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OSCILLATION OF EVEN ORDER DIFFERENTIAL
EQUATIONS WITH DEVIATING ARGUMENTS

TSAI-SHENG LIU

The purpose of this paper is to give some oscillation
criteria for even order differential equations with deviating
arguments.

A continuous real-valued function f(¢) which is defined for all
large ¢t is called oscillatory if it has arbitrary large zero, otherwise
it is called nonoscillatory.

Our work extends some results obtained by Ladas and Lakshmi-
kantham [3] and Chiou [1] for second order equations.

1. In this section, we are concerned with the equation
1.1 y™(t) — i 2;(t)y(9;t)) =0, m =2 an even integer ,
=1

where the following assumptions are assumed to hold:

(L) g9i®)<t on [a@,=),j=1,2 ---,m and g,(t) <t for some
1<k<m; g¢) =0 on [a, ) and g;(t)—  as t— o, j=1,2,
s, m.

(L) pi)=0,pt) =<0 on [a, »),j=1,2---,m and put) >0
on [a, ] for the same %k as in (I,).

We shall give a sufficient condition for all bounded solutions of
(1.1) to be oscillatory. Our result extends Ladas and Lakshmikatham’s
Theorems 2.1-2.4 in [3] to arbitrary even order equation (1.1).

LEmmA 1.1 (Lemma 2 in [2]). If y ts a function, which together
with 1its derivatives of order up to (n — 1) inclusive, is absolutely
continuous and of constant sign on the interval [a, «)and y™(t)y(t)=0
on [a, =), then either

y () =0, j=01 -, m,

or there is an integer 1,0 <1 < n — 2, which s even when n 1s even
and odd when m is odd, such that

y () =0, j=0,1,---,1,
and
(=D iy 2(@t)y(t) = 0, j=141 ey m
for t in [a, o).
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THEOREM 1.1. If (¢t — g.(£))"p(t) = n! for all sufiiciently large
t, then every bounded solution of (1.1) s oscillatory.

Proof. Let y be a nonoscillatory bounded solution of (1.1).
Without loss of generality, we can assume that y() > 0 for ¢t = T,.
There is a T, = T, such that g;(¢) > T, ( =1,2, --+, m) for t = T,.
Thereis a T; = T, such that y?(t) (7 =1,2, ---, » — 1) is of constant
sign for ¢t = T,. By Lemma 1.1 and since y is bounded, we have

1.2) (—1Yy?@t) >0 =0,1, ., n—1) fort=T;.
It follows from (1.1) that

y(E) = Jz’; {PiE(9i()) + piE)Y (9:()gi(t)} < 0

for t = T..
By Taylor’s theorem, there is a & between 7 and ¢ such that

L3) ¥ (D) = g + () — 8) + yern(e) E 57 2
Syt + Y™ —t)
=y () — (¢ — 7) z PiE)(0:(t)

forc =T, and t = T..
Integrating (1.3) with respect to = from s to ¢ > s, we have

¥ — 5°76) < v — 5) = E 23 p0utas0)

= Yy (ENE — s) — Q—;,—SX 2()y(9(2))

or
Yyr(s) = Yy TI(E) — Yy TRENE — 8)

+ Lo ptwiane) for t>s2 ..

In a similar way repeatedly, we shall have
— 2
Ve VO - v - o) + vt

—_— . w-n(p) (& — 8)"*
(1.4) + y™(E) = )1

_ (t — s)n—-l
P(t)y(9:(2)) @ =11 fort>s2T,.
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Integrating (1.4) from g,(t) to t, we obtain

yw—mwm»gym@*mmy_wmﬁ:%&m

11 (t — glc(t))3 e e e (n—1) (t - glt:(t))n'_1
+ ¥y (t)——_—az + y™i(2) -

— puB)(gu((t)) L= gL
nl
or

(wmmwm—&%%ﬁw@+i%¢ﬁww—m
(t — gk(t))n_l (n—1)
+ T Yy ()

+[1- p"(t)(t,; gk(t))“]y(g,,(t)) ~y(t) 2 0

for all sufficiently large ¢.
It follows from (1.2) that

1 — 2Ot — g.(B)" >0
n!

or
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(t — g, p.(t) > n! for all sufficiently large ¢ .

This is a contradiction and the proof is then complete.

ExampLE 1.1. If we consider the equation

(1.5) yot) — D e y—0, £>0, k=12 .-

1.4

*y

then p(t) = (2km)'c™* satisfies the assumption and every bounded
solution of (1.5) is oscillatory. A bounded oscillatory solution of

(1.5) is y(t) = sin (2kz/o)t, kB =1,2, ---.
COROLLARY 1.1. Consider the equation

1.6) YO -yt —7)=0, 720G =12+ m).
=1

If 7, = ¥nl for some 1 <k < m, then every bounded solution of (1.6)

18 oscillatory.

2. We shall consider the equations



496 TSAI-SHENG LIU

2.1) y ™) + p@) S (y(@), y(9(?))) = 0
and
(2.2) y™(t) + F(&, y(¢), y(9(®) =0, 7 = 2 an even integer ,

with the following conditions:

(I1,) ¢(t) is a continuous function on [a, ) such that g(¢) —
as {— oo,

(IL,) p(¢) is a nonnegative continuous function on [a, o).

(IL) f(u, v) is a continuous function on R? and has the same
sign as that of % and » if uwv > 0.

(IL) F(t, w,v) is a continuous function on [a, ) X R? non-
decreasing in % and in v for each fixed ¢ and has the same sign as
that of % and v if wv > 0.

In this section, we shall give conditions which will ensure that
every extensible solution % of (2.1) or (2.2) is either oscillatory or
y"(t)y(t) > 0 for all sufficiently large ¢. This generalizes to higher
order equations some results due to Chiou [1, Theorems 2.2, 2.6, 2.8,
2.9, 2.12, 2.14, 2.15, 2.18, 2.19, 2.20, 2.22 and 2.23].

LEMMA 2.1 (Lemma 1 in [2]). If y is a function which together
with its derivatives of order up to (n — 1) inclusive, is absolutely
continuous and of constant sign on the interval [a, ) and y™()y(t)<0
on [a, =), then there is am integer I, 0 <1< n — 1, which s odd
when n s even and even when n is odd, such that

y‘”(t)y(t) =0 ’ .7 = 07 1’ ct l ’
and
(=L)"Y (t)y(t) = 0, i=l+1

for t in [a, o).

LeEmMA 2.2 (Corollary 2.3 in [4]). If
(2.3) Swt""lF(t, Y,7)dt = £ for each ¥ %0,
then every bounded solution of (2.2) is oscillatory.

In a similar way, we have

LEmMmA 2.3. If

(2.4) gwt"“p(t)dt — o
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then every bounded solution of (2.1) is oscillatory.

THEOREM 2.1. Assume that
(i) there exists a positive function q(t) such that

(2.5)  q(t) = min {g(¢), t}, ¢'(t) > 0 and ¢"(t) =0 for t za.

(ii) there exist positive functions h(t) and h,(t) for t=a >0
and a comnstant M > 0 such that

* du - ..o hy(ev) flu, v)
(2.6) S J < o and liminf ' benfle )|z ¢ > 0
for w > M, every ¢ > 0 and for some & = &(c).
If
2.7 O gy~ o
&0 oty

then every extensible solution of (2.1) is either oscillatory or y"()y(t)>0
eventually.

Proof. Let y be a nonoscillatory solution of (2.1). Without loss
of generality, we may assume that y(¢) > 0 for ¢ = T,. There is a
T,= T, such that ¢g(¢) = T, for ¢t = T,. It follows from (2.1) that
y™(t) <0 for ¢t = T,. There is a T, = T, such that each y'(¢t),
i=12 .-.,n—1, is of constant sign for ¢t = T,. By Lemma 2.1,
y'(@) >0 for t = Ts.

If 4”(t)>0 for t = T,, then our proof is done. Assume that
y¥'(t) <0 for t = T,. Then, by Lemma 2.1, we have

(2'8) (_l)j“ly(j)(t) >0 (J = 1) 27 e, M — 1) for ¢ Z Ta .

Since (2.7) implies (2.4) and since ¥'(t) > 0 for ¢t = T, it follows
from Lemma 2.3 that y(t)— o as ¢t— oo.
Integrating (2.1) repeatedly from ¢ to ¢ > 2¢t = 27T, and using
(2.8) as well as integration by parts, we have
1

@9 vz | = ) W), vew))du .
(n —2)! Je

Dividing (2.9) by &(y(9(t))), we have

o PO o1 [ e ), se) g,
@10 S E e ) Ru(gw)) "

Since y'(t) is decreasing for ¢ = T,, there exist T, = T, and ¢ >0
such that cy(t) < ¢ for t = T,. From (2.5) and (2.6) we have
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P f(y(w), y(9w)) . _p(w) h(cy(gw))f (y(x), y(9(u))
M(y(g(n))) — h(9(w)) r(y(9(u)))

L _ep(u)
= hy(9(w))
It follows from (2.10) and (2.11) that
y) - _ e St’ (w — 0" *p(u) 4.,
My(a(@)) — (n —2)1 Je  hy(g(u))
stn—z 124 p(u)
=2 S (o)
Since q(t) < ¢, ¢'(t) > 0 and ¢"'(¢) < 0, we have
(g LEONO L YOO L aEE [ ) g,
My(a@) — My(a@)) — 2"7(n — 2)! Jux hy(g(w))
Integrating (2.13) from T, to T > T, and using integration by
parts, we get

ST dye(s)) ~ _eq"(2T) S" o) g,  _4"2T,)

(2.11)

(2.12)

TG = 2 0n — DT der Tntg(u) “© T 7 m — 1)1
v p(u) e T " (2t)p(2¢)
o (o)™ T 7 — )1 o
e (Y pw :
= T i(n — D] Smhxg(u» ey

T g2 p(et)
<1, o)

Using (2.12) for t = T,, we have
ST dy(q(s)) ~ _ e¢"@T) _ y(T) (n—2)!
o W(y(e(s)) — 207 (n — 1! My(e(TY))) eTi™

e b g" T (2t)p(2¢)
2n—2(n - 1), §T4 h’l(g(zt)) at-

+

Let T— o and obtain

= g (s)n(s) o .
Vo oty e <

This contradicts (2.7) and the proof is complete.
If y(t)— o as t— o, then by the monotonicity of F(¢, u, v), there

exist &« > 0 and T > 0 such that
F(t, y@), y(g@t) = Ft,a, ) >0 for t=T.

By using this fact and Lemma 2.2 instead of Lemma 2.3 in the proof
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of Theorem 2.1, we can prove the following

THEOREM 2.2. Assume that (2.5) is satisfied and that there exist
positive nondecreasing functions h(t) and h(t) for t =Za >0 and a
constant M > 0 such that

dv

b . hi(cv)F(¢, u, v)|
2.14 — < o0 a1 f = eFt, a a) >0
@.19) S h(fv)< and lim in ) 0] I_s &, a, a)
for u > M, every ¢ > 0 and for some ¢ = e(¢) and a > 0. If
" OFE a, @) ;,
(2.15) S A dt = oo,
h.(9(2))

then every extensible solution y of (2.2) is either oscillatory or
¥ ()y(t) > 0 eventually.

The following example presents the occurrence of the case
y"(t)y(t) > 0 for all sufficiently large ¢.

ExAMpPLE 2.1. If we consider the equation
(216) yu)(t) + %g(t — z.)fS/z(t _ 2.[)—5/6[2/(15 . Z.)]1/3 =0 R

then F'(¢, u, v) = (15/16)(t — 7)"¥*(t — 27) *v"* and ¢(¢t) = ¢ — 7 satisfy
conditions (II,) and (IL,). Let ¢(¢) =t — 7, h(v) = v** and h(v) = v.
Then conditions (2.5), (2.14) and (2.15) are satisfied and y(t) = (¢t — 7)**
is a nonoscillatory solution of (2.16) with y”(¢)y(f) > 0 eventually.

ExAMPLE 2.2. If we consider the equation
(2.17) ¥ + yt) + ——7— (o) =0,
6 ——m

2
then F(¢, w, v) = u + (6/(6 — (1/2)7))v and g(t) = ¢t — (1/2)x satisfy con-
ditions (IL,) and (IL)). Let q(t) = ¢*% h(v) = v** and h(v) = v. Then
conditions (2.5), (2.14) and (2.15) are also satisfied. In fact, y(t)=¢sint
is an oscillatory solution of (2.17) which is not bounded. Lemma 2.2
does not cover this example.

By using the techniques given in [1] and the modification in the
proof of Theorem 2.1, we can prove the following theorems. We
shall omit their proofs here.

THEOREM 2.3. Let 0 < g(t) <t. Assume that there exist positive
nondecreasing continuous functions h(t), h(t) and hy(t) for t=a>0
and that w = v implies
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h (cu)hz(u)f(u, v)|s ¢
- ¢
Mok o) | mg)
for every ¢ > 0 and for some a« >1 and € > 0. If
Sm tnhlp(t) dt = ,
mOk( )

then every extensible solution y of (2.1) is either oscillatory or
y"'(t)y(t) = 0 eventually.

r dv co and lim inf

>0
) e

THEOREM 2.4. Let 0 < g(t) <t. Assume that there exist positive
nondecreasing continuous functions h(t), h(t) and ht) for t=a >0
and that w > v implies

S h(i:) < oo and hnvl_‘tcnf

l(cu)hz(u)F(t w )| 5 eF(L B B) - g
h(u)h2< 9@ > hz(%,:))
for every ¢ >0 and for some a>1,8> 0 and ¢>0. If
Sw tn;)}?}ﬁt( ,e;s; it — o |
O 5o

then every extensible solution y of (2.2) is either oscillatory or
y"(®)y(t) > 0 eventually.

THEOREM 2.5. Let ¢g(t) satisfy (2.5) and q(t)— = as t— oo.
Assume that there exist a positive mondecreasing function h(t) for
t=a>0 and a constant M > 0 such that

l(cv)f(u, )

lim inf =e>0

V=00

for every ¢ > 0 and for some € > 0. If (2.4) hold and

11m 1 Sup q"(¢) S ?(f))) ds > (n _a ! ,

then every extensible solution y of (2.1) is either oscillatory or
¥ (@)y(t) > 0 eventually.

THEOREM 2.6. Let q(t) satisfy (2.5) and q(t)— < as t— oco.
Assume that there exist a positive mondecreasing function h,(t) for
t=a>0 and a constant M > 0 such that



OSCILLATION CRITERIA 501

lim inf

V—r00

h(e)F(t %) | > ep(t) @, a) > 0
v

for every ¢ >0 and for some a>1 and ¢ > 0. If (2.3) hold and

lirtxifup q"4(t) S:o E}%i’—g%’);i) ds > -(Lz—l—)—!for every a >0,

then every extensible solution y of (2.2) is either oscillatory or

y"(t)y(t) > 0 eventually.

THEOREM 2.7. Let 0 < g(t) =t. Assume that there exist positive
nondecreasing continuous functions h,(t) and hyt) for t =a >0 and
that w = v implies

h(cu)h(w)f(u, v) €
uh(% v) h(ﬁ)

for every ¢ > 0 and for some a > 1 and € > 0. If (2.4) hold and

lim inf

V=00

= >0

lim sup ¢** gw p(s) ds > 2"“(1@8— 1)! ,
t—o0 t S
h(8)hy| ——
(h( g(s))

then every extensible solution y of (2.1) is either oscillatory or
y'(t)y(t) > 0 eventually.

THEOREM 2.8. Let 0 < g(t) =t. Assume that there exist positive
nondecreasing continuous functions h(t) and hy(t) for t=a >0 and
that u = v implies

I(ewhu)f (6, w, 0) | o ef (6 5, 6) < ¢
at - t
uh( ) ) h<?(5>

for every ¢ > 0 and for some « > 1, 8> 0 and € > 0. If (2.3) hold
and

lim inf

V0

?

lim sup ¢** SN f(,88) go~ 27 (n—=1)!

t h‘(sm( 9?8)> 8

then every extemsible solution y of (2.2) is either oscillatory or
y"(t)y(t) > 0 eventually.

t—c0

REMARK 2.1. In a similar way, corresponding to Theorems 2.6,
2.12, 2.18 and 2.22 in [1] we can establish the same results as those
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of Theorems 2.1, 2.3, 2.5 and 2.7 for the equation
y™(t) + i p;i(t)f(y(t), ¥(9i(¢))) = 0, » = 2 an even integer ,
J=1

where p;, g; and f; are continuous functions, pit) = 0, g;(t) — «~ as
t — oo and fiu, v) has the same sign as that of % and » if wv > 0,
j = 1’ 2’ LN m.

REMARK 2.2. If n =2, then the case of y"(t)y(¢t) > 0 for all
large ¢ couldn’t occur. Consequently, under the assumptions in each
theorem all extensible solutions of (2.1) or (2.2) with n =2 are
oscillatory [1, pp. 384-397].
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