ON THE UNIFORM CONVERGENCE OF A CERTAIN
EIGENFUNCTION SERIES

L. I. MisuoE AND G. C. FORD

1. Introduction. In the attempt to solve certain problems in mathe-
matical physics, such as diffraction of an arbitrary pulse by a wedge as
considered by Irvin Kay [1], one encounters a hyperbolic differential
equation of the type

(2) Uy — (YU =Wy — p(T ),

where u(x, f) must satisfy the boundary conditions u(1, £)=u(0, £)=0 and
u(x, 0)=F(x). In attempting to solve equation (a) by separation of
variables, one is led to the consideration of expanding an arbitrary
function F'(x) in terms of the eigenfunctions u,(x) of the equation

w4+ q(x)u+ A(p(x)u —u')=0

satisfying the boundary conditions u(0)=1u(1)=0.

In the previous paper [2] by B. Friedman and L. I. Mishoe, it was
proved that a function F(x) of bounded variation for 0 {a <1 could be
expanded in terms of the eigenfunctions u,(x) of the system u”’+qu+

2pu—w)=0, u(0)=u(1)=0, provided F(0*)+ F(1-) exp (—Slpdt>=0. How-
0

ever, the question of uniform convergence of the series ianun(x) to F(x)
was not considered. In this paper we establish sufficient conditions for
the series ianun(x) to converge uniformly to F(x) for 0<Tw<1.

The following theorem has already been proved [2]:

THEOREM 1. Let F(x) be a function of bounded variation for 0 ax <_1.
Let u,(z) be the eigenfunctions of the system

(1) (A+2Byu=0; u(0)=u(1)=0,

where A is the operator d*/dx*+q(xz), and where B is the operator —d/dx
+ p(x).

Let ¢(x) be continuous and p(x) have a continuous second derivative.
Furthermore, let v,(x) be the eigenfunctions of the system adjoint to
Q). If
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(2) F(0%)+ F(1-) exp (—S:p(t)dt>=0 ,

then the series

(3) S, 4:,() ,
where
_f P(E)va(€) + (&)
( 4 ) Ap= SOF(E)[ B _Abr(zn) ]d&' !

and where the Wronskian w(x) of the two independent solutions u(x)
and u.(x) has the form

(5) w(x)=uu,—u.u;,=C(A)e**

with
(6)  C()=i'exp (- S:Mt)dt) — exp(—1+ S:p(t)dt) 00,

converges to F(x) at every point where F(x) is continuous in 0<x<1.
At all other points, the series converges to (F(z+0)+ F(x—0)). If F(x)
does not satisfy the boundary conditions (2), then the series (3) con-
verges to

(7) ;[F(x-l- 0)+ F(z—0)— {F(O*) + F(1-)exp (— S:p(t)dt)} - (S:p(t)dt)].
In this paper, we prove:

THEOREM 2. If F'(x) exists and is of bounded variation for 0 Lz <1,
then a sufficient condition for the series i au,(x) to converge uniformly
to F(x) for 0<ax<1 is that F(0)=F(1)=0.

2. An asymptotic form for C’(1,). Using (5) and the boundary
conditions u(0)=u(1)=0 and »'(0)=u'(1)=1, we have

(8) C(H)=eu(1, 7).

Then it follows that

(9) C’(A)zgi0(2)= —C()+%eu (1, A)+e‘”2$wl(x, 2) at r=1
where

(10) u1=6m12w1 .
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2
Now (10) transforms the equation (4 + AB)u=0 into w; + <q +ip— i )w1= 0.

It can be verified [2] that w, satisfies the equation

__sinh B(0, z) _ (* sinh R(¢, ?)
- wl_'[r(w)r(O)]“z So [(2)r(&)]" 9B
where

gy P 3D
(12) 9(@)=p"+-" ot iapy T
and
l . x

(13) o)=L =), R x)= Ss r(E)dt .

We note that g(z) and ¢'(z)= (g g(x) are bounded for |4| sufficiently large.

Also, if in (11) we make the substitution
(14) w,=21"'exp (}|o|x)Z,(x)

where =1, we note that Z,(x) is bounded [2] for || sufficiently large.
Differentiating (11) with respect to 2, we obtain

(15) w _z cosh R(0, x) _ [»(x)+(0)] sinh R(0, =)
C 2@y (0)] A[r()r(0)1"*

(" sinh E(, ) : _ (7 sinh B, @) , d
| e @@= G o

_ (= . coshR(g z)
|, (=02 B S gten

1 [® [#(@)+7(6)] sinh R(¢, @) .
* 4 go [(z)r ()] 9(&yw,(&)dE

If we substitute
(16) w,=2"'p(x) exp (¢|olx) ,

we obtain that

__ 4w exp (—2lol) cosh (0, z)
0o REXOE

_ Alr(x)+7(0)] exp (—$|ole) sinh R(0, 2)
A[r(x)r(0)]"
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[ o exp e sinh K6 5) 7y

where g (5)-, g(é) Now A[r(z)r(¢)]"'* and hence A[7(x)+ r(&)][r(x)r(€)]**

are both bounded by some constant C as ||— . Also, exp[—2%lol(x—8)]
x cosh R(&, ), and exp[—#%|ol(x—¢&)]sinh R(€, x) are both bounded by some
constant C as |A|—> o and 0<é<x. Using these results we obtain from
equation (17) that

T S oo uTS () Z,(&)\de

C
+ Mg Lt GG MS 9(&)ZE)1d .

If we set p(1) equal to the maximum of |p(z)| in 0 <x<_1, then we
certainly have that

| MS (L@ Ho—El A + oA

1- Mlglg(s)ldﬁ 1— mglg(@lw

II/\

M

Therefore, g, and consequently p(x) are bounded as |i|—c. Rewrite
equation (15) as follows:

19)  w)(x, 1)— 2 Cosh B0, @) _[r(z)+7(0)] sinh R(0, z)

2[r(z)r(0)]" Ar(@)r(O)]"
— 1 exp(dlole) | P I= 2‘“‘[‘752”@;2])]?}?“ R 2) g e)0(e)z
~rtexp(ilole) eXp[:%'f’[Lfé = fg]sl,i,?h B 2) oe)7,(6)de
1t explole) | (@ - P = ‘;[lifw)f()g)]s},?h BE.2) gy z(e)ae
+17 exp(3ola) | XL 4’5'[)3([;“;?()&;'}59] sinh 85 2) g(0)z,(e)d .
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The above four integrals are all at least O(1~*exp [4|s|x]). Also,
[r(z)r(0)] 2=+ 0(2%)

and
[ O =740

So it follows that

(20)  w/(1, 2)—4~ cosh < S:r(t)dt) + 0~ exp [3]0]]) - 22 sinh ( g:r(t)dt)

+ 0@ exp [%]a]]) .

Using this result for wi(1, 1) in equation (9), we have, for #21>0,
1
@1) c'(z)=z-1[exp <—z + g p(t)dt)]
Q
_l. -2 — ' — — . -3 -2
L2 [exp( Sop(t)dt> exp< 2+ Sop(t)dt>:l+0(2 )+0(1-%)
and for .27 1<0,

(22) C’(A)=]‘1[exp ( a1+ S:p(t)dt):l

_ ; 22 [exp (— S:p(t)dt> —exp(—i+ S;p(t)dtﬂ 00 .

3. Distribution of the eigenvalues. Since by [2]
C()=2"" exp [—xa](exp [— SZp(t)dt] —exp [—Z(b—a) + S:p(t)dt:l-l— 0(1—1))
— 11 exp [ — 2a]C,(1) for <7220,
C(2) =" exp [— 5] (eXp [—x(a—b)— S:p(t)dt]— exp U:p(t)dt]Jr 0(1—1))

=2"texp [—0]Cy(4) for . Z72<0,

and where ¢ and b equal 0 and 1 respectively.
The condition that 2 be an eigenvalue is that C(2) and hence either C\(2)
or Cy,(2) be zero. Equating Ci(2) to zero we obtain

(23) exp [a Ab—a)+ S:p(t)dt:'z exp [— S:p(t)dt] +00-)

—exp [— S:p(t)dt](l +0(Y).
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By taking the logarithm of both sides of the above equation (23) and
expanding the term log (1+0(27')) we obtain that the large eigenvalues
satisfy the equation

—2n=—2glp(t)dt+2nm'+0(l,;1), n—=+N, + N+1, - .
0

Hence the eigenvalues with positive real parts, if they exist, are given
by

(24) 2y =2nmi + 2 S p(t)dt+o(,,£> )
0 n
The equation C,(2)=0 leads to the same result for those eigenvalues with

negative real parts. Consequently, all the eigenvalues are represented
by equation (24).

4. On the uniform convergence of series (3). Consider equation
(4). In [2] it was shown that

(25) B*V(x)=exp [— i + S p(t)dt] +Q,,
where
{0(2"2)4—0(1“ exp [—x]) for #21>0
Q =

O(Atexp [—1x]) for #21L0.
Similarly,
(26) B*V,(x)=-exp [— A+ Szp(t)dt] +Q,,
where

O(A*exp [—Ax]) for Z21>0

B {0(1-1 exp[—a])+ 00 exp[—b])  for P1<0.

Also from [2], we have that

@) w@=1"exp :Xx - S p(t)dt]— exp SO p(t)dt]} + 01—

and

(28) uz(w)=l‘1{ exp :Z(x— 1)— S p(t)dt] — exp S p(t)dt}} +0() .

Using equations (26) and (27), for &#'4>0, we have



ON THE UNIFORM CONVERGENCE 2177

Al =1 Sl A GEMECPE
0

C'(4,)
£
~o(*)]| e C}(}ﬂ)glf’_ )]

+ 005 ) Y@Oﬁi‘f”"ﬁ dz

- g 7
:A Sl F(&) exp <_AWE+Sxp(t)at> g+ A 51 F(E)O()\;le—)\wf)dé-
Ay Jo C'(2,) T2 Jo C'(An)
where A is bounded.

By equation (22), C'(2,)=0(%"), therefore va =00

Hence

1 3 1
(29) anul=BnSOF(E) exp (— M E+ S p(t)dt)d§+ B, S F(&)00; e ) de
0 0
where B,=21"'0(1,)4 is also bounded. Using equation (26) for .<2/>0,

and observing that O(1~' exp (—1,£)) is the indefinite integral of a bounded
funection, it can be easily shown that

(30) [, Fe0G eae=06:)
0
Consider now the first integral in equation (29). Setting H(¢)=

g
F(€) exp <g p(t)dt> and integrating by parts, we obtain

6D | HE exp (—hdde——1 HE exp (=8 |
# [ © exp (2,00
Since F(1)=F(0)=0, then H(1)=H(0)=0, and the first term on the right

hand side of equation (81) vanishes.
Now

G2 HEO-p@FO exp ([ p)at) + @ exo ([ st )

F'(¢) is of bounded variation on (0, 1) and p’(¢) is continuous on (0, 1).
Therefore, H'(¢) is of bounded variation on (0, 1). Hence,

H(&)=¢\(&)—¢.(8)
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where ¢,(&) and ¢,(£) are two bounded, positive, monotone functions,
either both nonincreasing or both nondecreasing. Now A;'exp (—4,£) is
bounded and integrable for 0 <{¢<{1. Assume ¢,(&) to be a monotone
decreasing function, then

33 | 4 exp (—ree

— )] 35" exp (—du)de— ¢z(0)§ 177 exp (— 2,8)de=0(5?)

where & and & are on the interval (0,1).
Combining the results of (30) and (33) we have

San )= 5 00+ 3 au)+ 30057

where Nz—lanun(x) is finite for 0<{x<{1. From (24) it is clear that
-N
=0(n) for n=+N, +N+1,.-- Therefore

2 a’nun(x)_ —§+ )O(l)

— o0

+ Zau () + Zo(l)

where O(1) is a bounded function.
. o|_ M . =1 o s
Since <L M >0 and the series M Y converges, it is
n n’ ¥ n?

clear that ianun(:c) converges uniformly to F(x) for 0<xz<(1l. And

our theorem is proved.

We note, however, that while Theorem 2 is sufficient, it is not a
necessary condition for uniform convergence. For suppose F(0) and
F(1) differ from zero, then by equations (31) and (33) we have

ianun= i O( 1) which may or may not converge uniformly.
= = n

In fact, a necessary and sufficient condition for the uniform con-
vergence of this series does not seem to be known.

The authors wish to thank Professor Bernard Friedman and Mr.
Bertram Levy of New York University, and Miss Noel Cousins of Morgan
State College for their assistance in preparing this paper for publication.
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