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Abstract: We show that, given a set £ C R”*! with finite n-Hausdorff measure H",
if the n-dimensional Riesz transform

Runipf @) = [l 1) W)

is bounded in L2(H"|E), then E is n-rectifiable. From this result we deduce that a
compact set E C R"t! with H"(E) < oco is removable for Lipschitz harmonic func-
tions if and only if it is purely n-unrectifiable, thus proving the analog of Vitushkin’s
conjecture in higher dimensions.

2010 Mathematics Subject Classification: Primary: 28A75, 42B20; Secondary:
31B25.

Key words: Riesz transform, rectifiability, Lipschitz harmonic functions.

1. Introduction

In this paper we prove that, given a set £ C R"*! with finite n-Haus-
dorff measure H", if the n-dimensional Riesz transform is bounded in L?
with respect to H"|E, then E is n-rectifiable. Combined with results
from [Vo], it implies that the purely n-unrectifiable compact sets with
finite n-Hausdorff measure are removable for Lipschitz harmonic func-
tions.

To state our results in more detail, we need to introduce some nota-
tion. Given a (complex) Borel measure v in R"! such that

djv|(z)
(11) /VRNJrl W < 00,
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the n-dimensional Riesz transform of v is defined by

0= [ )

for every € R"*! where the integral makes sense. Notice that the
kernel inside the integral is vectorial.

Since the preceding integral may fail to be absolutely convergent for
many points z € R"*1, it is convenient to consider an e-truncated ver-
sion, for € > 0:

T —
REV(x) /|T—y>s |1’ - |n+1 dy( )

Given a non-negative measure p and f € L _(u) such that v = fpu

satisfies (1.1), we set R, f(x) = R(f p)(z) and R, . f(z) = R:(f p)(x).

We say that R, is bounded in L?(p) if the truncated operators R,, . are

bounded in L?(p) uniformly on e > 0.

A set E C R™! is called n-rectifiable if it is contained in a countable
union of C'-manifolds up to a set of zero H"™ measure. On the other
hand, F is called purely unrectifiable it does not have any rectifiable
subset with positive n-Hausdorff measure.

Our first result in this paper is the following.

Theorem 1.1. Let E C R™*! be a set such that H™"(E) < co. If Ryn |
is bounded in L*(H"|E), then E is n-rectifiable.

Let us remark that the case n = 1 of this theorem has already been
known. Indeed, the 1-dimensional Riesz transform and the Cauchy trans-
form coincide modulo a conjugation. So the L?(u) boundedness of R,
for any non-atomic measure p implies that the curvature of y is finite,

W= [ o ) () () < o

where R(x,y,z) stands for the radius of the circumference passing
through z, y, z (see [Me] and [MeV]). It remains to refer to the re-
sult of David and Léger (see [Lé]) who showed that if H!(E) < co and
2(H'|E) < oo, then F is 1-rectifiable.

In the higher dimensional setting, Theorem 1.1 was an open problem
(see [Pa2, p. 114], for example). The main reason is that the curva-
ture method is not available because for n > 1, there is no relationship
between the n-dimensional Riesz transform and any notion as useful
as curvature. However, some partial results were known. For exam-
ple, in [Tol] it was shown that the existence of the principal values
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lim._,o R:(H"| E)(x) for H™-a.e. z € E implies the n-rectifiability of E
(see also [MPr] for a previous result under somewhat stronger assump-
tions). On the other hand, from some new results in [ENV] it follows
that the Riesz transform Ry | g cannot be bounded in L?(H" | E) if E is
a set with finite H" measure and vanishing lower n-dimensional den-
sity 07 (x, H" | E) = liminf, ,or "H"(B(z,r) N E) for H™-a.e. x € E.
Very recently, the proof of the so called David—Semmes conjecture in
the codimension 1 case was completed. The conjecture follows from the
results of our new paper [NToV] and deep results by David and Semmes
in [DS]. The assertion is that if H"| E C R™*! is Ahlfors-David regular,
and Ry | p is bounded in L?(H"|E), then E is uniformly n-rectifiable
and thus, in particular, n-rectifiable. Recall that a measure p is called
Ahlfors—David (AD) regular if there exists some constant ¢ such that

c < u(B(z,r)) <cr™ forallz € E, r > 0.

A nice covering theorem due to Pajot [Pal] will allow us to reduce
Theorem 1.1 to the combination of this result with the one from [ENV].

Let us remark that we do not know if Theorem 1.1 can be extended to
codimensions higher than 1, that is, to the n-dimensional Riesz transform
and sets E C R? with 0 < H"(E) < 0o, d > n+1. This is due to the fact
that the corresponding analogs of the results from [NToV] and [ENV]
are also open in this case.

Theorem 1.1 has a corollary regarding the removability of singularities
for Lipschitz harmonic functions. Recall that a subset £ C R"*! is
removable for Lipschitz harmonic functions if, for each open set Q C
R™*1 every Lipschitz function f: Q@ — R that is harmonic in Q \ E is
harmonic in the whole 2. By combining Theorem 1.1 with the results
on the Lipschitz harmonic capacity from [Vo|, one gets the proof of the
following analog of Vitushkin’s conjecture in higher dimensions.

Theorem 1.2. Let E C R""! be a compact set such that H"(E) < .
Then, E is removable for Lipschitz harmonic functions in R™! if and
only if E is purely n-unrectifiable.

Again, this theorem was already known in the case n = 1. It was
proved by David and Mattila in [DM]. The analogous result for the re-
movable singularities for bounded analytic functions is the celebrated
solution of Vitushkin’s conjecture by David [Dal]. It is also worth
mentioning that in [NTrV2], a Tb type theorem suitable to prove the
analytic part of Vitushkin’s conjecture was obtained very shortly after
David’s proof. The arguments in [NTrV2] also work in the case n > 1



520 F. Nazarov, X. ToLsA, A. VOLBERG

and are an essential tool in the work [Vo] about Lipschitz harmonic
capacity.

2. The Main Lemma

2.1. Statement of the Main Lemma. We say that a Borel measure i
in R? has growth of degree n if there exists some constant ¢ such that

w(B(z,r)) < cr™ forall z € RY, > 0.
We define the upper and lower n-dimensional densities by

0™* (x, ) = limsupr~"u(B(x,r)) and 07 (x, u) = liminf r =" w(B(z, 1)),
r—0 r—0

respectively.
If 11 and o are Borel measures on R?, the notation y < o means that
u(A) < o(A) for all Borel sets A C R9.

Lemma 2.1 (Main Lemma). Let p be a compactly supported finite Borel
measure in R? with growth of degree n such that 07 (x, ) > 0 for p-a.e.
x € R Suppose that R, is bounded in L?(n). Then there are finite
Borel measures puy, k > 1, such that

(&) 1< psq Hks
(b) pg is AD-regular for each k > 1 (with the AD-regularity constant
depending on k), and

(c) for each k > 1, R, is bounded in L*(uy).

Before proving the Main Lemma, we will show how it allows one to
reduce Theorem 1.1 to the results in [ENV] and [NToV].

As usual in harmonic analysis, the letter ¢ stands for some fixed con-
stant (quite often an absolute constant), which may change its value
at different occurrences. On the other hand, constants with subscripts,
such as cj, are assumed to keep their values in the whole paper.

2.2. Proof of Theorem 1.1 using the Main Lemma 2.1. It is
immediate to check that to prove the theorem, we may assume F to be
bounded. So let E C R™*! be a bounded set with H"(E) < oco. Set
p = H"|E, and suppose that R, is bounded in L% ().

Let Ey be the subset of those € E for which 67 (z, u) = 0. We set

to = | Eo.
Then,
07" (z, o) < 0™*(x, 1) = 0 for pp-a.e. x € R™ L,
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and, moreover, I, is bounded in L?(uo). Then, by the main theorem
of [ENV] (applied to the codimension 1 case) we deduce that py = 0.
That is,
0" (z,p) >0 for p-a.e. x € R™T,

So the measure pu satisfies the assumptions of the Main Lemma 2.1,
and thus we may consider measures p, as in the statement of the Main
Lemma.

By the results of [NToV] and [DS], supp py, is n-rectifiable. There-
fore,

F = J supp
E>1
is also n-rectifiable. Since
H'(E\F) = pR\ F) <> u(RY\F) =0,
k

we infer that E is n-rectifiable too.

3. Proof of the Main Lemma 2.1

For the proof of the Main Lemma 2.1 we will need the following propo-
sition.

Proposition 3.1. Let i and o be Borel measures with growth of degree n
in R such that R, is bounded in L*(u) and R, is bounded in L?(o).
Then, R4y is bounded in L?(u+ o).

Proof: The boundedness of R, in L?(x) implies the boundedness of R
from the space of real measures M (R?) into L1*°(x). In other words,
the following inequality holds for any v € M (R¢) uniformly on & > 0:

pf{z € R : |R.v(z)| > A} < c@ for all A > 0.

For the proof, see Theorem 9.1 of [NTrV1]. Analogously, the same
bound holds with p replaced by o. As a consequence, we infer that for
all A > 0,

(u+o){z e R |Rov(z)] > A} < c@.
That is, R is bounded from M (RY) into LY*°(y 4 o). In particular,
R, +o is of weak type (1,1) with respect to ¢ + o. This implies that
R, o is bounded in L?(u + o). For the proof, based on interpolation,
see Theorem 10.1 of [NTrV1] (an alternative argument based on a good
lambda inequality can be also found in Chapter 2 of the book [To2]). O
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Let us remark that the preceding proposition and its proof remain
valid for more general Calderon—Zygmund operators. However, we will
need it only for the Riesz transforms.

In the proof of the Main Lemma 2.1 it will be convenient to work with
an e-regularized version R, . of the Riesz transform R,. We set

d .
It is easy to check that

|Eu,sf(m) ~ Rucf(z)] <eM,f(z) forall x € RY

where ¢ is independent of € and M, is the centered maximal Hardy—
Littlewood operator with respect to u:

1
Mf (@) =sup B ) /B<w>

Since M), is bounded in L?(u), it turns out that R, is bounded in L?(u) if
and only if the operators R, . are bounded in L?(p) uniformly on & > 0.

| f1 dp.

The advantage of EME over R, . is that the kernel

X
K(z)=————
(@) max(|z],e)n !

is continuous and satisfies the smoothness condition
c
VK (z)| < 2 |z| # ¢

(with ¢ independent of €), which implies that K.(z — y) is a Calderén—
Zygmund kernel (with constants independent of ¢), unlike the kernel
of Ry c.

Proof of the Main Lemma 2.1: We follow an idea of H. Pajot (see The-
orem 10 of [Pa2]), where some measures puj satisfying (a) and (b) are
constructed. For the reader’s convenience, we will repeat the arguments
of the construction and of the proof of (b), and subsequently we will
show that the statement (c) holds.

Consider the subset F' C supp i of those x € R for which 67 (z, u) >
0, so that u(R%\ F) = 0. For positive integers p, s, we denote

1
F,= {CEGF: for 0 <r < D, p(B(x,r)) > T"},
p

1
F,,= {:17 €F,: for0<r <D, u(F,NnB(z,r)) > r"},
ps
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where D = diam(supp i). From the definitions of F' and F), it is clear

that
F=|JF,.
p>1
Also, 07 (z, ) = 67 (z, p| Fp) for p-a.e. & € F, by the Lebesgue differen-
tiation theorem, and thus

M(Fp\ UF) =0.

s>1

So we have
p< Y LBy
p,s>1

The strategy of the construction consists in adding a measure o, 5 to
each p| F) s so that the resulting measure is AD-regular, for each p, s.

It is easy to check that all the sets F}, and F}, ; are compact. Fix p, s
and denote

1
d(z) = 0 dist(z, Fp 5).

Notice that d(y) > 0if z & F), 5, as F}, 5 is closed. Now we cover F}, \ F},
by a family of balls of the form B(z,d(x)), with = € F, \ F, ,, using
Besicovitch’s covering theorem. So there exists a family of points H), s C
F,\ F, s, at most countable, such that

F\F.C |J Bz d(x)),
r€EHp s

and

Z XB(a.d(zy < C-

r€EH, s

Moreover, we can split Hy, ; = vazdl H;)S so that for each i, the balls
from {B(z,d(x))},en; , are pairwise disjoint (see Theorem 2.7 in p. 30
of [Ma]) . Here C4, Ny are some constants depending on d only.

To define oy, 4, for each x € H, ; we consider an arbitrary n-plane I,

containing z and set P, = II, N B(z, 3d(x)). Then we define

Ops =H" Iy + > H"|Pa
r€H, s

where II,  is an arbitrary n-plane in R? intersecting F), ;. We set

ps = Ops + [ Fps.
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We also denote

ohe= Y H'|P,

z€H} |

so that oy, = H"|IT,, + S o .. We will show now that i, is
AD-regular.

Upper AD-regularity of p, s. We have to show that p, s has growth
of degree n. Since p| F}, s and 1™ |II have growth of degree n, it is enough
to show that so does O';,S, foreach i =1,..., Ng.

We set r(z) = 3 d(z) for z € H} .. So g}, . is a measure supported on
the union of the closed balls
(3.1) B, := B(z,r(z)) = B(x, % d(x)), e H .,
coinciding with H™| P, inside B,. Notice also that the balls 2B, = €
H;',’S are pairwise disjoint.

Let A be some fixed closed ball of radius r(A). Let H, be the subset
of points # € H . such that B, N A # @ and 2r(A) < r(z), and let

Hy C H}. , be the subset of points such that B, N A # @ and 2r(A) >
r(z). We have

ol (D)= Y H'(P.NA)+ Y HU(PNA).

z€H, cEH,

It is immediate that for x € H, we have A C 2B,. Thus, since the
balls 2B, are pairwise disjoint, H, contains at most one point z, and so,

> HMYP.NA)=H"(P.NA) < cr(A)™.
z€H,

On the other hand, for x € Hp, we have B, C 5A. Recall also that,
since Bj; is centered at some point from Fj,

1 n
(3.2) 1(By) = Z;?“(I)

(recall that r(z) = § d(z) < D because d(z) is the distance between two
points in supp p). As a consequence,

STHNPNA) < Y (@) <ep Y p(Br) < cpu(5A) < epr(A)T
r€Hy r€Hy c€Hy

by the growth of degree n of p.
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Lower AD-regularity of p, . Consider an arbitrary closed ball A
centered at supp pp, s. Suppose first that it is centered at some point z €
F

p,s-

First we claim that if 2B, € H), ;, intersects %A, then 2B, C A.

Indeed, recalling that the function d(-) is 1—10—Lipschitz, we get
1 1
10d(z) = dist(z, Fp 5) < |x — 2| < 3 r(A) 4+ 2r(z) = 3 r(A) 4+ d(x).
Thus,
1
r(2B,) = 2r(z) = d(z) < T r(A),

which clearly implies that 2B, C A.
From the claim above and the definition of p, ; we deduce that

fip,s(D) > p(Fps NA) + ¢ Z (@)™
wEHp,5:2Blvﬂ% A#D

Since p has growth of degree n, and since

1
U 2B: D F, NS A\ Fy,
T€EH, s:2B,NL A#£L
we derive
fip,s(A) = p(Fp,s NA) + ¢! Z 1(2Bz)

wEHp,S:ZBwﬂ% A#£DS

1 1 1
> ,u(Fp,S N 3 A) + cflu(Fp N 3 A\ F,,VS) > cfl;L(Fp N 3 A).
Since A is centered at some point from F, ,,
(F N 1A) > c_1i r(A)"
m\ Lp B = s s

provided that r(A) < 2D. On the other hand, if r(A) > 2D then
dist(z,1I, ) < D, and, thereby,

pps(BA) = H" <B(z’,;r(A))) > er(A),

where 2’ is the nearest to z point of I, ;.
If A is centered on II, ,, the lower bound is trivial.

Suppose now that A is centered at some point z € P, for some
z € Hy 5. If r(A) < 40r(B,), from the lower AD-regularity of H"| P, we
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infer that pu(A) > ¢=1r(A)"™. Assume now that r(A) > 40r(z) = 20d(x).
In this case, by the definition of d(z), there exists some y € F, , satisfying

21

2=yl <z 2|+ [z —y| < r(x) +10d(x) = d()_40

r(A).

Thus, A contains the ball B(y, 15 7(A)). Then, since

1 1
o > -1 - n
M(B(y, 10 T(A))) >c r(A)",
we are done.

Boundedness of Ry, , in L?(pp,s). Taking into account that R, |,
is bounded in L2(u LFp s) and that Ry 11, , is bounded in L?(H" 1T, ),
1t is enough to show that Ryi | is bounded in L2( ;) for each i =
,Ng. Then the repeated apphcatlon of Proposmon 3.1 yields the
result.
To simplify notation, for fixed p, s, i, we denote o0 = o? ., H = H}i,s'

p,s?
Now we define
V= Z Cy ,ULBaca
xeH

with ¢, = H"(P,)/p(Bz). Observe that the constants ¢,, © € H, are
uniformly bounded by some constant depending on p, because of (3.2),
and thus R, is bounded in L?(v). Further, v(B,) = o(B,) for each
x € H. Recall also that, by construction both ¢ and v are supported on
the union of the balls B,, € H, and the double balls 2B, are pairwise
disjoint.

It is clear that, in a sense, v can be considered as an approximation
of o (and conversely). To prove the boundedness of R, in L?(c), we will
prove that ]?2075 is bounded in L?(o) uniformly on € > 0 by comparing
it to R,ye. First we need to introduce some local and non local opera-
tors: given z € |,y Be, we denote by B(z) the ball B,, x € H, that

contains z. Then we write, for z € |, ,cy Ba,

RESF(2) = Ruel X)) RULF() = Rue(fxga ) (o).

RN\B(z)
We define analogously RIOC °f and RPLf. It is straightforward to check
that R!°¢ is bounded in LQ( ), and that R'°C is bounded in L?(o), both

v,e o,&
uniformly on ¢ (in other words, R!°° is bounded in L?(r) and RY¢ is
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bounded in L?(c)). Indeed,

HRIOZJCHL2 Z ||XBxRo,a(fXBl,)||%2(a)

xeH

<)y, 1fxp 120y = el FllT2(o)s

reH

by the boundedness of the n-Riesz transforms on n-planes. Using the
boundedness of R, in L?(v), one derives the L?(v) boundedness of RIS
analogously.

Boundedness of R in L?(o). We must show that R?! is bounded
in L?(0). Observe first that, since Ry, = R,.— RS, and both R, and

v,e?

R¢ are bounded in L%(v), it turns out that R is bounded in L?(v)

v,e v,e

(all uniformly on & > 0).
We will prove below that, for all f € L?(v) and g € L?(o) satisfying

(3.3) / fdz/:/ gdo forall z € H,
B, B,
we have
(3.4) I(f.g /IR RY gl d(v+0) < c(lf1720) + l9ll72(0))s

uniformly on ¢. Let us see how the boundedness of R? in L?(¢) follows
from this estimate. As a preliminary step, we show that R?': L2(o) —
L?(v) is bounded. To this end, given g € L?(c), we consider a func-
tion f € L?(v) satisfying (3.3) that is constant on each ball B;. It is
straightforward to check that

1220y < Nl9llp2(o)

Then from the L?(v) boundedness of R? and (3.4), we obtain
IR gl 22y < IREEfll2) + 1(f,9)?
<cllflizzw) +cllgllizz@o) < cllgllzz o)

which proves that R?: L?(0) — L?(v) is bounded.
Notice that R™ is antisymmetric. Indeed, its kernel is

zZ—Y
- .
;{XBm (z)me ) max(|z — y|, )"+
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Then, by duality, we deduce that R*: L?(v) — L?(o) is bounded. To
prove now the L?(c) boundedness of R?, we consider an arbitrary func-
tion g € L?(0), and we construct f € L?*(v) satisfying (3.3) which is
constant in each ball B,. Again, we have || f|z2) < [|9]l22(0)-

Using the boundedness of R : L?(v) — L?(0) together with (3.4),
we obtain

IR gll 20y < IR fllL2o) + I(f. 9)"?
<ol flz2a) + cllgllrzo) < cllglirz(o),

as wished.
It remains to prove that (3.4) holds for f € L?(v) and g € L*(0)
satisfying (3.3). For z € |J ¢y Bz, we have

IRILf(2)-RiLg(z)| < > /BKa(z—y)(f(y)dV(y)—g(y)dU(y)),

r€H:2¢B,

where K.(z) is the kernel of the e-regularized n-Riesz transform. By
standard estimates, using (3.3), the fact that the balls 2B,, x € H, are
pairwise disjoint, and the smoothness of K., it follows that

/B | K (z—y)(f(y) dv(y) — g(y) do(y))

/B (Ke(z —y) — Ke(z — 2))(f(y) dv(y) — g(y) do(y))

<e / |':|y'+< F@)ldv(y) + lg(v)| do(y))

x

N r(x)
~ dist(B(z), By)"t!

Recall that B(z) stands for the ball B,, z € H, that contains z.
We consider the operators

LN = Y dist(anz()x,)Bw)nH /B .

r€H:2¢ B,

/ (17| dv + |g| do).
B

x

and T,, which is defined in the same way with v replaced by . Observe
that

1(f,9) < el T (1) + To(lgD 172 (010
<2e| T (1 DIIZ2 010y + 26 To (19011720109
= 4c|I T, (IF )32 + 4l To (19172 ().



THE RIESZ TRANSFORM, RECTIFIABILITY, AND REMOVABILITY 529

where, for the last equality, we took into account that both T,(|f])
and T,(|g|) are constant on each ball B, and that v(B,) = o(B,) for
all z € H.

To finish the proof of (3.4) it is enough to show that T, is bounded
in L?(v) and T, in L?*(c). We only deal with T,, since the arguments
for T, are analogous. We argue by duality again. So we consider non-
negative functions f,h € L?*(v). We have

Jranpars [ 5 Gt [ i) aeave)

rEH:2¢B,

1
= d ——— h(2)d .
2 Jo 7 o, o s e )
From the growth of degree n of v and the fact that the balls 2B, are
disjoint, it follows easily that

1 C
/Rd\Bm dist(z, B, )"+t h(z) dv(z) < e M, h(y),

for all y € B,, where M, stands for the (centered) maximal Hardy—
Littlewood operator (with respect to v). Then we deduce that

/ T, i S Y [0 M) dvty) S s 2.

xeH z

by the L?(v) boundedness of M,. Thus 7, is bounded in L?(v). O

4. Proof of Theorem 1.2

It is already known that if E C R**! with H"(E) < oo is removable
for Lipschitz harmonic functions, then it must be purely n-unrectifiable
(see [MPa]). So we only have to show that if F is non removable, then
it is not purely n-unrectifiable. The proof follows from Theorem 1.1 and
results from [Vo], by standard arguments. However, for the reader’s
convenience we show all the details.

Let E C R*""! be a compact set such that H"(E) < oco. Suppose
that it is not removable for Lipschitz harmonic functions. Then, by
Theorem 2.2 from [Vo], there exists some measure p supported on E
with growth of degree n such that R, is bounded in L?(y).

The growth condition on g implies that p < H"|E. Indeed, let
A C R™"! be a Borel set. Consider £ > 0 and any covering A C |J; A;
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with diam A; < e. For each i > 1, let B; be a closed ball of radius equal
to diam(A;) centered at some point from A;. Since A C |J; B;, we have

n(A) < Z w(B;) < ¢ Z diam(4;)".

Taking the infimum over all the coverings | J; A; as above, we obtain
p(A) < cgH™(A) for any Borel set A C R%

As a consequence,

(4.1) p(A)=uw(ANE)<coH"(ANE) for any Borel set A C R%.

That is, p < H"|E.

From the Radon—Nykodim theorem we infer that there exists some
function g € L'(H"|E) such that y = gH"|E. In fact, from (4.1) and
the Lebesgue differentiation theorem we deduce that ||g|lcc < ¢o. Take
1 > 0 small enough so that

F={zeFE:g(x)>n}

satisfies p(F) > 0 (and thus H"(F) > 0 too). Since u|F = gH"|F, we
have

H'F = g~ ul .
As g1 is bounded by 7! in F, we deduce that Ry |r is bounded in

L2(H™|F). As a consequence, F' is n-rectifiable, by Theorem 1.1. That
is, F is not purely n-unrectifiable. O

1
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