CERTAIN GENERALIZED HYPERGEOMETRIC IDENTITIES
OF THE ROGERS-RAMANUJAN TYPE (II)

V. N. SINGH

1. Introduction. Nearly two years ago, Alder [1] established the
following generalizations of the well-known Rogers-Ramanujan identities:

(1) ﬁ (1 — @M +DR-M)(] _ M+ D= +1D)(] — gp(2M+ D) _< gﬂ!;ﬁ,(,az,)

n=1 (1 —:v") =0 (.’17); ’
(2) QoL a1 gty & Gy ()
=1 (1—a) iz (@),

where Gy, (x) are polynomials which reduce to x* for M=2 and
(@), =1-2)(1—2---1-2"), (x)=1.

In a recent paper [6] I gave a simple alternative proof of (1) and (2).
We used the result

(3 ) 1+ i“ (_1)skMsx%s((2M+l)s—1)(1 — Fka™) (k,,x,)i;{
. (w)s
— T A =kam) S F'Cue(@) M=2,3, ---
n=l =0 (x)t

Alder in his paper states that identities involving the generating
function for the number of partitions into parts not congruent to 0,
+(M—r)(mod 2M+1), where 0 <r << M—-1, can be obtained by his
method and indicates the result for r=1.

In the present paper I give a simple method of obtaining the M
identities for each modulus (2M+1). In §4 identities for which »>3M
have been deduced and in §5 those for which r»<iM have been ob-
tained for any » such that 0<r<M-—1. The identities given in §5
have not been mentioned by Alder. As a corollary, an interesting
identity between two infinite series is given.

2. Notations. Assuming |x|<1, let
(@) =(V)p,n=(1—a)1—aw)---(1—az"""),  (a)=1,
(@)-p=(=1)ad*@*0]ar(z]a), ,
Ty=1+z+a*+ o +a"".
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(4) Pm,,(x)Ex’;‘(”l“m” (@) (1 —gm=2e+1) |
(@) (@) 41

and let

( 5 ) ¢(M’ xr)=1 + i (_1)sx1|lrsxzs((zy+l)s—1](1_wzs+r)(ws+1)r_l ,
8§=1
so that (3) can be written as

( 6) H(M, x’) H 11—z Z .’E_GM 5(:27) )

3. The polynominals u,(x). Before proceeding to deduce the gener-
alized identities, we first give a few properties of a sequence of poly-
nomials with the help of an operator. These we will need in later
sections. Let us define a sequence {u,()} of polynomials by the relations

(1) uy(@)=0
(ll) Un(X) =Up-1(T) + 2", n=1.

Let &2 be an operator which replaces z,, by u,.(x) in any u,(x), that is,
PBy(8) =T U () + 5" () .

Also
FBru, ()= B PBuy(x)} .

Then we have
(7) (@p=1=az,+ 3, (= @y zd* =22, ().
As can be easily shown

o= _ (2
8 n=s+1 - .
(%) B - r1(2) (2)5(2) -5

The above polynomials (8) have also recently occurred in a paper by
Carlitz [3].
Comparing the coefficients of a! in
(9) (@u= (= 1y et e-d(az-,,
we get the relation
(10) DB Upmss@) = R MU() s=1, -+, (n+1).

We can thus write (7) as
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(11) (a)n=ﬁ0(__a)sm%s(s—l)‘%sdun_s”(x) ,

where negative indices of % are defined by (10). Again comparing the
coefficients of «f in

(a/x”'l)w' n= (a)llx. n oy

we get with the help of (11),

(12) K i TR () Bt Al s TR (e IR
In particular
(13) (@) =22, () .
The following values of “#™ u,(x) will also be required:
Py (x) =2, , from (10)
u,(x)=1

ux)=1+x+2x*+ o+ o'
u(@)=1+z+ 20*+ 22°+ 22* + 2° + 2= P uy(x) .

4. Now we proceed to deduce identities involving the generating
function for the number of partitions into parts not congruent to 0,
+(M—r)mod 2M+1). From (11), we have

(wn_r+1)2r-1(1 —_ wzn)

=l:1 v 272—2 {( _ xn—r-e-l)sw%s(s—1)%8—2,%”_3(:”)} __aa(zr-l)n](l —z)
§=1

whence
1+x(2r+l)n
(14) =|:w2n+x(2r—l)n__ {272"12 " (— l)sx%s(s."l)—n%s_?uw—s(w) }(1 _xzn):l
s=1
+ (1 —a’%)(wn-r“)zr-l .

And since, because of (8) or (10), the terms equidistant from the two
ends in the sum on the right of (14) have equal coefficients of powers:
of z", the expression in square brackets can be written as

(15) i (_ 1)t—1wtn {1 +m(2r—2a+l)'n,} Ur, c(w)
t=1
where

(16) U, (@)=ahisn-irgpiony, _ (a) —ab-nu-n-C-prgpt-n, _ . (z)
=P, (), using (4) and (8).
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The polynomials U, ,(z) may be called “reciprocal” since they are such
that the terms equidistant from the two ends have equal coefficients.
Taking n=0 in (14) we see that

a7 S (— 1), (2)=1.
Also, with the help of (12), we have

(18) U, (@)=U, (z) .
Now from (15)

i ( _ 1)'nw%n((‘ul+l)n +2r +1}

N=—oco

=1+i(_1}n n((zl!l+1)n 1}

n=1

{1 + (rr+1)n}

x'm

(19)

n[(zll+1)n 1}

—1+ 5 ()0, @3 0

(1' b)n

{1 + x(2r—2& +1)n}

n[(zM+1)n 1}
(1 wzn)(xn r+1)z 1.

m'rn
For n=s+r, the last series on the right-hand side of (19) becomes

(__ 1)rwyr2-lr(r+ D(}')(M, xzr)

since the first (r—1) terms of the series vanish because of the factor
(@""*),,—,. Then using (17) and writing

FOM, )= 3, (—1yadnicusnra

Nn=—oo

we obtain for (19) the form

20)  F(M, r)=3(— 1)U, (&) F(M, r— )+ (= 1)z -drorg(M, aor)
t=1

Thus, using Jacobi’s classical identity

(21) Z (—1)"an’% —H(I 2 12)(1 —a™/z)(1 —x*)

to express the infinite series in (20) as infinite products, we could find
for any given r, such that 0 <r<{M—1, an expression for the generat-
ing function for the number of partitions into parts not congruent to
0, +(M—r)mod 2M+1) in terms of generating functions for the num-
ber of partitions into parts not congruent to 0, +(M—s)(mod 2M+1),



(3=0,1,2, -+, r—1).

GENERALIZED HYPERGEOMETRIC IDENTITIES

get
THEOREM 1.
(22) f[ (1 — x(?Mﬂ)n—(M—r))(l __x(zlll +1)n-(M+r+1))(1 _w(2M+l)n) _ iA' (:D, t)GM, ’('E)
n=1 (1 ——x") t=0 (217),
where

A, )= 35 (= 1)@ Ry () .

The polynomials U’(x) are of the *reciprocal” kind, with

so that

and

U;, r-l-l(w) =1

U en(@)= S (=1 U @)U -, e:(@) ST
U, (x)=1, because of (17)
U (@)=U, (=) , because of (18).

As an example of Theorem 1, taking the case r=1, we have

Therefore

(23)

1+ =2"1+2")+ (1 —a")(1—a™) .

i (— 1)nw%n((w+1)n #l=¢(M, 1) _wu-1¢(1‘1’ )

N=-—oco

which is equivalent to equation (23) of Alder [1].
From (23), using (21) and (6), we get the identity

(24)

For r=2,

(25)

= (1 (A +DR=(H-D)(] — O +DR- (D) (] — (M +DI)
n=1 1—2a")

=5 A= e (@)
= (@),

ﬁ (1 — w(zM-l-l)n—(M—Z))(l _w(2l+l)n—(ﬂl+3))(1 — M +1)n)
A 1—2")

oo — 4 M +26-1 M 48 -3
=§1 {1 U2,2(a7)azx) '!fiv_ }_F GM,L(“’) ,

Since F(M, 0)=¢(M, 1), the F-series can be suc-
cessively expressed in terms of ¢-series and, with the help of (6), we



1696 V. N. SINGH

where
U, (x)=z'+1+2x.
Similarly for »=38 we get

U, .(@)=22+x '+ 2+ +2a>
Ui x)=a*+x ' +1+z+2*,

and so on for any » such that 0<r<<M-—1.
5. In this section identities involving the generating function for
the number of partitions into parts not congruent to 0, 41 (mod 2M +1)

are obtained.
From (11) we have

(xn-r-r?)zr_z(l —_— wzn +1)

=|:1+ {21—3(_wn_r+2)sw%s(s—l) ‘@S—Zuzlr_s_l(w)}+w(2n+1)(r—1) ](1_x2n+1) ,
1

whence
1 _x(2n+1)r
(26) =|:x2n+1_x(2n+1)(r_1) _ {23\‘3 & (— 1)31’.%3(31-3)—rs%s-_uzr_s_l(x)}(l _wzn-n)]

§=1
+ (1 — w2n+1)(xn—r+2)2r_2 .

In the expression in square brackets in (26), the terms containing ™"
cancel and the other terms can again be grouped in pairs to give

(27) 1 _$(2n+1)r= El( — l)t_IV,.’ t(x)xtn {1 _x(zn +1) (r-::)} + (1 __,.z;:'rl,+1)(a;7l,—r+2)2'.._.2 ,
t=1

where
(28) Vr,L(w)=x%t(“3)—n%t-zuw—z—l(x)—w%t(t_l)-r(t—z)%t—4u2r—z+1(m)
=x%‘Pw_Lt(x) .

The polynomials V(z) are less symmetric than U(x). In particular,
corresponding to (17) and (18), they satisfy the relations

r—-1

(29) 2=V, (@), =a,
and
(30) V. @)=V, (z7) .

Now
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wz (— 1)nx%n[(2M+ D+D}-rn

N==—oco

(— l)nx%nz(zﬂl+1) +(-Fn
x(r-l)n

=i {l_x(2n+1)r} .
n=0
Denoting the left-hand side of the last equation by ¢(M, r) and
using (27) and (5), we get, after slight simplification,

(31) S[’(M, T)= Tij'l ( _ 1);-1¢(M’ r— t) V.,, t(x) + ( _ 1)r—1x%(zy—1)r(r-1)¢(M, w‘.’r—l) .

Using (21), the generating function for the number of partitions into
parts not congruent to 0, +7 (mod 2M+1) can now be expressed in
terms of the generating function for the number of partitions into parts
not congruent to 0, +s (mod 2M+1), (s=1,2, --., r—1). Thus, we
finally have

THEOREM 2.

() i Qo) (LoD = aCOn) S B, 06 (@)
n=1 (1—am) =0 (@),

where
”
B,(ac, t)= Z (_ l)s-lw-zl(w—1)s(s-1)+ (2s-1)t V,'-, s(%') ,
§=1

and V. (x) are polynomials with

Vi(2)=1
V@) =3 (= 1)V @) Vi o(®) s
m=1
so that
Vi(x)=2,
and

V;,t(w)=xr—tv;, t(x—l) .
As an illustration, for =2 in Theorem 2, we have
1_x4n+2=xn(1+w)(1_x2n+1)+(1_x2n+1)(1_mn)(1__mn+1) .

Therefore

i (— l)nx-%nZ(zM-l-l) +(M=-$n _ 1+ x)q&(M, x)— sz-qu(M’ ) ,

n=—a

which gives us the identity
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ﬁ (1 — x(zMH)n—z)(l _w(zun)n—(zm—l))(l — w(zM-r-l)n)

(33) net (1—2")
_ i {(1 _l_ﬁ)xs — +3z—1} GM, t(a;) .
¢=0 ("B)c

COROLLARY. If r 4s replaced by M—1r in Theorem 2 then the left-
hand sides of (22) and (32) become the same and we have

iAr(m’ t)GM, ) iBM—r(w, t)GM ,((l?)
i=0 (x), i=0 (x),
r=0,1, -+e, M=1, M=2,3, -+~

(34)

For M=2 and =0 and 1 we get respectively the relations
i i {A+x)2’— w"‘(‘“)}
(x), i (),
o (1_17%2,);1;52: o gic-n-
= (), "Z" (@),

the truth of which can easily be verified.

Some time ago, Slater ([4] and [5]) gave a very large number of
identities of the Rogers-Ramanujan type using Bailey’s summation theo-
rem [2] for a well-poised #;. It is interesting to note that, as special
cases of our identities, we get some of those given by Slater, differing
only in form as can be easily verified. To mention an example, let us
take equation (90) of Slater [5]:

o0 (1 __w2m-3)(1 _w27n—24)(1 _wzm) _ [l (WS)xa, Lwt(t+3)
7[;[1 (1 "m”) “2" (w)z(w)zwz

If we put M=13, r=3 in Theorem 2, we obtain another series for
the product on the left of (85). I propose to study the equivalence of
identities (22) and (82) above and those of Slater in a subsequent paper,
as also identities involving products in which the powers increase by 2M.

I would like to express my gratitude to Dr. R. P. Agarwal for
suggesting the present work and for his kind help in the preparation
of this paper.

(35)

’
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Corrigenda. In [6] the following corrections may be noted:
p. 1011. The series for T, , runs up to

M—n—1 ]
tn=| oty |
[ M—n "

p. 1012. In the line immediately preceding (3.3), @y,-1 should be
Wypre1e

In the right hand side of (3.4) a factor (kn;t) should be inserted in
the denominator of the outer series.

p. 1014. In the right hand side of the last identity of the paper,
we should have IT instead of .
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