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EQUATIONAL CLASSES OF MODULAR LATTICES

KirBY A. BAKER

One natural question of lattice theory has been (i) whether
there exists an equational class of lattices which cannot be
characterized by any finite list of lattice identities. Another
question, due to B, Jonsson, is (ii) whether there exists an
equational class of lattices which is not determined by its finite
members. We shall show that the answers to both questions
are affirmative, even with the additional requirement of
modularity., The examples are constructed from lattices corres-
ponding to projective planes,

Using different methods, R. McKenzie [9] has independently
answered the first question (without modularity).

1. Stable classes of lattices. By an equational class of lattices
is meant the class of all lattices satisfying some fixed finite or infinite
set of lattice identities. Birkhoff [2] has shown for abstract algebras in
general that a class of algebras with the “same” operations is an equa-
tional class if and only if it is closed under the formation of direct pro-
ducts, subalgebras, and homomorphic images. Jonsson [7] has sharpened
this result in the case of algebras whose lattices of congruence relations
are distributive; we shall merely state his key lemma, for the case of
lattices. If .9 is any class of lattices, let .2¢¢ be the equational
class of lattices generated by .97, i.e., the class of all lattices satisfying
all lattice identities true in all lattices of .9%°. For further termi-
nology, see Birkhoff [3].

LEmMMA 1.1. (Jémsson [7], Corollary 3.2). If 9% is a class of
lattices and if a subdirectly irreducible lattice L 1s in 5°°, then L
is a homomorphic image of a sublattice of an ultraproduct of lattices
from 9%

The following concept will be useful.

DEFINITION 1.2. A class 2 of lattices is stable if .97 is closed
under the formation of sublattices, homomorphic images, and ultra-
products.

Clearly, any equational class of lattices is stable. Less trivial
examples are provided by the following fact.

LEMMA 1.3. Let P be a finite partially ordered set, and let
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A7(P) be the class of lattices which do not have any subset isomor-
phic to P. Then _j (P) is a stable class of lattices.

Proof. _4°(P) is clearly closed under the formation of sublattices.
Since the property of not containing a copy of P can be expressed
by a finite sentence, _s (P) is closed under the formation of ultra-
products. Finally, it is easy to show that if a homomorphic image
of a lattice L contains a copy of P, then L itself contains a copy of P.

We list and then prove several properties of stable classes.

PrOPERTY 1.4. If .57 is a stable class of lattices and Le 5 is
subdirectly irreducible, then L e 2.

ProPERTY 1.5. If .9 is a stable class of lattices, then .27 con-
sists of subdirect products of lattices from .27

PropPERTY 1.6. If .27 and .97, are stable classes of lattices, then
F7e = 97, if and only if .97 and .2%; have the same subdirectly ir-
reducible members.

ProOPERTY 1.7. Arbitrary intersections and finite unions of stable
classes are stable.

Proofs. Property 1.4 is a direct consequence of Lemma 1.1. For
Property 1.5, first note that any subdirect product of lattices from
27 is in o7°. Conversely, if L is in .2, a theorem of Birkhoff
[3, Th. 15, p. 193] states that L can be represented as a subdirect
product of subdirectly irreducible lattices L,. Since the L, are homo-
morphic images of L, we have L,c .27 and hence L,e .2 by
Property 1.4. Property 1.6 follows from Property 1.4 and the fact
that an equational class is uniquely determined by its subdirectly irre-
ducible members. Property 1.7 is readily verified.

We shall frequently use the following fact.

LEMMA 1.8. Let .22 be a stable class of lattices, let {P,} be any
collection of finite partially ordered sets, and let 57 be the class of
lattices 1n %" which contain no P, as a partially ordered subset.
Then 2 s stable.

Proof. Apply Lemma 1.3 and Property 1.7 to .27 N (Nat " (P.)).
It should be remarked that stable classes are type classes [4, p. 214],
and thus the stable classes can be regarded as forming a set.

2. Weak projective planes. By a “projective plane,” or, for
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emphasis, a nondegenerate projective plane, we shall mean the lattice
of subspaces of a projective plane in the ordinary sense [6, p. 7].
More generally, by a weak projective plane we shall mean any sub-
lattice of a nondegenerate projective plane. A weak projective plane
which is not nondegenerate will of course be called degenerate. Such
a lattice can still be regarded as a partial plane [ef. 6, p. 9].

It should be noted that any nondegenerate projective plane is sub-
directly irreducible (in fact, simple) and that any sublattice of a
degenerate weak projective plane is again degenerate.

LEMMA 2.1. Weak projective planes constitute a stable class of
lattices.

Proof. Weak projective planes can be shown to be just the
modular lattices containing no five-element chain [cf. 6, p. 9]. Since
modular lattices constitute an equational class, the result follows from
Lemma 1.8 (with a single P,, consisting of a five-element chain).

We now define Desarguesian weak projective planes and show that
they form a stable class; Pappian weak projective planes are similar.

DEFINITION 2.2. An anti-Desarguesian partially ordered set D is
a partially ordered set corresponding to a configuration which repre-
sents a failure of Desargues’ theorem in a projective plane. Speci-
fically, D represents two triangles perspective from a point but not
from a line and includes the lines of the triangle formed by the three
points of the configuration which fail to be collinear. A weak pro-
jective plane is Desarguesian if it has no subset isomorphic to an anti-
Desarguesian partially ordered set.

Because some points of an anti-Desarguesian configuration may or
may not lie on various lines of the configuration, there is more than
one anti-Desarguesian partially ordered set. The above definition of
a Desarguesian weak projective plane of course reduces to the usual
one in the case of nondegenerate projective planes. On the other
hand, any degenerate weak projective plane is Desarguesian.

LEMMA 2.3. The Desarguesian weak projective planes form a
stable class of lattices.

Proof. Lemma 1.8.

Similarly, for Pappus’ theorem in place of Desargues’, we can
define anti-Pappian partially ordered sets and Pappian weak projective
planes and obtain

LEMMA 2.4. The Pappian weak projective plames form a stable
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class of lattices.

REMARK. Schiitzenberger [10] and Jonsson [8] have actually given
single lattice identities which can be used to characterize Desarguesian
projective planes among all projective planes.

LEMMA 2.5. Any Pappian weak projective plane is Desarguesian,
and any finitte Desarguesion weak projective plane is Pappian.

Proof. This is known for nondegenerate projective planes: The
Desarguesian projective planes are those which can be coordinatized by
a skew field, and the Pappian projective planes are those which can
be coordinatized by a field [1, pp. 73-75]. As remarked above, the
degenerate weak projective planes are always Desarguesian, and
similarly, always Pappian.

LEMMA 2.6, Let <o be the equational class generated by the
Desarguesian weak projective planes, and let &7 be the equational
class gemerated by the Pappian weak projective planes. Then <
and < have the same finite members but are not identical.

Proof. By Property 1.5 combined with Lemmas 2.3 and 2.4, the
finite lattices in & and & are subdirect products of finite Desar-
guesian and Pappian weak projective planes, respectively. But by
Lemma 2.5, finite Desarguesian and Pappian weak projective planes
are the same. To show that & and &7 are not identical, it suffices
by Property 1.6 to exhibit a subdirectly irreducible Desarguesian weak
projective plane which is not Pappian. Any projective plane coordin-
atized by a noncommutative skew field provides such an example.

THEOREM 2.7. There exists an equational class of modular lattices
which is not determined by its finite members.

Proof. < of Lemma 2.6 is such an equational class.

REMARK. If <#Z is the equational class generated by the rational
projective plane, i.e., the lattice of subspaces of a three-dimensional
vector space over the rational numbers, then it can be shown that
% also is not determined by its finite members. In fact, all finite
members of <% are degenerate, and the class of degenerate planes is
stable.

3. Sublattices of the lattice of equational classes. Let 4
(respectively, M) be the lattice of equational classes of lattices (respec-
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tively, of modular lattices). Jonsson [7, Corollary 4.1] has shown
that 4 is distributive; hence M is also. Not much is known about
the nature of the sublattices of 4 and M. The following fact is
therefore of interest.

THEOREM 3.1. M has a complete sublattice isomorphic to the
Boolean lattice of all subsets of a countable set.

The proof of Theorem 3.1, given below, will depend on the follow-
ing definitions and lemma.

For each integer prime ¢, let P, be the Desarguesian projective
plane of order g, i.e., the lattice of subspaces of a three-dimensional
vector space over the Galois field GF(q) with ¢ elements. Since a
nondegenerate Desarguesian projective plane can be coordinatized by a
skew field, every such plane has an associated characteristic which is
either 0 or a finite prime. Thus the characteristic of P, is q. Let
A" (P,) be the stable class of Lemma 1.3, with _s"(P,)° the equational
class it generates.

LEmMmA 3.2. If Q is any Desarguesian weak projective plane,
then Qe 4+ (P,) if and only if Q 1s either degenerate or of a charac-
teristic different from q.

Proof. If Q¢ _4"(P,), i.e., if @ does contain a copy of P, as a
subset, then @ must (for lack of room) contain P, as a sublattice.
Hence @ is not degenerate, and the characteristic of @ must be q.
On the other hand, if @ is a nondegenerate projective plane of charac-
teristic ¢, then @ does have a subplane, hence a subset, isomorphic
to P,. Thus Q¢ _+(P,).

Proof of Theorem 3.1. We take the countable set to be the set I
of finite integer primes. We define for each subset S of /T an equational
class #(S) e M, as follows. Let s(S) = 2 N (Nyes# (P,)?), where (as
before) = is the equational class generated by the Desarguesian weak
projective planes. By Lemma 3.2 and Property 1.4, the subdirectly
irreducible lattices in p(S) are precisely those which are Desarguesian
weak projective planes and are either degenerate, of characteristic 0,
or of a characteristic in S. Thus the equational classes x(S) are
different for different sets S, i.e., ¢ is one-to-one.

To complete the proof, we must show that g is a complete lattice
homomorphism. Accordingly, let {S,: « € A} be a collection of subsets
of II. We must verify that (i) #(N.S. = N.x(S,) and that (ii)
¢#(U.S2) = Va24(S,). The property (i) is immediate from the definition
of p. For (ii), the inclusion 2 follows from the isotonicity of p, and
the inclusion & can be checked by examining characteristics of the
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subdirectly irreducible elements of p(U.S.). (If the index set A is
empty, MN.x(S.) must be interpreted to be &, and U, u(S.) must be
p(@.) The proof of Theorem 3.1 is thus complete.

COROLLARY 3.3. The lattice M of equational classes of modular
lattices and the lattice A of all equational classes of lattices both
have the cardinality of the continuum.

The question of determining the cardinality of 4 was suggested
to the author by G. Gratzer. The cardinality of 4 has also been
determined independently by R. McKenzie [9].

4. Axioms for equational classes. A set of lattice identities
used to define an equational class is called a set of axioms for that class.
Some equational classes of lattices, for example the class of modular
lattices, can be defined by only a single axiom, in addition to the
identities which define the concept of a lattice. Moreover, it is well-
known that any finite set of axioms for an equational class of lattices
can be replaced by a single axiom. A natural question then arises:
Can every equational class of lattices be defined by a single axiom?

By Corollary 3.3, the answer to this question is evidently
negative, since there are only countably many lattice identities.
Theorem 4.2 below will give an explicit example of an equational
class of lattices which can be defined only by infinitely many axioms.
Although the derivation could be given in terms of the lattice of all
theories of lattices, we shall work within the lattice of equational
classes.

Recall that an element x of a complete lattice L is compact [3,
p. 186] if whenever z < V.y, for some family of y,e L, then
2= Yoy V oo V Yoy for some finite set of indices a(l), ---, a(n).
If « satisfies the dual condition instead, we shall say that « is cocom-
pact. A complete L is algebraic [3, p. 187] if every element of L
is a join of compact elements; L will be termed coalgebraic if its dual

is algebraic.

LEMMA 4.1. Let A be the lattice of equational classes of lattices.
Then A is a coalgebraic distributive lattice im which the cocompact
elements are those equational classes which have a finite set of axioms.

Proof. Jonsson has shown that A is distributive [7, Corollary 4.1].
Furthermore, Jonsson and Engeler [7, § 4] have made the following
observation: If F' is a free lattice on infinitely many generators, if
F' is F with the endomorphisms of F' included as unary operations,
and if @(F’) is the lattice of congruence relations on F’, then 4 is
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dually isomorphic to #(F’). Under this dual isomorphism, the equational
class generated by a single lattice identity f(z,, ---, 2,) = g(®,, -+ -, ,)
corresponds to the smallest congruence relation 6(f, g) on F’ identify-
ing f and g, regarded now as elements of F’. But #(F") is algebraic,
with compact elements being precisely the finite joins of elements of
the form 6(f, 9) [5, p. 11]. Via the dual isomorphism, the assertion
of the lemma follows.

THEOREM 4.2. Let & be the equational class of modular lattices
generated by the Desarguesian weak projective planes which are
either degenerate or of characteristic 0. Then &£ has no finite set
of axtoms.

Proof. In the notation of the proof of Theorem 3.1, & = «(Q).
Since @ is not cocompact in the lattice of subsets of the infinite set
II, # is not cocompact in 4.

Added in proof. Still another equational class not generated by
its finite members has been announced by R. Wille [Notices of the
Amer, Math. Soc. 15 (August, 1968), p. 781].
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