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NEW STRIPS OF CONVERGENCE FOR DIRICHLET
SERIES

ANDREAS DEFANT, DOMINGO GARCIA, AND MANUEL MAESTRE

Abstract

In this article we study the interplay of the theory of classical
Dirichlet series in one complex variable with recent development
on monomial expansions of holomorphic functions in infinitely
many variables. For a given Dirichlet series we obtain new strips
of convergence in the complex plane related to Bohr’s classical
strips of uniform but non absolute convergence.

1. Introduction

Harald Bohr in [7] studied the width of the strip of uniform but non
absolute convergence of a Dirichlet series Y | %2 on C. He made a
deep connection with infinite dimensional holomorphy. His work is very

much based on the fact that if p = (pg)$2, is the sequence of prime

numbers, then the sequence (logpg)32; is linearly independent over the
field Q. Actually he associated to each series > - | 2= a family of for-

n=1 ns

® in infinitely many variables on the in-

ozEN[()N) ZZ%Z
finite dimensional polydisk DY, where o € R and p* = p{*...py* for

a=(ag,...,q0,...) € NgN). For a fixed Dirichlet series Y~ | 9= he
defined the maximal half plane [Re > o,] of absolute convergence where

the so-called abscissa of absolute convergence is given by

mal power series )

oo
a
o, =inf<{reR: E —Z is absolutely convergent
n

n=1

on the half plane [Res >r]
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as well as the maximal half plane [Re > o,,] of uniform convergence with
the abscissa of uniform convergence given by

oo
a
oy = inf {r ceR: E —Z is uniformly convergent
n

n=1

on the half plane [Res > r]} .

Moreover, Bohr introduced the notation

(1.1) T—sup{aa—au: g a—n},
ns
n=1

°° | 92 converges uniformly

the maximal width where a Dirichlet series ) | %=

but not absolutely. Bohr’s main aim then was to find the precise value
of T. He himself was only able to prove that T < %, whereas the final
result 7 = % was obtained in 1931 by Bohnenblust and Hille in [5]. But
Bohr in [7] contributed with two crucial facts to this solution. The first

one is that o, = h where

2 o
(ege}

(12) h=infQoeR: Y

aeNy x{0}

<oo for all z€ Bym, m=1,2,...

apo

and sup sup Z %zo‘ < 00
meN zEB@gé aeN7 % {0} p

(here as usual Bym := C™ x {0} N By ). The other one is that

1
(1.3) T=g.

where

S=supgg>1: Z lcau®| < oo forall u € £, N By,
QGN((,N)
for all power series Z caz™ such that Z |caz| < o0
QGN((,N) a€Ng' x {0}

for all z € Bym, m=1,2,...

and sup sup E ca?t| < o0
meNz€Ben |\ eNm x {0}
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With this notation T' = 1/S = 1/2, a result which we call the Bohr-
Bohnenblust-Hille Theorem.

In order to reformulate Bohr’s definitions of 7" and S in terms of (in-
finite dimensional) complex analysis we need some more definitions. A
(non empty) open subset R of £, 1 < w < o0, is called a (complete)
Reinhardt domain if given = = (x,) € R, then y = (y,) € R for ev-
ery y € CN for which |y,| < |z,| for all n. A function f: R — C is
called Gateaux holomorphic if its restriction to the intersection with any
finite dimensional subspace of ¢, is holomorphic as a function of several
complex variables. Finally, f is holomorphic if it is Fréchet differentiable
on R (see [14], [16] for background and properties used through the pa-
per). Given a Gateaux holomorphic function f: R — C, its monomial
expansion is the formal power series Za eng® Caz™ where

1\" F(=1 755)
D= (55) o S, TR

for every n such that a,,, = 0 for m > n and any rq,...,r, satisfying
[lz1] < r1] X -+ X [|zn] < 1] x {0} C R (i.e. the coefficients obtained
when f is considered as a function just of the first n complex variables).
Given a set F(R) of holomorphic functions on a Reinhardt domain R
of £,, we call the set

domF(R)=Qz€R: Y  |ca(f)z*| < o0, forall f € F(R)
aEN(()N)

domain of convergence of F(R).
It is nowadays well known (see Lemma 2.2) that a formal power se-

ries ZQGNE)N) caz® satisfies sup, ey sup. <1 ZaeNgx{o} cazo“ < oo if
and only if there exists a function f € Hoo(By,,) such that ¢, (f) = co
for every a € NE)N). When there is no risk of confusion we will denote by

Za en® caz® both a formal power series and its associated function f
0

(whenever it exists).
With this more modern point of view we obtain for every Dirichlet
series Y 07 | 2= the following two alternative descriptions of 7' and S:

n=1 ns

(14) o,=h=mf{o€R:g,(z)= > 2 :%cH(By)y,

aGNE)N)
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and
(1.5) S=sup{q>1:6,NBy_ CdomHu (B )}

Very recently a thorough study on domains of convergence of monomial
expansions of holomorphic functions has been made in [13]; it contains
the following result that will be a key ingredient to us.

Theorem 1.1 ([13, Example 4.9]). Let R be a Reinhardt domain in £,
with 1 < w < oo, F(R) a set of holomorphic functions on R which
contains the polynomials, and € > 0. Then for 1 < w < 2 we have

1N R CdomF(R) Cliye N R,

ap 1l 11

and for w > 2 wltha_§+6
g NR CdomF(R) C lgye N R.

In particular, by taking w = oo the above result implies that S = 2
and we recover the Bohr-Bohnenblust-Hille Theorem.

The aim of this paper is to clarify what kind of new information
on Dirichlet series can be obtained from the new results on domains
of convergence of monomials expansions on Reinhardt domains of £,,,
1 < w < oo, in particular from Theorem 1.1. We will focus on new
strips of convergence for Dirichlet series closely related to the one studied
by Bohr in [7] and Bohnenblust and Hille in [5]: Consider in ¢,, the
Reinhardt domain

0, NDN,

where D as usual denotes the open unit disk in C and fix a set F(¢,,NDY)
of holomorphic functions with a technical property (T) (see the definition
below); concrete examples are the space H(£,, N DY) of all holomorphic
functions, or the space Hg(f,, N DY) of all holomorphic functions that
are bounded on bounded subsets of £,, "DV, or the space Hy(f, N DY)
of all holomorphic functions of bounded type (see [14, p. 164] for the
definition and properties).

For every such function space F (£, N DY) we will associate to each
Dirichlet series >0 22 a new line h(F (¢, NDY)) of (monomial) con-
vergence (see the definition in Section 2 below).

This new line in the case F (€, N DY) = Hoo (£, NDY), 1 < w < o0,
coincides with the old line o, (see Proposition 2.3). For other function
spaces F (£, N DY) different from H (£, N DY) the situation is very dif-
ferent. In Theorem 2.5 we prove the inequality o, < h(F(£, NDY)) <
ou + + (provided F (£, N DY) satisfies property (T)). Moreover, we ex-
tend (in a straightforward way) Bohr’s definitions of S and T to the



DIRICHLET SERIES 373

families F(£,, N DY) (for the definitions see Section 3). Then in Propo-
sition 3.1 we recover and generalize the original Bohr-Bohnenblust-Hille
Theorem: For each 1 < w < 00

1 1

Tt OP) = ST D) ~ 2

Again the situation changes for general function spaces F (£, NDY) (sat-
isfying (T)): in Theorem 3.2 we show the formulas

1 if 1 < 2
T(F(ty NDY)) = : _{ 22 ue

S(FlwnDY) |1+ 21 if2<w<oo.

1
w

2. New abscissas of convergence

Fix some Reinhardt domain R in £,,, 1 < w < oo, and a set F(R) of
holomorphic functions on R and a Dirichlet series Y~ | 4= We define

Apa

hMF(R)):=inf o eR:g,(2) = Z ——2" € F(R)
aEN[()N)

Consider F(R) a set of holomorphic functions remaining stable un-
der composition with diagonal operators of norm < 1 (i.e. given b =
(bn) C CN with |b,| < 1 for all n, and f € F(R) then g € F(R)
where g(z) = f(b-z), z € R). In that case h(F(R)) defines a half
plane of C in the following sense: if s € C and Res > h(F(R)) then
gs(z2) = 222 2@ € F(R); indeed, let Res > o > h(F(R)) be such

aEN(()N) pe

that go(2) = 30 ey Z%zo‘ € F(R). Then
0

9:(2) = Z Zﬁj (pj”>a — (pj“)

QGN((,N)

Given 1 < w < oo, we take the canonical inclusion i,: £, — f
and we denote by £, N DY the open subset i,'(By_) of £,. Clearly
£, NDY is a Reinhardt domain in £,,. We are going to work with sets of
holomorphic functions defined on these Reinhardt domains, since, after
a careful analysis of the original proofs, it seems to us that they are the
only ones which allow to translate Bohr’s study from £, to £,,.

The first result shows that the abscissa h(F (£, N DY)) is less than or
equal to the absolute convergence abscissa ¢,, and the maximal width
between both is < 1.
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Proposition 2.1. Let F({, N DY), for 1 < w < oo, be a set of holo-
morphic functions remaining stable under composition with diagonal op-
erators of norm <1 and containing the bounded holomorphic functions

on L, DN, Given a Dirichlet series, Yo | %=, then h(F (£, NDY)) is fi-
nite if and only if o, is finite too and, in that case, h(F(L,NDY)) < o, <
h(F (L, NDY)) + 1. Moreover, o, = +oo if and only if h(F (L, NDY)) =

+00 and o, = —oco if and only if h(F (£, NDY)) = —co.

Proof: First we check that if there exists s € C such that >
o0, then h(F (£, NDY)) < Res. Since

<

| apo
aeN® |pe

apa apa

2] <

)

pa Res pa Res

for all z € £, NDY, and EaeN(()N) |%| < 00, we see that gres(z) =

EaEN[()N) %Z
gRes € F(y NDY) and h(F (£, NDY)) < Res.

To finish the proof it is enough to see that there exists s € C for
which g(z) = ZQGNE)N) %zo‘ € F(ly NDY) | then 0, < Res + 1. Let
o > Res+ 1. We know from Theorem 1.1 (see also [13, Theorem 3.6])
that ¢, N £, NDYN C dom F (£, NDY). But ¢ — Res > 1 implies that

(55=me=) € L2 N DY C £, NDY. Thus

@ is a bounded holomorphic function on £, N DY, thus

Qpe Qpe 1 *
> = > e ) [ <%
—Res
pOtO' pS pO’
aeNgV aeNyV
the conclusion. O

Now we are going to show that h(Hs (£, N DY)) for each Dirichlet
series and each possible w is nothing else than the original abscissa of
uniform convergence. The following lemma is needed. It should be well
known and is just proved for the sake of completeness.

Lemma 2.2. Let EQEN(N) caz® be a formal power series such that, for
0

every m € N, ZaeNg{Lx{o} ca2® is absolutely convergent at any point of

C™ N By and that

sup sup E Caz™| < 00.
mENzEB[gé QGNZ{‘X{O}

Then there exists f € Hoo(By.,) such that co(f) = cq, for every o € N((JN).
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Proof: Consider the normed space Z := (C™ ||.|s). Clearly g(z) =
EaeNSLX{O} caz%, z € By, defines a Gateaux holomorphic function
on Bz that, moreover, is bounded and hence holomorphic on Bz ([14,
Proposition 3.7]). Thus there exists a sequence (P,,) of continuous m-ho-
mogeneous polynomials on Z with

9(z) =Y Pul2),
m=0
for all z € Bz. If we fix 0 < r < 1 then, by the Cauchy inequalities,

1
(2.1) Pl < l9llsz < oo

That implies that the Taylor series of g at zero converges absolutely
and uniformly on rBz. Thus ¢ is uniformly continuous on rBz. As
a consequence there exists a unique uniformly continuous extension g
to rBz = rB,,. Analogously, each P,, has a unique uniformly continu-
ous extension to ¢o which is an m-homogeneous polynomial and will be
denoted by P,,. Moreover, by (2.1)

HPmHTBCO =|Pnllrs, <7952,

for all m and all 0 < r < 1. Hence the series >~ P, converges abso-
lutely and uniformly on rB,,, 0 < r < 1, defining a holomorphic function
on B.,. Since it is uniformly continuous on rB,,, 0 < r < 1, we conclude
that it coincides with g, i.e. § € Hoo(B,). Now, by the classical result
by Aron and Berner from [1] (in the Davie-Gamelin version [9, Theo-
rem 5]), g has an extension to another bounded holomorphic function f
on By . Clearly,

ca(f) = calg) = ca,
for every o € NgN). O

The following result extends Bohr’s description of the uniform con-
vergence abscissa oy, from (1.2) and (1.4).

o an
ne1 % we have

M Hoo(lw NDY)) = h(Hoo(By..)) = o,
for every 1 < w < 0.
Proof: We check that h(Hs(Be,))) < h(Hoo(ly NDY)). Given o >

h(Hoo (£, NDY)), there exists a holomorphic and bounded function g, :
£, NDY — C with monomial expansion ZaeN(N) ZZ—C;ZO‘, ie. calge) =
0

Proposition 2.3. For each Dirichlet series

(lpa

&= for every a € NgN). Consider the normed space Z := (C™ |.]|o0).
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Since By, the open unit ball of Z, is included in £,, " DY and all norms
on finite dimensional spaces are equivalent, the restriction of g, to Bz
is Gateaux holomorphic and bounded. By the above lemma, there ex-
ists a bounded holomorphic function f, € Hoo(Be. ) which is an ex-

(N)

222 for every aw € Ny ’. Hence

peo

tension of g, and satisfies co(fy) =
hMHso(Be,)) < o.

The other inequality is straightforward. Consider o > h(Hox(By..)),
there exists a function sy : £, N DY — C holomorphic and bounded
on By, with monomial expansion > 29 ie. ca(sy) = 222

aeN{? P p°
for every a € NgN). Using again the equivalence of all the norms on
finite dimensional spaces, the restriction s, of s, to £y, N DN is Gateaux
holomorphic and bounded on £,, " DY, thus it is holomorphic (with the
|-/} morm) on £, N DN. As the monomial expansion of s, and s,
coincide we get h(Hoo (£ NDY)) < o which implies h(Hso (£, NDY)) <
h(Hoso(Be,))- O

Motivated by the preceding result the next aim is to link for a given
Dirichlet series > >° 22 and a wide class of function spaces F (£, N

DY) the (new) abscissa h(F (£, NDY)) and the (old) abscissa of uniform

convergence oy,.

Definition 2.4. Given 1 < w < oo we will say that a set of holomor-
phic functions F (£, NDY) has the property (T) if it remains stable under
composition with diagonal operators of norm < 1, contains the contin-
uous polynomials on ¢,, as well as all bounded holomorphic functions
on ¢, N DY,

Relevant examples are the space H (£, NDY) of all holomorphic func-
tions, the space Hp (£, NDY) of holomorphic functions of bounded type,
and the space Hg(£,,NDY) of all holomorphic functions that are bounded
on bounded subsets of £,, MDY (see [14, p. 164] for the definition and prop-
erties). We have Hoo(BEm) = Hﬁ(Bloo)a but Hoo(Blw> - Hg(ng) -
Hy(By,) C H(By,), for all 1 <w < +o0.

Theorem 2.5. Let ) ° | %2 be a Dirichlet series. For any set F({y N
DY) of holomorphic functions on £, N DN with property (T) we have

W(F(ty DY) < 0 < W(F(ly NDY)) + —,
w
for all 1 < w < co.

Proof: This proof heavily relies on the original one by Bohr [6] (see
also the version given by Boas in [3]; the interested reader should also
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compare with Lemmas 17 and 18 from Bayart’s paper [2]). But, as
there are some delicate technical difficulties to overcome, we feel that
we must give it with detail. By hypothesis, Huo (£ N DY) C F(ly N
DY), hence h(F (£, NDY)) < h(Haso (€, N DY)) and, by Proposition 2.3,
h(Hu(Be..)) = h(Hoo (£, NDY)). But Bohr proved that h(Hoo(Be..)) =
o, (for a direct proof see e.g. [12, Theorem 4.4]) and we get h(F(£,, N
DY) < o,.

To prove the other inequality consider o € R such that g, € F(£, N
DY) with monomial expansion ZQGN(()N) Zﬁ—izo‘. We can assume o = 0.
This means that

g(z) == Z apaz® € F(Ly, NDY).
aEN(()N)

To finish the proof we have to check that o, < % For m € N, the
m-dimensional unit polydisk BY} = B(cm ||.) is @ Reinhardt domain
in C™ such that B7 x {0} = £, NDNN (£ x{0}). We define g,,,: BT —
C by gm(z1s---2m) = g(#1,. .., 2m,0,...). Clearly, g,, € H(BZ). We
put A, := {p*: a € Nj'} and

a,’" = .
0  otherwise,

L

Py < 1for all k € N and all s € C with Res > 0, it is

possible to define a sequence ( f,,,) of holomorphic functions, f,,: [Res >
0] — C, fim(s) = gm(=,..., ). This sequence satisfies the following

Py’ Ph,

and since 0 <

properties:

(1) (fm) C H([Res > 0]) and for each m € N, f,(s) = >_° ﬂ,

n=1 ns
where the convergence is absolute for every s € C with Res > 0.

(2) Given m, the Dirichlet series Y °- , <

n=1 %
uniformly on [Re s > 7], for every n > 0.
(3) (fm) is bounded on [Res > 7], for each n > .

(m)

converges absolutely and

(m)
(4) For each n > L the sequence fn(s) = Y., 4“2 is absolutely
and uniformly convergent to the Dirichlet series )" ; %2 on [Re s>
n+1].

Since ZaeNom ape 2 converges absolutely and uniformly to g, on ev-
ery compact subset of BZ, (1) holds.
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Claim (2) follows from the fact that K" = {z € C™ : |z, <p,", n =

1,2,...,m} is a compact subset of BZ, and K" is the image by the
mapping s — (=,...,——) of [Res > 7).

Py’ P
Given 7 > 1, the sequence (#) = (ﬁ)?:l € L, NDY | so g((}%))

is defined. Let K, := {z € CV : |z4| < p,", k= 1,2,...}. In K, the
||.||.o-norm topology coincides with the pointwise topology. Hence K, is
a compact subset of £,,NDY containing (#) (for the case w = oo observe
k
that K, C ¢p). Finally, the inequalities
(2.2) sup.  [fm(s)[ < sup  [gm(2)] < sup |g(x)] < oo,
meN, [Re s>1n)] meN, ze K zeEK,

imply that the sequence (f,,) is bounded on [Re s > 7] for every n > %
proving (3).

Finally fix n > % For o € N((JN) and m € N such that a,, = 0 for
alln >m

m
" < 1 ) / / g(zl,...,zm,(),...)dz &
p* = | 5 T T 1...dzm.
T - A

Thus

1

ap

1\™ ) .
<= e pre®m 0, .| dé
=~ (27T> ‘/[072”]m |g(p1 € ) 7pm € s Uy )|

S ||gHKn < 00,

and it follows that

1 1
{an— in € N} = {apa— fa € N(SN)}
nn pna

oo

is bounded. Since the sequence (=) € {; for every t > 1 we conclude

n=1
that
1
(23) anm :n €N efl,
for every n > % and
1 < 1
anﬁ > |an|W7

for all s such that Res > n + 1, which proves the claim (4).
By (1), (2) and (3) and Montel Theorem, there exists a holomor-
phic function f on [Res > <] such that (f») converges absolutely and



DIRICHLET SERIES 379

uniformly to f on any compact subset of [Res > 1] and, by (4),

OEDPE

n=1

for all s in [Res > n + 1]. Moreover, by (3), f is bounded on [Res > 7).

Our next goal, that will finish the proof, is to show that f(s) =
S, % forall s € CwithRes > 1 and that the convergence is uniform
on [Res > n]. But if we take a number b so that - < b <n <b+ 1 and
consider Q@ = [n < Res < b+ 1] then [Res > n] = QU [Res > n + 1].
Thus, by (4), we only have to prove the uniform convergence of the
Dirichlet series > ° | %2 on Q.

Let sg := zo +iyo € . For r > 0 take the closed path ~, given by the
union of the following segments [eq, 2], [e2, €3], [e3, 4], [e4,e1], where

e1, es, e3, eq are the following points
er=n+1+i(yo—r), e2=n+1+i(yo+r), es=b+i(yo+r), ea=b+i(yo—r).
Now we take a sequence (d,,,) of positive real numbers satisfying the two
conditions:

(i) dp >nforn=1,...,m and d,, <n for n > m,

(i) there exists K > 0 so that (min,en{|log %=|}) ' < Km, for all m.

n

Bohr took d,, = y/m(m+1). In that case, min,en{|log%=|} =

log./l—i—%.

Let us define hy,: [Res > 1] — C by

S—So
— dm

hm(s) = f(s).

S — 80

So f(s0) = ress—sy han = 7 f% hum(s) ds. Moreover,

m

[ moras =32

s n=1

27

flso) =Y ZZ, =
n=1

(D) m €3
< / hm(s)ds — 2m'z Z:O + / hm(s)ds
€1 n=1 €2
eq €1
+ / hm(s)ds| + / hm(s)ds|.
es €4
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Let us see first what happens with [* b, (s) ds. Since

_ Re(s—s _
dfn S0 dm( 0) d:]n-i-l xo de_l

s — S0

|s —so|  |s—so] —n—0

for all s € [e1, e2] and since the series Y~ | 9 is uniformly convergent
on [Res =n+ 1], it follows that

ds So €2 —S0 1
/ s)ds = E an/ / ( ) —ds.
e1 s — 50 nS nSU e1—50 S

Therefore

e2=s0 /g N\N°1
/ hm(s)ds — 2mi Z / (—) —ds — 27m')
e nSO e1—50 n S

e2=so /d \°1
— | —ds|.
+Z}n50 /8150 (n> ] §

Now, if n < m then %= > 1 and hence by [15, pp. 825-826]

€eo—S S d_m @
/2 0<d—m> lds—27m' (")
e1—s0 n S

log (%)

and if n > m then 0 < %= < 1 and if we apply again [15, pp. 825-826]
getting
2750 /d,\° 1
/ (—> %
e1—s0 n S
where 0 < a:=n+1—1x9 < 1. Hence
“ X~ n |an| 2 n )a
/61 hm(s)d8_27mzno anor“ ( )
n=1 =1
By hypothesis, there exists K > 0 so that

1
- <K
|logd,, —logn| — "

<

ﬁll\?

)

for all m and n. Thus,

/ hom dS—27TZZ an
e1

o lan]
a n
d ZnnJrl'

n=1
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Hence, since a < 1 and, by (2.3), we finally have that there is C; > 0
such that

€2 " a, md,
2.4 hom(s)ds — 2mi | <C ,
(24) [ s —2mi > Tl <
for all m and » > 0. Now
es €350 s n+1—xo dt
hm(s)ds|= / —f(s+s0)ds|< sup |f(s m
/62 ( ) ea—sg S ( ) [Rcst]| ( ) b—xg |t—|—ZT|

and, as 0<n+1-z9 <1, we get a constant Ca = (n+1—b) SUpre s>4 | £ (5)]

such that
e3
/ hm(s)ds
e

for all m and r > 0. Analogously, there exists a constant C3 so that

/ hm(s)ds

for all m and r > 0. Finally

dm

dm
(2.6) < (03—,
T

e ea=so s
/ hm(s)ds| = / 2 f(s+ so)ds
€3 €3—S80 S
< sup |f(s)|di / 2
o [Re s>b] " —r |b — Zo + tl|
<4 sup |f(s)|dl *° /T#dt
h [Re s>b] " 0 n_b+t

=4 sup |f(s)ld;, * (log(n — b+ 1) —log(n — b)).
[Re s>b]

Hence, there exists Cy > 0 so that
logr

e4
hm(s)ds —
/63 dn’

for allm € Nand all 7 > 1. If we take r :== md?, < d3,, by applying (2.4),
(2.5), (2.6) and (2.7), we obtain that there is a constant C' > 0 with
an
- 352

1 3logd,
<o+ et
n=1 dm d:]n
for all s € ©Q and all m € N and it follows that the Dirichlet series
converges uniformly to f in Q. O

(2.7)

<y

m
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We finish this section with three examples in which o, in fact equals
h(F (L, NDY)) + L. A natural conjecture might be that o, = h(F (£, N
D)) + 1. But this is in general false as will be shown at the end of the
next section.

Examples 2.6. In the following we abbreviate for a given 1 < w < oo
the abscissa h(F (£, NDY)) in the three cases h(H (£, NDY)), h(Hg(ly N
DY) and h(Hy (£, N DY)) simply by hy,.
(i) For the Riemann zeta function Y ., - holds that o, = 04 =1
and hy, =1 — % for every 1 < w < oco. In particular, hoo = 0y =
0q = 1.
(ii) For the Dirichlet series Y.~ | %=, where a, = 1 if n is a prime
number and 0 otherwise, holds that 0, = 0, =1 and hy, =1 — %
for every 1 < w < oco. In particular, heo = 0y = 1.

(iii) For the Dirichlet series 22021 m holds that o, = 0, = 0 and

hw:—% for every 1 < w < oo.

Proof: We start with the proof of (i): For 1 < w < oo we just notice
that for o € R we have

1
w’

L D) B D ONE)

aeNgV aeNyY aeNgV

g~

1 _ 1 wa| _ TT® 1 :
where = =1—. Moreover ZaeN[()N) |z =TI, _; 7=——= and this prod-

w’ n=1 1—|z,|¥

uct converges for z € £,, N DY and, on the other hand, ZaEN(N) pdﬁ =
0

[1°2, —2—+ and this product converges if and only if > > L <

n=1 1_‘ﬁ|w n=1 (pz)w/

+00, but this holds if and only if o > 2.

The proof of (ii) is left to the reader.

Finally, the proof of (iii): Given o > 0, clearly p > 1. Thus,

28) [PsEE (5>

for every natural number n > kg and every s € C with Res > o. Hence

oo
n=1

< 0.

1
(P1---pn)®
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Therefore 0, < 0. But, for s € C with Res < 0 it follows that
|(p1-..pn) %] = (p1-..pn)” B®® which diverges to +00, so g, > 0. Then
we get that 0 < o, < 0, < 0, < 0 which implies that o, = 0, = 0, = 0.
But |z,| < 1 for all n and all z € £, N DY, hence (2.8) implies that
S sFess € Hoo(Lw N DY) for every o > 0. Therefore h,, < 0. Now,

let 0 < 0. For 1 < w < oo, by [14, Lemma 1.38],

lz1 .- 'ZHHTBew B Tnpfg copn e
pd...p% nw ’
for all r > 0. Putting b, , := r"p;'if;, we have that
n w

bn+1,r — < n ) w p;-il
by n+1l) (n+1)w
On one hand, the sequence ((HL_H)%) converges to e~w and, on the

other hand, since K nlog(n) < p, < Lnlog(n) for every n > 2 and some

1

—wo w

Priy1
n+1

positive constants K and L, the sequence ( diverges to 400

whenever ¢ < —% and converges to 0 whenever o > —%. Thus, if
o > —%, then the series > >~ by, is convergent and, hence, f, =

S ~#==2 is holomorphic and bounded on B, N D for all r > 0,
1 Fn

which implies that f, belongs to the smallest space Hg(£, N"DY) and we
have h,, < —% for the three spaces.

Now, given ¢ < —% we have that b, , diverges to oo for all » > 0.
If fo =300, ;(11,'.'.';;; belongs to the biggest space H(f, N DY) then,
by continuity at the origin, there would exists ro¢ > 0 such that f, €
H(roBe, ). But, by the Cauchy inequalities,

Hzl e ZnHroBzw
bn,ro = T <\ follvoBe, < o0,
for all n, a contradiction. Therefore h,, = —%. The case w = oo also
follows since (p; 7 ...p,7) diverges to +oo. O

3. S versus Ty,

Let R be a Reinhardt domain in £, for 1 < w < oo, and F(R) a set
of holomorphic functions on R. We define
S(F(R)) :==sup{g>1:4,NR C dom F(R)}

and
T'(F(R)) = sup{oa — h(F(R))},
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where this supremum runs over all Dirichlet series )" | %2 (as usual we
use the notation a — (+00) = —00, a — (—00) = +00, (+00) — b = 400,
(—00)—b = —o0, forall a,b € R, +00—(+00) = 0 and —oco— (—o0) = 0).

Let us first note that for F(R) = Huo (£, NDY) we obtain nothing else
than Bohr’s original definitions from (1.2) and (1.4).

Proposition 3.1. S(Hy (¢, NDY)) =S and T(Huo (b NDY)) =T for
alll <w < oo.

Proof: By Proposition 2.3, T(H (¢, NDY)) = T and an easy analysis
of the proof of Proposition 2.3 shows that S(Hs (¢, NDY)) = S for
all 1 <w < 0. O

In particular, we know from (1.3) that T'(Hoo( £, DY) =1/S(Hoo (€N
DY) for all 1 < w < oo and, as a consequence, the Bohr-Bohnenblust-
Hille Theorem T' = 1/S = 1/2, i.e. the width of the strip of uniform
but non absolute convergence for Dirichlet series is %, can actually be
obtained from the study made on dom(H, (£, NDY)) for any fixed w.
But as we are going to show the situation is very different if we work
with bigger classes of functions.

The following result is the main contribution in this section. It shows
in which sense the Bohr-Bohnenblust-Hille Theorem can be extended
from H,(By_,) to any set F (¢, DY) of holomorphic functions on £,,NDY
satisfying property (T).

Let us observe that for 1 < w < oo the set £, N DY is not bounded
in £,,. Hence the function space Hu, (£, NDY) does not contain the dual
space of £,,, and therefore next theorem does not apply to Heoo (£, N DY)
(which fits with the preceding proposition).

Theorem 3.2. For 1 < w < oo let F(£, NDY) be a set of holomorphic
functions that contains the polynomials on ¢,,. Then we have

1 fl<w<?2

(3.1) ﬂf%ﬁﬂwﬁz{e+¢gl if2 <w < oo
2 " w - -7

and if F (L, NDN) even satisfies property (T)

1 _{1 ifl<w<?

(3.2) T(f(fwﬂDN))Zm_ 1ol jf2<w< oo

Proof: Clearly, (3.1) is an immediate consequence of Theorem 1.1. For
the proof of (3.2) note first that by the Prime Number Theorem there
exists a constant K > 0 such that n < p,, < Knlogn for alln > 2. Hence

the series > 7, pi, is convergent if and only if ¢ > 1. Moreover, in order
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to make the notation short we will write T, = T(F (£, N DY)), Sw =
S(F(LwnDN)) and hy = h(F(£,NDY)) for any Dirichlet series >~ | 2.
Finally, note that by Proposition 2.1 we only have to study the case when
—00 < hyy < +00.

We start with the proof of the fact that T\, < g—. Fix some Dirichlet
series Y- ° 4o If 1 < w < 2 we know from (3. ) that Sw = 1. We take
o> hy+1 and o such that ¢ — 1 > g9 > h,,. We know that

Ion(2) = > e F(o, N DY),
(N) peoe
aeNy

Since 0 — oo > 1, the sequence (p(,%(,o) = (=%55)52, belongs to £1N By,
2

which, by Theorem 1.1, is contained in dom F(¢,, N DY). Hence
1 [e3
E = g ( — ) < 00,
pO’ oo

aeNV aeNV
and we conclude that o, < o for all ¢ > hy + 1. Thus o, < hy + 1,

or in other words o, — h, < Si This for 1 < w < 2 proves the

Qpe
paa

apa

pOtO'()

inequality T, < é

If w > 2, then, by (3.1), Su = (3 + %)*1 > 1. Fix again some
Dirichlet series Y “—”. If o > hy + S , we take § > 0 such that
0 > hy —i— +(5 and ¢— + 2 < 1. Additionally we define ¢ = (— +8)7!
and r = g- —|— %‘5. By deﬁmtlon, g > 1 and rq > 1. Hence (p,") € 4.
But ¢ < S, and S, = (3 + £)7' < w. Thus (p,") € £, and we
have that (p,") belongs to ¢, N DN N ¢, which in turn is contained in
dom F (£, NDY). On the other hand, since og := hy, + g > hy we get
that g,,(z) = EaeN[()N) ;;%zo‘ € F (£, NDY), hence

1 o
> 5[] (1) <
pr
aeN{ aeN{?
Finally, o9 + 7 = hy + Si + § < o, and we see that as desired

>

aGNE)N)

apa -
pa(a'o +r)y |

Qpo

QO
p 0

Ape:
paa

< 00.

. . . . 1
This finishes the proof of the inequality T, < 5o
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Now we want to prove that Si < T, forall 1 < w < oo. The
first aim is to show that there is some &y > 0 such that for all ¢t > 0

with S, < 1/t < 09 we have
(p, %) & dom F (£, NDY);

indeed, if w =1 we fix 0 <t < 1 and we take any r > 1 with 1 = 5; <
r < 1. Since tr < 1, then (p,’) & ¢,. If w > 1 we consider ¢ > 0 such
that S, < % < w and any r with S, <r < % Since wt > 1, we have
(py?) € £y and clearly 0 < p,;* < 1 for all n. Thus (p,,*) € £, NDY. But
since tr < 1, then (p, %) & ¢, for any r with S, < r < % If we apply
in both cases the upper bounds given by Theorem 1.1, we obtain that
(p;t) & dom F (£, N DY), the desired claim.
Hence there exists g(z) = EaeN[()N) caz® € F(l, NDY) such that

S lealpn®)® = +oo.

aEN[()N)

If we define now
o ol i

then

Qn
nt

00
YoIE = D lealnh)® = 4o

n=1 aeN®

As a consequence o, > t. But for that Dirichlet series we have h,, < 0.
Indeed, ZQGN(()N) Z?T(;zo‘ coincides with g on £,, "D and, by hypothesis,
g € F(ly NDY). Now 04 — hy > 04 >t for all t < é and we conclude
that 0, — hy > = , for that particular Dirichlet series. Hence T, =

Sw
sup{oq — huw} > o O

Observe that taking w = oo we have obtained a new proof of the
Bohr-Bohnenblust-Hille Theorem.

Remark 3.3. A natural conjecture, reinforced by the Examples 2.6 is that
ou = h(F(l,NDY))+ L for each set of functions F(¢,, NDY) with prop-
erty (T). But, in general, this conjecture is false since for each 1 < w < 2
and for each set of functions F (£, NDY) with property (T) there exists a
Dirichlet series > n. | %= such that o, < h(F (€, NDY)) + L. Indeed, if

there is a set of functions F (£, N DY) with property (T) satisfying that
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conjecture for all Dirichlet series Y ° ; “n then
sup ¢ oq— | R(F (£ rﬂD)N))—i—l 'ia—" =SuUp { 0 —0 'ia—n _1

p a w w N — ns - p a u - ns - 27
by the Bohr-Bohnenblust-Hille Theorem ([5], [7]). Thus

11

2 )
for every 1 < w < 400 but, by Theorem 3.2, we know that T'(F(¢,, N
DY) =1 for every 1 < w < 2. A contradiction.

T(F (L, NDY)) — —=
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