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THE BENDING OF SPACE CURVES INTO
PIECEWISE HELICAL CURVES

JAMES M. SLOSS

It is the purpose of this paper to show that a regular C?
space curve I’ in a Euclidean 3-space, whose curvature « + 0,
can be bent into a piecewise helix (i.e., a curve that is a helix
but for a finite number of corners) in such a way that the
piecewise helix remains within a tubular region about C of
arbitrarily small preassigned radius. Moreover, we shall show
that the bending can be carried out in such a way that either
(a) the piecewise helix is circular or (b) the piecewise helix
has the same curvature as I" at corresponding points except
possibly at corners, of (c¢) if the torsion of I” is nowhere zero,
then the piecewise helix has the same torsion as I” at corres-
ponding points except possibly at corners.

Also we shall show that if, in addition, I” has a bounded fourth
derivative, then an explicit formula can be given for a sufficient number
n of helices that make up the piecewise helix, where n depends on I’
and the radius of the tubular region about I". In this case, we shall
also show how the determination of the piecewise helix can be reduced
to a problem in simple integration.

1. Bendability.

DEFINITION 1. A curve is called a piecewise helix if it consists
of a finite number of segments, each of which is a helix (i.e., a curve
whose tangent makes a constant angle with a fixed direction). A point
at which two consecutive helices meet will be called a corner of the
piecewise helix.

REMARK. If, in particular, between corners the helix is a circular
helix, then the piecewise helix will be called a piecewise circular helix.

THEOREM 1. Let I': 7(s), s = arc length, 0 < s <, be a regular
C*l0, I]* curve whose curvature k(s) is nowhere zero. Then for any
given € >0

(a) there exists a piecewise circular helix I'}: hi(s), s = arc length,
0 <s<l, such that:

[r(s) — R¥(s)| < e, 0<s<1;

1 (I.e., 7(s) can be extended to lie in C® on some open set containing 0 < s < 1.)
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(b) there exists a piecewise helixz I'S: hi(s), s = arc length,
0 <s<l, such that:

[7(s) — R (s)| < e, 0=s=<1!

and 'y has the same curvature as I” at corresponding points, except
possibly at the corners of hi(s);

(¢) oprovided the torsion t(s) ts mnmowhere zero, there exists a
piecewise helix I'y: h¥(s), s = arc length, 0 < s < I, such that:

I7(s) — k()] < e, 0<s=<l

and I'§ has the same torsion as I' at corresponding points, except
possibly at corners of hi(s).

REMARK. In each case the curve I" is “bent” into a piecewise
helix.

Proof. We shall prove (b) and indicate what minor modifications
are necessary to prove (a) and (¢). Let £(s) and z(s) be the curvature
and torsion respectively of I". Then &(s) € C'[0,!] and z(s) e C[0, ]
since 7(s) € C°[0, I]. By hypothesis, £(s) = 0; therefore,

7o) = 28
is continuous and thus uniformly continuous on [0, []. Let
1.1) |£(8)| = Funax on 0<s=l
and
1.2) [ F(8)] = Srnax on 0<s<1

and choose d(¢) > 0 such that

1.3) [ f(s) — f(s)] < ae

provided |s, — s,| < 9, where

(1.4) @ = {0 PV B XD (16,0 V 20 + )™ -
Let

n = n(e) = smallest integer = —é-

and
I, ={s:0<s <6}
(1.4.1) I ={stjo<s=(@+11o}, =12, —2
I, ={ss(n—1Do<sZ1}.
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Then I;0 < j < » — 1) form a disjoint covering of [0, I], each of length
< o.
Let

(1.5) Ti(s) = fik(s), sel;, 7J=01,+n-1
where

_ f[(.7+1)5] fOI'j:O,ly...’n__z.

Ji= I for j=n—1

By the fundamental theorem for space curves there exists a unique
curve h;(s), s€ I;, for which:

(i) its curvature and torsion are respectively k(s) and 7,(s) as
defined by (1.5), and

(ii) its position A;(s), tangent ¢;(s), principal normal =;(s) and
binomial b;(s) satisfy the initial conditions:

(1.6) k(7o) = 7(30), t;(30) = e,(§d), n;(j0) = €(30), b;(j0) = ex(49)

where e¢,(s), e,(s) and e,(s) are the tangent, principal normal and binormal
of 7(s) respectively, and s is the arc length parameter of #;.
Moreover, if

t;(s) 0 1 0
(1.7) @j(s) = nj(s) y Aj = —1 0 fj y
bi(s) 0 -fi 0
then @,(s) satisfies the differential equation:
(1.3) Di(s) = £(s)A;9;(s) .

Also, because 7,(s)/k(s) = f; = constant on I;, k;(s) is a helix on I;.
By the Frenet formulae for I”, we have:

(1.9) ¥'(s) = k(s)A(S)¥(s) , 0ss=1t,
where

e.(s) 0 1 0
(1.10) U(s)=|e(s) |, A(s)=| -1 0 Sf(s)

e(s) 0 —f(s) O

Considering both (1.8) and (1.9) as differential equations on I;, we
obtain:

win 0,9) = 0,(0) + | )4, 0.t)dt, se 1,
ij=0,1,+-,n—1
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and

¥(s) = ¥(59) + S;m)A(t);rf(t)dt, sel;,
j:0,1, ""n_‘l

1.12)

Since by (1.6) @,(j0) = ¥(j0), we see that if

el =y 2 ¢,
then
176) — 0,001 = [ 101140 — 4,117 0] s
- [ a7 - o0l d

But by (1.7), (1.10), and (1.3)

[[A®t) — A;|| = V2[f(t) — fiF < V2ae for tel, .
Also we have
7@ = V'3
and by (1.7)
1411 = V2 + f) = V20 + fi.) -
Thus
(1.14) |1¥(s) — @,(s)|| < Moeax + NS; &) — 08| dt,  sel;,
where
M= £,V 6
N = £V 2(1 + flox) -
Let

C = sup||¥(t) — 2,1,
then by (1.14)
(1.15) |¥(s) — B,(5)|| < Mdea + NC(s — 5)

from which we see upon combining (1.14) and (1.15) that
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[|#(s) — @y(s)]
s 2(8 — Jo)* ... k(s — Jo)*
<M65a[1 N = g0) + NEI0 4y NT]
(1.16) (8 — 30" anrent — Msecre™
+ Ty CN* < Moexe
< Mleae™
<e¢ll, sel;,
by the definition (1.4) of a.
If we let
i(s) ¢ (s)
O*(s) = | n(s) | = D;(s) = | n;(s) |, sel;,
b(s) J b;(s)

jZOsly"'ynzly

then @*(s) is piecewise continuous on [0, /] with discontinuities possibly
at

s:j5, j:0’1y2"'9n'—17

and by (1.16) since I; is a cover of [0, [],

(1.17) 1% (s) — 0*(s)|| < &/l for 0<s<1.
Let
(1.18) *(s) = 7(0) + rt(a)da , for0<s<1.

Then h*(s) is a piecewise helix I'y for which
h*'(s) = Rh)(s) , for sel;;5=0,1,-+-,n —1.
Thus for 0 <s < U

76) = 1) = || 1) — 4| ds

=\ [¥(s) — 0%(s)|| ds
<e

by (1.17).
Next we note that s is the arc length of A*(s) since

[R*(s)| = [ R4(s)| = t,(9)| = 1, for se I, .
Moreover on the interior of I;:

|h*"(s)| = | k}(s)| = curvature = £(s)
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by construction of A;(s).

This completes the proof of part (b). For the proof of part (a)
and part (c), only obvious slight modifications are necessary. In part
(a), we need only the additional fact that a helix is circular if the
curvature and torsion are both constant.

2. Explicit results. If we allow 7(s) to have one more bounded
derivative we have:

THEOREM 2. If in addition to the assumptions of Theorem 1, we
also assume that r(s) has a bounded fourth derivative on [0, 1], then
we can choose n(e) in part 2 to be

2.1) n(e) = smallest integer > g*l
ae
where
2.2) & = {KpaxlV 6 €XD {160V 2(1 + Fan) D™
I' ’r e HI. 1’ I. ’r 444
(" x "y 3l e[ (" x "] <gt, 0<s<l1,
[,’.H . 7,1113[2 [,,.Il . 1,.”]5[2
(2'3) ’ 7] e
|wl < o [P 7" < o 0<s<li,
[’l"" . ,',.//]3/2

REMARK. A similar result holds for parts (a) and (c).

Proof. Since
K(s) = [17(5) 17/ (5)]
and

’ s rr’
o(s) = LD

the expression in the first inequality in (2.3) is simply the derivative of
_ ()
J(s) P
Thus
1£6) = 7)) = || @ds| < g*1s. 5.

If we choose

Q
®

(2.4) 5=

<
*
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where « is given by (2.2) = (1.4), then

[f(s) — f(s)] < ae

whenever |s, — s,| < 6. This, by the proof of part (b) of Theorem 1,
gives the result since

— : gl _ 1
n(e) = smallest integer > 2 — = — .
e 0

THEOREM 3. Let I': 7(s), s = arc length, 0 < s <1, be a regular
space curve with bounded fourth derivative and mowhere-zero curva-
ture. Denote the curvature, torsion, tangent, principal normal and
binormal of I" by k(s), T(s), €,(s), ex(s) and eys). For any given ¢ > 0,
let n(e), 0, and I, ( = 0,1, ---, m) be given by (2.1), (2.4) and (1.4.1),
respectively. Put

ti(s) = i;{[ff + cos (g5(s)m)]e,(j0) + [m sin (g;(s)m)]e.(50)

+ fil1 — cos (g;(s)m)]es(50)}

where

£ = 16 + DIVEG+ D3N, m = +VTF 75 0565) = || w(o)do
and let
t(s) =tis),sel;,;57=0,1,--+,m.
Then the curve
I'*: h*(s) = r(0) + Sst(a)da, s = arc length,0 < s <1,
0

is a piecewise helix such that
[r(s) — h*(s)[ <& 0=s=1,

and I'* has the same curvature as I" at corresponding points except
possibly at the corners.

Proof. From (1.7)
t5(s)
Di(s) = | ny(s)
b;(s)

satisfies the system of differential equations
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(1.8) D(s) = k(s)A;D4(s) on I;,

where A; is given by (1.7). The solution of (1.8) for which @;(j0) =
¥(j0) is given by

D ,(s) = el (59) .

The eigenvalues of A; are 0, 9m and —im and the corresponding
eigenvectors are:

£ 1 1
T, =10 |,T,=| im |, T, =] —im
1 —fi —fi
Also the matrix T = (T, T,, T.,) has the inverse
2f; 0 2
_ 1 .
= o 1 —.’Lm —fj
1 m —f;
Thus
T—legj(S)JjT — er(S)Dj s
where
0 0 0
D, =10 1im 0
0 0 —1m
and

eyj(S)Aj — Teaj(S)DjT~l
Ji + cos g(s)m, msin g,;(s)m, f,(1 — cos g;(s)m)
ES k k

% *k *x

From this it follows that

£i(s) e.(j5)
ni(s) | = B(s) = €143 e(j3) | = 1 x
m
b,(s) e,(j5)
[ Fi-+cos g,(s)m]e,(53) + [m sin g;(s)ym]e(70) + F5[1 — cos g ,(s)mles(55)
X %k ES B
%k >k %k

which gives (2.5) and the theorem is proved.
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REMARKS. By using the definition of torsion as given by Hartman
and Wintner [1], p. 771, [3] p. 202, the continuity requirement of
Theorem 1 can be relaxed from C® to C®.. A question of further in-
terest would be to consider the bending of normal curves, see for ex-
ample, Nomizu [2] and Wong and Lai [4].
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