MARKOV OPERATORS AND THEIR ASSOCIATED
SEMI-GROUPS

R. K. GETOOR

1. Introduction. The present paper is an extension and continua-
tion of our earlier paper ‘ Additive Functionals of a Markov Process’’
[5] which will be referred to in the sequel as AF. Roughly speaking
we consider a temporally homogeneous Markov process, x(t), in a locally
compact, separable, metric space and certain other processes derived
from it. We always assume x(¢) has right continuous paths and we
consider processes obtained by stopping «(f) at the boundary of an
open set, G, and subjecting x(t) to a local ‘“ death rate’, V(x), in G.
Our main study is the relationships between the infinitesimal generators
of certain semi-groups naturally associated with these processes.

Actually we use a function space approach to stochastic processes
and so our results are of an analytic nature (i. e. relations between the
transition probabilities and infinitesimal generators) rather than of a mea-
sure theoretic nature (i. e. statements above sample functions, etc.). The
use of a function space approach simplifies many measure theoretic dif-
ficulties associated with conditional probabilities and expectations, but
introduces the difficulty that if G is open then G(t) = {x(-): x(7) e G;
0 <7 <t} is not in general measurable with respect to the o-algebra
B(X) defined in §2. It is known [7] that under certain restrictions (im-
plied by our assumptions in § 2) G(t) is measurable with respect to the
appropriate completion of B(X). However, we do not choose to complete
B(X) as this introduces the other difficulties mentioned above; instead we
consider the set {x(:): #(t) € G; 0 <7 <t} (G denotes the closure of G)
which is obviously in B(X) and impose a regularity condition on G that
insures us that these two sets are roughly the same. (Theorem 2.1 and
the ensuing development.)

In § 2 we develop the preliminary machinery that is needed throughout
the remainder of the paper. We show in §2 that all the results of
AF are valid without the assumption (P,) of AF. In §3 we investi-
gate the behavior at the boundary of G of the semi-groups introduced
in §2. In§4 we consider the special case in which the infinitesimal
generator of the semi-group associated with «(¢) is a local operator. The
results of this section also extend and complement those of AF. In the
remaining three sections of the paper we study the speectral properties
of the semi-groups introduced in the earlier part of the paper.
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for the many enlightening discussions I had with him during the course
of this work.

2. DPreliminaries. Let X be a locally compact separable metric space
with metric o and B(X) the Borel sets of X; that is, the smallest o-al-
gebra of subsets of X containing the compact subsets of X. Let X be
the set of all functions from [0 <t < «] to X which are right con-
tinuous; that is, x(t) — «(¢,) as ¢ | ¢, for all {, = 0. Let B(X) be the o-
algebra of subsets of X generated by sets of the form

(2.1) A={x()lzt) e A 0=t, <t, < ++- <ty A, € BX),
j=0,1,---n}.

Let p(t, x, A) be a transition probability function defined for ¢>0, x € X,
and A € B(X), such that given an arbitrary probability measure, z, on
B(X) there exists a countably additive probability measure, P,, on B(X)
for which

(2.2) Pl = SOS : X wdz)plt,, @, da)

p(tz - tl’ Ly, dxz)' ¢ 'p(tn - tn—lxn—lr dxn)

41

where 2 is of the form (2.1). If p assigns mass one to a single point,
x, we write P, for P,.
We make the following assumption throughout the present paper.

(P) There exists a Radon measure, m, on X whose support is X and a
non-negative function f(¢, x, y) defined for ¢ > 0,2 ¢ X,y € X which is
jointly measurable (measurablity conditions in ¢ refer to the ordinary
Borel sets of [0 <t < «]) in (¢, «, %) such that
(2.3) o(t, z, A) =g £(t, 2, y)dm(y) for all A e B(X) .
A4
To be explicit we assume
(2.4) [ 7t 2, pam@) = 1
forall £ >0,2 € X and
(2.5) £t + 5,2,9) = [ £, 2, 2) £(5, 2, am(@)
for all ¢,s >0 and =,y € X. Finally we assume

(2.6) [ 7, 2, yyam@) = pe=

where M and « are constants independent of y and .
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We remark that condition (P) is equivalent to conditions (P,) and
(P,) of AF and hence the results of § 2 of of AF are applicable. We
intend to use the same notation as in AF but for the convenience of
the reader we repeat the basic definitions. If 4 € B(X) we define A, =
{2(+): x(t) € A} € B(X). For A € B(X), A € B(X),t >0, and © € X we
define P(; ¢, x, A) = P(A N A4,). Clearly P(-;¢, z, A) is a finite measure
on B(X) for fixed t,x, A and P(¥; ¢, x,-) is a finite measure on B(X) for
fixed 9, ¢, . It was shown in AF (Theorem 2.1) that P[; -, -, A] is a
measurable function of (¢, x) for fixed 2, A. If ¢[x(-)] is a complex va-
lued measurable functional on ¥ we write »[¢;t, x, A] for the integral
of ¢ over ¥ with respect to the measure P[-;t, x, A] provided the in-
tegral exists. If ¢ = 0 then » is a measure on B(X) for fixed ¢,x and
is measurable in (¢, x) for fixed A. (AF Theorem 2.3) Finally if ¢ is a
measurable functional on ¥ we denote its integral over X with respect to
the measure P, by E{¢|x(0) = «}.

If A is any set let I[A4; -](or I,) denote its characteristic function.

LemMA 2.1. If A e B(X) then I[A,; x(-)] is jointly measurable in
(¢, z(-)) where A, was defined above.

Proof. We first consider the case in which A is open, thus if G is
an arbitrary open set we define F(¢, 2(-)) = I[G,; z(-)]. Since F' only
takes on two values, namely 0 and 1, to show F is jointly measurable
in (¢, (-)) it is sufficient to show that

A= {x(-) | F@E a(-) =1} e B x B(E)

where B is the o-algebra of the ordinary Borel sets on [0, ). Let
{t} = {j/2"} where n=1,2,.-- and §=0,1,2, --- and define

AP = {a(+): F((5 + D)/2", 2(+)) =1}
and
I = {t:j2" <t < (4 + D)2} .

Clearly 2 e B(X) and I{¥ e B, and using the right continuity of the
paths x(-) and the fact that G is open it follows that

(2.7) A = G n G (I x AW)
k=1 nzk j=0
and hence F' is jointly measurable.

Moreover since I[A,; ()] =1 — I[(A’),; ®(-)] where A’ denotes the
complement of A, and I[(A N B),; z(-)] = I[A; (+)]1I[B,; z(-)] it follows
that I(A,; 2(+)] is jointly measurable if A is open or closed and the class
of sets for which the lemma holds is closed under finite intersections and
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unions. This class of sets is clearly monotone and thus the lemma fol-
lows.

We now introduce some notation that we will use throughout the
paper. Let G be an open set in X and let G be its closure then for
0 <t<s we define

(2.8)  G(t,s) = {x(-): x(t) e G; for all = such thatt <7 < s}

and let G(t) = G(0,t). Since G is closed and each x(-)is right continu-
ous it follows that G(¢, s) € B(X). We further note that the sets G(t)
are increasing as ¢ decreases and hence we define G(t +)= U G(s) Let

B(t, s) be the o-algebra of subsets of ¥ generated by sets of the form
{2(+): 2(ty) € A;t < t, < s} and B(t) = B(0, t). Since the og-algebras B(t)
are decreasing as t decreased we define B(t+)= ﬂ B. Clearly G(t,s)e
B(t, s) for each pair 0 <t < s and G(t +) e B(t —}—)

LEMMA 2.2. Let G be an open set then the function I[G(t, s); x(+)]
18 jointly measurable in (t, s, x(-)).

Proof. We introduce the set G(t,s—) = {a(-): 2(z) € G; for all ¢
such that ¢ <7 < s} and clearly G(¢,s—) € B(X). Moreover I[G(t, s);
x(-)] = I[G(t, s—); x(-)] I[(G)s; #(-)] and thus using Lemma 2.1 it suffices
to prove I[G(t,s—); z(-)] jointly measurable in (¢, s, z(-)). Let {t{®} be
as in the proof of Lemma 2.1 then for each n we defind F (¢, s, z(-) =
IG@Ew, t0 —); 2(+)] if 5 <t <7, 18V < s < t, and k > j; while if
k = j (the only other possibility since ¢ < s) we define F(t, s, x(-))=0.
Clearly each F), is jointly measurable in (¢, s, (-)) and using the fact
that each «(-) is right continuous it is easy to see that F(¢,s, x(-)) —
I[G(t, s—); z(-)] as n — 0. This establishes Lemma 2.2.

Let G be an open subset of X and V a non-negative measurable
function on X. We define the functional.

(2:9) lt, w()] = exp| — | Via(@)lds 116 ®; ()]

for each ¢t > 0 and %(-) € ¥. From Lemma 2.2 and Theorem 3.1 of (AF)
it follows that ¢ is jointly measurable in its variables and moreover it
is clear that ¢[t, -] is measurable with respect to B(t) for fixed . We
define

(2.10) K(V,G;t, x, A) = r[o[t, z(-)]; t, x, A]

that is the integral of ¢[t, -] with respect to the measure P[-;t,x, A].
This integral certainly exists since the integrand is measurable, non-
negative, and bounded by one. Theorem 2.5 of (AF) implies that
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K(V,G; -, -, A)is jointly measurable in (¢, x) and as before K(V, G; ¢, «,*)
is a measure on B(X).

LEMMA 2.3.

[KV, G;t, 2, apK(V, G 5,5, 4) = KV, G; ¢ + 5,8, 4).

Proof. Let S, be the mapping from X into X defined by S,x(-) =
x(t -+ -) and let S;p[x(-)] = ¢[S,x(-)] for any functional ¢, then Lemma
2.3 is an immediate consequence of Theorem 2.4 of (AF) provided we
show that ¢[t, x(-)] Sidls, 2(+)] = ¢[t + s, 2(-)]. But

Stls, a(-)] = S exp| — | Viz()de [11G(s); a1}
- expD:” Viw(t)lde [I[G(s); Sa(-)] -

Moreover I[G(s); S,x(+)] = 1 if and only if S,z(-) € G(s), or equivalently

o(-) € S7'G(s) = G(t, ¢t +s). Thus Sils, x(-)] = eXp[—g‘”V[x(T)]df}
13

IG(t,t + s); #(-)] and the desired result is now obvious.

Of particular importance is the case V = 0 and we write K(¢t, x, A)
for K(0,G;t, x, A). Clearly

(2.11) 0= K(V,G;t,x, A) < Kilt, x, A) < pl¢, «, A) .

We next show that G is the relevant set in considering K.

LEMMA 2.4. (i) K(V,G;t, 2, A) =0 if z ¢ G.
(i) K(V,G;t,z, A) =K(V,G;t,z, AnG).

Proof. (i) In light of (2.11) it is sufficient to show this for K.
For any arbitrary set A e B(X) let A° be the set of values of 2(0) -as
x(+) ranges over 2, then P,J[UA] =0 if « ¢ A°. Moreover Ky, z, A) =
r[I[G(); -1; t, «, Al = P[G(t); t, ®, Al = PJG({t) N A1 =0 if x ¢ G since
x ¢ G implies x ¢ (G(t) N A,).

(ii) Again it is sufficient to consider the case K, As above
Ki(t, z, A) = P[G(t) n 4] but G@t) N A, =G N (A NG), and thus

Ky, @, A) = PJG(t) N (A N G)] = Kut, 2, An G).

Lemma 2.4 states that the support of the measure K(V,G;t, x, +) is
contained in G and that the support of the function K(V,G;t,-, A) is
contained in G, thus we can write Lemma 2.3 as

@12) | K(V,Git,0,dy)K(V,G;5,y, A) = K(V,Gs t + 5,0, 4) .
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In the sequel we will consider K as only being defined for z € G and
AcCQG.

We next introduce the transformations that are the main object of
this paper:

@13)  (Up)a) = | st @, dy) = |p)ft, 2 widmiy)
(2.19) TV, Glp@) = | oKV, Gst, 2, dy) .

We will write T, instead of T,[V, G] if there is no chance of confusion.
In view of assumption (P), (2.12), and Theorem 3.3 of AF it follows that
{U;t >0} and {T,;t >0} are semi-groups of bounded operators on

L(X, m) and LG, m) respectively. Moreover
(2.15) HT P =1 U AP < Me t>0.

We wish to prove that these semi-groups are strongly continuous
for t =0 (with T, = U, =1). In order to do this we introduce two
conditions which we will assume throughout the remainder of this paper.
The first of these is merely a regularity condition on G; if 8G denotes
the boundary of G, we assume

(Ry) mdG) =0 .

The second condition is an assumption on the size of V on G, explicitly
we assume

(R) tim ('{ s, 2, 9 Vi) =0

for almost all  in G. We remark that (R,) is certainly satisfied if for
some ¢ > 0 we have SSS f(r,z, ) V(y)dm(y)dr < o for almost all = in
0JaG

G. We now state and prove the main theorem of this section (7,=U,=1).

THEOREM 2.1. The semi-group {U,; t = 0} is strongly continuous for
t =0 and iof (R) and (R,) hold then the semi-group {T[V,Gl;t = 0} s
strongly continuous for t = 0.

Proof. We prove the theorem for {T[V, G]; t = 0} as the result for
{U,; t = 0} is a special case (take V = 0 and G = X, clearly (R,) and (R,)
are satisfied with this choice of V and G). We write T, for T,[V,G]. As
is well known (see [11], p. 242) it is sufficient to prove that T,p — ¢
weakly as ¢t — 0 for all € L,(G). Suppose ¢ is continuous with compact
support then using Theorem 2.3 of AF we see that
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(2.16) (Tp)w) = [p@K(V, G t, 2, dy)
= B{p(a(t) eap (~ | Vis@dz) 16); - 110(0) = o}

Clearly o(x(t)) — @(x(0)) as ¢ | 0and I[G(t); (")] ~ I[G(0*); x(-)]ast | O
for all x(-).

We next investigate the behavior of the exponential in (2.16). In
(2.16) there is no loss of generality in considering ¥V =0 on the com-

plement of G. With this simplification, since the integrand is non-nega-
tive and jointly measurable in 7 and #(.), we obtain

E{g:V[x(T)]dT | 2(0) = x} - SZE{ VIe@)] ] 2(0) = z}dr

12
0

= '|_se 2 v vaaneis.

Using (R,) and (R,) it now follows that there exists an m-null set S < G
such thatgt VIz(r)ldr — 0 as a function of x(-) in P, measure provided
e G — S0 as t— 0. TFinally the monotoneity of the integral implies
that S: V]xz(z)ldr — 0 as ¢ — 0 for almost all (-) relative to P, measure

if © € G — S (the exceptional set will, of course, depend on x). Thus for
xeG — S the exponential in (2.16) approaches one as ¢ | 0 for almost all
x(+) with respect to P, measure. Hence if x € G — S we obtain using
the bounded convergence theorem

(2.17) (T.p) (v) = E{p@O)I[GO0+); x(-)] | #(0) = x}

as t | 0. For such z the right continuity of x(-) implies that the right
hand side of (2.17) reduces to ¢(x). Since m(S) = m(6G) = 0 we obtain
that (T,@)(x) — ¢(x) almost everywhere on G as t | 0.

But |(T,9) ()| < sup|¢(x)| and thus if 4 is continuous with com-
pact support it follows that (v, T,¢) — (, ) as t | 0. Now using the
fact that || 7, || is uniformly bounded near t = 0 we easily deduce that
T,p — @ weakly as ¢t | 0 for all @ € L,(G). This completes the proof of
Theorem 2.1.

As mentioned above we will always assume (R,) and (R,) in the se-
quel. Condition (R,) implies that L,(G)=L,(G) and since K(V, G, t, 2, 6G) <
p(t, x, 8G) = 0, we can (and will) write integrals over G instead of G.

Exactly as in §4 of AF we can derive the Darling-Siegert equations
(in AF these were derived only in the case G = X but the method car-
ries over without any trouble) which are for bounded V
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(2.18)  K(V,G:t,w, A) = K¢, x, A)
—(as] v@EW, 6t — 5,4, HK (5, 0, 1)

(2.19) K(V,G;t,x, A) = Kit, x, A)
- §°ds§ VKt — .y, ARV, G; 5, z, dy) .
0 24

If Q, and Q2 denote the infinitesimal generators of {7,[0,G}; ¢ = 0} and
{T[V,G];t = 0} respectively it then follows exactly as in AF that

(2.20) =0, —V

provided V is essentially bounded on G. Moreover if V is not bounded
one can show (Theorem 5.2 of AF) that D(2,) N D(V) ¢ & (2;) and for
P e D) N D(V) we have QLp = (2, — V)p, where D(2) is the domain
of Q for any operator 2 and ®(V) is the domain of V considered as a
multiplication operator on L, (G). In the case G = X we will write Q
and Q' instead of 92, and Q.

The proof of Theorem 5.2 in AF depends only on the strong conti-
nuity for ¢ = 0 of the semi-groups involved. (The use of condition (P;)
in that proof is easily avoided; see the proof of Theorem 4.1 of the pre-
sent paper.) However, in order to insure the strong continuity of
{T[V,G];t = 0} one needs to assume some condition such as (R,).
This isn’t done explicitly in the hypothesis of Theorem 5.2 in AF and
thus the result is only valid if V satisfies some condition such as (R,).

In the remainder of this paper integrals involving K in which the
region of integration is not specified are understood to be over G.

3. Behavior near the boundary. In this section we investigate the
behavior of the semi-groups {7,;¢ = 0} near the boundary of G. Our
approach is a straightforward generalization of the methods of [9] p.
308-309 and hence we just sketch the development omitting proofs.
However, in many examples it is necessary to use the results of this
section in order to identify the operators we have constructed with cer-
tain classical operators.

We would like to prove that T,[V, Gle(x) — 0 as @ — 9G at least for
a fairly wide class of @’s. However, even in classical potential theory
such statements holds only modulo certain exceptional sets on 8G. Hence
we formulate the concept of a regular point on 8G relative to the process
defined by p(¢, #, A). We introduce the notation S(x,, €) = {x|o(x, x,) < e}
where p is the metric in X.

DEFINITION. Let G be an open set and let x, € 0G, then z, is
called regular provided that there exist positive numbers ¢ = &(x,), §=35(,)
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and an open set C = C(x,) such that

(i) Cc S(x,d) =S,

(ii) C and G are disjoint,

(iii) € NG = {x,}, and

@iv) (¢, x,, C) = ep(t, x,, S) for all sufficiently small ¢.

Using the general form of the zero-one law given in [2] the methods
of [9] p. 308-309 are easily modified to yield the following theorem.

THEOREM 3.1. Let G be an open set and let x, € 6G be regular. Let
SgD(y) f(t, x, y)dm(y) be a bounded continuous function on X whenever @

18 & bounded continuous function on X. Under these conditions

lim K(V,G;t,2,A) =0,

.‘U‘—>$0

and if ¢ is a bounded continuous function on G then

lim S(p(y)K( V,G;t, x,dy) =0 .

1}-):50

4. Local Operators. In §2 we introduced the infinitesimal genera-
tors £ and Q, of {U,; t=0} and {T,[0, G]; t=0} respectively. We intend
to call 2, the generalized restriction of £ to G. The purpose of this
section is to show that if Q is a local operator (to be defined shortly)
then Q. is the ordinary restriction of 2 to G. In order to attack this
problem we first establish an approximation theorem which will also be
of use in §6.

In general L,(G) can be imbedded in LX) by the map

U: Ly(G) - LyX)
where
(Ug)a) = PO & € G
0x¢ G

Thus L,(G) can be regarded as a closed subspace of LX) and in the
sequel we will adopt this point of view. We define functions V,, as fol-
lows

Vi) ={"% € ¢
ne ¢ &
and we let {T{;¢t =0} be the semi-group {T,[V,, X];t=¢}, and

1T,; t = 0} the semi-group {T,[0, G]; t = 0}. Our approximation theorem
can now be stated as follows.
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THEOREM 4.1. For all ¢ € Ly(G) and each t > 0 we have
4.1) lim T™p = T,p

where the limit is taken in Ly (X).

Proof. Let
K(t,x,A)=K(V, X;t,z, Ay =7r [exp<—StVn[x(z')]dz'>; t, x, A] .
0

Using the right continuity of x(-) we see that lim exp <—S5Vn[x(r)]dz'>=
n—00 0

I[G(t —); #(+)], where G(t—) = {x(-): () € G;0 <7 < t}. Thus by the
monotone convergence theorem we obtain lim K, (¢, x, A)=P[G(t—); t,x; A]
or if AcC G that Kt «, A) | Kit,z, A) as n— 0. It now follows
easily that if ¢ € L,(G) and is continuous with compact support then
(T™p)(x) — (T.@)(x) pointwise as n — . (See proof of Theorem 5.2 in
AF.) But

(T®e)z) | < Sl PW) | Ko(t, @, dy) < (T | ¢ (@)

which is in L,(X) and hence by the Lebesgue bounded convergence theo-
rem || T™p — T,p || = 0 if @ is continuous with compact support. This
implies (4.1) since || T'{™ || is uniformly bounded in x.

We now define the concept of a local operator in L,(X). All ope-
rators are assumed linear.

DEFINITION. An operator, 2, in L,(X) will be called a local opera-
tor if whenever ® € 7 (2) and G is any open set with m(0G) = 0 then
ol, e Z(Q) and [,Q9 = Q(I,p) as elements of L,(X).

The following properties of local operators are immediate. LI If
@ =0 a.e. on an open set, G, with m(@G) =0 and ¢ ¢ Z(2) then
P9 =0 a.e. on G.

L2 If f,g € &7(2)and f = g a.e. on an open set, G, with m(8G )=0
then 2f = Qg a.e. on G.

L3 9 is a local operator if and only if for all open sets G with
m(0G) = 0 we have I,Q2 = QI, where I, is being considered as a multi-
plication operator on L,(X).

1 The condition m(8G)=0 is needed if differential operators in E 7 are to be local ope-
rators under our definition.
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If 2 is a local operator and G an open set with m(6G) = 0, then the

restriction, 2, of £ to G is an operator in L,(G) which is defined as
follows (we regard L.(G) as a subspace of L,(X)):

Q)= {p:9 e L(G) and ¢ € < (2)} and for ¢ € T (2q)
(4.2) Osp = L,0p e L(G) .

Note that since 2 is local (4.2) can be written Qop = AlLp) = Q@
since @ € L,(G) implies I, = ¢ as elements of L,(X).
We now state and prove the main theorem of the present section.

THEOREM 4.2. Let Q and 2, be the infinitesimal generators of {Uy;
t =0} and [TJ]0,G];t = 0} respectively, then if Q is a local operator we
have Q, = Q,, that is, the generalized restriction of 2 to G equals the or-
dinary restriction of Q to G if 2 is a local operator. Of course, we are
assuming m(@G) = 0.

Proof. Let T = T,[V,, X] be the semi-groups constructed in
Theorem 4.1 and from Theorem 4.1 we know that T™¢ — T,9p="T,[0, G]
@ for all ¢ € L(G). Let I,,J,, and J{ be the resolvents of the semi-
groups {U,; ¢t =0}, {T;t =0} and {T{;t = 0} respectively, it then fol-
lows from Theorem 4.1 that J»p — J,@ for all ¢ e L,(G). Moreover
we know from Theorem 5.1 of AF that the infinitesimal generator of
IT™:t =0} is 2 — V,. Let ¢ € O(2) then since Q is local I,pe Z(2—-V,)
for all n. We recall the fact that for each fixed N the range of the re-
solvent of a strongly continuous (f = 0) semi-group is precisely the domain
of the infinitesimal generator of the semi-group [6]. Let \ be fixed then
for each n there exists 4, € Ly(X) such that

4.3) ILip = I, .
But then
Y, = N —(2 - Voll,p = Ngp — 2I,p + V, Lo =I,(vp — 2¢)

since V,I, = 0. Hence v, = = [;(Ap — Q9) € L,(G) and Jr — J\r.
But this implies that I,p = J\r or I, € 7(2) and

.Qg(IG(p) = XJ)\\‘!I‘ — ’llf :)\aIg¢ — [)\;Ig(p — Ig.Q(p] - .QIG(P .

Thus if pe & (@G) it follows by definition that @ e 2 (Q) and @ e L(G),
hence ¢ = Lp € 7(Q,) and 2,9 = Qp = Q,¢, that is Q° C Q.
Conversely suppose ¢ € 7 (2,) then there exists v € L,(G) such that p=
Jpr. Define ¢, =J e L(X), then p,e Z(2—V,) and [A—(2—V,)]lp.=
Y. Multiply this last equation by I, and using the facts that 2 is local
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and IV, =0 we obtain \ — 2)I4p, = I =+ since € L,(G). But
P, = J Y — J\r = @ and hence I,p, > I, = ¢ since ¢ € L, (G). Comb-
ining these results with the fact that 2 is closed we see that @ e Z(Q)
and Q9 =AM — Y =Ap — (A — Qg)p = Q,p. Since @ € L,(G) this im-
plies pe Z(9,) and 9,9 = Qp = Qu@. That is Q,CQ,. This establishes
Theorem 4.2.

Let ' be the infinitesimal generator of {7[V, X]; ¢t = 0} then we
know that if V is bounded Q' = Q2 — V. In general if V is not bounded
we can only conclude that 2 — V c Q' (Theorem 5.2 of AF). However,
if Q is a local operator we can obtain more information about £’, at least
if we assume a mild regularity condition on the underlying space X and
the measure m. We introduce the following condition which will be re-
ferred to as (R):

(R) There exists a sequence, {G,}, of open sets with compact clo-
sure such that X = U G, and m(6G,) = 0 for all n.

Let 2 Dbe a local operator in L,X) and assume (R) holds, then if
I, » € & (2) for all n we can define a function, (2¢)(x), which is de-
termined almost everywhere but which will not in general be in L,(X).
We define (2¢)(x) = (2I; ®) (x) provided x € G, and since 2 is local it is
clear that (Q2¢)(x) is well defined independently of the particular sequ-
ence, {G,}, chosen up to a set of measure zero. The point of the mat-
ter is that although I, ¢ € Z(2) for all » it may happen that . & ¢ (Q)
because (29)(-) ¢ Ly(X). This is a familiar phenomenon in the case of
the best known local operators, i.e., differential operators in Euclidean
spaces. We will say that the function, V, is locally bounded if it is
essentially bounded on compact sets. The following theorem gives pre-
cise information about £’ in the case that 2 is local, V is locally bounded,
and (R) is satisfied. It should be compared with Theorems 5.1 and 5.2
of AF.

THEOREM 4.3. Let 2 be a local operator, and V be locally bounded on
G, and (R) be satisfied, then for every @ € Z(2's) we have

(4.4) (2:2)(x) = (29)(x) — V(x)p(x)

almost everywhere. However neither (29)(-) nor Vo need be in L(G).

Proof. We prove the theorem in the case G = X, the general re-
sult following by a completely analogous argument and an appeal to
Theorem 4.2.

Let (V)= {9:9 ¢ L{(X) and Vp € L(X)}. Let ¢ ¢ Z(2')and
{G,} be the sequence of open sets in (R). We first show that Inp e
@) N Z((V) for all k. If
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Vi(x) = {V(w) if V(x) <n
n if Viz)>mn

then let J{* be the resolvent of the semi-group {T,[V,, X];t = 0} and
J, the resolvent of {T,[V, X];t = 0}. It was shown in AF (during the
proof of Theorem 5.2, see also the proof of Theorem 4.1 of the present
paper) that T[V,, X]lp - T[V, X]p and JMp — J,@ for all ¢ € Ly (X).
Moreover the infinitesimal generator of {T[V,, X];t=0} is 2 — V,
while that of {T[V, X];¢ = 0} is by definition 2'.

Now since @ € O(2') there exists » e L,(X) such that ¢ = J.
Define ¢, = J{"r and then [A\—(Q— V,)lp,= or 29, = \@p,+ V,@ —.
Multiplying this last equation by I; and using the fact that © is local
we obtain

(4.5) .Q(I(;k(ﬂn) == XIGL(/)n _l_ VnIGk(/)n — Iakgf .

But ¢, = J{" — Jy = ¢ and hence I, », — I, . Moreover since G,
is compact and V is locally bounded it follows that Vilo,9n— VI ® in
L,. Combining the fact that Q is closed with the above remarks we see
that Ink(p e 2/ (Q) and hence I(,Aq) e ()N “(V).
From (4.5) we obtain
Qe p) = Mo + Vi, 9 — Ipap
= /\Iakq) + VIGk,(/) - IGk(X — Ny
= VIGk(/) -+ IGMQ'(/) .

Since X = U G, this last equation can be written
(2'p)x) = (29)(x) — V(x)p(x)

almost everywhere on X, where (29)(x) is the function defined above.
This completes the proof of Theorem 4.3.

5. The Density of K. Since K(V, G; t, x, A)<p(t, «, A)=SAf(t, )

dm(y) it is evident that K is absolutely continuous with respect to m.
The following theorem shows that the density can be chosen to be
jointly measurable in its variables.

THEOREM 5.1. There exists a function k(V, G; t, x,y) = k(t, z, y) de-
fined for t > 0 and (x,y) € G x G such that k is jointly measurable in all
its variables and for fixed (t, x)

(5.1) K(V,G;t,z, A) = S k(t, @, y)dm(y) for all A, and

(5.2) k(t, x,y) < f(&, x,y) for almost all y.
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Proof. In the present proof V and G are fixed and so we will sup-
press them in our notation. Let G = U S, where the S,’s are disjoint
measurable sets of finite measure. Since X is a separable metric space
B(X) is countably generated and m restricted to S, is a finite measure.
Under these conditions one can show using a technique due to Doob [3,
pp. 343-344] that there exists a function, k,(¢, x, y), defined for ¢ >0,
x e G,y e S, such that k, is jointly measurable in (¢, , i) (for this one
needs the fact that K(-, -, A) is jointly measurable in (¢, ) which was
established in § 2) and k,(¢, x, -) is a density for K{(¢, z, -) with respect
to m restricted to S, for each pair (f, ). The details of this construc-
tion will be omitted since one merely has to put in (¢, ) in the appro-
priate spots in Doob’s construction. (See [1] where the details are give.)

If we define

k(t, @, y) = X kb, @, 9)I [Sx vl
it is clear that k& has the desired properties.

6. The Spectral Decomposition: Compact case. We begin with the
following simple remarks.

THEOREM 6.1. If f(t, x, y)=f(, ¥, x) almost everywhere, m xm then
each of the operators T,[V, G] is self-adjoint and || T,[V,G] || < 1.

Proof. The fact that U, and T,[V, X] are self-adjoint is contained
in the corollary to Theorem 2.5 of AF. Using Theorem 4.1 and the fact
that the strong limit of self-adjoint operators is self-adjoint we see that
TV, G] is self-adjoint. The symmetry of f implies that M and « can be
taken to be 1 and 0 respectively in (2.6). Hence (2.15) yields ||T[V, G]|<1.

Theorem 6.2. Suppose G and f are such that
(K) [}, ft = yyami@)im) < o

then each of the operators T[V,G] = T, is an integral operator of finite
double norm?. That is

(6.1) (Tep)) = [t, 2, W (@)imiy)
where k is jointly measurable in its variables and

2 The theory of operators of finite double norm (also called Hilbert-Schmidt operators)
can be found in [10, sec. 97] and slightly more generally in [12], especially pp. 242-248
and p. 353,
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(6.2) Sgk(t, x, yydm(x)dm(y) < o .

(Integrals involving %k are understood to be over G unless otherwise
specified.)

Proof. This is an immediate consequence of Theorem 5.1.

THEOREM 6.3. Let (K) of Theorem 6.2 hold and f (¢, x, y) = f(t, ¥, x)
a.e., then T,[V,G] = T, is a positive definite, self-adjoint operator of
Sinite double norm. Moreover there exists a sequence {\;} of real numbers
such that 0 <\ <\, Z -+ - with v, — + o, and a complete orthonormal
system {p,} in L(T) such that

(6.3) T, p; = e ', forall t >0
and
(6.4) Qupy = — N\,

where Q; 18 the infinitesimal generator of {T,;t = 03.

Proof. From Theorem 6.1 it follows that each T, is self-adjoint and
hence it is easy to see that k(t, x, ) = k(t, y, x) almost everywhere,
m x m for fixed ¢ (k(t, , y) is the function defined in Theorem 6.2). Thus
T, is given by an integral operator whose kernel is of finite double norm
and symmetric.

We next show that each T, is positive definite. Since each T, is
self-adjoint and T, = T\, T,,, we see that (T\p, ») = || T,,» I = 0. Sup-
pose T,p =0, then || 7,9 || = (T\p, ) = 0 or T,,» = 0. Repeating this
argument we see that T, @ =0 for all n and since the semi-group
{T,: t = 0} is strongly continuous it now follows that ¢ = 0. Thus T,
is positive definite.

Since T, is a compact, self-adjoint, positive definite operator it pos-
sesses a discrete set of eigen values {¢,}* with corresponding eigen func-
tions @; such that 0 < g, < || T\ |l £ 1 and ¢, | 0. Moreover the ¢, may
be taken so that {®,;} is a complete orthonormal system in L,(G). De-
fine \; = —logy; then ;= —log || T,|| =0 and A\;? + . We now
prove that @, is an eigen function of 7, with eigenvalue e¢~*s* for each
t > 0. Consider

0= (T, — )9, = (T /") (Topp + £27)9;
and let

3 Each distinct p; is, of course, repeated according to its (finite) multiplicity.
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Yr = (T, — #3/2)‘7)]‘ y
then

(T1/2 + pilﬂ),{, =0.
Hence

0= [[(Th + W = I Tipt I + 25 1 I 4 2p4( Ty )

But p¢; > 0 and Ty, is positive definite, thus + = 0 or T,,p, = pf* ¢,;=
e s @, Similarly if ¢ = m/2" we see that T,p, = e *s‘¢, and using the
strong continuity of the semi-group this then holds for all £ > 0. More-
over {®,} being a complete orthonormal system implies that the numbers
e *;* exhaust the eigen values of T',. Finally the fact that T, is of finite
double norm implies that

(6.5) i e~*" < o for each t >0 .
j=1

To complete the proof of Theorem 6.3 we must show that each
@, € <7 (24) and that (6.4) holds. Suppose T,9 = ¢~*¢ and let J, be the
resolvent of the semi-group {7,;t = 0}, then

oo (oo 1
= -t = —plo=Al =
J.p SO e " T,pdt SO e *e Mpdt T

P .

Thus ¢ = J, (A + ¢)®] which implies that ¢ e < (Qf). Also

(= QaMup = 9 = (1t — 20) xiﬂ 9

or QL = —\@. This proves (6.4) and again since {p,} is a complete
orthonormal system £ has a discrete spectrum consisting precisely of
the numbers —X\;. This completes the proof of Theorem 6.3.

The ¢!s are, of course, only determined almost everywhere. We now
pick the ¢/s such that

(6.6) v a) = e | K(V, 651, 0, dyy o)
= o |6, 2, e, Win)

for all #, and in the sequel ¢,(x) will denote these functions which are
defined everywhere.
THEOREM 6.4 We assume the same hypotheses as in Theorem 6.3 and

that @x) s defined by (6.6), then i e~ Mo ()P, (y) converges absolutely
-
Sfor fixed t > 0, x, y, and ’
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(6.7) kit @, ) = 5 e, (@(-)
Sor almost all y for fized (¢, x).
Proof. We first remark that since
SK(V, Git, w, d)K(V, G; 5,2, A) = K(V, G; t + 5, 2, A)
identically in its variables it easily follows that
(6.8) k(t + s, 2, y) = gk(t, x, 2)k(s, z, y)dm(z)
for all most all y for fixed (¢, s, x) where the exceptional set, of course,

depends on (, s, x).
We next show that for all ¢ > 0 and all =

(6.9) 7 ) = o (I(t, 2, v)p )dm(w)
where @, is, of course, defined by (6.6). We already know that for each

fixed ¢t > 0 the relation (6.9) holds for almost all . Thus if t <1 we
have for all z

() = eﬂku, 2, Y)P (y)dm(y)
= e[ [t 2, 2t 8, 2 ypamez) Jp )am)
= e*j‘gk(t, x, 2)p,(z)dm(z) ,

where the interchange is justified since the integral exists absolutely in
the first order. If £ > 1 we have for all x

k(t, x, y)p,(y)dm(y)
|
= ([ [#. 2 20 - 1, 2 wim@ fp.@im@)

= e*j(“”glc(l, x, 2)p,(2)dm(z)

= e N'p(x) .
Thus (6.9) holds for all ¢ > 0 and all «.

For fixed s > 0 the Schwarz inequality, (6.2), and (6.9) combine to
yield

(6.10) L) < o Sk(s, z, yydm(y) || 9, |1 .
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By (6.5) we know that i et < oo for all ¢ > 0, and combining this
J=-1
with (6.10) and the fact that [[®,|| = 1 we obtain
(6.11) é e i) P < oo
for all ¢ > 0 and all x. The Schwarz inequality and (6.11) imply that
JZI e Mo, (2)9,(y)
converges absolutely for all £ > 0 and all (z, y). Let us define
b, x, y) = }; oM (x)p ()
Let t>0 and « be fixed and let A ¢ G with m(4) < « . Since

SAl P,(x) | dm(z) < [m(A)]? it follows from (6.10) that

5 e lp@l] 120 1dn) < .

Thus by the Fubini theorem (we regard the sum as an integral over the
discrete measure space {1, 2,3, ...} each point being assigned measure
one) and (6.9)

SAh(t, x, yydm(y) = ji:‘,l et () (L, @)
= i g bl gk(t/Z, x, ¥)P(y)dm(y) (L, @) .

J=

Applying the Fubini theorem again (the integral and sum exist absolutely)
we obtain

|t @ wim@) = (k(t/2, 0, 9) e (L 2 ) )dmy)
This last sum converges absolutely but it also converges in L,(G) to T,,L,

and, of course, the L, sum and the pointwise sum must agree almost
everywhere. Thus we finally have

| ot pyam(y) = [ictj2, 2, 9) (Tl @)
= (ktti2, o, 9)(] k12 v, Ham() Jimiy)
- Lk(t, &, 2)dm(z) .

Since A was an arbitrary set of finite measure it now follows that h(¢, =, )=
k(t, z, -) almost everywhere for each fixed (¢, ), that is, (¢, x, ) is a
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density for K(t, x, -) with respect to m. Clearly k(t, x, ) is jointly mea-
surable in its variables and since these were the defining properties of
k we may (and will) set k(¢, x, y) = h(t, x, ) for all £ > 0,2,y in the
sequel.

THEOREM 6.5. Under the assumptions of Theorem 6.4
jk(t, o, yydm(@)dm(y) =3, e .
j=1

Proof. This is a well known property of such operators. See [12;
p. 353].

7. The Spectral Decomposition:-General Case. In this section we
will use the theory of generalized eigenfunction expansions to obtain a
spectral decomposition for k(¢, x, y) without assuming (K) of Theorem 6.2.
We begin by giving a short outline of this theory.*

Let T be a (possibly unbounded) self-adjoint operator in L,(G) and
E()\) its spectral resolution. One version of the spectral theorem asserts
that there exists a sequence of elements, {®,}, in L,(G) such that L,(G)

is the orthogonal direct sum 3, ©, where 9, is the closed manifold of
all vectors of the form F(T)(,D,,1 where F' e L(tt,) and ft,(+)=(E(*)Pu,Py).
In fact the correspondence F(T)p, — F(-) establishes an isomorphism, U,
of L,(G) onto the direct sum > = iLZ(ﬂn) which diagonalizes T in the
sense that '

(7.1) (UF(T)P)s(N) = F(\) (Up)u(N)

for ¢ € O(F(T)). If ¢ e L(G) then (Up), denotes the component of
Up in Ly(p,). Moreover, each 9, reduces 7T and the support of each p,
is contained in the spectrum of 7. The operator T is said to have a
generalized eigenfunction expansion provided that there exist kernels
W.(\, ) jointly measurable in (A, ) such that for all @ e L,(G)

(7.2) (Up)) = |#@ W, ydmiey
and
(7.3) ?(@) = S| TP W g0

where the precise meaning (7.2) and (7.3) is as follows. In (7.2) there

* We follow Garding’s approach to the problem [4]. A set of seminar notes entitled
““ Generalized Eigenfunction Expansions’ giving the details of this subject may be ob-
tained from the author upon request.

5 If ¢ is a complex valued function, ¢* denotes its complex conjugate.
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exists an increasing sequence, {S,}, of sets of finite measure such that

S
k and is an elerl;xent of L,(t,) as a function of A. Moreover, as k — o
this sequence of elements converges in L.(¢,) to the value of the integ-
ral. The intergral in (7.3) is defined similarly in L,G) and the sum is
then taken in L.(G).
A complex valued function, b(x, y), defined on G x G and jointly
measurable in (x, y) will be called a Carleman kernel if it satisfies

G=US, and S () Wi\, x)dm(x) exists as a Lebesgue integral for each

(7.4) b(x) = Sglb(x, y) Pdm(y) < o a.e.[m] .

That is b(x, -) € L,(G) for almost all x. With the kernel, b(x, y), we as-
sociate the domain, O, consisting of those elements ¢ € L,(G) satisfying

(7.5) gl () | b(z)dm (z) < oo

A densely defined operator, B, in L,G) is called a Carleman ope-
rator if there exists a Carleman kernel, b(z, %), such that for all @ e O(B)
we have

(7.6) (By)(z) = Sq)(y)b*(x, y)dm(y) .

The following theorem was proved by Garding [4]. (Actually he proved
slightly more but this is all that we will need.)

THEOREM 7.1. Let T be a densely defined self-adjoint operator in
L, (@) and we use the notation introduced above. Let ¢ be a complex valued
Sunction measurable with respect to all the p, and such that |¢|>0 almost
everywhere with respect to all the p,. If ¢(T) is a Carleman operator,
then T has a generalized eigenfunction expansion.

In proving this theorem Garding first showed that there existed
functions B,(\, ) jointly measurable in (A, ) such that B,(-, x)e L(t,)
and B, = {B,(-,2)} € >, for all . If b(x, y) is the Carleman kernel cor-
responding to ¢(T') then [Ub(z, )[,(\) = B,(\, x) as elements of L,(1,)
for almost all . Finally we have

. Wahs 2) = p0) B0 2)
Garding also showed that if ¢ e O, then
(U9 = [p@) Wi, w)im(@)

exists as an ordinary Lebesgue integral and

A0\, @) = §¢(x>Bn(x, z)dm(x) € L)
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and A(p) = {A,(-,»)} e 3. Also if F = {F,} ¢ 3 is such that

7.8) 271900 F0) P 0) < <
then
UF)@ = 2" RO W00 900

a.e. where the integrals exist as Lebesgue integrals and sum converges
absolutely. This completes our review of Garding’s theory and we now
return to the problem at hand.

THEOREM 7.2.° Let f(t,x,y) = f(t,y,x) a.e. [m x m] and let
SG I, @, y)Pdm(y) < b(t) < o for almost all x, then there exist finite mea-
sures, [, with support contained in the nonnegative reals and real kernels
W.(\, ©) defined for x > 0 and x € G and jointly measurable in (\, x) such
that
(7.9) ht 2, 9) = S| e W0 ) W0, 90

n=1J0

exists for all t,x,y. (The integrals exists as Lebesgue integrals and the
sum converges absolutely.) Moreover there exists a null set, S, such that
Jor all t>0and x ¢ S the function h(t, z, -) is a density for K(V,G;t, x,-)
with respect to m.

Proof. Let T, = T,|V,G] then exactly as in Theorems 6.1 and 6.3
it follows that each T, is a positive definite self-adjoint operator and
I| T,/l <1. Let Q) be the infinitesimal generator of {T,;¢ = 0}, then
—¢ is a positive definite self-adjoint (but in general unbounded) ope-
rator. Moreover, if ¢(\) = e * then ¢(—04) = T,. Since k(t,x,y) =
S, x,y) a.e. it follows that 7, is a Carleman operator and thus —£;
has a generalized eigenfunction expansion. Because each T, and hence
— Q4 is a real operator, the isomorphism, U, between L,(G) and >, can
be chosen to be real, i.e., U commutes with complex conjugation. Thus
the kernels W,(\, z) in the generalized eigenfunction expansion of —Q2f
can be taken to be real. Since U diagonalizes —Q) we have

(7.10) (UTp)a(N) = e(Up)a(N)
for all ¢ e L,(G).

From our general discussion of Garding’s theorem we know that
there exists a null set, S, such that (S independent of n) U[k(1, z, -)].(\)=
e *W,(\, x) as elements of L,(x,) for x ¢ S. But

9 If m(G) <« then the hypothesis of Theorem 7.2 implies (K) of Theorem 6.2. Thus
Theorem 7.2 contributes to our knowledge only in the case m(G)= o. If in Theorem 7.2
we assume b(t)<leo for all z, it then follows that A(t, x,-) has the required properties for

all ¢ and @. In this connection see, Lemma 2.2 of R. K. Getoor, An Analogue of
of Mercer’s Theorem, Duke Math. J. 25 (1958), 615-624.
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[Tets, &, )1@) = [Iot, u, 2)i(s, @, 2)dm(z) = kot + 5, 2, 9)

for almost all y for fixed (¢, s, x), see (6.8).

Thus (Uk(t + 1, 2, )l(\) = ULTk(, 2, -)L0)
= e [UK(L, @, *)]u(\)
= D, )

as elements of L,(¢,) for « ¢ S. On the other hand if
t<1and x ¢ S we have e *W,(\, ) = [Uk(Q, z, -)I.(\)
= [UT,-k(t, ; +)}(V)
= e *O[Uk(, @, +)1.(V) ,
or
(7.11) [Uk(t, z, *)].(\) = e M W,(\, ) .
Thus (7.11) holds for all ¢ > 0 and = ¢ S as elements of L,(y¢,). If we

define W,(\,z) =0 for x € S (which does not effect the generalized
eigenfunction expansion) then

W = {e W, (\, )} = {[UK@/2, %, -)l,(M\)} € 2
for x ¢ S and W =0 for « € S and hence

EW 1= 55 7o Wi, 2) Pa0) < o

for all x. Thus applying the Schwarz inequality twice we see that
W, ) = 35 [ e W ) W0, 1))
n=1J0

exists for all ¢, x, y; the integrals exist as ordinary Lebesgue integrals
and the sum exists absolutely. Moreover

| n(t, @, y) | < R(t, x, )R, ¥y, y)'* .

We next show that h(¢, x, y) has the desired properties. Let A be a
set of finite measure, then

[ e 1w, o 1 W0, ) Ldpdmi)

4An=1

< h(t, 2, )" | A, v, 9)"dm)

< It 7, 0| [T W0, v pdpmean@T

An=1

= [m(A)h (L, x, x)Lll (e WL, v)} [Pdm(y)]”

= m(A)h(t, =, x)Uk(t/z, y, 2ydm(z)dm(y)]"
=< [b(¢/2)h(t, x, 2)]*m(A) < o ,
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where we have used the fact that U is an isomorphism between L,(G)
and 3. Thus we have

[ 1t 2, yam) = £ [T wa0u 0] Won pameamo)

o
=1

where the interchange is easily justified by the preceding calculation and
the Fubini theorem. But I, € O, therefore S W00, y)dm(y)=(UL),(\)
A

as elements of L,(x¢,) and hence for all ¢ > 0 and all x € X we have

oo

@12) | o pim) = S [T W0, @ UL -

n=1

The right side of (7.12) can be written in the form ({e"™W,(\, x)},
{(UL),(\)}), where (-, +), is the inner product in 3. According to (7.11)
there exists a null set S independent of ¢ such that e ™W,(\, x) =
[UEk(t, x, -)].(x) as elements of L,(z,) for all ¢ > 0 provided z ¢ S. Com-
bining this with (7.12) and the fact that U is an isomorphism we obtain

@18) | At pdm@) = (et @, ), L) = | 1, o, v)im()

for all ¢t > 0 and all x ¢ S. We note that S is also independent of A.
Since (7.13) holds for all sets of finite measure the proof of Theorem 7.2
can now be completed by the standard approximation argument.

As in §6 we may as well (and do) take k(¢, , y) = h(t. x, y) for all
t>0,ye G, and x ¢ S. Our last theorem in this section shows that
W.(\, -) is actually an eigenfunction (but not necessarily in L,) of an ap-
propriate integral equation.

THEOREM 7.3. Let the hypotheses of Theorem 7.2 hold, then for each
t > 0 and n there exists a (t, null set, A,, and a m null set, S, (both depend-

ing on t in general) such that e=*W,(\, x) = Slc(t, x, Y) W\, y)dm(y) for
N¢g A, and x ¢ S. That is, W,(\, -) is an eigenfunction of the integral
equation e Mf(x) = Sf(y)k(t, x, y)dm(y) for almost all N\ for fixed t > 0.

Proof. Let b(t, x) = Slc(t, x, y)’dm(y) < b(t) for almost all x, then O,
is the set of @ e L,G) such that Sb(l, x) | p(x) | dm(x) < . Let A be

a set of finite measure then I, € O, and T,I, € O, since
b, ) | TL)@) | dmiz) = 1) || ket 2 ppdm()imia) < b(1ym(4)

where we have used the symmetry of k. Thus for almost all A
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(7.15) (UT,L),(\) = S(M)(x) W0\, 2)dm(z)
and
(T.16)  (ULL),0) = e (UL = e | L) W, w)im(@)

where the integrals are ordinary integrals.
Since the integral in (7.15) exists absolutely we can change the or-
der of integration obtaining

(UT,L).(\) = uk(t, 2, 1) W\, @)dm(z)dm (y)

for almost all ». Combining this with (7.16) we see that
Ll oo ) = [ e, 2, ) W, o¥dmte) Jimia) = 0
A

for almost all » where, of course, the exceptional set depends on A.
Using the facts that m is o-finite and B(X) is countably generated

it is a standard matter to conclude that for fixed ¢ there exists a y, null

set, 4,, and a m null set, S, (both depending on ¢ in general) such that

e MW, (\, y) = glc(t, x, Y)Y Wuln, )dm(x) provided ¢ 4, and y¢ S. This

completes the proof of Theorem 7.3.
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