, and qp,q1 € Q
with |go| + |g1] # 0. Two cases are possible.

(a) ¢1 =0. Then x = v+qoaq, @ # 0, and ge(x) = f(x) = f(v) +qoca. Thus
Ca = —qo_lf(v) + qo_lgg(a:) € Wy + Qge(V2), and by (iii), o < €.

(b) ¢1 # 0. Then f(z) € Wai and ge(x) = f(2) = f(v) + qoca + q1da- Thus
v+ Qoaa + qiba € g (f(2)) C g7 (Warta), 50 ba € Vi + Qg (Was),
and (iv) implies o < €.

To see f~1 & SZ, notice that by (iii), f~(ca) = aa = g(ca) for every a < ¢,
so f~1{ca: a < ¢} is continuous. O

Example 13. Assume cov (M) = ¢. There exists an additive bijection f: R —
R such that f, f~1 € SZ.

PROOF. Let Cg, = {ga: a < c} and R = {r,: a < ¢}.We will construct two
families of two-element sets {{an,ba} € [R]?: a < ¢}, {{ca,da} € [R]*: a <
¢}, aiming for defining f on {a4,ba: @ < ¢} by f(an) = co and f(by) =
do. We work inductively. Assume that for a given a < ¢ the sequences
{{ag,bg} € [R]*: B < a} and {{cg,dg} € [R]*: 3 < a} are defined, and
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the sets {ag,bs: 8 < a}, {cg,ds: B < a} are linearly independent. Put
fo = LIN ({{ag, cp), (bg,dg): B < a}), Vo = LIN({ag,bg: 8 < a}), Wa =
LIN ({¢g,dg: B < a}), and notice that f, is a linear bijection between V,, and
We. We will choose ag, by, Co, do, in 4 steps.

Step L. If r, ¢ V,, then a, = r4. Otherwise pick arbitrary a, € R\ V,.
Set V = LIN (V,, U{aq}).

Step II. If r, & W, then d, = r,. Otherwise pick arbitrary d, € R\ W,.
Set W’ = LIN (W, U {da}).

STEP III. Choose

ca €R\ (W + [ Que(vV) + U Qog ' (V).

§<a {<a

Observe that this guarantees that the set {cs,dg: 8 < a} is linearly indepen-
dent and moreover,

(1) fa(v) +qca # ge(v + qaq) for £ < o, v €V and ¢ € Q\ {0}
STEP IV. Finally choose

b € R\ (Vo + | QueWart) + | Qog ' (Warn)).

{<a §<a

Such a choice is possible because each set g, Y(Wyy1) is the union of less
than c-many meager sets, and V,, + U, <, Qge(Wa-+1) has cardinality less than

¢, 50 Vo 4+ Uecn Qoe(Wart1) + Ue<n Qggl(WaH) is the union of less than ¢
many meager sets and does not cover R. Observe that {ag,bg: 3 < a} is
linearly independent and the following conditions hold:

(2) qoca + q1da + fa(v) # ge(q@oaa + q1ba + v) for v € Vi, qo,q1 € Q with
q1 7é 07 5 S Q;

(3) QoG + qlba + f;l(w) 7é 95(({0% + q1da + ’LU) for w € Waa q0,91 € @ with
4o 7& Oa 5 < Q;

(4) f31(w) 4 gba # ge(w + qda) for w € Wy, ¢ € Q\ {0}, £ < a.

First observe that sets {aq,bq: @ < ¢} and {cq,dq: @ < ¢} are Hamel bases.
In fact, they are linearly independent, and for each a < ¢,

rq € LIN ({ag,bg: B < a}) NLIN ({cg,ds: B < a}).

Let f be the function defined on {aq,bs: a < ¢} by the equations f(aq) = ca,
f(by) = dg for a < ¢, and let f be the additive extension of f. Then f is an
additive bijection on R.
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To verify that f € SZ we will show that for a given £ < ¢, dom (fNge) C Vg,
so card (f N ge) < ¢. Fix € R with f(z) = g¢(x). Let a be the first ordinal
for which x € V41. Then = v+ qoaq + q1b, for some v € V,, and g, q1 € Q
with |go| + |¢q1| # 0. Two cases are possible.

(a) ¢1 =0. Then z = v+qoaa, go # 0 and, by (1), f(z) = fa(v)+qoca # ge(x)
for ¢ < a. Thus a < €.

(b) g1 # 0. Then (2) yields f(x) # ge(z) for € < a, so a < &.

In an analogous way we verify that f~! € SZ. Fix ¢ < ¢ and z € R with
f71(z) = ge(x). Let a be the first ordinal for which # € Wy41. Then
T =w+ qoca + q1dy for w € W, and qo,q1 € Q with |go| + |¢1| # 0. Consider
two cases.

(2’) go =0. Then (4) implies f~!(z) # ge(z) for € < a.
(b%) qo # 0. Then (3) gives f~!(z) # ge(z) for £ < a.
Therefore o < &, so x € V. O
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