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ON X-INVERSE SEMIGROUPS

S. SRIBALA

In this paper, the Preston-Vagner theorem on represen-
tation of inverse semigroups is extended to a class of uniform
inverse semigroups. In this connection the notion of X-uni-
formity on an inverse simigroup is introduced which is a
modification of the congruence uniformity defined by a set of
idempotent separating congruences on the inverse semigroup.
Such an inverse semigroup is called a X-inverse semigroup.
First, it is proved that a X-inverse semigroup is complete if
and only if all its maximal subgroups are complete and it is
compact if and only if the set of its idempotents is finite and
all its maximal subgroups are compact. Next, the symmetric
2-inverse semigroup of bi-Lipchitzian maps between U-open
subsets of an uniform space is defined and finally, it is shown
that any X-inverse semigroup can be embedded isomorphically
into a symmetric Y-inverse semigroup.

1. J.inverse semigroups. We refer to [1] for information on
semigroups and to [2] for uniform spaces. We shall always consider
symmetric Hausdorff uniformities. Let (X, 1) be a uniform space where
U= {Us;keK}. A subset Y of X is said to be U-open if xe Y =
Ux)yc Y forall ke K. A U-open subset is both open and closed. The
set of all U-open subsets of X is closed for the operations of union
and intersection and contains the null set ¢ and X. A mapping « of
X into itself is called Lipchitzian if (z, y) € U, = (za, ya) e U,. If «
is a Lipchitzian map and if ™ exists and is also Lipchitzian, then «
is called a bi-Lipchitzian map.

DEFINITION 1. Let S be an inverse semigroup. A symmetric
Hausdorff uniformity Il = {U,; k€ K} is called a Y-uniformity on S if
the following conditions hold:

1Y) U<z for each k¢ K.

(22) The maps N\:z—ax and p,: 2% — xa of S are Lipchitzian
maps.

(£3) The map a—a™* of S is Lipchitzian.

If 1 is a Y-uniformity on S, then (S, 1) is called a 3-inverse
semigroup.

In the sequel, (S, 1) denotes a I-inverse semigroup.

PROPOSITION 2. Multiplication in a J-inverse semigroup (S, 1) is
uniformly continuous.

Proof. Given U, ell there exists U, €U such that U, U, S U,.
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Then, (x, ") e U,, (v, ¥') € Uy, = (vy, 2'y) € Uy, 2"y, 'y') € U,, (by 3 2) =
(vy, «'y") € Up,0 Uy, & U

PROPOSITION 3. The set E of idempotent of (S,1) is a closed,
discrete subset of S.

Proof. Eisdiscrete by 1. If x ¢ E, then U,(x) N E # @ for every
ke K. Let U, el be such that U, o U, ~ U, & U,. Since U, (») N
E #+ @, there is e, € E such that (x, ¢, ) € U,,. Then, (ve., e:) € Uy,
(@*, we, ) e Uy, by 22 and so (2%, x) € Uy, o Uy - Uy, & U,. This is true
for all ke K. Hence x = z*c E and E is closed.

PROPOSITION 4. Let T be an inverse subsemigroup of a Z-inverse
semigroup (S, ). Then T with the relative uniformity is a Z-inverse
Semigroup.

Proof. The relative uniformity for T is given by U, ={U,N T x T,
k e K} which satisfies the conditions ¥ 2 and ¥ 3 of Definition 1. To
show that Y 1 is satisfied, it is enough to observe that for a, be T,
as7b in T if and only if a2#b in S.

The following can easily be proved.

PROPOSITION 5. The maximal subgroups H,(e € E) of S are closed.
They are topological groups for the relative topology. Further, if ezf,
then H, and H; are homeomorphic.

We now give a necessary and sufficient condition for the com-
pleteness and compactness of a Y-inverse semigroup (S, 1).

THEOREM 6. A I-tnverse semigroup (S, ) is complete if and only
iof all its maximal subgroups are complete.

Proof. If S is complete, then the subgroup H, are all complete,
being closed subsets of S. Conversely suppose that each H, is complete.
Let {x;; k € K} be a Cauchy K-net in S. Then, given k € K, there exists
k. € K such that (v, ;.)€ U, for all ', k" = k,. Hence we can assume
without any loss in generality that any given Cauchy K-net is contained
in a single 57 class. Suppose that the Cauchy K-net {x,} is contained
in the 27 class R, N Ly, (¢, f€ E). Let z be any element of R, N L;.
Then {x,z7'} is a Cauchy K-net in H, and so converges to some point
y € H,. Then, we have lim,.x 2, =yz. For, given U,, thereisa k, e K
such that (x,27, y)e U,, for all k = k, and so (x,27'2, y2) = (&, ¥2) €
U, (by 2 2) for all k = k, and lim,.x %, = y2. Thus S is complete.
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THEOREM 7. A X-inverse semigroup (S, ) is compact if and only
if E is finite and each H, is compact.

Proof. If S is compact, it follows that H, is compact and E is
finite. Conversely, suppose that E is finite and each H, is compact.
We first show that for any a €S, H, is compact. Let ¢, f€ E be such
that ae R, N L;. Then H, = H,a and x— za is uniformly continuous
and so H, is compact. The distinet 57 -classes of S are the nonempty
sets R, N L;(e, f€ E) and these are only finite in number because E
is finite. Thus, S is a union of finite number of compact sets H,(a € S)
and so is compact.

A natural example of a Y-uniformity on an inverse semigroup S
is given by the congruence uniformity defined by a set {0,; ke K) of
idempotent separating congruences on S such that given k,, k, € K there
exists k;e K such that 6,,c 6, N 6,, and N,.x 0, = 7, where the uni-
formity is given by the sets U, = {(z, ¥), #, ¥ € S/x0,y}. In fact, we
have

PROPOSITION 8.  If (S, 1) ts a X-inverse semigroup with idempotent
surroundings (i.e., U,oU, < U,) then each U, is an idempotent sepa-
rating congruence on S.

2. Symmetric X-inverse semigroup. Let (X,1) be a uniform
space. Let .7 (X) be the symmetric inverse semigroup of all partial
(1—1) transformations on X. Let 2(X) be the subset of .7 (X) consisting
of all partial bi-Lipchitzian maps between U-open subsets of X. 2(X)
is not empty as it contains the null map and identity map of X.

PROPOSITION 9. (X)) 4s an inverse subsemigroup of 7 (X).

Proof. If ae2(X), then a* also belongs to 2(X). Thus it is
enough to show that 2(X) is a subsemigroup of _#(X). Let a, 8 2(X)
and

A =7(a)n 4pB) .

(Note: 4(«) denotes the domain and /(«) the range of the partial map
a). Then A is U-open. If A= @ then ag=0ec 2(X). If A+, let
A, = Aa™, A, = AB. A, is U-open, since, x€ A, (x, y) € U, = y € 4(a),
(e, ya)e U, = ya e U(xa)c A=yec A,. Similarly, A, is also U-open.
It is clear that aB is a (1 —1) Lipchitzian map of A onto B whose
inverse 87'a™* is also Lipchitzian. Thus aBe 2(X). Hence 2(X) is an
inverse subsemigroup of _#(X).

The uniformity on X induces in a natural way a uniformity on
2(X) which is defined as follows.
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DEFINITION 10. For each ke K let

Ui = (CU, :8)’ a, Be ‘Q(X)/ay/ﬁ, (wa’ 9&',3) e U,
for all x € d(a), (ya™, yB™) € U, for all yer(a)} .

LetU* = {Uf; ke K} .

It is easily verified that U* defines a Hausdorff uniformity on
2(X) such that Ui < 57 for all ke K.

ProposiTION 11. Left and right multiplication in 2AX) are
Lipchitzian maps.

Proof. Let a, B, 7€ AX), (a, B) € U¥. Then as#p, (2, x8) € U,
for all v e 4(a) and (ya*, yB*)e U, for all yel(a). Let C =rF(a)N
AM)=r(B) N 4(7), A, =Ca™, A, = CR™" and B = Cv. All these subsets
are U-open. Now, xc A, =xecd(a)=(2a, 28)c U, = zB € Uy(ra) &
C=2xcd,= A S A, Similarly 4, < A, and so 4, = 4,. We have
ayS# By since d(ay) = A, = A, = 4(BY) and F(av) = B = V(BY). Since
«, B, v are bi-Lipchitzian maps, it follows that (xav, 8v) e U, for all
x € day)and (yv"'at, yy'8 ) e U, for ally e P(ay). Thus (a7, B7) € Ui
and multiplication on the right by elements of 2(X) is a Lipchitzian
map. Similarly, we can show that the left multiplication is also a
Lipchitzian map.

PROPOSITION 12. The map a— a~* of AX) is Lipchitzian.

Proof. (a,B)e U} =as#p, (xa,zB) € U, forall x € 4(a) and (ya™,
yB e U forallyel(a)y=a 7™, (ya,yB8 ") e U, forally e 4(a™")=
V() and (xa, 28) € U, for all zelV(a™) = d(a) = (a”*, B7") e Uy.

From the definition of the uniformity I1* and of Propositions 11
and 12 it follows immediately that (2(X), 1*) satisfies the conditions
3 1-3 8 of Definition 1 and thus we have

THEOREM 13. (2(X), 1*) is a Z-inverse semigroup.

DEFINITION 14. (2(X), U*) is called the symmetric X-inverse
semigroup of partial bi-Lipchitzian maps on (X, U) or shortly, the
symmetric J-inverse semigroup on (X, 1).

THEOREM 15. Let (X, 1) be a complete uniform space with idem-
potent surroundings. Then (2(X), U*) is complete.

Proof. Let {ay, ke K} be a Cauchy K-net in 2(X). Without loss
in generality we can assume that the Cauchy K-net is contained in a
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single 5#-class. Let A be the common domain of «,, ke K and B
their range. We now define a map a: A— B as follows. Define
za = lim, .z 2, € A. Since B is closed and {za,} is a Cauchy K-net
in B, we have xae B. « is a well defined map of A into B. Let
», y€ A with wa = ya. Then lim,.x 2, = lim,.x ya,. Given U, we
can find %, € K such that (va,, va) € U,,, (yau, ya) € Uy, for all k = k,.
Thus (va,, yv,) € Uy, - Uy, = Uy, for all k = k,. Since a;* is Lipchitzian,
(e, yayazt) € Uy, for all k= k, i.e., (2, y) € U,,. Since U, is arbitrary,
we have © = y and so « is (1 —1). We next show that a is onto. If
y e B, then {ya;'} is a Cauchy K-net in A and hence converges to a
point x€ A. Then za = y. For, given U, €1, there exists k, € K such
that (z, yai’) € Uy, for all k = k, and so (wa,, y) € U,, for all k = k,.
Thus y = lim,x 2, = @ and « is onto. The maps « and a™ are
Lipchitzian. For, let (x, y) e U,, , y€ 4, kye K. Then (va,, ya,) € U,,
for all ke K. Since za = lim, . x 2, ya = lim, . x ya, we can find k, e K
such that (v, xa,) € Uy, (ya, ya,) € Uy, forall k= k,. Hence (xa, ya) e
U.,e U, Uy, & Uy,» Thus ais Lipchitzian. Similarly we can show that
a~' is Lipchitzian and so a e 2(X). It now remains only to show that
a = lim,.xa, in 2(X). Since {a,, ke K} is a Cauchy net, given Uz
we can find k, € K such that (a;, @) e Uy for all k, k' = k, and so
(v, way) € Uy, for all k, k' = k,. Since xa = lim,.x v, we can find
k,e K such that (za, va;) € U,, for all k = k,. Let k; e K be such that
ky=k, k,. Then (xa, va,)ec U, (zay, va,) € Uy, (xa, za,) € U,, for all
k = k,. Similarly, we can show that if y € B, then (ya™, ya;;) € U,,
(ya™, yairt) € Uy, (wai', yaiy) € Uy, for all k = k, and so («, a;) € U;; for
all £k = k,.. Thus a = lim,.x «, and so 2(X) is complete.

3. Representation of X-inverse semigroups. We now consider
the representation of a Y-inverse semigroup by partial bi-Lipchitzian
maps. Let (S, 1) be a Y-inverse semigroup and (2(X), 1*) the sym-
metric Y-inverse semigroup on (S, ). Let o be the right regular
representation of S in .#(S). We now have

PROPOSITION 16. Sp is a closed inverse subsemigroup of (2(X), 1*).

Proof. The set Sa(a € S) is U-open, for, if e Sa and if (x, b) € U,
for some k € K, then £57°b and Sb = Sx < Sa and so be Sa. The map
0.: S;*— Sa is (1 —1) Lipchitzian between U-open sets whose inverse
07" is also Lipchitzian and o,e 2(X). Thus Soc 2(S) and Sp is an
inverse subsemigroup of 2(S). Now, let e Sp. Then Ux(7) N Sp # ¢
for every ke K. Let je K be such that U;oU; & U,. Then we can
find a; € S such that (7, 0,,) € Uf. Then 4(7) = Saj*, V(7)) = Sa;. Let
e; = a;a;' and b= e;7). Then (9, 0.)) € U = (e, €,0.,) = (b, a;) e U; =
bo7a;. Hence Sb™ = Sa;* = 4(n) and Sb = Sa; = V(1)) and so 7S£ 0,.
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Further, if <€ 4(y), then (27, xa;) € U;, (xb, xa;) € U; and so (x7, xb) €
U;oU; < U,. This is true for all k€ K and so 27 = xb for all z € 4(%).
That is 7 = o, and Sp is closed.

We now have

THEOREM 17. A Z-inverse semigroup (S, 1) can be embedded iso-
morphically in a symmetric Z-inverse semigroup.

Proof. The map p: S — 2(S) given by a — p, is clearly an algebraic
isomorphism of S onto Spo & 2(S). To prove that it is a uniform
isomorphism we will show that for a, b€ S, (a, db) € U, = (0., 0,) € U;*.
Now (a, b) € U,=as#b= 0,570, If x€Sa™, ye Sa, then (a, b) e U, =
(xa, zb) € U, and (ya™, yb™*) e U, and thus (o, 0;) € UF. Conversely
(0., 0b) € U = Sa=8b, Sa™ =Sb™'=az#b. 8o, if a, be R, N Ly, then
(a, b) = (ep,, e¢py) € U,. Thus p is a uniform isomorphism of (S, 1) onto
a closed Y-inverse subsemigroup of (2(S), 1*).
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