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NEW STRIPS OF CONVERGENCE FOR DIRICHLET

SERIES

Andreas Defant, Domingo Garćıa, and Manuel Maestre

Abstract

In this article we study the interplay of the theory of classical
Dirichlet series in one complex variable with recent development
on monomial expansions of holomorphic functions in infinitely
many variables. For a given Dirichlet series we obtain new strips
of convergence in the complex plane related to Bohr’s classical
strips of uniform but non absolute convergence.

1. Introduction

Harald Bohr in [7] studied the width of the strip of uniform but non
absolute convergence of a Dirichlet series

∑∞
n=1

an

ns on C. He made a
deep connection with infinite dimensional holomorphy. His work is very
much based on the fact that if p = (pk)∞k=1 is the sequence of prime
numbers, then the sequence (log pk)∞k=1 is linearly independent over the
field Q. Actually he associated to each series

∑∞
n=1

an

ns a family of for-

mal power series
∑

α∈N
(N)
0

apα

pασ zα in infinitely many variables on the in-

finite dimensional polydisk DN, where σ ∈ R and pα = pα1
1 . . . pαk

k for

α = (α1, . . . , αk, 0, . . . ) ∈ N
(N)
0 . For a fixed Dirichlet series

∑∞
n=1

an

ns he
defined the maximal half plane [Re > σa] of absolute convergence where
the so-called abscissa of absolute convergence is given by

σa = inf

{
r ∈ R :

∞∑

n=1

an

ns
is absolutely convergent

on the half plane [Re s ≥ r]

}
,
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as well as the maximal half plane [Re > σu] of uniform convergence with
the abscissa of uniform convergence given by

σu = inf

{
r ∈ R :

∞∑

n=1

an

ns
is uniformly convergent

on the half plane [Re s ≥ r]

}
.

Moreover, Bohr introduced the notation

(1.1) T = sup

{
σa − σu :

∞∑

n=1

an

ns

}
,

the maximal width where a Dirichlet series
∑∞

n=1
an

ns converges uniformly
but not absolutely. Bohr’s main aim then was to find the precise value
of T . He himself was only able to prove that T ≤ 1

2 , whereas the final

result T = 1
2 was obtained in 1931 by Bohnenblust and Hille in [5]. But

Bohr in [7] contributed with two crucial facts to this solution. The first
one is that σu = h where

(1.2) h=inf



σ∈R :

∑

α∈Nm
0 ×{0}

∣∣∣∣
apα

pσα
zα

∣∣∣∣<∞ for all z∈Bℓm
∞

, m=1, 2, . . .

and sup
m∈N

sup
z∈Bℓm

∞

∣∣∣∣∣∣

∑

α∈Nm
0 ×{0}

apα

pσα
zα

∣∣∣∣∣∣
< ∞





(here as usual Bℓm
∞

:= Cm × {0} ∩ Bℓ∞). The other one is that

(1.3) T =
1

S
,

where

S = sup





q ≥ 1 :
∑

α∈N
(N)
0

|cαuα| < ∞ for all u ∈ ℓq ∩ Bℓ∞ ,

for all power series
∑

α∈N
(N)
0

cαzα such that
∑

α∈Nm
0 ×{0}

|cαzα|<∞

for all z ∈ Bℓm
∞

, m = 1, 2, . . .

and sup
m∈N

sup
z∈Bℓm

∞

∣∣∣∣∣∣

∑

α∈Nm
0 ×{0}

cαzα

∣∣∣∣∣∣
< ∞



 .
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With this notation T = 1/S = 1/2, a result which we call the Bohr-
Bohnenblust-Hille Theorem.

In order to reformulate Bohr’s definitions of T and S in terms of (in-
finite dimensional) complex analysis we need some more definitions. A
(non empty) open subset R of ℓw, 1 ≤ w ≤ ∞, is called a (complete)
Reinhardt domain if given x = (xn) ∈ R, then y = (yn) ∈ R for ev-
ery y ∈ CN for which |yn| ≤ |xn| for all n. A function f : R −→ C is
called Gâteaux holomorphic if its restriction to the intersection with any
finite dimensional subspace of ℓw is holomorphic as a function of several
complex variables. Finally, f is holomorphic if it is Fréchet differentiable
on R (see [14], [16] for background and properties used through the pa-
per). Given a Gâteaux holomorphic function f : R −→ C, its monomial
expansion is the formal power series

∑
α∈N

(N)
0

cαzα where

cα(f) =

(
1

2πi

)n ∫

|z1|=r1

· · ·

∫

|zn|=rn

f(
∑n

j=1 zjej)

zα+1
dz1 . . . dzn

for every n such that αm = 0 for m > n and any r1, . . . , rn satisfying
[|z1| ≤ r1] × · · · × [|zn| ≤ rn] × {0} ⊂ R (i.e. the coefficients obtained
when f is considered as a function just of the first n complex variables).
Given a set F(R) of holomorphic functions on a Reinhardt domain R
of ℓw we call the set

domF(R) =





z ∈ R :
∑

α∈N
(N)
0

|cα(f)zα| < ∞, for all f ∈ F(R)





domain of convergence of F(R).
It is nowadays well known (see Lemma 2.2) that a formal power se-

ries
∑

α∈N
(N)
0

cαzα satisfies supn∈N sup‖z‖∞≤1

∣∣∣
∑

α∈Nn
0×{0} cαzα

∣∣∣ < ∞ if

and only if there exists a function f ∈ H∞(Bℓ∞) such that cα(f) = cα

for every α ∈ N
(N)
0 . When there is no risk of confusion we will denote by∑

α∈N
(N)
0

cαzα both a formal power series and its associated function f

(whenever it exists).
With this more modern point of view we obtain for every Dirichlet

series
∑∞

n=1
an

ns the following two alternative descriptions of T and S:

(1.4) σu = h = inf





σ ∈ R : gσ(z) =
∑

α∈N
(N)
0

apα

pασ
zα ∈ H∞(Bℓ∞)





,
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and

(1.5) S = sup
{
q ≥ 1 : ℓq ∩ Bℓ∞ ⊂ domH∞(Bℓ∞)

}
.

Very recently a thorough study on domains of convergence of monomial
expansions of holomorphic functions has been made in [13]; it contains
the following result that will be a key ingredient to us.

Theorem 1.1 ([13, Example 4.9]). Let R be a Reinhardt domain in ℓw

with 1 ≤ w ≤ ∞, F(R) a set of holomorphic functions on R which
contains the polynomials, and ε > 0. Then for 1 ≤ w < 2 we have

ℓ1 ∩ R ⊂ domF(R) ⊂ ℓ1+ε ∩ R,

and for w ≥ 2 with 1
q

= 1
2 + 1

w

ℓq ∩ R ⊂ domF(R) ⊂ ℓq+ε ∩ R.

In particular, by taking w = ∞ the above result implies that S = 2
and we recover the Bohr-Bohnenblust-Hille Theorem.

The aim of this paper is to clarify what kind of new information
on Dirichlet series can be obtained from the new results on domains
of convergence of monomials expansions on Reinhardt domains of ℓw,
1 ≤ w < ∞, in particular from Theorem 1.1. We will focus on new
strips of convergence for Dirichlet series closely related to the one studied
by Bohr in [7] and Bohnenblust and Hille in [5]: Consider in ℓw the
Reinhardt domain

ℓw ∩ DN,

where D as usual denotes the open unit disk in C and fix a set F(ℓw∩DN)
of holomorphic functions with a technical property (T) (see the definition
below); concrete examples are the space H(ℓw ∩ DN) of all holomorphic
functions, or the space Hβ(ℓw ∩ DN) of all holomorphic functions that
are bounded on bounded subsets of ℓw ∩ DN, or the space Hb(ℓw ∩ DN)
of all holomorphic functions of bounded type (see [14, p. 164] for the
definition and properties).

For every such function space F(ℓw ∩ DN) we will associate to each
Dirichlet series

∑∞
n=1

an

ns a new line h(F(ℓw ∩ DN)) of (monomial) con-
vergence (see the definition in Section 2 below).

This new line in the case F(ℓw ∩ DN) = H∞(ℓw ∩ DN), 1 ≤ w ≤ ∞,
coincides with the old line σu (see Proposition 2.3). For other function
spaces F(ℓw ∩DN) different from H∞(ℓw ∩DN) the situation is very dif-
ferent. In Theorem 2.5 we prove the inequality σu ≤ h(F(ℓw ∩ DN)) ≤
σu + 1

w
(provided F(ℓw ∩ DN) satisfies property (T)). Moreover, we ex-

tend (in a straightforward way) Bohr’s definitions of S and T to the
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families F(ℓw ∩ DN) (for the definitions see Section 3). Then in Propo-
sition 3.1 we recover and generalize the original Bohr-Bohnenblust-Hille
Theorem: For each 1 ≤ w ≤ ∞

T (H∞(ℓw ∩ DN)) =
1

S(H∞(ℓw ∩ DN))
=

1

2
.

Again the situation changes for general function spaces F(ℓw ∩DN) (sat-
isfying (T)): in Theorem 3.2 we show the formulas

T (F(ℓw ∩ DN)) =
1

S(F(ℓw ∩ DN))
=

{
1 if 1 ≤ w < 2
1
2 + 1

w
if 2 ≤ w ≤ ∞.

2. New abscissas of convergence

Fix some Reinhardt domain R in ℓw, 1 ≤ w ≤ ∞, and a set F(R) of
holomorphic functions on R and a Dirichlet series

∑∞
n=1

an

ns . We define

h(F(R)) := inf





σ ∈ R : gσ(z) =
∑

α∈N
(N)
0

apα

pασ
zα ∈ F(R)





.

Consider F(R) a set of holomorphic functions remaining stable un-
der composition with diagonal operators of norm ≤ 1 (i.e. given b =
(bn) ⊂ CN with |bn| ≤ 1 for all n, and f ∈ F(R) then g ∈ F(R)
where g(z) = f(b · z), z ∈ R). In that case h(F(R)) defines a half
plane of C in the following sense: if s ∈ C and Re s > h(F(R)) then
gs(z) =

∑
α∈N

(N)
0

apα

pαs zα ∈ F(R); indeed, let Re s > σ ≥ h(F(R)) be such

that gσ(z) =
∑

α∈N
(N)
0

apα

pασ zα ∈ F(R). Then

gs(z) =
∑

α∈N
(N)
0

apα

pασ

(
z

ps−σ

)α

= gσ

(
z

ps−σ

)
.

Given 1 ≤ w ≤ ∞, we take the canonical inclusion iw : ℓw −→ ℓ∞
and we denote by ℓw ∩ DN the open subset i−1

w (Bℓ∞) of ℓw. Clearly
ℓw ∩DN is a Reinhardt domain in ℓw. We are going to work with sets of
holomorphic functions defined on these Reinhardt domains, since, after
a careful analysis of the original proofs, it seems to us that they are the
only ones which allow to translate Bohr’s study from ℓ∞ to ℓw.

The first result shows that the abscissa h(F(ℓw ∩ DN)) is less than or
equal to the absolute convergence abscissa σa, and the maximal width
between both is ≤ 1.
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Proposition 2.1. Let F(ℓw ∩ DN), for 1 ≤ w ≤ ∞, be a set of holo-
morphic functions remaining stable under composition with diagonal op-
erators of norm ≤ 1 and containing the bounded holomorphic functions
on ℓw∩DN. Given a Dirichlet series,

∑∞
n=1

an

ns , then h(F(ℓw∩DN)) is fi-

nite if and only if σa is finite too and, in that case, h(F(ℓw∩DN)) ≤ σa ≤
h(F(ℓw ∩DN)) + 1. Moreover, σa = +∞ if and only if h(F(ℓw ∩DN)) =
+∞ and σa = −∞ if and only if h(F(ℓw ∩ DN)) = −∞.

Proof: First we check that if there exists s ∈ C such that
∑

α∈N
(N)
0

|
apα

pαs | <

∞, then h(F(ℓw ∩ DN)) ≤ Re s. Since
∣∣∣∣

apα

pα Re s

∣∣∣∣ |z|
α ≤

∣∣∣∣
apα

pα Re s

∣∣∣∣ ,

for all z ∈ ℓw ∩ DN, and
∑

α∈N
(N)
0

|
apα

pαRe s | < ∞, we see that gRe s(z) =
∑

α∈N
(N)
0

apα

pαRe s zα is a bounded holomorphic function on ℓw ∩ DN, thus

gRe s ∈ F(ℓw ∩ DN) and h(F(ℓw ∩ DN)) ≤ Re s.
To finish the proof it is enough to see that there exists s ∈ C for

which gs(z) =
∑

α∈N
(N)
0

apα

pαs zα ∈ F(ℓw ∩ DN) , then σa ≤ Re s + 1. Let

σ > Re s + 1. We know from Theorem 1.1 (see also [13, Theorem 3.6])
that ℓ1 ∩ ℓw ∩ DN ⊂ domF(ℓw ∩ DN). But σ − Re s > 1 implies that
( 1

pσ−Re s ) ∈ ℓ1 ∩ DN ⊂ ℓw ∩ DN. Thus

∑

α∈N
(N)
0

∣∣∣∣
apα

pασ

∣∣∣∣ =
∑

α∈N
(N)
0

∣∣∣∣
apα

ps

∣∣∣∣
∣∣∣∣
(

1

pσ−Re s

)α∣∣∣∣ < ∞,

the conclusion.

Now we are going to show that h(H∞(ℓw ∩ DN)) for each Dirichlet
series and each possible w is nothing else than the original abscissa of
uniform convergence. The following lemma is needed. It should be well
known and is just proved for the sake of completeness.

Lemma 2.2. Let
∑

α∈N
(N)
0

cαzα be a formal power series such that, for

every m ∈ N,
∑

α∈Nm
0 ×{0} cαzα is absolutely convergent at any point of

C(N) ∩ Bℓ∞ and that

sup
m∈N

sup
z∈Bℓm

∞

∣∣∣∣∣∣

∑

α∈Nm
0 ×{0}

cαzα

∣∣∣∣∣∣
< ∞.

Then there exists f ∈H∞(Bℓ∞) such that cα(f) = cα, for every α ∈ N
(N)
0 .
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Proof: Consider the normed space Z := (C(N), ‖.‖∞). Clearly g(z) =∑
α∈Nm

0 ×{0} cαzα, z ∈ BZ , defines a Gâteaux holomorphic function

on BZ that, moreover, is bounded and hence holomorphic on BZ ([14,
Proposition 3.7]). Thus there exists a sequence (Pm) of continuous m-ho-
mogeneous polynomials on Z with

g(z) =
∞∑

m=0

Pm(z),

for all z ∈ BZ . If we fix 0 < r < 1 then, by the Cauchy inequalities,

(2.1)
1

rm
‖Pm‖rBZ

≤ ‖g‖BZ
< ∞.

That implies that the Taylor series of g at zero converges absolutely
and uniformly on rBZ . Thus g is uniformly continuous on rBZ . As
a consequence there exists a unique uniformly continuous extension g̃
to rBZ = rBc0 . Analogously, each Pm has a unique uniformly continu-
ous extension to c0 which is an m-homogeneous polynomial and will be

denoted by P̃m. Moreover, by (2.1)

‖P̃m‖rBc0
= ‖Pm‖rBZ

≤ rm‖g‖BZ
,

for all m and all 0 < r < 1. Hence the series
∑∞

m=0 P̃m converges abso-
lutely and uniformly on rBc0 , 0 < r < 1, defining a holomorphic function
on Bc0 . Since it is uniformly continuous on rBc0 , 0 < r < 1, we conclude
that it coincides with g̃, i.e. g̃ ∈ H∞(Bc0). Now, by the classical result
by Aron and Berner from [1] (in the Davie-Gamelin version [9, Theo-
rem 5]), g̃ has an extension to another bounded holomorphic function f
on Bℓ∞ . Clearly,

cα(f) = cα(g) = cα,

for every α ∈ N
(N)
0 .

The following result extends Bohr’s description of the uniform con-
vergence abscissa σu from (1.2) and (1.4).

Proposition 2.3. For each Dirichlet series
∑∞

n=1
an

ns we have

h(H∞(ℓw ∩ DN)) = h(H∞(Bℓ∞)) = σu,

for every 1 ≤ w ≤ ∞.

Proof: We check that h(H∞(Bℓ∞)) ≤ h(H∞(ℓw ∩ DN)). Given σ >
h(H∞(ℓw ∩ DN)), there exists a holomorphic and bounded function gσ :
ℓw ∩ DN −→ C with monomial expansion

∑
α∈N

(N)
0

apα

pασ zα, i.e. cα(gσ) =
apα

pασ for every α ∈ N
(N)
0 . Consider the normed space Z := (C(N), ‖.‖∞).
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Since BZ , the open unit ball of Z, is included in ℓw ∩ DN and all norms
on finite dimensional spaces are equivalent, the restriction of gσ to BZ

is Gâteaux holomorphic and bounded. By the above lemma, there ex-
ists a bounded holomorphic function fσ ∈ H∞(Bℓ∞) which is an ex-

tension of gσ and satisfies cα(fσ) =
apα

pασ for every α ∈ N
(N)
0 . Hence

h(H∞(Bℓ∞)) ≤ σ.
The other inequality is straightforward. Consider σ > h(H∞(Bℓ∞)),

there exists a function sσ : ℓw ∩ DN −→ C holomorphic and bounded
on Bℓ∞ with monomial expansion

∑
α∈N

(N)
0

apα

pασ zα, i.e. cα(sσ) =
apα

pασ

for every α ∈ N
(N)
0 . Using again the equivalence of all the norms on

finite dimensional spaces, the restriction sσ| of sσ to ℓw ∩DN is Gâteaux

holomorphic and bounded on ℓw ∩ DN, thus it is holomorphic (with the
‖.‖w norm) on ℓw ∩ DN. As the monomial expansion of sσ and sσ|

coincide we get h(H∞(ℓw ∩ DN)) ≤ σ which implies h(H∞(ℓw ∩ DN)) ≤
h(H∞(Bℓ∞)).

Motivated by the preceding result the next aim is to link for a given
Dirichlet series

∑∞
n=1

an

ns and a wide class of function spaces F(ℓw ∩

DN) the (new) abscissa h(F(ℓw ∩DN)) and the (old) abscissa of uniform
convergence σu.

Definition 2.4. Given 1 ≤ w ≤ ∞ we will say that a set of holomor-
phic functions F(ℓw∩DN) has the property (T) if it remains stable under
composition with diagonal operators of norm ≤ 1, contains the contin-
uous polynomials on ℓw as well as all bounded holomorphic functions
on ℓw ∩ DN.

Relevant examples are the space H(ℓw ∩DN) of all holomorphic func-
tions, the space Hb(ℓw ∩DN) of holomorphic functions of bounded type,
and the space Hβ(ℓw∩DN) of all holomorphic functions that are bounded
on bounded subsets of ℓw∩DN (see [14, p. 164] for the definition and prop-
erties). We have H∞(Bℓ∞) = Hβ(Bℓ∞), but H∞(Bℓw

) ( Hβ(Bℓw
) (

Hb(Bℓw
) ( H(Bℓw

), for all 1 ≤ w < +∞.

Theorem 2.5. Let
∑∞

n=1
an

ns be a Dirichlet series. For any set F(ℓw ∩

DN) of holomorphic functions on ℓw ∩ DN with property (T) we have

h(F(ℓw ∩ DN)) ≤ σu ≤ h(F(ℓw ∩ DN)) +
1

w
,

for all 1 ≤ w ≤ ∞.

Proof: This proof heavily relies on the original one by Bohr [6] (see
also the version given by Boas in [3]; the interested reader should also



Dirichlet Series 377

compare with Lemmas 17 and 18 from Bayart’s paper [2]). But, as
there are some delicate technical difficulties to overcome, we feel that
we must give it with detail. By hypothesis, H∞(ℓw ∩ DN) ⊂ F(ℓw ∩
DN), hence h(F(ℓw ∩ DN)) ≤ h(H∞(ℓw ∩ DN)) and, by Proposition 2.3,
h(H∞(Bℓ∞)) = h(H∞(ℓw ∩DN)). But Bohr proved that h(H∞(Bℓ∞)) =
σu (for a direct proof see e.g. [12, Theorem 4.4]) and we get h(F(ℓw ∩
DN)) ≤ σu.

To prove the other inequality consider σ ∈ R such that gσ ∈ F(ℓw ∩
DN) with monomial expansion

∑
α∈N

(N)
0

apα

pασ zα. We can assume σ = 0.

This means that

g(z) :=
∑

α∈N
(N)
0

apαzα ∈ F(ℓw ∩ DN).

To finish the proof we have to check that σu ≤ 1
w

. For m ∈ N, the
m-dimensional unit polydisk Bm

∞ = B(Cm,‖.‖∞) is a Reinhardt domain

in Cm such that Bm
∞×{0} = ℓw∩DN∩(ℓm

w ×{0}). We define gm : Bm
∞ −→

C by gm(z1, . . . , zm) = g(z1, . . . , zm, 0, . . . ). Clearly, gm ∈ H(Bm
∞). We

put Am := {pα : α ∈ Nm
0 } and

a(m)
n :=

{
an if n ∈ Am

0 otherwise,

and since 0 < | 1
ps

k

| < 1 for all k ∈ N and all s ∈ C with Re s > 0, it is

possible to define a sequence (fm) of holomorphic functions, fm : [Re s >
0] −→ C, fm(s) = gm( 1

ps
1
, . . . , 1

ps
m

). This sequence satisfies the following

properties:

(1) (fm) ⊂ H([Re s > 0]) and for each m ∈ N, fm(s) =
∑∞

n=1
a(m)

n

ns ,
where the convergence is absolute for every s ∈ C with Re s > 0.

(2) Given m, the Dirichlet series
∑∞

n=1
a(m)

n

ns converges absolutely and
uniformly on [Re s ≥ η], for every η > 0.

(3) (fm) is bounded on [Re s ≥ η], for each η > 1
w

.

(4) For each η > 1
w

the sequence fm(s) =
∑

n∈Am

a(m)
n

ns is absolutely

and uniformly convergent to the Dirichlet series
∑∞

n=1
an

ns on [Re s≥
η + 1].

Since
∑

α∈Nm
0

apαzα converges absolutely and uniformly to gm on ev-

ery compact subset of Bm
∞, (1) holds.
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Claim (2) follows from the fact that Km
η = {z ∈ Cm : |zn| ≤ p−η

n , n =
1, 2, . . . , m} is a compact subset of Bm

∞, and Km
η is the image by the

mapping s → ( 1
ps
1
, . . . , 1

ps
m

) of [Re s ≥ η].

Given η > 1
w

, the sequence ( 1
pη ) := ( 1

p
η

k

)∞k=1 ∈ ℓw ∩ DN , so g(( 1
pη ))

is defined. Let Kη := {x ∈ CN : |xk| ≤ p−η
k , k = 1, 2, . . .}. In Kη the

‖.‖w-norm topology coincides with the pointwise topology. Hence Kη is
a compact subset of ℓw∩DN containing ( 1

p
η

k

) (for the case w = ∞ observe

that Kη ⊂ c0). Finally, the inequalities

(2.2) sup
m∈N, [Re s≥η]

|fm(s)| ≤ sup
m∈N, z∈Km

η

|gm(z)| ≤ sup
x∈Kη

|g(x)| < ∞,

imply that the sequence (fm) is bounded on [Re s ≥ η] for every η > 1
w

proving (3).

Finally fix η > 1
w

. For α ∈ N
(N)
0 and m ∈ N such that αn = 0 for

all n > m

apα =

(
1

2πi

)m ∫

|z1|=p
−η
1

· · ·

∫

|zm|=p
−η
m

g(z1, . . . , zm, 0, . . . )

zα1+1
1 . . . zαm+1

m

dz1 . . . dzm.

Thus
∣∣∣∣apα

1

pηα

∣∣∣∣ ≤
(

1

2π

)m ∫

[0,2π]m
|g(p−η

1 eiθ1 , . . . , p−η
m eiθm , 0, . . . )| dθ

≤ ‖g‖Kη
< ∞,

and it follows that
{

an

1

nη
: n ∈ N

}
=

{
apα

1

pηα
: α ∈ N

(N)
0

}

is bounded. Since the sequence ( 1
nt )

∞
n=1 ∈ ℓ1 for every t > 1 we conclude

that

(2.3)

{
an

1

nη+1
: n ∈ N

}
∈ ℓ1,

for every η > 1
w

and
∣∣∣∣an

1

ns

∣∣∣∣ ≤ |an|
1

nη+1
,

for all s such that Re s ≥ η + 1, which proves the claim (4).
By (1), (2) and (3) and Montel Theorem, there exists a holomor-

phic function f on [Re s > 1
w

] such that (fm) converges absolutely and
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uniformly to f on any compact subset of [Re s > 1
w

] and, by (4),

f(s) =
∞∑

n=1

an

ns
,

for all s in [Re s ≥ η + 1]. Moreover, by (3), f is bounded on [Re s ≥ η].
Our next goal, that will finish the proof, is to show that f(s) =∑∞
n=1

an

ns for all s ∈ C with Re s > 1
w

and that the convergence is uniform

on [Re s ≥ η]. But if we take a number b so that 1
w

< b < η < b + 1 and
consider Ω = [η ≤ Re s ≤ b + 1] then [Re s ≥ η] = Ω ∪ [Re s ≥ η + 1].
Thus, by (4), we only have to prove the uniform convergence of the
Dirichlet series

∑∞
n=1

an

ns on Ω.
Let s0 := x0 + iy0 ∈ Ω. For r > 0 take the closed path γr given by the

union of the following segments [e1, e2], [e2, e3], [e3, e4], [e4, e1], where
e1, e2, e3, e4 are the following points

e1 =η+1+i(y0−r), e2 =η+1+i(y0+r), e3 =b+i(y0+r), e4 =b+i(y0−r).

Now we take a sequence (dm) of positive real numbers satisfying the two
conditions:

(i) dm > n for n = 1, . . . , m and dm < n for n > m,

(ii) there exists K > 0 so that
(
minn∈N{| log dm

n
|}

)−1
≤ Km, for all m.

Bohr took dm =
√

m(m + 1). In that case, minn∈N{| log dm

n
|} =

log
√

1 + 1
m

.

Let us define hm : [Re s > 1
w

] −→ C by

hm(s) =
ds−s0

m

s − s0
f(s).

So f(s0) = ress−s0 hm = 1
2πi

∫
γr

hm(s) ds. Moreover,

2π

∣∣∣∣∣f(s0) −
m∑

n=1

an

ns0

∣∣∣∣∣ =

∣∣∣∣∣

∫

γr

hm(s) ds −
m∑

n=1

an

ns0

∣∣∣∣∣

≤

∣∣∣∣∣

∫ e2

e1

hm(s) ds − 2πi

m∑

n=1

an

ns0

∣∣∣∣∣ +

∣∣∣∣
∫ e3

e2

hm(s) ds

∣∣∣∣

+

∣∣∣∣
∫ e4

e3

hm(s) ds

∣∣∣∣ +

∣∣∣∣
∫ e1

e4

hm(s) ds

∣∣∣∣ .
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Let us see first what happens with
∫ e2

e1
hm(s) ds. Since

∣∣∣∣
ds−s0

m

s − s0

∣∣∣∣ =
d
Re(s−s0)
m

|s − s0|
=

dη+1−x0
m

|s − s0|
≤

dη+1
m

η − b
,

for all s ∈ [e1, e2] and since the series
∑∞

n=1
an

ns is uniformly convergent
on [Re s = η + 1], it follows that

∫ e2

e1

hm(s) ds =

∞∑

n=1

an

∫ e2

e1

ds−s0
m

(s − s0)ns
ds =

∞∑

n=1

an

ns0

∫ e2−s0

e1−s0

(
dm

n

)s
1

s
ds.

Therefore
∣∣∣∣∣

∫ e2

e1

hm(s) ds − 2πi

m∑

n=1

an

ns0

∣∣∣∣∣ ≤
∣∣∣∣∣

m∑

n=1

an

ns0

(∫ e2−s0

e1−s0

(
dm

n

)s
1

s
ds − 2πi

)∣∣∣∣∣

+
∑

n>m

∣∣∣ an

ns0

∣∣∣
∣∣∣∣
∫ e2−s0

e1−s0

(
dm

n

)s
1

s
ds

∣∣∣∣ .

Now, if n ≤ m then dm

n
> 1 and hence by [15, pp. 825–826]

∣∣∣∣
∫ e2−s0

e1−s0

(
dm

n

)s
1

s
ds − 2πi

∣∣∣∣ ≤
2

r

(
dm

n

)a

log
(

dm

n

) ,

and if n > m then 0 < dm

n
< 1 and if we apply again [15, pp. 825–826]

getting
∣∣∣∣
∫ e2−s0

e1−s0

(
dm

n

)s
1

s
ds

∣∣∣∣ ≤
2

r

(
dm

n

)a

− log
(

dm

n

) ,

where 0 < a := η + 1 − x0 ≤ 1. Hence
∣∣∣∣∣

∫ e2

e1

hm(s) ds − 2πi

m∑

n=1

an

ns0

∣∣∣∣∣ ≤
∞∑

n=1

|an|

nx0

2

r

(
dm

n

)a

| log
(

dm

n

)
|
.

By hypothesis, there exists K > 0 so that

1

| log dm − log n|
≤ Km,

for all m and n. Thus,
∣∣∣∣∣

∫ e2

e1

hm(s) ds − 2πi

m∑

n=1

an

ns0

∣∣∣∣∣ ≤
2Km

r
da

m

∞∑

n=1

|an|

nη+1
.
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Hence, since a ≤ 1 and, by (2.3), we finally have that there is C1 > 0
such that

(2.4)

∣∣∣∣∣

∫ e2

e1

hm(s) ds − 2πi

m∑

n=1

an

ns0

∣∣∣∣∣ ≤ C1
mdm

r
,

for all m and r > 0. Now∣∣∣∣
∫ e3

e2

hm(s) ds

∣∣∣∣=
∣∣∣∣
∫ e3−s0

e2−s0

ds
m

s
f(s+s0) ds

∣∣∣∣≤ sup
[Re s≥b]

|f(s)|

∫ η+1−x0

b−x0

dt
m

|t+ir|
dt

and, as 0≤η+1−x0≤1, we get a constant C2 =(η+1−b) sup[Re s≥b] |f(s)|
such that

(2.5)

∣∣∣∣
∫ e3

e2

hm(s) ds

∣∣∣∣ ≤ C2
dm

r
,

for all m and r > 0. Analogously, there exists a constant C3 so that

(2.6)

∣∣∣∣
∫ e1

e4

hm(s) ds

∣∣∣∣ ≤ C3
dm

r
,

for all m and r > 0. Finally
∣∣∣∣
∫ e4

e3

hm(s) ds

∣∣∣∣ =

∣∣∣∣
∫ e4−s0

e3−s0

ds
m

s
f(s + s0) ds

∣∣∣∣

≤ sup
[Re s≥b]

|f(s)|db−x0
m

∫ r

−r

2

|b − x0 + ti|
dt

≤ 4 sup
[Re s≥b]

|f(s)|db−x0
m

∫ r

0

1

η − b + t
dt

= 4 sup
[Re s≥b]

|f(s)|db−x0
m (log(η − b + r) − log(η − b)).

Hence, there exists C4 > 0 so that

(2.7)

∣∣∣∣
∫ e4

e3

hm(s) ds

∣∣∣∣ ≤ C4
log r

dη−b
m

,

for all m ∈ N and all r > 1. If we take r := md2
m < d3

m, by applying (2.4),
(2.5), (2.6) and (2.7), we obtain that there is a constant C > 0 with

∣∣∣∣∣f(s0) −

m∑

n=1

an

ns0

∣∣∣∣∣ ≤ C

(
1

dm

+
3 log dm

dη−b
m

)

for all s0 ∈ Ω and all m ∈ N and it follows that the Dirichlet series
converges uniformly to f in Ω.
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We finish this section with three examples in which σu in fact equals
h(F(ℓw ∩ DN)) + 1

w
. A natural conjecture might be that σu = h(F(ℓw ∩

DN)) + 1
w

. But this is in general false as will be shown at the end of the
next section.

Examples 2.6. In the following we abbreviate for a given 1 ≤ w ≤ ∞
the abscissa h(F(ℓw ∩DN)) in the three cases h(H(ℓw ∩DN)), h(Hβ(ℓw ∩
DN)) and h(Hb(ℓw ∩ DN)) simply by hw.

(i) For the Riemann zeta function
∑∞

n=1
1

ns holds that σu = σa = 1

and hw = 1 − 1
w

for every 1 ≤ w ≤ ∞. In particular, h∞ = σu =
σa = 1.

(ii) For the Dirichlet series
∑∞

n=1
an

ns , where an = 1 if n is a prime

number and 0 otherwise, holds that σu = σa = 1 and hw = 1 − 1
w

for every 1 ≤ w ≤ ∞. In particular, h∞ = σu = 1.

(iii) For the Dirichlet series
∑∞

n=1
1

(p1...pn)s holds that σa = σu = 0 and

hw = − 1
w

for every 1 ≤ w ≤ ∞.

Proof: We start with the proof of (i): For 1 < w < ∞ we just notice
that for σ ∈ R we have

∣∣∣∣∣∣∣

∑

α∈N
(N)
0

1

pσα
zα

∣∣∣∣∣∣∣
≤




∑

α∈N
(N)
0

1

pσw′α




1
w′




∑

α∈N
(N)
0

|zwα|




1
w

,

where 1
w′

=1−1
w

. Moreover
∑

α∈N
(N)
0

|zwα| =
∏∞

n=1
1

1−|zn|w and this prod-

uct converges for z ∈ ℓw ∩ DN and, on the other hand,
∑

α∈N
(N)
0

1
pσw′α =

∏∞
n=1

1
1−| 1

pσ
n
|w′ and this product converges if and only if

∑∞
n=1

1
(pσ

n)w′ <

+∞, but this holds if and only if σ > 1
w′

.

The proof of (ii) is left to the reader.

Finally, the proof of (iii): Given σ > 0, clearly pσ
1 > 1. Thus,

(2.8)

∣∣∣∣
1

(p1 . . . pn)s

∣∣∣∣ ≤
(

1

pσ
1

)n

,

for every natural number n ≥ k0 and every s ∈ C with Re s ≥ σ. Hence

∞∑

n=1

∣∣∣∣
1

(p1 . . . pn)s

∣∣∣∣ < ∞.



Dirichlet Series 383

Therefore σa ≤ 0. But, for s ∈ C with Re s < 0 it follows that
|(p1 . . . pn)−s| = (p1 . . . pn)−Re s which diverges to +∞, so σc ≥ 0. Then
we get that 0 ≤ σc ≤ σu ≤ σa ≤ 0 which implies that σc = σu = σa = 0.
But |zn| < 1 for all n and all z ∈ ℓw ∩ DN, hence (2.8) implies that∑∞

n=1
z1...zn

pσ
1 ...pσ

n
∈ H∞(ℓw ∩ DN) for every σ > 0. Therefore hw ≤ 0. Now,

let σ < 0. For 1 ≤ w < ∞, by [14, Lemma 1.38],

‖z1 . . . zn‖rBℓw

pσ
1 . . . pσ

n

= rn p−σ
1 . . . p−σ

n

n
n
w

,

for all r > 0. Putting bn,r := rn p−σ
1 ...p−σ

n

n
n
w

, we have that

bn+1,r

bn,r

= r

(
n

n + 1

) n
w p−σ

n+1

(n + 1)
1
w

.

On one hand, the sequence
(
( n

n+1 )
n
w

)
converges to e−

1
w and, on the

other hand, since K n log(n) < pn < L n log(n) for every n ≥ 2 and some

positive constants K and L, the sequence

(
p
−wσ
n+1

n+1

) 1
w

diverges to +∞

whenever σ ≤ − 1
w

and converges to 0 whenever σ > − 1
w

. Thus, if

σ > − 1
w

, then the series
∑∞

n=1 bn,r is convergent and, hence, fσ =∑∞
n=1

z1...zn

pσ
1 ...pσ

n
is holomorphic and bounded on rBℓw

∩ D for all r > 0,

which implies that fσ belongs to the smallest space Hβ(ℓw ∩DN) and we
have hw ≤ − 1

w
for the three spaces.

Now, given σ ≤ − 1
w

we have that bn,r diverges to ∞ for all r > 0.

If fσ =
∑∞

n=1
z1...zn

pσ
1 ...pσ

n
belongs to the biggest space H(ℓw ∩ DN) then,

by continuity at the origin, there would exists r0 > 0 such that fσ ∈
H∞(r0Bℓw

). But, by the Cauchy inequalities,

bn,r0 =
‖z1 . . . zn‖r0Bℓw

pσ
1 . . . pσ

n

≤ ‖fσ‖r0Bℓw
< ∞,

for all n, a contradiction. Therefore hw = − 1
w

. The case w = ∞ also

follows since (p−σ
1 . . . p−σ

n ) diverges to +∞.

3. Sw versus Tw

Let R be a Reinhardt domain in ℓw, for 1 ≤ w ≤ ∞, and F(R) a set
of holomorphic functions on R. We define

S(F(R)) := sup{q ≥ 1 : ℓq ∩ R ⊂ domF(R)}

and
T (F(R)) := sup{σa − h(F(R))},
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where this supremum runs over all Dirichlet series
∑∞

n=1
an

ns (as usual we
use the notation a − (+∞) = −∞, a − (−∞) = +∞, (+∞) − b = +∞,
(−∞)−b = −∞, for all a, b ∈ R, +∞−(+∞) = 0 and −∞−(−∞) = 0).

Let us first note that for F(R) = H∞(ℓw ∩DN) we obtain nothing else
than Bohr’s original definitions from (1.2) and (1.4).

Proposition 3.1. S(H∞(ℓw ∩ DN)) = S and T (H∞(ℓw ∩ DN)) = T for
all 1 ≤ w ≤ ∞.

Proof: By Proposition 2.3, T (H∞(ℓw ∩ DN)) = T and an easy analysis
of the proof of Proposition 2.3 shows that S(H∞(ℓw ∩ DN)) = S for
all 1 ≤ w ≤ ∞.

In particular, we know from (1.3) that T (H∞(ℓw∩DN))=1/S(H∞(ℓw∩
DN)) for all 1 ≤ w ≤ ∞ and, as a consequence, the Bohr-Bohnenblust-
Hille Theorem T = 1/S = 1/2, i.e. the width of the strip of uniform
but non absolute convergence for Dirichlet series is 1

2 , can actually be

obtained from the study made on dom(H∞(ℓw ∩ DN)) for any fixed w.
But as we are going to show the situation is very different if we work
with bigger classes of functions.

The following result is the main contribution in this section. It shows
in which sense the Bohr-Bohnenblust-Hille Theorem can be extended
from H∞(Bℓ∞) to any set F(ℓw∩DN) of holomorphic functions on ℓw∩DN

satisfying property (T).
Let us observe that for 1 ≤ w < ∞ the set ℓw ∩ DN is not bounded

in ℓw. Hence the function space H∞(ℓw ∩DN) does not contain the dual
space of ℓw, and therefore next theorem does not apply to H∞(ℓw ∩DN)
(which fits with the preceding proposition).

Theorem 3.2. For 1 ≤ w ≤ ∞ let F(ℓw ∩ DN) be a set of holomorphic
functions that contains the polynomials on ℓw. Then we have

(3.1) S(F(ℓw ∩ DN)) =

{
1 if 1 ≤ w < 2(

1
2 + 1

w

)−1
if 2 ≤ w ≤ ∞,

and if F(ℓw ∩ DN) even satisfies property (T)

(3.2) T (F(ℓw ∩ DN)) =
1

S(F(ℓw ∩ DN))
=

{
1 if 1 ≤ w < 2
1
2 + 1

w
if 2 ≤ w ≤ ∞.

Proof: Clearly, (3.1) is an immediate consequence of Theorem 1.1. For
the proof of (3.2) note first that by the Prime Number Theorem there
exists a constant K > 0 such that n ≤ pn ≤ Kn logn for all n ≥ 2. Hence
the series

∑∞
n=1

1
pt

n
is convergent if and only if t > 1. Moreover, in order
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to make the notation short we will write Tw = T (F(ℓw ∩ DN)), Sw =
S(F(ℓw∩DN)) and hw = h(F(ℓw∩DN)) for any Dirichlet series

∑∞
n=1

an

ns .
Finally, note that by Proposition 2.1 we only have to study the case when
−∞ < hw < +∞.

We start with the proof of the fact that Tw ≤ 1
Sw

. Fix some Dirichlet

series
∑∞

n=1
an

ns . If 1 ≤ w ≤ 2 we know from (3.1) that Sw = 1. We take
σ > hw + 1 and σ0 such that σ − 1 > σ0 > hw. We know that

gσ0(z) =
∑

α∈N
(N)
0

apα

pασ0
zα ∈ F(ℓw ∩ DN).

Since σ−σ0 > 1, the sequence ( 1
pσ−σ0

) = ( 1

p
σ−σ0
n

)∞n=1 belongs to ℓ1∩Bℓ∞

which, by Theorem 1.1, is contained in domF(ℓw ∩ DN). Hence

∑

α∈N
(N)
0

∣∣∣∣
apα

pασ

∣∣∣∣ =
∑

α∈N
(N)
0

∣∣∣∣
apα

pασ0

∣∣∣∣
(

1

pσ−σ0

)α

< +∞,

and we conclude that σa ≤ σ for all σ > hw + 1. Thus σa ≤ hw + 1,
or in other words σa − hw ≤ 1

Sw
. This for 1 ≤ w ≤ 2 proves the

inequality Tw ≤ 1
Sw

.

If w > 2, then, by (3.1), Sw = (1
2 + 1

w
)−1 > 1. Fix again some

Dirichlet series
∑∞

n=1
an

ns . If σ > hw + 1
Sw

, we take δ > 0 such that

σ ≥ hw + 1
Sw

+δ and 1
Sw

+ δ
3 < 1. Additionally we define q = ( 1

Sw
+ δ

3 )−1

and r = 1
Sw

+ 2δ
3 . By definition, q > 1 and rq > 1. Hence (p−r

n ) ∈ ℓq.

But q < Sw and Sw = (1
2 + 1

w
)−1 < w. Thus (p−r

n ) ∈ ℓw and we

have that (p−r
n ) belongs to ℓw ∩ DN ∩ ℓq which in turn is contained in

domF(ℓw ∩ DN). On the other hand, since σ0 := hw + δ
3 > hw we get

that gσ0(z) =
∑

α∈N
(N)
0

apα

pασ0
zα ∈ F(ℓw ∩ DN), hence

∑

α∈N
(N)
0

∣∣∣∣
apα

pα(σ0+r)

∣∣∣∣ =
∑

α∈N
(N)
0

∣∣∣∣
apα

pασ0

∣∣∣∣
(

1

pr

)α

< ∞.

Finally, σ0 + r = hw + 1
Sw

+ δ ≤ σ, and we see that as desired

∑

α∈N
(N)
0

∣∣∣∣
apα

pασ

∣∣∣∣ < ∞.

This finishes the proof of the inequality Tw ≤ 1
Sw

.
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Now we want to prove that 1
Sw

≤ Tw for all 1 ≤ w ≤ ∞. The
first aim is to show that there is some δ0 > 0 such that for all t > 0
with Sw < 1/t < δ0 we have

(p−t
n ) 6∈ domF(ℓw ∩ DN);

indeed, if w = 1 we fix 0 < t < 1 and we take any r > 1 with 1 = S1 <
r < 1

t
. Since tr < 1, then (p−t

n ) 6∈ ℓr. If w > 1 we consider t > 0 such

that Sw < 1
t

< w and any r with Sw < r < 1
t
. Since wt > 1, we have

(p−t
n ) ∈ ℓw and clearly 0 < p−t

n < 1 for all n. Thus (p−t
n ) ∈ ℓw ∩DN. But

since tr < 1, then (p−t
n ) 6∈ ℓr, for any r with Sw < r < 1

t
. If we apply

in both cases the upper bounds given by Theorem 1.1, we obtain that
(p−t

n ) 6∈ domF(ℓw ∩ DN), the desired claim.
Hence there exists g(z) =

∑
α∈N

(N)
0

cαzα ∈ F(ℓw ∩ DN) such that

∑

α∈N
(N)
0

|cα|(p
−t
n )α = +∞.

If we define now

(3.3) an =

{
cα if n = pα

c0 if n = 1,

then
∞∑

n=1

∣∣∣an

nt

∣∣∣ =
∑

α∈N
(N)
0

|cα|(p
−t
n )α = +∞.

As a consequence σa ≥ t. But for that Dirichlet series we have hw ≤ 0.
Indeed,

∑
α∈N

(N)
0

apα

pα0 zα coincides with g on ℓw ∩ DN and, by hypothesis,

g ∈ F(ℓw ∩ DN). Now σa − hw ≥ σa ≥ t for all t < 1
Sw

and we conclude

that σa − hw ≥ 1
Sw

, for that particular Dirichlet series. Hence Tw =

sup{σa − hw} ≥ 1
Sw

.

Observe that taking w = ∞ we have obtained a new proof of the
Bohr-Bohnenblust-Hille Theorem.

Remark 3.3. A natural conjecture, reinforced by the Examples 2.6 is that
σu = h(F(ℓw ∩DN))+ 1

w
, for each set of functions F(ℓw ∩DN) with prop-

erty (T). But, in general, this conjecture is false since for each 1 ≤ w < 2
and for each set of functions F(ℓw ∩DN) with property (T) there exists a
Dirichlet series

∑∞
n=1

an

ns such that σu < h(F(ℓw ∩ DN)) + 1
w

. Indeed, if

there is a set of functions F(ℓw ∩ DN) with property (T) satisfying that
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conjecture for all Dirichlet series
∑∞

n=1
an

ns , then

sup

{
σa−

(
h(F(ℓw∩DN))+

1

w

)
:

∞∑

n=1

an

ns

}
=sup

{
σa−σu :

∞∑

n=1

an

ns

}
=

1

2
,

by the Bohr-Bohnenblust-Hille Theorem ([5], [7]). Thus

T (F(ℓw ∩ DN)) −
1

w
=

1

2
,

for every 1 ≤ w ≤ +∞ but, by Theorem 3.2, we know that T (F(ℓw ∩
DN)) = 1 for every 1 ≤ w < 2. A contradiction.
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Universidad de Valencia
Doctor Moliner 50
46100 Burjasot (Valencia)
Spain
E-mail address: domingo.garcia@uv.es

Manuel Maestre:
Departamento de Análisis Matemático
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