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DIFFERENTIAL TRANSFORMS OF CESARO
AVERAGES IN WEIGHTED SPACES

A. L. BERNARDIS AND F. J. MARTIN-REYES

Abstract

In this paper we obtain convergence results for the series of differ-
ences of Cesaro averages along lacunary sequences in the setting
of weighted LP-spaces. These results give some information about
how the Cesaro averages converge. The paper extends results of
an earlier work by R. L. Jones and J. Rosenblatt. The operators
considered are essentially convolution operators given by kernels
more singular than the ones in the article by Jones and Rosenblatt.

1. Introduction

The Lebesgue’s Differentiation theorem in the real line establishes
that if f is locally integrable then

for almost every x. We can interpret the above limit as Cesaro (C,1)
right-continuity of f at = (see [7]). In general, for a > —1, we say that
fis (C,1 + «) right-continuous at x if

gl_i)%1+ Daf(x) = f(:v),
where the Cesaro-a averages D, f are defined by

T+e
D.f(x) = 1511‘3/ (4 — ) f(t) dt.
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If o = 0 then the Cesaro-a averages are the usual averages. It is easy
to see that the (C,1 + «) right-continuity of f at x implies the (C,1 +
B) right-continuity of f at x for all 5 > a > —1.

We are interested in obtaining information about the convergence
of D.f. In this paper we are going to study the convergence through
lacunary sequences.

Let us consider the Cesaro averages associated to a lacunary sequence,
that is,

L4+a [t o
k z

(1.1) Dif(x) = De, f(x)

where {eg}rez is a p-lacunary sequence of positive numbers, that is,
ex+1/ex = p > 1 for all k € Z. In order to study the limit of the
averages Dy, it is natural to consider the maximal operator

M . f(x) = sup Dy f|(=).
kez

From known results about approximations of the identity we have that
the operator M;k is of weak type (1,1) and of strong type (p,p) for
p > 1. As a consequence, we have that if p > 1 and f € LP(dz) then
limg—, oo D f = f and limg_— 400 D f = 0 almost everywhere and in the
L?(dz)-norm. For the limit case p=1 it is proved that limg_, o Drf=f
and limy_, ;oo Dif = 0 almost everywhere and in measure for all f €
L'(dx). However, it follows from the results in [7] that the maximal
operator

M f(@) = sup D¢|f|(x)
e>0

is of strong type (p,p) for p > 1/(1 + «), it is of restricted weak type
(1_+a, 1_+a) and it is not of weak type (H%a, H%a) for & < 0. (Notice
that if @ > 0, the operator M7 is pointwise equivalent to the one-
sided Hardy-Littlewood maximal operator ./\/lar which we simply denote
by M™T. TFor that reason we are considering only the case o < 0.)
The study of the boundedness of MZ on weighted spaces can be found
in [11] (see also [2]). In the setting of Ergodic Theory the convergence

of Cesaro-« averages appears, for instance, in [3] and [5].

As we said above, we wish to obtain some information about how
the convergence of Dy f occurs. In [6] Jones and Rosenblatt discuss
the problem for the usual averages (case @ = 0) in connection with the
convergence of ergodic averages. To obtain information about how the
convergence of the sequence { Dy} occurs they study the behavior of the
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series of the differences
oo

(1.2) > wlDif(x) = D1 f(2)),

k=—o0

where {v} is a bounded sequence of real or complex numbers (we shall
say that {v;} is a multiplying sequence and we shall write ||vg]|ec =
supy, |vg|). In [6], Jones and Rosenblatt work in Lebesgue spaces L?(dx)
while in [1] the results were extended to weighted Lebesgue spaces.

In order to make precise statements about the convergence properties
of (1.2), we begin by pointing out that Dy, f(z) = p*f(x) where pi(z) =
icp(x/ak) and p(z) = (1 +a)(1 + 2)*X(_1,0)(x). For each N € 72,
N = (N1, N3) with N7 < N3 we define the sum

Na
(1.3) TRf(x) = > wk[Dif(z) — Di-1f(2)] = K * f (),
k=N,
where
N2
Kf(z) =Y vler(x) — or_1(2)].
k=N

Our goal is to prove convergence results of T f(z) as N = (Ny, Na)
tends to (—oo, +00) which means that Ny — —oo and N — +00. As
usual, to prove the a.e. convergence, we shall study the boundedness of
the associated maximal operator

T*f(x) = sup T3/ (2)

in the setting of the weighted spaces LP(w), that is, the space of all
measurable functions f such that || f|| 1) = (fg [fPw) VP < 0.

Since the operators T3 are convolution operators with kernels K
supported in (—o00,0), the weights that appear are the one sided
A} weights defined by E. Sawyer [12]. We say that a weight w belongs
to the class A] [12], [9], if there exists C' such that

M~ w(z) < Cw(x) ae.,

where M~ is the left-sided Hardy-Littlewood maximal function defined
as

Alf@%—wpéAlﬂx—wMt

e>0
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For 1 < p < 0o, we say that w belongs to A [12] if there exists C' such
that for any three points a < b < ¢

1

(L) (o) <o

where p +p’ = pp’.

]

The next theorem contains a relation between the maximal opera-
tor M and A} classes (see [11] and [2]). We shall use this theorem in
our proofs.

Theorem 1.4. Let -1 <a <0. If1/(1+a) <p< oo and w € A;r(
then there exists a constant C such that

14+a)

(15) [Mis@ru@ i < ¢ [ i@ s
for all f € LP(w).
In what follows, we state the main results of this paper.

Theorem 1.6. Let {ex} be a p-lacunary sequence, {vr} a multiplying
sequence and —1 < a < 0. If1/(14+a) <p < oo and w € A;L(Ha) then
there exists a constant C' such that

1T fll o (w) < CllFllLr(w)s
for all functions f € LP(w).

Theorem 1.7. Let {ex} be a p-lacunary sequence, {vy} a multiplying
sequence and —1 < a < 0. Ifw” € AT for somer > 1/(1+a) then there
exists a constant C' such that

. C
w{z €R: T f(2)] > A}) < T f o),
for all X\ > 0 and all functions f € L' (w).

Notice that, under the assumptions of the last theorem, that is, w” €
AY for some r > 1/(1+ «), we have that T* is of strong type (p,p) with
respect to w(x) dzx for all p > 1. This statement is easily seen applying
the last two theorems and interpolation arguments.

Remark 1.8. Tt follows from Theorem 1.4 and the arguments in the proof
of Theorem 1.7 that the conclusions of Theorems 1.6 and 1.7 hold for
the maximal operator Ml_ &

Using the theorems and proving the a.e. convergence in the Schwartz
class we obtain the following result.
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Theorem 1.9. Let {er} be a p-lacunary sequence and let {vi} be a
multiplying sequence. Assume that w is a weight.

) If-1<a<0,1/01+a) <p< oo andw € A;:(l-l—a) then
TR f converge a.e. and in LP(w)-norm for all f € LP(w) as N =

(N1, N3) tends to (—oo, +00).

(ii) If w" € A for some r > 1/(1+«) then T f converge a.e. and in
measure for all f € L'(w) as N = (N1, N2) tends to (—oo, +00).

We remark that applying Theorems 1.6 and 1.7 with w = 1 we have
that T* is of weak type (1,1) and of strong type (p,p), 1 < p < oo,
with respect to the Lebesgue measure. The corresponding results of
convergence also holds.

The organization of the paper is as follows. Section 2 is devoted to
state properties of the lacunary sequences. In Section 3 we prove some
properties of the kernels K§,. Section 4 is devoted to prove uniform
boundedness of the operators Ty, while Theorems 1.6, 1.7, and 1.9 are
proved in Sections 5, 6 and 7, respectively.

Throughout the paper, we shall use the notations introduced in this
section and the letter C' will mean a positive constant not necessarily
the same at each occurrence.

2. Lacunary sequences

We establish in this section some properties of the p-lacunary se-
quence {ej }. The next proposition shows that, without loss of generality,
we may assume that

(2.1) 1<p< il < 2
Ek

Proposition 2.2. Given the p-lacunary sequence {e} and the multi-
plying sequence {vi}, we can define a p-lacunary sequence {ni} and a
multiplying sequence {wy} verifying the following properties:
(i) 1<p< 2 <p? and |Jvkllos = |[wil]oo-
(ii) For all N = (Ni,Na3) there exists M = (My,Ms) with T =
T, where Ty is the operator defined in (1.3) for the new se-
quences {ni} and {wg}.

The proof is exactly as in the case o = 0 (see [1]).

It follows from this proposition that it is enough to prove all the results
of this paper in the case of a p-lacunary sequence satisfying (2.1). For
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this reason, in the rest of the paper we assume that {e} satisfies (2.1)
without saying it explicitly. Observe that, under this assumption, the
following properties hold:

2(m—n m—n
(2.3) (l) | ) < En < (1> , forall m>n.
p €m P
In fact, these inequalities follow from (2.1) and the equality
En _ €n Enyl  Em-1
el

If we denote by (8 the smallest positive integer such that
p+(1/p)f <1,

we get from (2.3) that

(2.4) €item<emyr forall m>i+3—1.

3. Properties of the kernels Kg;

The next lemma will allow us to prove the uniform boundedness
on L?(dz) of the operators T§.

Lemma 3.1. Let -1 < a <0 and o(z) = (1 + a)(1 +2)*X(_q,0)(2)-
The Fourier transform of ¢, defined by

o) = /00 o(x) exp(—izf) dx,

— 00

has the following properties:

(i) There exists a constant C depending on « such that |$(§)| < |£|lc+"‘

for all £ such that || > 1.
(ii) [92(&) <1 for all €.

Proof: Since (ii) is obvious, we shall only prove (i). Let ¢ be such
that €] > 1. Then

POl | [T L een( ’ exn(—i
< / (14 2)%exp(—ix) dx —|—/ (14 2)%exp(—ixf) dx
l1+a -1 147k
=1+11.
Clearly
I</_l+é(1+ ) d 1
)%dr = ————.
~Ja (1+a)lgft+e
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Integrating by parts

1 1 . 1
<]+ sggme (¢ (1 )

0
o a—1 ;
—l—%/_H_%(l—i—x) exp(—iz€) dx

1 1 1 1 4

SEtEen Tttt Ee) S e

Lemma 3.2. Let —1 < o < 0. There exists a constant C depending
only on a, p and ||vg|lec such that

Na
sup KR ()] = sup | Y vi(@(eré) — ¢len—18))| < C,
N N k=N,

for all € € R.

Proof: Clearly |f(\j\“,(0)| = 0. For fixed £ € R, € # 0, let ko be such that
Eho—1 < 1/]€| < €k, Then

K5 (6)] < Z |vk]|P(exE) — Pler—18)]

k=—o0
ko oo
<lorlloo Y - Fllonllos D --=T+1L
k=—o0 k=ko+1

To estimate I notice that, by using the mean value theorem, the second
property in Lemma 3.1 and (2.1), we get that

|2(ex€) — Plen—18)| < Cler — er—1)I€] < C(p* = Deg-1lg].

Then, using (2.3) and by the election of kg we get

< Ol (A1) 3= s < Clonlllel(P—Devs 12( )

k:——oo
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To estimate IT we observe that if & > kg + 1 then |[€ei| > |Eep—1| >
|€ek,| > 1. Therefore, by Lemma 3.1 and the election of ko,

oo

< fulloe Y (19(ex)] + |2(er—16)I)

k=ko+1

< Clorllo
= |§|1+a Z 1+a

k=ko41 Sk—1

Cllvellse x~( 1Y
< |§|1+O‘El+a Z p1+a < C. O

=0

Lemma 3.3. Let —1 < a < 0. There exists a constant C depending
only on a, p and ||vg|leo such that

sup [ KRy (2)] < ) fow(on(@) = pr1(2))]
N k=—o0

(3.4)
+oo

C (Ep+1 + )«
= ﬂ +C Z 1+a X(*5k+11*5k)(x)’
z k=—o0 Ek+1

for all x #£ 0. Consequently

—+o0

K*(z)= ) wlen(@) = pr-1())

k=—o0

is defined for all x € R and
/ (|| K(2)] dz < CR
{a:|z|<R}

for all R > 0; the same inequality holds for K§ with a constant inde-
pendent of N.

Proof: Tt is clear that K% (z) = 0 for 2 > 0. For negative z, there exists
ko such that —eg 41 < o < —ei,, and since the sequence ¢y, is increasing,
we get that X (_, ¢)(z) = 0 for every k < ko, and X (_,, o)(2) = 1 for
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every k > ko. Thus we obtain
+oo

K@) < Y foe(en(@) = pp-1(@))]

o0
24> (ek — €ro+1)” | (Ekot1 + )
— €1+a + €1+a
k=ko+2 k ko+1

L (Ekpr1 +2)°
> Ll

g
k=ko42 " €lo+1

C (57€0+1 + ‘T)a

— 14+«
€ko+1 €lo+1

A
+
Q

C € + )«
<Ot Rot2 .

a |£L‘| Eho+1
To prove the integral inequality we take ko such that ex, < R < pt1-
Then using the estimate (3.4) we get

. ko —ek (5k+1 _|_I)a
|z||K*(z)| de < CR+C |z|——=——dz
1+«
{z:|z|<R} k=—o00 Y —Ek+1 €41

<CR+C Y e <CR+Ce, <CR. O

k=—o00

In what follows we shall prove that the kernels K verify a one-sided
smoothness condition uniformly. The proof is similar to the one in [13].
To prove this result we shall need the following lemma which follows
easily taking into account the supports of the characteristic functions
and using the property (2.4) of the sequence {e}. We omit the proof.



110 A. L. BERNARDIS, F. J. MARTIN-REYES

Lemma 3.5. Let -1 <a<0. Ifj>i+8,0<2x<¢g, 65 <y<ejm

and we write Fr(z,y) = (€x + 2 = Y)* X (2 01e0) (Y) — (€6 = Y)* X (0,24) W)
Then

0 fk<j—1
Fr(w,y) = (65 +2 =9 X, apey¥) f =]
(e +x—9)*—(ex —y)* ifk>j.
Now we state and prove the one-sided smoothness condition.
Lemma 3.6. Let -1 < a<0. Let 1 <r < —1/a,j>i+ and 0 <
x < g;. Then there exists a constant C' depend only on a, r and ||vkllco

such that
81‘/7“71

1/r
€i+1
a a T J
(3.7) (/g Ky (z —y) — Ky (-y)| dy) < Om

J

Proof: We may assume « < 0. The case o = 0 can be found in [1].
First, notice that applying the previous lemma

Na
K (7 —y) — Ky (—y)| 1
o <2vrflee D WU‘%(%ZM
k=N;—1 "k

1 o
< Olera (Ej +r— y) X(aj,m-l-aj)(y)
J

1 « «
+CZW|(5k+$—y) = (ex —9)°l.
k>j "k

Then we get that the left hand side in (3.7) is bounded by the sum of

the following two terms:
1 ote; 1/r
I'=Co% / (ej+x—y)"*dy
€; e

J
and

o ) 1/r
1 St .
Ir=c z:gﬁz</n (e + 2 —y)* = (er — 9)° @> :
k €

=j+1 "k J

Since r < —1/a, computing the integral in I and using (2.3) we obtain

that o
1 gq—i_l/r Ce.’"™

I< C_IaJrl/r <0 < i _J )

> E}Jra — E]l+a — p(gfz)(aJrl/r)
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Now we estimate /. Observe that
1 Ej+1Ei r €j+1 Lr °
II<C—— / +C—= / _|_CZ....
€it1 \Vey €it1 €j+1—¢i k—j+2

Then, applying the mean value theorem in the first term and in each
term of the sum in the above inequality we get

€j+1—Eq Yr
/ (€11 — ) dy
€

J

et
€41

1 i1 ) 1/r
+ Cm / [(gj+1 + 2 —y)* = (gj41 — )| dy
13

€i+1 j+1—Ei

i1 1/r
/ (s —yp)@Vray|  =IIT+1IV+V.
5

J

D> ';i'a(

k]+2k

To estimate /11, we compute the integral taking into account that (o —
1)r +1 < 0 so that

|I| 1 1 (a—l)r+1 LT
11<cC [ (a=Dr+1 _ }
= \mpren (G —%) K
a r 1/r—1
|| (a—1)+1/r 1/ Ce;
< C—L << —— .
e T S e

On the other hand,

06.044’1/7" CEI-/Til

c g1 1/r
IV < —— / (gj+1 —y)*" dy < — <= :
o\ L elta o= (a+1/7)

Finally

V< C . (afl)Jrl/r'
;2 (a— 1)r + 1|51+0‘( b Ein)
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Since k > j + 2 we have that e — 41 > Ce;. Therefore

vec S 2] _(a=n+1/r _ Clafel/™2

1+a =7
k=j+2 €k
a+1/r C 1/r—1
€ 1/r—1 1 1/r-1 )
= Oaj % ¢ <pj—i) & = pli—d(at+1/r)’ =

Remark 3.8. It follows from the proof of the above lemma that if N =
(Nl,NQ) with Ny < i+ 6 Sj then

KN (z —y) = K§(=y)[ =0
for all z € (0,¢;] and y € (g5,€541)-

Remark 3.9. Lemma 3.6 does not hold for r = —1/a. In order to prove
this statement, let us take vy = 1 for all k. Let us fixt € Z, j > i+ 3
and z € (0,¢;). We choose N = (N, N3) such that  + ey, 1 < ¢; and
Ny > i+ 3. Then for all y € (¢j,€;41)

a a (EN + - y)a
Ko —y) = Ki(-y) = (+) 22220y )
No
(en, — )
—+a)e W ).
EN2

Therefore for j = No,

€j+1 L
/ K8 (@ - y) — K (—y)| "V dy
IS

-1/«
$+€N2 + _ «
Sy (M) dy = +oo.

€Ny €N,

The condition in Lemma 3.6 is called the one-sided D, condition.
With this notation, we have proved that for every r € [1,—1/«a) the
kernels K§; satisfy the one-sided condition D, uniformly on N and they
do not satisfy D_, in general. Condition D; is essentially Hormander’s
condition as we prove in the next corollary.
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Corollary 3.10. Let —1 < o < 0. The kernels K satisfy the follow-
ing Hormander’s condition uniformly on N: there exists a constant C
depending only on «, p and |vg||s Such that

/ Kz —y) — K§(—y)|dy<C, z€R,
[y|>Cplx|

where C, = p>P+V) and x # 0.

Proof: Given z € R\ {0} let ¢ € Z such that ;-1 < |z| < ;. It is clear
by the lacunarity of the sequence {¢;} that

eyl > Colzly C{y: [yl > Cpeir} C{y : [yl > ivpl-
Now, let us observe that if ;-1 < |z| < g and —gj11 < y < —¢gj
with j > ¢ + 3, then K (x — y) = K{(—y) = 0. So that we only need
to consider y > 0. Thus

[ KR KRl < [ KRG - K3y d
ly|>Cpla| Y>eitp

Now, if x > 0, the lemma follows simply from Lemma 3.3 with r = 1.
If x < 0, by a change of variables we can obtain the same bounded-
ness. O

4. Boundedness of the operators T}

This section is devoted to prove the uniform boundedness of the oper-
ators T. First, notice that since the kernels K'§; satisfy the Hérmander’s
condition uniformly and their Fourier transforms are uniformly bounded
in L*°, we have the following result (see, for example, Lemma II.6.1
in [4]).

Theorem 4.1. The operators T verify the following inequalities with
constants independent of N and f.

(i) For all x>0, {x e R:|TSf(z)| > A} < %HfHLl
(ii) Forl <p < oo, |TRfllLe < CpllfllLe-

The study of the operators T§; in weighted spaces requires the intro-
duction of the following one-sided maximal functions:

1/s
M f(z) = Lo 5d 1<
Ha=sw (1 [ Uwra)  0<s<o)

h>0

1 x+h 1 x+2h +
+# () = sup _Z
Frtw) =sw g [ (f(y) il f) .

and
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where f is a locally integrable function taking values in R and z* stands
for the positive part of the real number z. We shall also need the follow-
ing theorem that was proved in [10].

Theorem 4.2. For any 0 < p < 00 and w € A}, = Ups1 A} there
exists C such that

[t sty s <€ [ (1 F @)t do
R R
whenever the left hand side is finite.

As in [1] (see the proof of Theorem 5.1 (iv) in [1]) we can easily obtain
the following lemma.

Lemma 4.3. Let —1 < a < 0. Then, for all s > HLa’ there exists a
constant C' independent of N such that

(TR FIT#(2) < C M f(a).

The restriction s > 1/(1+ «) appears since the kernels K& satisfy D,
for r < =1/a (1/(1 + «) is the conjugate exponent of —1/«). Now, we
shall prove that the operators Ty are uniformly bounded in the weighted
LP spaces.

Theorem 4.4. Let —1 < a <0, 1J+a <p<ooandw € A:(l-l—a)' There

exists a constant C' depending on «, p, p and |vg||s Such that
[T s@put e < [ @)oo

for all f € LP(w).

Proof: We know that A;r(1+a) C Ay c AL and that for each w €

A;F(HQ) there exists ¢ bigger than one such that p(1 + «)/t > 1 and
we Al ([12], [8]). On the other hand, since

p(l+a)/t
TR f(@)] < 2[oklloc(N2 = Ny + DM f (),
we get that for all f € LP(w)

/R (TR )@ de < C [ MEDP @) de
< Cy / M FP (@) (e) de

<Cn / |£1P(2)w(z) de < oo.
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Thus, applying Theorem 4.2 and Lemma 4.3 with s = t/(1 + «) we have

[ s@pu e < ¢ [ )@ P do
<c [Tz # @) ds
<c [ M s@) s
= [ @) wie) dr

<c [If@Pula)d.

where in the last inequality we have applied that M is bounded in

LP/3(w) since w € A;'/S. O

5. Proof of Theorem 1.6

We shall prove the LP boundedness of the operator T*. For N =
(N1, N2), we shall use T%, y, to denote the operator Tfx. We start
proving a pointwise estimate for the operators

Ty f(z)= sup |Tx, n,f(2)].
[N1|,|N2| <M

Theorem 5.1. Let —1 < a < 0. For each s > 1/(1 + «) there exists a
constant C' depending on «, s, p and ||vg]|eo such that for every x € R
and every M >0

Tif(x) < O\ MY f) (@) + M (@) + M f ()|

Proof: Since the operators Ty, y, are given by convolution, they are
invariant under translations, and therefore it is enough to prove the
theorem for x = 0. Notice that

TJ%I,NQJC(UU) = Tz%l,Mf(I) - Tz%2+1,Mf(I)-

Then, it will suffice to estimate [T, ;,f(0)| for |m| < M with constants
independent of m and M. Let us split f as f = f1 + fa + f3, where

fi= fX(o,am,l)a fa = fX(am,l,oo) and f3 = fx(_oom. First, notice that
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T%,M(fs)(o) = 0. Then

T 0 £ O)] < [T55 ar f1(0) + T35 s f2(0)]
=I+1I.

It is clear that

M
1 Em—1
1203 i [ @il

k=m-—1
M 1 (14a)(k—m+1) 1 Em_1
<C > (‘) m/ [FW)l(Em—1 —y)*dy
k=m—1 P €m—1J0
< CMZ£(0).

On the other hand

1

Em—1-p

Em—1-03
7= / T2 vy f2(0)] do
0

1
<
Em—1-p

Em—-1-03
/O 7% ar ()] do

1

Em—1-p

Em—1-p8
b [ @) de
0

1

Em—1-p

Em—1-08
+ / T2 vy £2(0) — T2 o fol)| da
0

1

Em—1-p

Em—-1-8
4 / T g1 fol)| o
=A;+ A+ A3+ Ay

(If m = —M we understand that A4 = 0.) It is obvious that

A < M+(|TSM,Mf|)(O)'
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For the second term, we use the uniform boundedness on L° of the
operators T_ s given in Theorem 4.1 (ii). Thus

1 Em—1-p 1/'S
A < ( [ s d:c)
0

Em—1-p

Em—1 1/5
gc( ey If(:v)lsdw) < C M £(0),
0

Em—1-p

where in the last inequality we have used condition (2.3). Now we es-
timate As. Let x € (0,em—1-8), s > 1/(14+«) and 1/s +1/s' =1, by
Holder inequality and Lemma 3.6 we have that

T2 f2(0) = T3 s fo()]

| K - K plhw

o €j+1 , 1/s' €j+1 1/s
( [ st ) - K3 o)l dy> ([ s a)
j=m—1 €j

< CMFf(0).

(]

Finally, we estimate A4. First, it is clear that

C Em—1-0 m—1 1 fe%e]
As< . / Z m/ (€k+$_y)aX(m,m+ak)(y)lf(y)| dydz.
m—1-36J0 k}:—MEk Em—1

By using (2.4) we get that for z € (0,em—1-8) and k <m —2, z+¢ <
Em—1-8 + Em—2 < €m—1. Therefore, the sum in the above inequality
reduces to the term k = m — 1. Thus, we have

C Em—1-p4 1 T+Em—1
Ay < / m/ (em—1+z —y)*f(y)|dydx
0

Emiliﬁ Em—l E€m—1

C Em—1-p 1 T+eEm—1 d d
< S m—1+x—1)
B Em—l—ﬁ/o ($+€m—1)1+a/0 (E 1T y) |f(y)| Yyaxr
< M £(0).

Putting all these inequalities together we are done. O
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Proof of Theorem 1.6: As in Theorem 4.4, since w € A:(l-ﬁ—a) there is an

s> 1/(1+ «) such that p/s > 1l and w € A; - By Theorem 5.1 we have
Thif(x) < CIMT(T ) (@) + M f(2) + M f(x)]|-

The operator M is bounded in L?(w) because w € A:/S. Theorems 1.4

and 4.4 and the relation A;L(l ta) C A; give the uniform boundedness of

the others two operators. Consequently, letting M increase to infinity,
we see that the same holds for the operator T* and we are done. O

6. Proof of Theorem 1.7

We begin studying the behavior of T on the functions of compact
support and average zero. For this, we shall need the following remark.

Remark 6.1. Tt is clear that w € A] implies the following condition:
there exists C' such that for any M > 1 and every interval I = (a,a+ h)

/ w < CMhessinf{w(z) : x € I}.
a—Mh

It follows from this property that if w satisfies A} then the following one-
sided doubling property holds: there exists C' such that for any M > 1

a+h a+h
/ w< (CM + 1)/ w.
a—Mh a

Lemma 6.2. Let a be supported on I = (0,¢;) and such that f[ a=0.
Let —1 < o < 0. Assume that w is a weight such that w™ € Al for some
r>1/(1+4 «). Then there exists C > 0, independent of a, such that

/ T*a(zyuw(z)dz < C / la(2) w(z) d=.

Proof: Let us write

—Em

/Z <_€i+ﬁT*a(z)w(z)dz: i / Ta(2)u(z) d-.

m=i+8 —Em+41

Let 2 € (—&ma1, —€m). Then, for fixed N € Z? we get that

THa()<C Y ' Jlore =0 = oua(e - wlatw .

k=—o0
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Observe that if z € (—&;t1, —€m) and v € I we have that z — u €
(—em+2,—€m). Then z —u € (—ex,0) for all k > m+2 and 2z — u ¢
(—&k, 0) for all k£ < m. Therefore, for all z € (—& 11, —€m),

|TRa(z) < C Tra X(—epi1,0)(2 —wa(u) du

Eerl

/ (Emt1+2 —u)®
I

LC / CEmiz 22wy
I

14+
€m+2

/17(&C i u)aa(u) du

14+«
€k

+C Y

k=m++3

= A (2) + B (2) + Crn(2).

Notice that

—Em —€m+1+2¢€; —€m
/ Am(z)w(z)dZZ/ —|—/
—Em+1 —Em+1 —Em+1+2¢€;

—€m+1+2€; _ |
< C/ w(z) WM(U” dudz

—Em+41 I Em+1

/Wa(u) du| dz.
1 Eerl

0
+ C’/ w(z)
—Em+11+2¢€;

Now, doing the same with B,,(z) we get

—Em —&mt2+2e; —€m
—Em+1 —E€m+2 —Em+2+2¢e;

—E&m+2+2¢€; T
< C/ w(z) Wmmﬂdudz
—Em+2 I Em42
0 «
E —
—I—C’/ w(z) /W@(u) du|dz.
75m+2+25i I 5m+2
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Consequently,

/z<si+gT*“(Z>w(z) dz
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> Em
< Z / (A (2) + Bm(2) + Ci(2)) w(z) dz
m=i+0 Em+1
> —&m+1+2€; €i |
<C Z / w(z)/ WM(UH du dz
m=i+f Em41 0 Em+1
€ _ [e%
+C Z / / (Z+€"1L+u)a(u) du| dz
m=—it _57n+1+251 0 Em+1
—Em €4 _ @
+C Z / / Wa(u) du| dz
m=i4+B Y “Em+1 k m+3!”0 k
=I+I1I+1II
Now we shall prove that each sum is dominated by C f u)|w(u) du.

By Fubini’s theorem and Hoélder inequality with exponents r>1/(1+

a) and 7', 1/r+ 1/r" =
inequalities:

—&m+41+2¢;

1<c' Yy / w(z)iamﬂgj#

—E€m+1 m—+1

m=i+3

CZ/

| 1+a

1, we obtain for the first sum the following

dz du

—Em+1+2¢€; Yr ,
/ w'(z)dz | (2e; — u)aJrl/T du

m=i+03 Em+1 —E€m+1
0 1/r
<C Z / )| =— e (/ wr(z)dz> E?H/T du.
m=i+3 Em+1 —Em+1

Let us fix r > 1/(1 + «) such that w" € Af. By (6.1) we get that

IgO/OEi la(u)|w(w) du i ( o )MW

e
m—itf m—+1

< C'/Osi la(u)|w(u) du.
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We notice that we have used twice that ar’ +1 > 0. We shall estimate
now the second sum. First we write I as

—emt1+2° e €; o\
/ oy ETEmn 7w
0

m—+1

WX (o) (2) 2

m=i+Bl=1 —em+1+2%;

Using that fos “a = 0, the mean value theorem and the fact that z €
(—ma1 + 2%, —€my1 + 27 1e;) we obtain that

/ a(u)(2+em1 —u)*du) < C/ la(u)|(z + emt1 — w)* udu
0 0

€i
< C/ la(u)|(2%:)* te; du.
0
Therefore, 17 is bounded by

€i e . *5m+1+2@+15i
Y a2 WX e (2)
{=1

m=i+3 —emt1+2%e;

Let us fix again r > 1/(1 + «) such that w” € Af. By Holder inequality
and (6.1) we get

—emi1+2T e, 0 1r ,
/ WX ep@dz< ([ 0] e
—em+1+2%¢; ' —Em+1

< Ca,ln/il essinfie(o.c,) w(z)(2%)"

. at1/r € o / )
w(u) du glla—1+1/r
2 (e an) 3

{=1

and consequently

II<c Z (

m=i+3

< C/Ogi la(u)|w(u) du.

In order to estimate the third sum, we use again that fo& a = 0 and the
mean value theorem. Then we have

—€ a—1
m (ex + 2 —u)
Ir<c E / / 1+a ula(u)| dudz
m=i+p "7 “Em+1 k m-+3

)afl

fmo(er+z—u
<C Z Z / gila(u) 61710(2)d2du.
k

m=i+03 k=m+3 —Em+1



122 A. L. BERNARDIS, F. J. MARTIN-REYES

Obvious inequalities, (2.3), (2.4) and w € A] give for almost every u €
(07 Ei)
e,

/ (en+z—u)* " w(2)dz < (e) — Ema1 — ai)o‘*l/ w(z)dz
—Em+1 —E€m-41
< Clem+1 +€i)(Emys—Emy1 — )" w(u)

< Cepyzw(u).

Consequently,
&4
III§C(/ |a(u)|w du)al Z €t Z Tra
0 m=i+03 k=m+3 k
€4 o0 1
<C / a(uw)|w(u du) I
([l 3o
&4
SC/ |a(uw)|w(u) du. O
0

Corollary 6.3. Let —1 < a < 0 and let w be a weight such that w™ € Ai”
for somer > 1/(14+«). Let a be supported on I = (z*,2* +h) and such
that fI a=0. If A= p*B+Y there exists C independent of z*, h and a,

such that
/ T*a(z)w(z)dz < C/ la(2)|w(2) dz
z<x*—Ah 1

Proof: First notice that it is sufficient to prove the corollary for x* = 0.
Choose i such that €;_1 < h < g;. Then a is supported on (0, ¢;) and has
integral zero. Furthermore, by (2.3), —Ah < —¢;43 and by the lemma

/ T*a(z)w(z)dzg/ T*a(z)w(z)dz< C | (2)|w(z)dz. O
z<—Ah <—€i+p8

Once we have Corollary 6.3 and Theorem 1.6 the proof of Theorem 1.7
is straightforward (see for instance [1]). We include it for the sake of
completeness.

Proof of Theorem 1.7: Let Oy = {x : MT f(x) > A}. It is well known
that if {I;} are the connected components of Oy, then A = \I_ll\ [ f =11
We decompose f as

f=TIxmon+Y_frxn + > (f = fr)xu
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As usual fxgr\o0, + > fr,xz. will be denoted by g and > (f — fr,)x1, =
> b; by b. Observe that each b; has support on I; and average zero.
Now,

/ng(y)lw(y) dy < /R\OA [f)|w(y) dy + > w(l) f1,
-/ o W) dy 2wk

because the operator M T f is of weak type (1,1) with respect to w.
For each interval I = (a,a + h), let us denote by I* the interval

(a — Ah,a + h), where A = p2(5+1)_ We also denote by O, the union of
all the intervals I;. Observe that

w{z: T f(z) > A}) < w{z : T*g(z) > A/2}) + w(Oy)
+w({z ¢ Ox: T*b(x) > A\/2}) =T + 11 + I1I.

The one-sided doubling property of the weight and the weak type (1,1)
inequality for M give

IT = w(UIF) < Cw(0y) < %/lf(y)lw(y) dy

On the other hand, since A implies condition Af for any p > 1/(1+a),
Theorem 1.6 implies that 7™ is a bounded operator in LP(w). Then we
have

wlfe s Tgla) > M/2) < 1 [ g0 ysﬁfm Put)

s%/MMw iy < 5 [11wlt)



124 A. L. BERNARDIS, F. J. MARTIN-REYES

Observe that in the last two inequalities we have used |g| < A and (6.4).
Finally, by using Corollary 6.3 and the one-sided nature of the opera-
tor T*, we have

C
[T < < T*b(z) dx<—Z/ (z) dz

R\Ox R\I;

C
395 / (@) do

Since the I;’s are disjoint and b(x) = b;(z) on each I; the last term is
bounded by

S [p@lute) de=5 (@) -g@ute) do< S 1@l ar. ©

7. Proof of Theorem 1.9

By Theorems 1.6 and 1.7 it is clear that it suffices to prove the a.e. con-
vergence in the Schwartz’s class S.

Theorem 7.1. The functions TR (x) converge for all p € S and for
every ¢ € R as N = (N1, N2) tends to (—oo,+00). Further, if ¢ has

compact support and K(x) = 302 vp(pr(x) — or_1(x)) then

li Tay(z) = K
v N (x) * ()

for all x outside the support of Y € S.

Proof: 1t will suffice to show that T, ji(x) and T')9(x) converge
as M — +oo. In fact, we shall prove that
T2y 0¢ () = TN 0tb(@)] + TG () — Tgi N ()]
=T, N (@) + [T ()| = T+ 1T

is small for N < M and N big enough. First, let us observe that
from (2.3) we have that for all s > 0 there exists a positive constant C
such that for each m <n

7.2 < Ce’ d — < (C—
(7.2) Z er < Ce’ an k;naz_ =

k=—o00
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Since [ K% = 0 for every N € Z?, by using the mean value theorem
and (7.2) we get that

I=|[ Ko ale = )wto) - vy

—N-1

<2||w||m||vk||oo/ 3 el

—~N—-1 1 0 —N-1
<c ¥ o @rwrdisco Y ascean
ke M—1 Sk Y ek k=—M-—1

which is small when N is big enough. In order to estimate II, we choose
a number s > 1/(1 + «). By Hoélder’s inequality and using (7.2) again
we have

M
11 <2l [ 3 orle = plvldy
k=N

M 1 Ttek
<CY o [ Wl ta -y dy
=N Sk z
M 1 Tter , 1/s’
<Cllle Y o ([ e ay)
k=N k @
M
1 C
< Ol Z 7 < 75l
k=N €k EN

which can be done small taking N big enough.

Let us denote the support of ¢ by supp(v). Let = & supp(¢)). Then
there exists 6 > 0 such that | — y| > § for all y € supp(v)). Let ko € Z
such that e, < § < epy4+1. Therefore, from Lemma 3.3 and taking into
account the support of K we get that

«a C Ek‘i‘l +x - )a
K-yl S ro Y Bz )
k> ko €rt1
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Observe that g(y) = $4(y) is an integrable function. We shall see now
that the function

«

€ +x —
By = 3 ST )
E>ko €h+1

1
1+«

THEp41 (EkJrl 4+r— y)sla 1/s'
Le Z \/11 Es’(l-l—oz) dy

k>ko Ten k+1

is also integrable. Let s >
Holder inequality

and s’ its conjugate exponent. By the

/mwwwqw

<Cllloe Y el < Clplleey, .
k>ko

Now the integrability of ¢ and & together with the dominated conver-
gence theorem imply

I TR (z) = K°
vodm L Ive@) *P(2)

for all = outside the support of ¢ € S. O
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