THE LATTICE OF INVARIANT SUBSPACES OF A
COMPLETELY CONTINUOUS QUASI-
NILPOTENT TRANSFORMATION

W. F. DONOGHUE, JR.

An essential result in the study of a continuous linear transforma-
tion of a Banach space into itself is the specification of the lattice of
proper closed subspaces of the Banach space which are invariant under
the transformation. For certain classes of transformations the results
which have been obtained in this direction may be regarded as complete,
for example, for self-adjoint transformations in Hilbert space. The in-
variant subspaces for certain isometries in Hilbert space have been
found by Beurling [2] whose results have been extended to unitary
transformations by the author [3]. In general, however, little is known;
in fact, it is not yet known that an arbitrary continuous linear transfor-
mation in Hilbert space has nontrivial closed invariant subspaces. A
theorem of von Neumann guarantees that a completely continuous trans-
formation in Hilbert space has such subspaces, while more recent work
of Aronszajn and Smith [1] establishes the same result for any Banach
space. For completely continuous transformations which contain only
the point 0 in the spectrum (the quasi-nilpotent transformations), spectral
theory can provide no information concerning the invariant subspaces,
and the application of the result of Aronszajn and Smith only assures
the existence of a nested sequence of closed invariant subspaces. Such
a lattice of invariant subspaces is considerably simpler in structure than
that usually encountered in spectral theory. It is the purpose of this
note to show that more cannot be obtained, and that this very simple
lattice does in fact occur. The three examples which follow illustrate
this fact; the fourth example shows that not every completely continu-
ous quasi-nilpotent transformation has such a lattice of invariant
subspaces.

ExAMPLE 1. Let 57 be the Hilbert space consisting of all
functions

J@)= 2‘0 ayz"
analytic in [z]<_1 with Taylor coefficients in 7:

Sl =) fp<oo.
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We may also write
¢, 9= Sad— L | Aeiteas
where
9(z)= g) bn2".

Let V be the transformation defined by Vf(z)=zf(z/2); V is completely
continuous and quasi-nilpotent. Let ., be the subspace of 77 com-
posed of functions f(z) which have a zero of order == at the origin;
it is evident that these subspaces satisfy the relation _#,, C .4, and
that they are closed and invariant under V. It will be shown that
these are the only nontrivial closed invariant subspaces.

For the proof, it is enough to consider an element f of 27 for
which f(0)7%~ 0 and to show that the sequence V*f (n = 0) spans &7 We
may suppose f(0)=1 and write f(z)=1+g(z) with g in .. For n=0
we define h,(z)=1" 2 @-wV»f; it is sufficient to show that the sequence
h, spans the space. For this purpose, consider the linear transforma-
tion 7' defined by T(2*)=h,(2); it is easy to establish the continuity of
T, and it will now be shown that 7 has a continuous inverse, thereby
establishing the completeness of 4,. Note first that

UT— D2 =1 ()2 F=1 A2 — 1P =D ez < 1

On the other hand, if f,(z) is a sequence in & weakly converging to
0 then

fl)=3 a2
n=0
and
IT-DAL< 502 L= | fol 35011/

(the inequality above following in general from its truth for finite
sums). From the weak convergence of the f, to 0 it is clear that

lim 3% |a$”)(1/2)=0,
v n=0
hence that (T'—1)f, converges strongly to 0 and therefore that T—1 is

completely continuous. Accordingly 0 is in the resolvent set of T or
there exists a finite-dimensional null space for T. Thus T-' exists and
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is continuous, since the nonexistence of a null space for T is shown as
follows: Tf=0 for

Ff@)=3 a,2"

n=0

means

Ms

@)= 0

0

3
[

whence
ohol(2) + :‘j Uuha(2)=0;

the second term is in ./, hence the first term is, and since 7%, is not
in that subspace it follows that a,=0; from an inductive argument it
then follows that all @,=0, as desired.

ExamMpLE 2. Let V* be the adjoint of the transformation V
described above. The invariant subspaces for V* are the orthogonal
complements of the invariant subspaces for V, and form an increasing
sequence of finite-dimensional subspaces. Clearly V* is completely con-
tinuous and quasi-nilpotent.

ExampLE 3. If f(¢) is a function integrable on the interval 0 <t <1
let Sf be the indefinite integral

sy =| sz .

The operator S is the Volterra integral operator and is completely con-
tinuous and quasi-nilpotent when considered as a transformation from
Lr into itself for 1 << p <, or when considered on the space % of
continuous functions on the interval. If _# denotes the class of all
functions in L* which vanish almost everywhere on the interval 0 <¢
s it is clear that the _#, form closed subspaces of L? which are in-
variant under S. It will be shown that such subspaces are the only
closed invariant subspaces of the operator S.

For the proof, the result is first established for the continuous
function space. Let f(¢) be continuous on the interval 0 <¢<{1 and
define f=0 outside that interval to obtain a function defined throughout
the axis. If Y(¢) is the Heaviside function equal to 1 on the positive
half-axis and vanishing on the negative half-axis, then for all  in the
unit interval

Sfla)= (Y f)(@)
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where * denotes convolution. Similarly, the iterates of S applied to f
are given for 0 < a2 <1 by

S*f(w)= (Y, f)()

where Y,..(¢) vanishes on the left half-axis and equals "/n! on the right.
Let ¢ be a measure on the unit interval orthogonal to all S*f; the
equation

S:S"f(ac) dp—0

may be written (Y,xf* 2)(0)=0 where p, the reflection of g through
the origin, is given by f(f)==p(—¢). From the associativity of convolu-
tion, then, (Y, *(f* £))(0)=0 whence it follows that the continuous fune-

tion f* ¢ is orthogonal to Ivf,,(t)=Y,,(—t) for all # =>0. Accordingly
f = pr vanishes on the left half-axis. A theorem, the most general ver-
sion of which is due to J. Lions [4] asserts that for any two distribu-
tions on R* with compact support, the convex hull of the support of
the convolution is the vectorial sum of the convex hulls of the supports
of the factors. Thus if the convex hull of the support of p is the
interval (¢, d) and the convex hull of the support of f is (a, b) it follows
that the interval (¢—d, b—c) is the convex hull of the support of fx z,
whence d < a. Thus the only measures orthogonal to S™f, n=>0 are
measures orthogonal to the subspace ., and the closed linear span of
that sequence is .7, unless =0, in which case the closed linear span
will be the whole space if f(0)5~0. Thus any proper invariant subspace
for S in & is a union of spaces of type .7 and is therefore a space
of that type itself.

For the spaces L” the same result follows from the observation that
the range of S is contained in . If the smallest interval containing
the support of Sf is (a, b), then the sequence S*f, n =1 spans the sub-
space .7, of & and its closure in L” is the corresponding _#, of that
space. Evidently f(¢)=0 almost everywhere in 0 <¢<{a, whence S™f,
n >0 spans .7, in L~

It is of interest to note that our assertion is no longer true for the
space L=. As above, the transformation S is completely continuous and
quasi-nilpotent, however, its range is contained in a separable subspace
of the nonseparable L~. It is possible to obtain any closed invariant
subspace of L~ by choosing any closed subspace of a subspace of the
type .7, which contains the corresponding continuous function sub-
space .7, Nevertheless, if the word closed were interpreted to mean
weak-star closed the result obtained above for % and L* would carry
over to L=,
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ExAmMPLE 4. Let &7 be the separable Hilbert space consisting of
functions f(x, y) defined in the unit square for which

I/ |12=S:S:|f(t, s)Pdsdt < oo .

On &7 consider the integral operator T' defined by

2y

Tf(e, 1)~ |1, 9)dsat.

0J0
T is completely continuous and quasi-nilpotent. Following the methods
of the previous example it is not difficult to construct a class of subsets
of the square corresponding to a class of invariant subspaces. Obvious-
ly the linear subspaces so obtained are not linearly ordered under in-
clusion; moreover these are not all of the invariant subspaces since the

subspace consisting of functions which depend only on the product xzy
is also a closed invariant subspace for T.

REFERENCES

1. N. Aronszajn and K. T. Smith, Invariant subspaces of completely continuous opera-
tors, Ann. of Math., 60 (1954), 345-350.

2. A. Beurling, On two problems concerning linear transformations in Hilbert space.
Acta Math., (1949), 239-255.

3. W. F. Donoghue, Invariant subspaces of wunitary transformations. Bull. Amer.
Math. Soc., 59 (1953), 535.

4. J. L. Lions, Supports dans la transformation de Laplace. Journ. d’Analyse Math.,
2 (1952), 369-379.

UNIVERSITY OF KANSAS








