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DIVISIBILITY PROPERTIES OF CERTAIN FACTORIALS

J. CHIDAMBARASWAMY

It is well known that multinomial coefficients are integers;
i.e., if the integers a; are nonnegative and a = >, a;, then
1(a;)!lal. This property may hold good in special cases
even though >, a; > a. In fact, for each integer x =0,
2! (x + 1)!|2x)!, and it has been asked by Erdos, as a research
problem in the 1947 May issue of the Monthly, whether, for
a given ¢ = 1, there exists an infinity of integers x such that
2! (@ + ¢)!|(2x)!. This problem has been gradually generalized
and improved upon by Mordell, Wright, McAndrew, the author,
and N, V. Rao. In particular, Rao considers the quotient
Q) = (9(x) + hx)!)/((g@) + k) (h(x))!), where k is a positive
integer, and g(x) and h(x) are integer coefficient polynomials
of positive degree with positive leading coefficients and proves
that some multiple of Q(x) is integral infinitely often: a result
which includes all the earlier results. In this paper, among
other things, this result of Rao has been generalised and
improved upon by taking the polynomials over the rationals
and by reducing the multiplying factor of Q(x) as obtained
by Rao.

Throughout the following ¢, 7, k, », and n denote positive integral
variables and all small letters, unless explicitly mentioned otherwise
denote positive integers. As usual, (a, b) and {a, b} denote respectively
the G.C.D. and L.C. M. of @ and b. For any polynomials X(x) and
Y(x) (not both zero) over the rationals, (X(x), Y(x)) denote their monic
G.C. D. over the rationals. m being =1, ¢,¢, ---,¢, are integers
each greater than 1. For 1=4=<m and 1 =j = ¢, fi;(®) is a poly-
nomial of positive degree over the rationals with positive leading
coefficient; a,; and ¢;; are nonnegative integers, r;; is a positive rational
and k;; is a positive integer. Also, »; is a nonnegative integer for
each 7 in 1 ¢ < m. We use the following symbolism.

(L.Y) F@) =S fa@;  Fu@ = 3 fa@)
k= =
A; = i‘;aik H A= iaik
k= iy
t; t;
Ri:Z"'«:k; Rij=>7ru;
k=1 k=1
=y
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it i
Ki = ka ; Kii = Z kir
r=1 r=1
]
i £
C.= ¢ Cii =2 ¢,
r=1 r=1
r#35

Aii(@) = (fil@) + D(fi@) + 2) -+ - (filx) + ki)
Bij(@) = (fus(®) + D(fis(@) + 2) « -+ (fis(@) + kiy)
Cii(@) = (Fi(@))(Fij(x) — 1) « -+ (Fis(@) — kij + 1)
Gii(x) = (4ii(x), Bi;()) ;

H;j(x) = (Bii(®), Ci;(x))

L;i(x) = (Gii(x), Hi())

and
Qii(@) = (fi(@N/((fis(@) + ki) {(Fis(x))!)

where @;;(x) is defined for those values of x for which f;;(x) are all
nonnegative integers.

Improving upon the results of Mordell [2], and Wright [7],
McAndrew [1], proved that (in our notation) if for a particular <,

(1.2) 0<a, <A
and
(1.3) ¢, =0,

1

then there exists an infinity of integers x for which
g
(L.4) (A3 @ + c)!

is an integer. In [6], the author and N. V. Rao improved upon this
result, by proving that, if, together with (1.2), the conditions

(1.5) r; < Aif(ay, A;)

and

1.6) either Ci < @@y, A;) or C; < Ai/(ay, A)
hold, then there exists an infinity of integers « such that

(1.7) Az — r)lo/TI (@ + ¢,)!
r=1

is an integer. In [5] and [4] respectively, the author considered the
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question of existence of an infinity of integers x which make the
expressions in (1.4) and (1.7) simultaneously integers for each <.
Recently, N. V. Rao, taking the polynomials over the domain of integers
and ¢, =2 for each %, proved the existence of an infinity of integers
2 such that

(1.8) Qu(*)Gin()

is an integer for each ¢ in 1 <¢ <m, where G, (x) is the integer
coefficient G.C.D. with least positive leading coefficient of the integer
coefficient polynomials A, (x) and B;(x). In fact if, for any rational
coefficient f(x), T(f) denotes the l.c.m. of the denominators of the
coefficients of f(x), Gi.(@) = T(G.)G: ().

The purpose of this paper is, among other things, to improve upon
the above result of Rao, simultaneously 1, by allowing the polynomials
to have their coefficients from rationals and 2, by replacing the factor
G.(x) in (1.8) by one of its divisors namely L;(x). That L,(x) can be

a proper divisor of G, (x) is seen if we take m =1, t, =2, fi(x) =
fo@)=a*—x and k,=2 in which case G,(x) =2®—x + 1 while
L,(x) = 1. Incidentally, the result in [6] is slightly improved by
increasing the possible values of #; (see Cor. 1) and it turns out that
McAndrew’s result ((1.4)) in [1] and our result in [5] are particular
cases obtainable from a more general result (Theorem IV) by taking
a for an arbitrary polynomial g(x) over the rationals with the property
that there exists an integer x, such that g(z,) is an integer.

In order to guarantee the existence of integers x for which f;;(x)
are integers, we make the following Assumption A: There exist
integers ¥,;; such that f;;(y;;) are integers and the system of congruences

v=y;modT(fy;)) l1=sr=m, 1=j=4

admit a common solution y,.
We note that all such common solutions are represented by

(L.9) v = y(T)
where
(1'10) T = {T(.fll), T(fl?)y ) T(fmtm)}

and we observe that
(1.11) Tf)| T for each tin1<t=m.

We need some further notation. Let
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@2.1) Aij@) = (fi@) + D(fi(@) + 2) -+ (fi2) + K)
Eij(x) = (Fij(x) + D)(Fi(x) + 2) -+ - (F(0) + K;5)
Cis@) = (fu@)(Fis(®@) — 1) -+ (fis@) — Ky + 1)
Gii(@) = (Ay@), By(@) ;  Hy@) = By@), Cys(@))
Li@) = Gi(@), Bi@) ;. dig(@) = (Bis(@), Bisl®))
D) = (fi®) + ¢, fii(@) + u, Fiy@) — u + )
D) = (fil@) + ¢, Fis(@) + w, fii(@) — u + 1)
Qii(@) = (FENY(fr @) (Fis(@) + Kip))
Wei(@) = (F@W((Fis(®) + B (Fig@) + Ki)))

and finally

Wio) = (eI () + B!

Now, we are in a position to state our results

THEOREM 1. Under the Assumption A, there exists an infinity
of integers x such that

(1) Qu(®)Lis(@),

(i) Qu@Lut),

(iii) Wi@)dii(@) Lij(x) Lis(@),
and ~

(iv)  Wi)d;(@)Lis(x) L ()
are all simultaneously integers for each 1 in 1 =< ¢ =< m and each j
m 1l =<t

THEOREM II. Under the Assumption A, if for each tin 1<t <m,
there is a j7(2) im 1 < j(¢) = t; such that for any integers t,u,e, b
satisfying

2.2) 1=¢ = ki, 0=su—t=kyy—1
and
(2.3) l=se, b= Kijiyy s 0=b—e=K;;;—1,

Dity@) = 1= DA:;?(i)(x) ’

then there exists an infinity of itntegers x such that
(1) Quw(@),
(i)  Qiyn(w),
(i) Wiw(@)dije (),
and
iv) Wi@)d:ji (@)
are all simultaneously integers for each % in 1 <1 = m.
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In particular, we have:

THEOREM III. (a) If, for 1 £ 4 =< m, g.%) s a polynomial over
the rationals with positive leading coefficient and if the Asssumption
A is satisfied for all the polynomials r;;9,x), then there exist an
wnfinity of integers x such that

(1) (Rigi@)!/((r:;9:(x) + ki) [ (Ris9:42)))),

(i) (Riga(@N!/((r:59:(2N(Ris94®) + Kij)Y),

J (1)  (Rigu(@)!D;s(2)/((1r:59:4@) + ki) (Ri;9:(2) + Kij)!l),
an

124
() (R @)Du(@)[IL (riig(@) + he)!
are all simultaneously integers for each ¢ in 1 < i < m and each j
m 127 =t;, where
D;j(x) = ((73;9:%) + 1) « « = (13;9:(%) + ki5), (Ri;9:(x) + 1)« « « (Ri;9:(2) + K5)) .

(b) If in (a) the integers k;; and the rational numbers r,; are
such that for each v im 1 =1 =< m, there 18 a j(1) in L < j(1) £ ¢,
such that

(2.4 Tijiok — Rijom # 0
for
(2.5) 1=k = Ky, 1=n=kiyu,

then there exists an infinity of integers x such that
(R @[T (rug(@) + )
s an integer for each 1 tn 1 <4 =< m.
As an immediate consequence of Theorem III we have:
THEOREM IV. If a;; and c¢;; satisfy respectively (1.2) and (1.3)
and if g(x) is a polynomial of positive degree over the rationals with

the property that there is an integer x, such that g(x,) 1s an integer,
then there exists an infinity of positive integers x such that

i
(2.6) (Aig@)!/TL (@s9@) + c:)!
18 an integer for each 1 in 1 <1 = m.

Also from Theorem I, we have the following:
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COROLLARY 1. If ay,c; end v, are such that for each © in
1=<:=m, there 1s a 7 in 1 =<5 < t; satisfying

2.7 (i) 0<ay; < A,
(i) 7 = Af(a;, Ay,
(i) esther c;; < a,;/(a:;, A;) or
Ci; < Aiyj/(Ai;, Ay
then there exists an infinity of positive integers x such that (1.7) s
an wnteger for each 1 in 1 <17 < m.

As remarked earlier, we observe that (1.4) is obtained from (2.6)
by taking ¢g(x) = = and Cor. I is an improvement of our result in [6],
since, taking m = 1, 7 = 1, we are increasing the range of values of
r, (compare (1.5) and (ii) of (2.7)) and the condition (iii) of (2.7) is a
consequence of (1.6) but not conversely; for example, our theorem in
[6] does not help us to conclude that

B2)!/((2z + 3)!(4x + D2z + 1))

is an integer infinitely often whereas our corollary does. We omit the
easy verification of this statement.

LemmA I. For each ¢ wn 1 <7 =m and each j in 1=37 =¢,,
there exists integer coefficient polynomials p;;(x), q:(x), (), s;;(x),
u(x)y w(a’)y ”(170) ﬁ”(ﬂ?) NG Aw'(x) and posit?l?)e IinteQeTS ?"ij’ Migy Yijs
x”, Uijy Vij, and C;; such that

(1) Au@)pi(e) + Bij(@)q:i(2) = NijGiy(2)

(i)  Bi(x)ri(w) + Ci@)si(@) = priH ()

(iii) - Gij(2)t;5(2) + Hiy(w)w(2) = YiiLii(w)

(iv) w(w)pw(x) + By(@)Gis(w) = \HGW(”C)

( V) u(x)Tw(x) -+ Cw(x)sw(x) #UHH(/E)

(vi) Gi@)ti(@) + Hij()ilis(x) = va”(a)

(vil)  Bij(@)vi(2) + Bi(@)0:(2) = Lidis(x)

Proof. (i) There exist rational coefficient polynomials «;;(x) and
B;i{x) such that

(3.1) Aj(@)a(x) + Bi()B:,(x) = Gi(w) .

Multiplying both sides of (3.1) by \;; = {T(«;;), T(B:;)} and writing
0:(2) = Na(x) and g (x) = \;Bi(x) we get (i). The proof of the
other parts is similar.

LEMMA 2. For each i in 1 <4 =m and each 7 in 1 <7 <t;

1 This corollary could also be obtained from the result of [3] but no mention
of this was made in [3].
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(1) Ngpa¥siQi5(%) Lij()
= it (@) A:(@)Q:5(2)p:i(¥) + Bii()Q:5(%)q:5(%)}
+ i () Bis(@)Qis()1:5(w) 4 Cij(@)Qis(w)s:5(x)}
(ii) Mﬂu wa(x)Lw(w)
= fli; u(x){Aw(x)Qw(x)pw(x) + Bu(x)Qu(w)qW(w)}
+ Muu(x){Bw(x) :i(@)P5(@) + Cij(@)Qis() ()}
(ii1) dew(x)Lw(x)Lw(x) W)
= Lyj(#) Lis(x){:(2)Q:5(2) + 9:5(2)Qus(®)}.

Proof. (i) follows directly from (i) (ii) (iii) of Lemma I; similarly
for (ii) and (iii).

LEmMMA 3. If f7(x) denotes the rth derivative of the rational
coeffictent polynomial f(x), then for r = 0 {T(f)f"(@)}/r! is a poly-
nomial with integer coefficients.

Proof. Rach coefficient of f7(x) is a product of a coefficient of
f(x) and a product of » consecutive integers.

LEMMA 4. For each sufficiently large integer « for which each
fii(®) s a posttive integer,

Ay(@)Qis(w), B;j(#)Qis(@), Cis(2)Qis(x)
Ai(@)Q:4(2), Bij(@)Q:5(), C:i(2)Q:(%)

are all positive integers.

Proof., Each of them can be expressed as a binomial coefficient.

Before proceeding to the next lemma, we introduce, for convenience,
the following notation: for any positive integers a, b, and ¢, h(a, b)
stands for the exponent of the highest power of b that divides a and
D(a/b, ¢) stands for h(a, c) — (b, c).

LemMmA 5. For any positive integer a, and any prime p,
h(al, p) = (@ — S)/(p — 1), where S is the sum of the digits of a in
the representation of a im the scale of p.

This is well known and we omit the proof.

LemMMA 6. Under the assumption A, given any pair of positive
integers M and N, there exists an infinity of positive integers «
such that for each © in 1 <1 =< m and each 7 in 1 <j < t, and each
prime p dividing M,

3.2) D(Wi(x), p) > N .
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Proof. We prove that from among the integers satisfying (1.9),
for which by the Assumption A all f;;(x) are integers, we can select
an infinite number of them for which (8.2) is satisfied. 2z, being any
arbitrary integer, choose x, such that

@.3) (i) @ >z, (i) @%=yT) and () fi)

and f/(x,) are all positive. Let P be the product of all the distinet
prime factors of M and = the smallest of them. Let
3.4) A= N+ 1+ Max | D(W;(x,), )| .

1sism
1sj=t;
»|P

Choose £, to be the least positive integer such that
(3.5) 77 > Max (fi(z) + K .

Observing that any positive integer 7 in 1 < % < mA can be uniquely
expressed in the form

n=@G@—-1)A+k 1=<i=m, 1=k=<A,

we define, starting with the integers x, and 5, recurrently the integers
Yoy Ony %, and B, for 1 < n < mA as follows: 7, is the least positive
integer such that

(3.6) 7% > Max _Tfi®,) .

sp Pt En—1,7)
0, is the least positive integer so chosen that

(3-7) ( i ) 311, > Bn—-ly
. 20(Tf!(x, 1), P) + Vu
ii) 4, > Max , and
() a2 1+ I fi@,), D)
(iii) @(P)|0,,
@ being Euler’s totient function;

(8.8) @, = Ty + TP(T fi(w,_0)) "
And finally B, is the least positive integer such that
(3.9) 72_'311, > INS[fS}fnfw(xn) - fi(wn—-l) .

We observe that, by virtue of (3.8), (ii) of (3.3), x, satisfies (1.9) and
so all the f;;(x,) are positive integers and the proof of lemma will be
complete, if it is proved that Z, = x,, satisfiles (3.2). From now on
the proof consists of reformulating the lemmas 2, 3, and 4 of [3] (in
our notation) and adjusting their proofs.

For consideration of space, we omit the details.
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4. Proof of Theorem I. In the first place let us observe that,
if f(x) is a polynomial over the rationals, then for any integer x, the
denominator of f(x) can contain only primes p in 7(f) to a power at
most h(T(f), p). Now, taking

i=1 j=

m  ti ~ ~ A A~
(4.1) M=11 Hl T(Liy) T(Lij) T(di)hiittsiViihiiliVsiCi
and
N = 51, p)

in Lemma 6, we are guaranteed of the existence of an infinity of
integers ¢ (= y, (mod T')) for which (3.2) is satisfied.

For all these integers, by Lemma 4, A4,;(z)Q.i(x), B;jx)Q:i{(x),
C.;i(x)Q;;(x) are all positive integers and so by the first part of Lemma 2,
NiittiiViiQis(x) Li(x) is an integer for each ¢ and each j. Since each
prime factor of M;;pv;; is necessarily a prime factor of M and since
for any prime p, D(Q.;(x), p) = D(W,i(x), p), the remark at the begin-
ning of the proof and the choice of N in (4.1) show that for all these
integers @,;(¢)L;;(x) is an integer.

A gimilar argument, taking into consideration the second and
third parts of Lemma 2, shows that for all these integers,

Qu@)Li(x)  and  Wiy(@)diy(@) Lij(@) Liy(@)
are also integers. Further, since
(4.2) Ww)dls;(o) Li () L ()

= Wis(w)das(@) L) Lo (o) L)+ K]
| 1L (Fula) + i}

and since for all the integers under consideration, the expression in
brackets on the R.H.S. of (4.2) is an integer the L.H.S. of the same
is so. Hence Theorem I.

Proof of Theorem II. Theorem II follows from Theorem I and
the following lemma:

LEMMA 7. (@) For each timnl<i=<mandeachjinl <j=t,
L;(x) =1 if and only if for any t, u satisfying
(4.3) 1<¢u=k, 0su—t=k;—1
Dixx) =1.

(b) For each 1 im 1 =t =m and eachjinl =5 = ¢, fij(x) =1
of and only if for any e, b satisfying
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1<e¢b=K;; 0=<b—e<K,;—1, Dix)=1.

Proof. That L;(x) cannot be one if for same ¢, u satisfying (4.3)
D!(x) contains as irreducible factor of positive degree, follows from
the fact that Di¥(x) divides L;(x).

If L,(x) contains an irreducible factor of positive degree, say a(x),
then for some integers ¢, , and v satisfying 1 <t u =<k, 0=v =
ki; — 1, a(x) divides fi(x) + ¢, fi®) + %, and F;;(x) — v; hence divides
t —u 4+ v. However, since a(x) is of positive degree, t —u + v =10
and so it divides D/(x).

The proof of (b) is similar.

Proof of Theorem III. (a) It is easily seen that L,;(x) and fl“-(x)
(as related to the notation of this theorem) are 1 for each % and j and
hence (a).

(b) The condition (2.4) ensures D,;;(x) =1 and so (b) follows
from (iv) of (a).

Proof of Theorem IV, 1If, for a particular1in1 <% =< m, C;, =0,
then (2.6) is an integer for all sufficiently large xz for which g(x) is
a nonnegative integer. So, there is no loss of generality in assuming
C,; >0 for each 7 in 1 <17 < m.

If, in Theorem III (a), we take 2 for ¢, for each 4, a; for =,
A, for r, C, for k;,, any positive integer for k,, and g(x) for g.z),
the hypothesis of that theorem is satisfied and so by (ii) of that theo-
rem, there exists an infinity of integers 2 for which

(Asg(@))!/((@sg(@)(Ang(@) + C:)))

is an integer. From this, the theorem follows in the same way as
@iv) of Theorem I followed from (iii) of it.

Proof of Corollary I. For each ¢ in 1 < ¢ < m, fix a j for which
(2.7) is satisfied.

CASE (1). Suppose both »; and C,;; are not zero for each % in
114 m.

In Theorem I, let us take for each 7, t; =2, fi.(x)= a;;x — 7,
fu(®) = Az, ki = 7; + ¢, and k= C;, so that

Fi (%) = flx) = Ai(x) and K,=ky,=0Cy.

It is easily seen (a proof similar to that of Lemma I [6] works) that
(ii) of (2.7) implies L;(x) =« and (ili) of (2.7) implies d;(x) =1;
further clearly L;(x) =1 and so Corollary I follows from (iv) of
Theorem I in this case.
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CASE (2). Suppose one or both of »; and C,;, are zero. In this
case, the result follows trivially from case (1).

We close with a consideration of sequences of positive integers
possibly more general than the sequences of positive integers represented
by integer coefficient polyromials for integer values of the variable.

§5. Let fi: 1=1=m, 1=<j=7%, n=1 be a sequence of posi-
tive integer satisfying
(5.1) (i) for each ¢ and each j

zj-&)OO as N — oo

(ii) there exist sequences of positive integers

gi: 124i=m, 1j=t;, n=1

Ghr 1=se=m, 1=s3=t,nz=zl, k=1

such that n, > n, implies

g ” = (n, — ?’bo)o' + (%1 - 7?’2)2Cﬂ1”2 .

o1

Defining analogously the various sequences of integers A¥, By, C¥,
G, H}Y, L, fiﬁj’, ..., L7 and di and the sequences of rational numbers
W, Wi, Qi and Q (for example AY = (fi + L)(fi+ 2) -« (fi + kij)
where fi = S\, fi9, etc), we can prove the following theorem (Theorem
S below) and deduce from that all the theorems of §2 when the poly-
nomials f;;(x) are taken over the domain of integers.

THEOREM S. Given any positive integer Z, there exists an in-
Sfintty of positive tntegers m, such that

(i) QLY Z],

(i) Q¥[Ly, 7],

(i) Wgldid, Z\[Li, Z) L, Z], and

(iv) Widii, Z|[L¥, Z) L, Z)
are all positive integers simultaneously for each 1 and each j where
the symbol [a, b] denotes the largest divisor prime to b of a.

A natural question in this context is whether, given a sequence
fi satisfying (5.1), there exists an integer coefficient polynomial say
fi;(x) such that

Sl = Fu(n) .

The author is greatly indebted to his thesis advisor Professor D. H.
Lehmer for his encouragement and advice.
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