DERIVATIONS OF JORDAN ALGEBRAS

BRUNO HARRIS

Introduction. Let J be a finite-dimensional semisimple Jordan al-
gebra over a field of characteristic zero, and D a derivation of J into
a module M. Jacobson has shown, in [6], that D is inner in the sense
that there exist elements z;, in J, m; in M such that for all z in J,

(1) D(x) = Ei(zi’ x,m,)

(where (z;, #, m;) denotes the associator (z;-x)-m; — z;,-(x-m;) and x -y
denotes the product in J or the product of an element of J and one of
M). This theorem is the analogue for Jordan algebras of the first
Whitehead lemma for semisimple Lie algebras of characteristic zero.
In this paper we will consider two problems: first to generalize the above
theorem to arbitrary characteristic p (excluding p =2 but allowing
p = 3); second, to express the group of derivations modulo inner deriva-
tions of any Jordan algebra (not necessarily finite-dimensional or semisimple)
as a cohomology group. The second problem is part of a much more
general one: that of developing a cohomolegy theory for Jordan algebras
analogous to the existing theories for associative and Lie algebras (see
[9]).

Our results are as follows: with respect to the first problem, we
show that if J is finite-dimensional and separable, then every derivation
of J into a module is inner (i.e. satisfies (1)) if and only if J satisfies
the additional condition that it has no simple ideal which is special and
whose degree is divisible by the characteristic of the base field. (This
latter condition is directly related to the fact that the Lie algebra of
all n x n matrices over a field of characteristic p cannot be expressed
as the direct sum of the derived algebra and the center if p divides ».)
For the proof we use the representation theory of Jordan algebras given
in [7] and rely to a certain extent on the classification of simple al-
gebras; however, it may be possible to give a proof not relying on the
classification by using a Casimir operator (as is done for Lie and al-
ternative algebras in [3]).

As for the second problem, our results cover only special Jordan
algebras and certain types of modules. We use the concept of a bimodule
with involution (introduced in [7]) for an associative algebra with in-
volution, and introduce cohomology groups which are like the usual
cohomology groups of associative algebras but also take into account
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the involution. These cohomology groups may be of interest in them-
selves, but in this paper we examine only the first cohomology group
and its relation to derivations of special Jordan algebras.

Together with the Jordan results we obtain the first Whitehead
lemma for separable alternative algebras of characteristic not 2. This
result has been proved for characteristic = 2,3 by Taft [13], using only
the alternative structure theory; previously it has been proved for
characteristic zero by Schafer [12] using the result on Jordan algebras.
A Casimir operator method is given by Campbell, [3], who does not
specify for what characteristic his assumptions are fulfilled. By using
an appropriate definition of inner derivations we are able to include
characteristic 3 (in [10] Kaplansky announced that the Cayley numbers
have outer derivations in characteristic 3, but presumably he used a dif-
ferent definition of inner derivations).

We are indebted to Professor Jacobson and Dr. Taft for conversa-
tions on these problems. The derivations of some of the simple Jordan
algebras have been worked out independently by them.

Preliminaries. We will consider Jordan algebras over fields of
characteristic different from 2. The product in the Jordan algebra,
denoted by x -y, satisfies

(2) Ty =Y.
(3) (-2)-y) o= (w-2)(y-o).

A module M for J is a vector space with a bilinear composition x-m
for « in J, m in M such that the vector space direct sum (or * split null
extension”’) E = J@ M with the multiplication (x + m)-(y + n) =
(x-y +x-n+ y-m) is a Jordan algebra, i.e. the product satisfies (2)
and (3). In[7] a slightly different definition of module is given: namely,
a multilinear identity is used instead of (3); the multilinear identity is
implied by (3) for characteristic not 2 and is equivalent to (3) for
characteristic not 2 or 3. With the present definition the results of [7]
are valid for characteristic 3 also (cf. the footnote on p. 5 of [7], which
however should read ¢ --.-implies the original identity if the charac-
teristic is = 37’ and also footnote 3, p. 18, of [9]). We refer to [7] for
all the concepts and results on the module theory of Jordan algebras
that we shall use.
A module M is called special if

(4) @-y)y-m=x-(y-m)+y-(x-m) for ,y in J, m in M .

Correspondingly we define a universal associative algebra U’ such that
every special J module is a left module for the associative algebra U’.
To each element x of J corresponds an element %' of U’ such that
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xem = x'm if M is a special module. If the mapx — %' is one-to-one
we call J a special Jordan algebra; in this case we will write # for a’
and consider J as a Jordan subalgebra of U’ with product = -y = xy -+ yx.
U’ is generated by the identity and by the elements 2’, and has an in-
volution which is the identity on the z’.

A module M for J is called a submodule of a sum of commuting
spectal bimodules if there is an associative bimodule (i.e. two-sided
module) N for U’ such that M is a subspace of N and the composition
in M is

(5) xem = x'm -+ mx' .

If J is special, a module M satisfies this condition if and only if E =
J @ M is also a special Jordan algebra. The universal associative algebra
for such modules is denoted by U”, and we shall call M a U'" module.
Every special module M can be considered a U module as follows:
Let N be the vector space direct sum M P M of M with itself. Define
N as U’ bimodule by: 2'(a @ b) = (x'a) PO, (a Pb)x’ = 0P («'b), for
x e J, then M is isomorphic to the subspace of elements m @ m of N.
Using the involution a —a* in U’, we can speak of left U’ &® U’
(tensor product over the base field) modules N, instead of U’ bimodules;
let (¢ ® byn = anb™ for n € N. Then U” is isomorphic to the subalgebra
of U'® U’ generated by 1®1 and all 2’ Q1+ 1® 2’ for « in J.

A derivation of a Jordan algebra J into a module M is a linear
map D of J into M satisfying

(6) D(x-y) ==z D(y) +y- D) .

A definition of inner derivation of any non-associative algebra (into
itself) was given by Schafer [11]: a derivation is inner if it belongs to
the Lie algebra of linear transformations on the algebra generated by
the right and left multiplications. If we extend this definition to deri-
vations into modules (using the extension E = J@ M), and if we con-
sider Jordan algebras with identity elements, then an inner derivation
in this sense has the form (1), and conversely any map of the form (1)
is inner. If J is special and M is a U’ module, then, on using (5), (1)
becomes

(7) D(x) = [x, Ei‘, [2:, m]]

where [a, b] denotes ab—ba. (7) suggests the following more general
definition of inner derivation: if J is a special module, M a U” module
contained in a U’-bimodule N, then a derivation is inner if it has the
form

(8) D(x) = [z, n] for n in N .
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Thus a derivation of the form (8) is also of form (1) (or (7)) if n =
>.[#:;, m;] for elements z; in J, m; in M.

If a module M is a direct sum of two submodules M, and M, and
D is a derivation of J into M, then on writing

D(x) = Dy(2) + Dy(x), D(x) € M,,

the D, are derivations and are inner in the sense of (1) if and only if

D is inner in the sense of (1). Similar remarks apply to inner derivations
of the form (8).

Derivations of Special Jordan Algebras

In this section we will consider a situation illustrated by the follow-
ing example: J is the set of self-adjoint elements of an associative
algebra A with involution, and M is J itself. It is natural to call
a derivation inner if it is of the form x —[x,a] where a is a skew
element of A. We wish to describe the group of derivations mod inner
ones as a cohomology group.

We begin with a general discussion of associative algebras and
bimodules with involution (see [7], p. 40) and introduce cohomology groups
for them (see [4]).

If A is an associative algebra with identity 1 and involution a — a*
and N is an associative bimodule for A, N is called a bimodule with
involution if it possesses a linear transformation n — % such that

(9) n=mn, an=na*, ma=a*n forae A,ne N.

N may also be considered as left A ® A module by (a ® b)n = anb™, in
which case

(9) e@®bn=0bRam, and 1 =n.

A bimodule with involution can also be described as a left module over
an algebra K constructed as follows: in A X A consider the automorphism
g:a®b—>bXa, and let K be the crossed product algebra consisting of
all pairs (a, 8) with a,8e A® A, with componentwise addition, and
multiplication (a, B)(7, 8) = (ay + B87, ad + By°) where a — a° is the
automorphism just described. We can also represent K as the set of
all elements of the form « + Bo,a, 8 in AR A, with multiplication
rules oa = a°c,0*=1. If N is a bimodule with involution, setting
on = n makes N a left K module, and conversely if N is a left K module,
the map n — 7 = on makes N a bimodule with involution.

A itself is a left A ® A module under (a X b)c = acb*. It can be
made a bimodule with involution in two ways: either by letting a = a*,
or by letting @ = — a*,
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We define the nth cohomology group (see [4]) as Ext% (A, N) where

we consider A as left K module with oa = — a*. We shall now exhibit
a specific projective resolution of A as K module.

Let
X, = K(1 — o),

X, ={3aRe,® - Qa, + 0,00Qa0; X - Qaf|lae AQASK, a;e A}

for n = 0, where w, = (— 1)%(”‘1)0“2).
Setting

we see that X, = Ke@® H,P Kf® S, where H, is the subspace of
A, =AR -+ ® A (n factors) of elements x such that Tx =2 and S,
is th(le subspace of x such that Tx = — x, where T(a, & --- R a,) =
(= 1)zCe-DE-Dax ... X a¥. We make X, aleft K module by defining
(ke @ h, + ko f ® s,) = kke @ b, + kk,f & s, for ke K. Since e, f are
idempotents, X, is K-projective.

We define K-homomorphisms d,: X, — X, ., as follows: we first define
amap d,: KR A,—> KX A,_, by

do(k@a,® -+ ®a,) =ka®)RQa,® -+ Qa,
"I‘Z?:ll _l)ik®a1®"'®aiai+1®”'®an
+(=DE1®a) ®a® -+ Q) ey

and note that d,_,-d, = 0. Next we verify that d, maps X, —> X,_.:

d(@®a, @ - X a, + w0 Qay @ -+ Qaf)

=@ PR, - Pa, + (D a®a,@ - Q@ - Ra,
+(=D)'a(1®e;) Ra® - R, + @x0(af R Rari & - Qaf
+ XS (D)o Qar @ - ®alalf ® e @ al
+(=D'o,a0(l@a) ®a;® - QaS .

=[a(@, QDX -+ @ a, + (— 1) 'o,[la(@,@D]e®a; @ - - - Qas

V + 2D ®a,® - R0, Q - Day
H(=D'0,a0 Qa7 @ -+ ® (001)* @ + -+ ® af)
+(—D)(1®ar) @& -+ ® ay-
+(—1Do,a1®a))s®ai, @ - @af) .

Since

(__ 1)nwn — (__ l)n(_ 1)%(71—1)(1@—2) — (_ 1)%(7;2_7”2) — (_ l)z-l(n2_5n+6) = W,
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we see that the last term is indeed in X, _,.
We also define ¢: X, — A by (¢ ® b)(_;_a — 9))—ab*. Thencand the

d, are all k-homomorphisms, and ¢-d, = 0.

Finally, we have to show the sequence

L X, X, LD ALY 0 is exact. We use the
fact that the corresponding sequence used to define the usual homology
groups for A (i.e. using (A ® A) ® A, instead of X,) is exact, and that
a,+ a,0 =0 in K for a,a, in AR A implies a, =0 = «a,. Let now

d(d ® ;X +++ ®a, + 0,00 Qai@ -+ ®ai) =0,
Then d(a®@a;® -+ Ra,) =0 in (AR A)XR A,_,, and so

AR Q) Qe =dp ZBRb X -+ & basi)
=2BGL:RXNRX0,K -+ & b
+ XL EDERLQ s ®bibin @ - @ bun
+ (= D)"BA® ) Qb6 K -+ &@bi)

therefore

ar@a; Q- Qaf =X (BL:R®DNI@ & -+ Qb
+ 2L (= D)Ro@bi & - - - QDI - - - QOF
+ (=181 ® b ® by Q) -+ @ bY)
= (= D" X B0 @ b7 ® -+ QDY) .

Thus a®@a, Q +++ Xa, + 0,0 QafR - Qaf
= dn+1(26®b1® ce ®bn+1+ ('— 1)n+1w"16>0-®b;1;+1® et ®bi‘()

but (— 1)"*'w, = ®w,.,, and so we have shown that kernel of d, = image
of d,,, and in exactly the same way we see that kernel of ¢ = image
of d,. It is clear that the image of ¢ is A. Thus we have a projective
resolution of A.

If N is a left K module, the vector space Homg(X,, N) can be
identified with the space of linear function g on A, to N which satisfy
the condition og(a,, ---, a,) = w,g9(a}, ---, af), by identifying a K homo-
morphism /2 of X, into K and the linear function

g(al,”"a'n):h(l@a’l@”'®an+a)n0'®aj:®"°a’:k)'

The functions g which correspond to cocycles or coboundaries are then
cocycles or coboundaries in the usual sense which also satisfy the addi-
tional condition above.

In particular the 1-cocycles are functions g on A to N which satisfy

g(ab) = ag(b) + g(a)b and g(a*) = g(a) i.e. derivations mapping self-adjoint
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elements of A into self-adjoint elements of N, and skew elements into
skew elements; the 1-coboundaries are functions of the form g(a) = [a, n]
where n € f N = skew elements of N.

We will now apply these considerations to the algebra U’ of a special
Jordan algebra J. (Actually everything we will do applies to any Jordan
algebra J, provided we replace J by its image in U’, which is a homo-
morphic image of J). U’ has an involution ¢ — a* such that x = z™
for  in J. We form the algebra K as above, taking U’ for A, and
let da = — a* for a e U’. Our theorem is:

THEOREM 1. Let J be a special Jordan algebra, M a U'-module
such that M = H(N), the set of self-adjoint elements of N, where N s
an associative bimodule with involution for U’. Then Ext(U’, N) 1s
1somorphic to the vector space of derivations of J into M modulo inner
derivations of the form x — [x,n] where n 1s a skew element of N.

Proof. We have to show that the derivations D of J into M may
be identified with the derivations D, of U’ into N which satisfy D,0 =
— oD,: Let D be a derivation of J into M. For x in J, the maph:
x— 2+ D(x) of J into E = J@P M is a homomorphism (actually an iso-
morphism) of Jordan algebras. E may be considered as a Jordan sub-
algebra of B = U'@ N, and so h can be extended to a homomorphism,
also denoted by %, of U’ into B taking 1 —1. For a in U’, h(a) — a lies
in N, since this is so for ¢ € F, @ J which is a set of generators for
U’ and since N is an ideal in B. The map D,: a — h(a) — a is a deriva-
tion of U’ into N, and Dy(z) = D(x) for xz in J. D,(oa)= — oD,(a) since
this equation holds for ¢ ¢ F1@®J. The map D — D, is clearly one-to-
one, since D and D, coincide on a set of generators for U’, and it is
onto the vector space of derivations D, satisfying D,0 = — oD, since the
restriction of such a D, to J is a derivation D of J into M. Under this
identification, the inner derivations D, of U’ clearly correspond to inner
derivations D of J.

The above theorem applies only to a certain type of module for
a special Jordan algebra. However, there exists a large class of special
Jordan algebras for which all modules satisfy the conditions of the theorem,
namely the Jordan algebras of all » x n hermitian matrices (with n = 4)
over an arbitrary involutorial associative algebra with identity (this is
explicitly stated in [7], Th. 10.2, 10.4, 7.1 for unital modules; however
every module for a Jordan algebra with identity is a direct sum of
a unital module and a special module, and special modules also satisfy
the condition, by the construction in the previous section). This class
of Jordan algebras includes the algebras of all n x n matrices; the al-
gebra of hermitian bounded operators (or of all bounded operators) on
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a Hilbert space, or more generally the hermitian operators (or all opera-
tors) in a factor, also belongs to the class. For these algebras of matrices,
consideration of modules for the Jordan algebra can de reduced to con-
sideration of bimodules with involution for the coefficient algebras ([7]),
however in our theorem the hypotheses are much more general than
this.

Derivations of Separable Jordan and Alternative Algebras

In this section we will consider finite dimensional separable Jordan
and alternative algebras over fields of characteristic not 2. (A separable
algebra is one which is semisimple and remains semisimple under any
extension of the base field.) We will obtain the first Whitehead lemma
for both classes of algebras as follows: first we will prove it for simple
Jordan algebras of degree two, then for alternative algebras, and lastly
for the other Jordan algebras.

We shall need the following facts on the structure of these algebras
([1], [2]): a simple Jordan algebra over an algebraically closed field is
said to be of degree n if the identity element is a sum of n», but not
more, mutually orthogonal idempotents. A simple Jordan algebra over
any field will be defined to be of degree n if on extending its center to
its algebraic closure it becomes an algebra of degree n. Over an al-
gebraically closed field, the simple algebras are as follows: An algebra
of degree one is just the base field, [(8]); all derivations are zero. An
algebra of degree 2 is the vector space direct sum F'1 4+ V of the space
F'1 spanned by its identity element 1 and a vector space V of dimension
at least two on which is defined a non-degenerate symmetric bilinear
form (x,y) and the multiplication in the algebra is

(a1l +2)- (Bl + ) = [aB + (z, Y1 + (ay + Bx)

for a, Be F, x,ye V. An algebra of degree n > 3 consists of all n x n
hermitian matrices with coefficients in an involutorial alternative algebra
D which has no proper self-adjoint ideals. D is thus F, K/, @ or C where
F is the base field, E is two dimensional over F, @ and C are the
quaternion and Cayley algebra respectively. J is denoted by H(D,); if
D is C then n = 3. The Cayley algebra C is generated by @ and one
other element v with v* = al,«a in F (and « # 0),C = Q + Qv (vector
space direct sum) and the multiplication is

(10) (g, + Q2v)(Q3 +q) = (9.9; + «q.Qq,) -+ (q.9. + q.Q3)V .

Our results are as follows:

THEOREM 2. Let J be a finite dimensional separable Jordan algebra.
Then every derivation D of J into a module M is inner, in the sense
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that there ewist elements z; in J and m, in M such that D(x) = 3, (2,2, m;)
if and only 1f J contains no simple ideal which is special and whose
degree is divisible by the characteristic of the base field.

THEOREM 3. Let A be a finite dimensional separable alternative
algebra, M a bimodule, and D a derivation of A into M. Then there
exist elements a; in A, m, in M, and g in the nucleus of M, such that

(11) D(x) = [x’ g] + Z[a’i: €, mi] and Z[az’ mz] = O

where [a, b, c¢] is the associator (ab)c — a(bc). If the characteristic 1is
not two or three, then

(12) D(w) = [, 91 + 3. Da,m ()

a; 1 A, m; tn M, g in the nucleus of M, where
D, (x) = (xa)b — (xb)a + (ax)b — a(xb) + blax) — a(bx) .

We remark that in any Jordan the map x — > (z;, #, m;) is a deriva-
tion, and in any alternative algebra the mapsx — [z, g] with g in the
nucleus, x — >3; Dy, m (), and z— 3 [a,;, x, m;] with > [a;, m;] =0 are
derivations if the characteristic is not two (see [12], formulas (12), (19)).

The proof of the theorems is in several steps:

(a) Let J be a semi-simple Jordan algebra over an algebraically
closed field, which satisfies the condition of the theorem concerning
degrees. We want to show a derivation D of J into a module M is of
the form (1). A module M is called unital if e-m = m for all m in M,
where ¢ is the identity element of J. We first show:

1. M may be assumed unital. In general, M = M, + M, + M,
(direct sum) where e-m,; = vm, for m, in M,, M, is unital, and M, + M,
is a special module. Let D(x)= D,(x) + Dy(x), D\(x) e M,, Dy(x) e M,;, + M,.
Then D,, D, are also derivations, and are of the form (1) if and only if
D is. Since we are assuming the result for D,, we have to prove it
for D,. However, it is true, more generally, that if J is any Jordan
algebra with identity e and N is a special module then any derivation D
is of form (1): Let N= N,, + N,, then D = D,;, + D,, and D(z) =
Dye-x) =e-Dy(x) +x-Dye) =0 so D maps J into Nyp,.

D(x):D(e-x):e-D(oc)-{-oc-D(e):%D(oc)-l—w-D(e),

or D(x) = 2x - D(e) = 4(e, x, D(e)).
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2. J may be assumed simple. Let J=J @ --- P J., J; simple
ideals satisfying the condition on degrees, and let M be a unital J module.
Let e; be the identity of J;,, then M decomposes into a direct sum of
subspaces My, 1<i<m, and M,,;=M;, 1+ j,1=<1,j <m, where M,;, =

ime Mle,- m = m} and M“:{meM/ei-m:%m=ej-m} for 1 # 7.

Then M,; is unital for J, and annihilated by J, for j # 4, M,, is special
for J; and J, for ¢ # j and x,- (x,-m,;) = ;- (x;- m,;) for

x, € dx, e d;,my e My,

and M, is annihilated by J, for k =+ 4, j.

Let D be a derivation of J into M. We want to show D satisfies
(1), assuming this for J simple. Let D(x) = 3}, D.(®) + . i<; D;y(x) for
x € J, where D;(x) e My, D;(x) e M;;. For wx, y, € Jy,

D@y ys) = 20 Dia®r - Ys) + Sics D@ - Yie)
= &y DY) + i - D(@y) = 5+ (X3 DasY) + i<y Dis(Wi))
+ Y s (X D) + i<y Dis(i))
= &y » DY) + Y » Dia(@i) + 5+ (X Dir¥i) + <y Dies(Us))
+ Ui s (Sicr Di(@e) + Sik<s Dis(¥s)) -

Thus Dy(@e - ¥s) = @+ Di(Ws) + U+ D)
Dy(x, -y,) =0 for © = k
D -y) = @ Dis(ye) + vy - Dis(we) if 1 <jand i =kor g=1Fk,
D;x,-y,) =01if k+1 and k + 7.

In particular, putting vy, = e, D;i(%,) = 0 = D, (x,) if bk +1,k # J.

Since D,; is a derivation of J; into M,;,, there exist z, € J;, m, € M;;
such that D (z,) = 3. (2,,%;,m,) for x, € J;. Also, D, (x;) = 0= >, (2,, %, m,)
for , € Jy, k + 4. Thus D) = X, (2,, ¢, m,) for all x e J.

Now let ¢ # 5. Then D,, is a derivation on J; + J, into M,;, and
is zero on J, for k + 4 or j. Since M;, is a unital module for J; 4 J;, D;,
annihilates e, + e,. D, (e;) = —D,,(e;). M,; is a special module for J;,
so (as shown in 1.) D, (x;) = 4(e,, x:, D;s(er)) = 2(ei, iy Dijle; — €y)) =
(e; — e5,%;, D,j(e, — e;)) for x, € J;, and similarly D, (x,) = 4(e;, x5, D;j(e;)) =
(e; — ey, 5, D;j(e; — e,)) for z,eJ;. Thus D,y(x) = (e; — ey, @, Dyj(e; — ey))
for x e J;, + J;, and D,,(x,) = 0 = (e, — e, %, Dys(e; — e;)) for k +# 1 or j,
80 D;j(x) = (e; — ey, x, D,y(e; — e,)) for all x e J.

Thus all D,; and D,, satisfy (1), and so D does also.

3. Let J be simple and special, M unital, and the base field al-
gebraically closed. Assume that the degree of J is not divisible by the
characteristic, and further that J is not H(Q,). We may also assume
the degree of J is at least two.
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Since J has an identity, the algebra U’ is the direct sum of an
ideal U, and a one dimensional ideal Fe,, where U, is the ideal in U’
generated by the identity element e of J. U, is the universal algebra
for special representations such that 2e¢ is the identity operator, that is,
2¢ is the identity element of U,. The ideal in U" generated by the
elements x ® e + ¢ @« with « in J is denoted by U{”: this is the uni-
versal algebra for U' representations which are also unital for J. From
now on we shall consider only U, and U instead of U’ and U"”, and
denoted by 1 the identity element 2e¢ of U..

For the special simple algebras we are considering (i.e. excluding
H(Q.)), every unital module is equivalent to a U module. Further, U, and
U are separable if J is, so all unital module are completely reducible.

The irreducible unital modules for each of these algebras are all obtained
by decomposing a certain unital module which is also a U, bimodule,

and we may assume that the unital module M we are considering is
this one in order to show the derivations satisfy (1). Thus in M,xz-m =
xm + mx. Let D be a derivation of J into M and let B be the associative
algebra U, M with multiplication (a + m)(b + n) = ab + (an + mb).
Then the map:x — x + D(x) of J into B satisfies

M - y) = M@)h(y) + My)h(z) ,
that is, 2 is a Jordan homomorphism. Also, h(e) = e = —;— - (identity ele-

ment of B). By the definition of U,, h extends to a homomorphism, also
denoted by %, of U, into B. Since U, is generated by J and since
h(x) = + D(z) for x in J, h(a) = a + d(a) for ¢ in U,, where d(a)e M.
Since % is a homomorphism, d is a derivation.

Since U, is a separable associative algebra, d(a) = [a, m] for some
m e M, and D(x) = [#, m] for z in J. By (7), we see that D is of the
form (1) if m = >\,[?,, m;] for elements 2z, in J, m; in M. It is clear
that m is determined only modulo Z(M) = {n e M|[x,n] =0 for all
x € J}. Thus we only have to show that M = Z(M) + [J, M], and for
this purpose we will examine separately the various types of simple
Jordan algebras.

First, let J = Fe + V be of degree two. U, is the Clifford algebra
of the space V and its inner product, and M may be taken as U, itself
if V has even dimension, while if V has odd dimension M is the Clif-
ford algebra of a space W of dimension one larger: W = V + Fu where
(w,u) =1, (w,v) =0 for all ve V. Assume now that V has dimension
r, and let x,, ---, 2, be a basis for V satisfying (z;, x,) =1, (2, 2,) =0
for 7+ 7. A Dbasis for M = U, consists of 1 and all monomials

xilxiz"‘xiky%<'bz< oo < Uy

Z(M) is just F1. We have a2, = — a2, for ¢ # j,2i =1, so
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i

1 1
> [9511» 4,5, = xzk] ) 1 - (= 1) Y)a;, - Ts,,

=@, - x; if k—is odd;
LI - -1a 1)t
Sl m e w) = 0= (= D ey e
=ua, ---x; if k is even.
k

Thus every ; --- x;, € [J, M].

Now let V have add dimension (= 3), and choose a basis ,, <+, x,
for V satisfying the same conditions as above, so {x,, --+, 2, u} is an
orthonormal basis for W. By the above calculations [J, M] contains
@; -+ @, if k<7 and also contains  and x; .-, u for all k. The
only term left is «,.--x,, but this is clearly in Z(M). Thus M =
Z(M) + [J, M].

Next we consider the simple Jordan algebra H(F,),n =3, of n x n
symmetric matrices over the base field F. U, is F,, and M may be taken
as F, also ([7], Prop. 19.2). Since F), is the enveloping algebra of H(F}),
the set of elements in M that commute with those of J is just the
center F'1 of F,, and we have to show F, = F -1+ [J, F,] under the
assumption that the characteristic p does not divide n. Let e;; denote
the matrix units in F,. Then [e;, e;] = e, € [J, F,] for 1+ 3. Also
[e,; + ey, ey ] = afe,; — ey,) for v e F. Now let © = Y «;,e;; be a mat-
rix of trace zero: S ,a,;, =0; then == 3. a;e; + > i Qules — €n)
since a,; = — X, so x e [J, M]. Finally, for arbitrary y = >.8;,¢;3,
if 7 = trace of y =>),Bu, let x =y — % 71 (1 being the identity mat-

rix). Then x has trace zero, so ¢[J, M], and y = —?1%—1'1 +xe F1 + [J,M].

We note that if p divides n, then every element in F'1 + [J, M] has
trace zero so M + F'1 + [J, M].

Now let E be the two dimensional algebra over F' and J = H(E,).
Then U, = E, and M may be taken as Q, (Q being the quaternion al-
gebra): this is shown in the proof of [7], Prop. 19.4. Since E, =
EQF, Q,=QXF, and the centralizer of £ in Q is E, the centralizer
of E, (and also of J) in Q,is E-1 = {aljac E}. For any qeQ, qe;; =
lei, qe1 € [J, M], and qe; — qe;; = [e;; +e,:,qe,,1€[J,M]. Let re E,qe@,
then [re,; + ey, qe;] = rge,, — qre;; = rq(e,;, — e,,) + [, qley; for @+ j.
Since rq(e;; — ey;) € [J, M1, [r, qle;; € [J, M] also, so [E,Q]l e [J, M].
From these calculations it follows that if x = S.qe; and 7= >,qs
then;l; tle[J,M]. AlsoQ=E +[E,Q]and [E, Q| ¢ [J, M] so % ¢ =

c+d,ce[J,M],de E, and z e [J, M] + E1, which we had to show.
Lastly we have to consider J = H(Q,). (We are assuming = # 3,
but everything we say is valid for n = 3 also provided the module M
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is assumed to be a U® module. H(Q,) has one other type of unital
module which we will consider later.) Here U, = @, = M, the center
of Mis F1, and M = F1 -+ [J, M] if p does not divide n: the proof is
the same as above.

4. We have left the simple Jordan algebras H(C,) and H(Q,) but
before considering these we have to prove Theorem 3 for the alternative
algebras C and Q. In fact, to prove Theorem 3 for any separable al-
ternative algebra over any base field we need only prove it when: (a)
the base field is algebraically closed (this is easy to see because of the
forms (11), (12) for inner derivations); (b) the algebra is simple and the
bimodule is wunital ([13]); (c) the algebra is either C or @ (since, as
shown in [7], all other simple alternative algebras and bimodules are
actually associative algebras and associative bimodules).

If A is any alternative algebra with identity and N a unital al-
ternative bimodule, then on introducing the product a-b for ac A,be A,
or € N, we obtain a special Jordan algebra (4, -) and a U” module (N, -)
for (4, ).

From now on, let A denote either C or @, N a unital alternative
bimodule, and assume the base field algebraically closed. (A4, -) is then
a simple Jordan algebra of degree two: in fact A has an involution
a—>a, and (A4,-)=F1+ V where V=A" = {a e Ala = — a} and for
a,be A~ we set (a,b) =a-b=ab -+ ba. F1 is the center of A, and
the nucleus of A if A =C. If D is a derivation of A into N, it is also
a derivation of (4, -) into (IV, -), and by our results for Jordan algebras
of degree two,

(13) D(a) = X (- a) - my — @+ (2 - m,)
= Zia[in + inv Rm% + Lmb]

where z, ¢ A, m; € N, and aR, = ax, aL, = xa.

(If A =C, then N is a direct sum of copies of C, and may be taken
as C also, and it is possible to give an even shorter proof of (13) in
this case: the derivation D maps C- into itself since C- = {(a,b,¢) =
(@-b).c—a-(-c)|a,b,ce C}. Also, Dial)=0 for a ¢ F, so for
2,ye C-,D(x-y)=0=D(x) -y + - D(y), or (D(x),y) -+ (x, D(y)) =0 where
(z,y) = (x-y)l. Thus D is a skew linear transformation in C-, and so,
relative to an orthonormal basis {x;} for C-,

D(x) = %aw((ﬁcy ©,)e; — (%, 2,)2) = i%a'w(xu ©, 2,).)

Since D satisfies (13), it is inner in the sense that it belongs to
the Lie algebra generated by the right and left multiplications. How-
ever, we want to show that D has the specific form (11).
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Let D,,=I[R,, R,]+ [L,, R,] + [L,, L,] where all the operators act
on the right of elements. Then a — aD,, is a derivation for all x, 2,
and the following identities are valid for characteristic not 2 [(12], for-
mulas (6), (12), (19)):

(14) [L., R.] =[R,, L.]
(15) D:c,z = R[:c,z] - L[z:,z] - S[Lz, Rz]
(16) [R,+ L, R, + L) =D,, + [L,, R,]

= R[w.z] - L[z,z] - 2[Lxr Rz]
17) %, Yy 2] = v, ¥, 2] + [, ¥y, 21y, + [([2, 2]), Y1, Y] ©

Now take A=C, and N=C (which we may do, as remarked above).
Let D be a derivation satisfying (13). Since C = F1 + C-, we may
assume the x;, and m, are in C-.

Assume first that the characteristic is not 3. For % in C,

(18) D(y) = Zi y[Rzzi + L:civ Rm,; + Lmi]
= Zl’y(Dzi,mi + [in’ Rmz])
1
= § Zi y(R[ziymﬂ - L[xi.mi] + 2D”z"”z) .

. 2 . o s . .
Since 3 22D, m, is a derivation, 2 Biymy — Lisym,y 18 also a deri-

vation, and by Lemma 1 of [12], 3 ,[#,, m,] is in the nucleus of C.
However, since the z, and m, are in C-, 3,;[x;,, m,] is also in C-, and
so > [x;, m;] =0. Thus by (15),

(19) D) = 24 5 Dypm, = = 2 2lLs, R

= Zi [_ zwz, Y, mi]

and so D has form (11) with g = 0.
Now let the characteristic be 8, and D a derivation in C satisfying
(13). By (15), for all ,2, D,, = R, ,; — L, .;. Since

D = Zi [in + in! Rmi + Lmi] = Zthi.mi + [L:czv Rmi]

is a derivation, Zi[in, R,.] is also a derivation, that is, >;[%,, yz, m;] =
yZi[xz,z’mi] + 21 [xi’ yymi]z fOI’ au y’z in C- By (17)’ [y!zr(Zi [ximi])] =
0 for all y, 2, so > [x;, m;] is in the nucleus of C. Since it is also in
C-, >.ilx, mi] = 0. Thus ZiD:vi,mi =0and D=3, [in, Rmi]y that is,
D(y) = >[4, ¥, m,].

Next we have to consider the derivations of @. The irreducible
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unital alternative bimodules for Q are @ itself, and a certain submodule
of Qv, where C =Q + Qu: from (10) it follows that if I is any irre-
ducible (therefore two-dimensional) right ideal in @, then Iv is a unital
irreducible bimodule for @ (called a Cayley bimodule in [7]). Thus we
have only to consider derivations of @ into Iv, but since Qv is a direct
sum of two submodules isomorphic to Iv, we may take the module to
be Qv. The proof is almost the same as for C. If D satisfies (13), we
may take the x, in Q- =@ N C-; the m, are automatically in C-. The
nucleus of Qv is zero, as shown by (10). As for C, we conclude that
Sl m;]1 =0, and so D satisfies (11), and (12) for characteristic not 3,
This concludes the proof of Theorem 3.

5. We can now apply the results of 4 to H(C,) and H(Q;), and we
start with H(C,).

If J = H(C,), the only irreducible unital module for J is J itself.
Let J = H(C;), M be isomorphic to H(C,), and E = J + M, the split
null extension. FE may be regarded as a subspace closed under z-y =
2y + yx of the nonassociative algebra B= A @ N, where A and N are
both isomorphic to C,, and N is an A-bimodule in the sense that
an,nae € N for a € A,ne N. J, M, and E are the self-adjoint elements
of A, N, B, respectively (see §10 of [7]).

Let K = H(F;) be the subalgebra of J of matrices with coefficients
in F, and L = F), the subalgebra of A of matrices with coefficients in
F,so K=L N J. K,J, L are all contained in A. L is in the nucleus of B
(elements of L associate with all elements of B), and B and N are as-
sociative bimodules for L.

Let D be a derivation of J into M. Let Ai(z) = 2 + D(x) for x € J.
Then A(x-y) = h(zx) - h(y) for z,y € J. We want to show first that &
can be extended from K =J N L to be a homomorphism of L into B
(that is, h(a,a,) = k(a,)h(a,) for a,e L), and this will follow from Theorem
7.3 of [7] if we show that h(K) generates an associative subalgebra in
B. For xe K,h(z) =2+ D(x)e L + N, and L + N is an associative
subalgebra of B which contains the subalgebra generated by A(K).

Thus % can be extended from K to a homomorphism of L into B.
Since K generates L and h(x) = x + D(x) for z € K, h(a) = a + d(a) for
e in L, where d is a derivation of L into N such that d(x) = D(x) for
2 in K. Since N is an associative bimodule for L, d(a) = [a,n] for
a skew element n of N. However, every skew element of C, is a sum
of commutators of hermitian elements (by Prop. 7.8 of [7], as C- =
[C-, C]), son=3[7,m],z,e M= H(N), and so D(x) =31 [, [z m]]=
3 (2, ¢, m;) for x € K.

For any y in J, the map D,(y) = D(y) — 3., (2;, ¥, m;) is a deriva-
tion which annihilates K, and it suffices to show D, is inner. Thus we
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may assume D is zero on K, and so h(x) = x for x € K, where h(x) =
2 + D(x) for x e D. Thus h(K)= K < L, so h(K) is in the nucleus of
B, and, using Th. 7.3 of [7] again, & can be extended from J to a homo-
morphism of A = C; into B. Since J generates A, h(a) = a + d(a) for
a e A, and d is a derivation of A into N. Since d(x) = D(x) for x € J,
we will write D for d.

Let a = >, ,;,e;; be an element of A, «;; being in C. If I denotes
the identity matrix, the elements al, o € C, form a subalgebra of A
isomorphic to C, and we will denote this subalgebra by CI, so a =
St (aDey, e CL

Since D(e;;) = 0, D(a) = >, D(a;;1)e;;. For ae C,[al, e;;] =0 for
all <, 7, so [D(al), e;;]=0and Dal) =a'l,a’ € C. The map al— o'l is
clearly a derivation of CI into the bimodule N, = {n e N|[e;;, n] = 0 for
all 7, 7} which is clearly isomorphic to CI itself as CI bimodule. Thus
o' = 3, [0, a, 7;] for elements o,, 7, € C~ such that 3 [, 7,] = 0.

If a =3 a6, J,D() = S aje,;. We will show D(a) satisfies (1)
by proving this for elements a = ae,, + @e, and for the elements of K
and noting that J is generated by such elements.

From now on we identify J with M. We note that the derivation
a — o' in C satisfies (o)’ = (') since this holds for &« € C- and for « € F'1.
Let b, = 0,6, + 0,64, ¢, = T;61; + T;6,,. Then

(b, a,c;) = (by-a)-c; — b+ (a-c,)
= (0615 + 0,85, A€y, + Wey, Ti0y, + Ti8y)
= 26, + ézem
where z; = (0,0)7, + (a0,)7; + 7,(0,2) + T(¥0;) — (T,@)0, — (aT,)o; — 0,(T,0)
— o(ac;).
But 6,= —0,,7,= — 7, 80

2z, = (0,0)T; — (a0y)T; — T(0,) + Ty(@0y)
— (t.@)0; + (at)o; + o(t@) — gazy)
=[o;, @, t] — [7y, @, 0;] — alo7) — [a, 04, 7] — (Ti0)
+ [74, 0, ] + a(703) + [a, 75, 0] + (0,7)a — [0y, Ty, ]
= 2[oy, @, 7] + 4o, a, 7] + [, [Ty, 0] .

For any 8 in C,B8 + B is in the center and nucleus, so for every
78,7, 8+ 8,81=0 or [v,8,8] = —[v,8,8]; also[7,B8,8] = —[5,8,7] =
[v,8,8] =[v,B,8]. Thus z = 2[c,, a,7,] + [, [z, 0,]]. By assumption
>ilo, .1 =0, so, finally, >,(b;, a,c) = 2(3;:[0;, @, T /e, + [04, &, T;]ex)
and D(a) = % (b, a,c,) for a = aey, + aey,.  For xe H(FY), S, (b;,x,¢,) =

>z, by, ¢;]] since z is in the nucleus of C,, and



DERIVATIONS OF JORDAN ALGEBRAS 511
i lbs, el = X0 (04T, — Ti0)en + (0,7, — T,0,)e = S, [T4, 01(6n + ) =0

since >};[0,,7,]=0. Thus D(x) = é— > (b, %, c;) =0 for x e HFY)., It

is easy to see that H(F,) and elements a of the form «e,, + @e, generate
J, and so D(z) = -;—Zi(bz, 2, ¢,) for all ze J.

Now we have to consider derivations of H(Q,) into the module H((Qv),)
consisting of hermitian matrices with elements in the subspace Qv of C.
Since H(C,) is the direct sum, as H(Q,) module, of the submodules H(Q,)
and H((Qv),) it suffices to show that a derivation of H(Q,) into H{(C;) has
the form (1), and this can be done exactly as for derivation of H(C,)
into itself; we shall therefore omit the proof. (The result is valid even
in characteristic 3, but in characteristic 3 there exist other unital modules
for H(Q,) (for example, @,) for which not all derivations satisfy (1); we
will show this below.)

(b) We have shown that if J is any semi-simple Jordan algebra over
an algebraically closed field and none of the special simple ideals of J has
degree divisible by the characteristic of the field, then every derivation
of J is of the form (1). Suppose now that J is separable over an ar-
bitrary base field, and that the special simple ideals of J satisfy the
same condition on degrees (i.e. when their centers are extended to their
algebraic closures, the maximum number of orthogonal idempotents with
sum 1 is not divisible by the characteristic). Then, when the base field
is extended to its algebraic closure, J will still be semi-simple and satisfy
the degree condition, for if the base field of a simple separable Jordan
algebra is extended to its algebraic closure, it becomes a direct sum of
isomorphic simple algebras which are also isomorphic to the algebra
obtained by extending the center of the simple algebra. Extension of
the base field also preserves the property of being special. A derivation
of J over the original base field into a module extends by linearity to
a derivation of the algebra obtained by extending the base field into the
module obtained by extending the base field, and it is easy to see that
the latter derivation is of the form (1) if and only if the former is.

(¢) To complete the proof of the theorem, we have to show that if
J is separable but does not satisfy the condition on degrees, there exist
derivations not of the form (1). Let J, be an ideal of J which is simple,
separable and special and of degree divisible by the characteristic; it
suffices to find a module and a derivation for J, which do not satisfy
(1), i.e. we may assume J is J,, since the module and derivation for .J,
may be considered as module and derivation for J in the obvious way.
Let J; denote J®  E for an extension field E of F. Then Uy(J,) =
U(J)z. We take U, as the module. If there is an element m e U, such
that m ¢ Center of U, + [J, U,] then the derivation x — [z, m] will do.
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In particular, it will suffice to find m ¢ Center of U, + [U,, U;]. How-
ever, (Center of U,), = Center of (U,);, and (U, UJ]); = [(Uy), (Uy)zl,
so it sufficies to show that Uy(J;) # Center of Uy(J;) + [UJ(J ), U(Jx)]
for F the algebraic closure of F.

Jy is a direct sum of isomorphic simple algebras (J;), and U(J,) is
the direct sum of the algebras Uy((J;);), so finally it suffices to show
that U, + Center + [U,, U,] if J is simple over an algebraically closed
field and of degree n divisible by the characteristic. But then U, = D,
where D = F, K, or @, and in each of these matrix algebras the matrix
e, € Center + [U,, U] if p divides n.
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