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PARTIAL REGULARITY OF SOLUTIONS
TO THE NAVIER-STOKES EQUATIONS

VLADIMIR SCHEFFER

At the first instant of time when a viscous incompressible
fluid flow with finite Kkinetic energy in three space becomes
singular, the singularities in space are concentrated on a closed
set whose one dimensional Hausdorff measure is finite.

§1. Introduction. Let v:R’XR"—R® (where R*=
{t € R: t >0} represents time) be a weak solution to the Navier-Stokes
equations of incompressible viscous fluid flow in 3 dimensional euclidean
space with finite initial kinetic energy and viscosity equal to 1. Our
definition of weak solution coincides with Leray’s definition of ‘‘solution
turbulente” [4, pp. 240, 241, 235]. In that paper, Leray showed that
weak solutions always exist for prescribed initial conditions with finite
energy. He also proved the following regularity theorem:

LERAY'S THEOREM. There exists a finite or countable sequence J,, J,,
J,, -+ such that J, CR"*, J,={t: t > a} for some a, J, is an open interval
for q >0, the J, are disjointed, the Lebesgue measure of R* — Uz, J, is
zero, v can be modified on a set of Lebesgue measure zero so that its
restriction to each R*X J, becomes smooth, and

2, (length (J,))"

q>0
is finite.

It is not known whether there exist v with singularities (Jo=R"is a
possibility). The purpose of this paper is to prove the following theorem
on the nature of possible singularities of ». We assume that v has been
modified to be smooth on each R*X J,

THEOREM 1. Let t, be the right endpoint of an interval J, with
q >0. Then there exists a closed set S C R> such that v can be extended to
a continuous function on

(R*X J;) U ((R*~ 8) X {1s})

and the 1 dimensional Hausdorff measure of S is finite.
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The definition of Hausdorff measure can be found in [2, p.
171]. We note in passing that Leray’s theorem yields

THEOREM 2. The 1/2 dimensional Hausdorff measure of R* — U 2,
J, is zero.

There is a proof of Theorem 2 in [7]. Research on the Hausdorff
dimension of singularities of fluid flow was started by Mandelbrot
[5]. The conclusion of Theorem 1 resembles the partial regularity
results in [1, IV. 13 (6), p. 126].

Leray’s theorem has been generalized by M. Shinbrot and S. Kaniel
to flows on a bounded domain [8]. I do not know whether Theorem 1
generalizes to that case.

NoratioN. We set (a,b)={t: a<t<b}, [a,b)={t:a=t<b},
and so on for (a, b] and [a, b]. If f is a function defined on a subset of
R’X R then f, f,, etc. are the partial derivatives (3/dx;)f, (3°/dxidx;)f,
etc. where x;, x,, x5 are the coordinates of R®>. The partial derivative
with respect to the R variable is denoted by f,. We set D°f =f
D'f = Df = (f,, f2 f3), D*f = (f;) for i,j €{1,2, 3}, and so forth for D"f.
We let | D"f(x, t)| be the euclidean norm. If, in addition, f has range R*®
then f, is the corresponding component of f for i =1, 2, 3. In that case
we set div (f) = Z}_, f,. The summation convention for repeated indices
is used throughout, e.g. div (f) = f,.. If f is a function defined on a subset
of R* then Df(x) and | Df(x)| are the gradient and its norm.

An absolute constant is a finite positive constant that does not
depend on any of the parameters in this paper. The symbol C will
always denote an absolute constant, and the value of C may change from
one line to the next (e.g. 2C = C). The symbols C;, C,, C;, - - - are not
treated in this way, and their value does not change in the course of the
paper.

We begin to prove Theorem 1. Let ¢: R*x{t: t <0}—> R" be
defined by

(1.1) é(x,t)= V@) (= t) P exp (| x [/(41)).

Since ¢ is just the fundamental solution to the heat equation running
backwards in time, it satisfies

(1.2) b= —9¢,
and

lim [ | f0 = )80~ 5~ )y = f(x, 1)

elO
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if f is continuous at (x, t) and f |f(y, s)|*dy is bounded as a function of
RJ

s. We also define ¢: R>X{t: t <0}— R" by

(1.3) 0= —@my [ e0.0ly-xIay.
This Newtonian potential of ¢ satisfies the Poisson equation

(1.4) Ui= .
We have the estimates

|D"¢(x,1)| = E,(|x 2= t) ",
(1.5)
| D" (x, t)| < E,(|x [P — t)y D2

where E, is an absolute constant for each n.
Two consequences of the definition of weak solution are:

f lv(x,)Pdx=C, if t€ U J,
R? q20
(1.6)
f |Dv[*= C,
R>xR*

for some C, <, and

(1.7) div(v)(x,t)=0 if te U J,

qz0
A third consequence is the following lemma:

Lemma 1.1, If [t,, ;] CJ, then fori €{1,2,3} and x € R* we have

U; (xy t2)

= fR’ v (y, )b (y — x, ti— t)dy
(1.8)

+ﬁ’ J;: v, (y, v (y, t)b,(y — x, t — t,)dydt

_f, fR, o (y, v (y, ) (y — x, t — t,)dydk.
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Proof. Wefix i €{1,2,3} and x € R®>. Let f: R*x{t: t<t,}—> R®
be given by

f/()’,’)=¢()’—x,f—tz)—w,.«,(y—x,t—tz) if j=i,
(1.9)
0= ¢,y —xt—t) if j#i

We were careful not to write ¢ ; in the first identity of (1.9) because there
is no summation over the index i. Using (1.4) we obtain

div (f) (y’ t) = ¢.(y - Xt tz) - dj,iii(y —xt— t2)
(1.10)
=¢.(y—xt—t)—¢:(y—xt—1)=0.

Now take 0 < e <t,—t,. The definition of weak solution, (1.10), and the
good behavior of f on R*X[t;,t,— €] allow us to write (see (1.6))

fRs v (y, = €)fi(y, .~ €)dy

_ Lg 0,9, 1)f. (9, t)dy
1.11)

= @)t h)
R7x[11, 12—¢€]

- f Uy Uj,kf}'
R>x[n, t2—¢€)

Integration by parts with respect to the x; and x, variables, (1.6), and (1.7)
yield

[ o0 - -x-eay =0,
L, v, (y, t)Y;(y —x, t;— t)dy =0,
[ 2 L O (y, 1) (W (y =%, 1 — 1)

(1.12)
+ ¢y —x t—t))dydt =0,

f . UeUif;
R7X[t1, t2—€]

= "f s UkUj ke
RX[ty, 12—€]
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Identities (1.9), (1.11), (1.12), (1.2) yield
Lg v (y, = €)d(y — x,— €)dy
—L3 vi(y, )d(y — x, ti — t)dy

= J::z‘e ng () ( Dy —x,t— 1)
(1.13) +¢.(y —x,t—t,))dydt

+ f UUfj i
R3x[t1, 12—€]

=0+f’ L’ 0(y, ). (y, )b (y — x, t — t,)dydt
B [ 2 fRs ve(y, v (y, D (y — x, t — t)dyat.

Now (1.13), (1.6), and (1.2) yield the conclusion of the lemma.
For a € R* and 0 <r <= we set

(1.14) B(a,r)={x ER* |x—al|=r}.
If X is a set and f: X — R is a function we write
(1.15) sup (f, X) = supremum{f(x): x € X}.

LemMA 1.2. Let f: B(a,r)—=> R be a smooth function and let
B(b,r/4)CB(a,r). Then

j’B(a,r) fF=cr <LW) ’Df,2)+ Cr’sup(|f[, B(b,r/4)).

Proof. Let &£ be the set of lines L passing through b. Let u be the
rotation invariant Radon measure on £ that satisfies u(£)=1. For
each L € ¥ the fundamental theorem of calculus yields

Jyr 17

=cr (| |DfP)
(B(a,r)-B(b,r/4))NL

+ Csup(|f, B(b,r/4)N L)r.
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fB(M’) Iflzgcrzf.i’ (fB(&')ﬂL lf|2> dI.L

gcr*f (f |DfF) d
¢ (B(a,r)-B(br/4)NL

+ Cr’sup(|f%, B(b, r/4))

=cr ( f |Df12>
B(ar)-B(br/4)
+ Crisup (|}, B(b, r/4)).

Hence

2. The basic estimate. Throughout this section we fix 0 <
d, < (length (J,))"?, where J, is the interval in the hypotheses of Theorem
1, and we fix x,€ R®. We define u: R*x[—1,0)— R* by

(2.1) u(x, t) = dov(xo + dox, to + d(z)t),
where ¢, is the right endpoint of J;, as in Theorem 1, and observe that u

satisfies the Navier-Stokes equations with viscosity 1 in the same way as
v. Therefore Lemma 1.1 allows us to use the identity

22) w0 = [ u0- 1080~ dy

+ ([ uiuid’ ,1>
R3x[~1,t}

- f ZR7R 1
R3x[-1,1]

for — 1<t <0, where

(23) ¢’(y,s)=d>(y—x,s—t), t/z’(y,s)=¢1(y—x,s—t).
We also set

A, ={(y,s)ER’XR:|y|=1-2727-1=5<0}

B, ={(,s)ER’XR:1-2"?=|y|=1+2"",-1=5s=0}
C={(y,s)ER’XR:—1=s=t}

D ={(y,s)ER*XR:|y|=3/2,-1=5s=0}

E={y€eR* |y|=3/2}
F={yeR|y|=2}

2.4)
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for p=1,2,3,--- and —1<t<0. In addition we set
(2.5) A,=9, B_,=B_ =B,=B,.
LEMMA 2.1. There exist absolute constants C,, C; such that
w0l = G+ 177 | = DFA+ 1y Ddy
+Ca+ 1™ [ u, )P+ y ) dyds
G

+ Gyt +1)"? L | Du(y, — 1)[*dy

2.6)
+ee+n (| __IDup)
+c (pzi 22PfBP |Duf)

n+3

+ G, (Z 2%sup(ul, A, N C,)) + ;12"
p=1

holds if (x,t)€E A,.,— A, for n =0.

Proof. We fix (x,t) € A,.;— A, and define ¢', ¢’ as in (2.3).

set

2.7 G ={(y,s) ER*XR:|y—x|=2""t-2"=s5s=t}
for integers p =2. We have

(2.8) G...+CG,;CA,.NC.

The integer m is defined by the relation

(2.9) 202m D > p 4 1 = 24

The requirement (x,¢) € A,., (2.9), and t +1<1 yield

(2.10) 3=m=n+3,G,CC, for p=m.

541

For p €{2,3,4,-- -} the point x, € R* is defined as follows: If x # 0 then
x, =x—3-27"?|x["x, and if x =0 we choose x, so that |x,|=3-27""

holds. We then set
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H,={(y,s): |y —x,|=2"7t-2%=s=1}.
Then H, C G, holds and (2.9), (2.10), and |x| <1 yield
(2.11) H,CA,NC for p=zm.

We set C.= R*x{s}. For s €[t—27,t] Lemma 1.2 yields

2.12) fc,, ncl#l

-2 2 -3p 2 '
=C2% (fc,nc;IDul >+ Cc2*sup(lul’, H, N C)).
Integration of (2.12) with respect to s and (2.11) yield
(2.13) f lulP=C2 <f | Du lz> +C2%sup((u’ A, NC) if p=m.
Gp Gp

Observing G,..,CG, CB,, B,UD = C,, DN G, =, we let f,, f,, f; be
smooth functions from C, into [0,1] such that fi+ f,+ f;=1, fi(y,s)=1
for (y,s)& B,, fi(y,s)=0 for (y,s)ZD, fiy,s)=0 for (y,s)& B,
fa(y, s) =0 for (y,s) € G, fo(y,s) =1 for (y,s) & D UG,, |Dfy(y, s)| =
C for (y,s) € D N B, | Dfu(y, s)| = C2™ for (y,s) €E G — G, fo(¥,5) =
0 for (y,s) & G,, and fi(y, s) =1 for (y, s) € G,.. (note that f; is defined
only on C,). Using (1.5) and x € A,.,, we obtain

‘ fr u]uid)flfl ‘+ l fc uiukl/’tilkfl ’
2.14)

=c[ lutys)Flyayds
DNGCe

We use integration by parts, (1.7), (1.5), the inequality ab=
€a’/2+ €7'b*/2, (2.13), and (2.9) to estimate

if uud’f, +‘f e f>
G G

+ )f uiukyllpf:ku + lf u/ukl[/f:kfz,/
C G

lIA

c([, . lullDul(s'|+IDw))
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so[ qupqe+ D))
ﬂﬂﬂﬂﬂﬂﬂ

+C[ up(e+ D"

=c(], iuz=)re(], et}
ccon ([, )= (], . et

+Cpm ( f | Du 12) +C2msup(ul, An N C)
Gm

= C(t+1) ( Lm lu |2>
cusv=(

(2.15)

oy ( Lm | Du 12> +C2msup(ul, A, N C).

We use (2.10), (1.5), (2.13), (2.8), and (2.10) to estimate

1 e+, o
=c| |uF(De'|+IDw)
=c(S [ lur(ps'l+ D))
s JuF(De+IDw)
S
+C<Lm D¢’ +| D) sup (uF, G,

n+3 n+3
gc(Z 22"[ DuF)+ (S 27 sup(ul, 4,0 C))
p=m  JG, p=m
+C2"sup(ul, A...NC)

n+3 n+3
=C (,,Zf,. 22"fG | Du [2> +C <p§=:1 27sup((ul’, A, N C,)).
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Combining (2.14), (2.15), (2.16), (2.10), 0<t+1<1, and fi+ f,+f;=1
we obtain

| u,»uf¢f,’+l |
C C

= CE+ 1 [ uly )R+ ]y ) dyds

2.17) + C(t+1)7"? (f

BiN
n+3

+c(2 22!’[ |Du[2>
p=m Gp

n+3
+C (2 27sup(lul’ A, N C,)).
p=1

| Du)
C:

Since (x,t) & A,, we know that either (I) [x|Z1-2"or (I) r +1=27"
holds. If (I) is satisfied then G, CB,_,for m = p = n + 3 (see (2.4), (2.5),
(2.7), (2.10), and use (x,t) € A,.;) and hence (see (2.5))

n+3 n+1
(2.18) > 2@[ |DulP=CY, 22Pf | Du |*
p=m Gp p=1 Bp

if (I) holds. If, on the other hand, (II) holds then (2.9) yields m = n + 2
and hence (2.9), (2.10), and (2.7) yield

(2.19) zzf fDu[2§C(t+1)“f |Du
p=m Gp BiNC:

if (II) holds. Hence (2.18), (2.19), and 0 <t +1<1 yield
n+1

n+3
220 & 2@[ |Dul’= c(E 22Pf | Du |2)+ Ct+ 1)"”]
p=m Gp p=1 Bp

BiN

| Du |*.
Ce

Let g, g, be smooth functions from R?*into [0, 1] such that (see (2.4))
g+g=1, g =1 outside F, g,=1 outside E, |Dg,|=C, and |Dg,| =
C. Using (1.1) (not (1.5)) we estimate

e20) | [ wt =080 Dgmay | ¢ Tue-nllyia.

We use the inequality

[ ire=c([  1prr),
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valid for smooth functions f: R’— R with compact support [3, p. 12],
Holder’s inequality, and (1.1) to compute

fR‘ w (y, = 1)¢'(y, — 1)gay)dy .
= et -Dl1¢-Dldy

= ([ 180w =nldy)" ([ 1670~ voay)”

(2.22) gc(L (| Dg=(y)||u(y, = 1)

#18:00)] | Duy, = Didy) (4 1)

=C(t+1)" (L lu(y, - 1){2dy>1/2
+ O+ 1) (L | Du(y, - l)lzdy>”2

Now we combine (2.17), (2.20), (2.21), (2.22), g, + g.= 1, and (2.2) to
write

[u(x, 1))

= ([ Tu=nily )
+C(r+ 1)y (f lu(y,— l)lzdy>”2

172
Lo+ 1) (| 1Dul, - dy)

F

(
(2.23) + Oyt + 1) (f ju(y, s)PFA+1yl) “dde>
(

+Cy(t+ 1) f lDu(z)

+e(E 2], 1our)
<"23 27sup(Jul’, A, N C,)),

where C, is fixed (see §1). For € >0 we can use the inequality
ab = ea?/2+ € 'b*/2 to write
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| Tut =iy ay

@24  _ f (u(, = DIy (y?)dy

=@ (| 1w =nPlyFay)+ ) ([ 1yra)

and, for w = u or w = Du,

¢+ ([ 1wo-ray)”
(2.25)

=(e2)(t+1)" <L [w(y,— l)lzdy) +€/2.

Since f |y|™“dy is finite and C, is fixed, we can choose € >0 so that
E

(2.26) C, ((6/2) ( L ly J"‘dY) + e) =C;2"

holds. Now (2.23), (2.24), (2.25), (2.26), and 0< t + 1 <1 yield (2.6).

LEMMA 2.2. There exists an absolute constant € >0 such that the
following holds: If the conditions

(1) [ a0, )F+ |y D dyds =

(2.27) (t+1)" IDufP=e,

BiNG

zvf IDuf=e
Bp

are satisfied forallt € (—1,0) and p €{1,2,3,-- -} then u can be extended
continuously to the closure of A, in R’>X R.

Proof. We choose € >0 so that

(2.28) (12) Cie = C;'2°"

holds (see Lemma 2.1). Let f: U_.; A, = R" be a continuous function
satisfying
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(2.29)  C;2"C=f(x, t)=C2"7 i (%, )€ Ay — As

where n =0 (see (2.5)). We wish to show that (2.27) implies

(2.30) lu(x, t)| = f(x,t) forall (x,1)€E U A,

Assume, to the contrary, that (2.27) holds but (2.30) does not.  Since u is
continuous on R*Xx [ —1,0) (see first paragraph of §2) and the continuous
function f(x,t) tends to » as (x, t) tends to

{(x, = D): [x|=13U{(x,2): |x|=1,-1=1 <0},
there must exist (x,t) € U;_, A, such that (2.31) and (2.32) hold:
(2.31) lu(x,t)| = f(x,t)

232)  |u(ns)|=f(ys) if (n)E U A, and s=t

Taking the limit as ¢ tends to — 1 in (2.27) and using Fatou’s lemma we
obtain (recall (2.4))

[ - P+ Iy by =
(2.33)
J'F | Du(y,—1)[dy =e.

We define n by the condition (x,t)€ A,.,— A, and use Lemma 2.1,
(2.33), (2.27), (2.32), the inequality ¢ +1=272"*Y (which follows from
(x,t) € A,.1), (2.29), (2.28), and n =0 to write

lu(x, 1)

n+1
S4C,(t+1) e+ C, (2 2"6)
p=1

n+3
+C, <Z 277 sup (f3, A, N c,)) + ;2"
p=1

(2.34) »
= C2"% + C2" € + C, (2 2"’(C;‘2P‘8)2) Ly
p=1

§ C;lzn—12+ C;lzn—lz_{_ C;lz—lz
= (3/4)C;'2" " = (3/4)f (x, 1).
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However, (2.34) contradicts (2.31) since |u(x,t)|=f(x,t) is
positive. Hence (2.27) implies (2.30).

We set A = B(0,1/4)x[—3/16,0) (see (1.14)). From (2.30) and
(2.29) we conclude that | u | is bounded on A,. Hence the integrability of
D¢ and D*¢ on A (see (1.5)), the boundedness of D¢, D¢ outside A,
(1.6) and (1.1) allow us to extend the domain of definition of u to include
the closure of A, by substitution of t =0 in (2.2). The above integrabil-
ity property allows us to construct infinite sequences of continuous
functions "f; and g, form =1,2,3,--- and i, j, k €{1,2, 3} such that the
restrictions of "f and "g; to A converge as m —>® to ¢, and ¢ ;,
respectively, in the L' norm; and such that "f, "g; coincide with ¢, ¢ ;i
outside A. We use (1.1), (1.5), (1.6) to define

(e 0= [ w- 080, Ddy
+ f s (i ("F7) — e ("8 i)
R7x[-1,1]

for —1<t=0, where ¢' is as in (2.3), "fi(y,s)="fi(y —x,s — 1),
"gix (¥, 8) = "gu(y — x, s — t). The statements in this paragraph and (2.2)
imply that "u converges to u uniformly on the closure of A,. The
conclusion of the lemma follows because each ™u is continuous.

3. The basic estimate and Hausdorff measure. As
before, J, is the interval in Theorem 1, and its right endpoint is t,, We
recall (1.14) and we define S(a,r)={x ER’: |x —a|=r} for a ER".
The integral of f over S(a,r) with respect to area measure will be
denoted f(x)dx for simplicity.

S(ar)

LEmMMA 3.1. There exists an absolute constant 6 >0 such that the
following holds: If x, € R? 0<d < (length (J,))"*, and condition

d‘zfo f [o(x, )P(1+|x — xo|/d)*dxdt
1-d> JR?
(3.1)
; f " f | Do (x, ¢) Pdxdt < 8d
to—d*> J B(xo,2d)

is satisfied then v can be extended continuously to (R*>X J)U (V X {t3}),
where V is a neighborhood of x, in R’.
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Proof. We fix x,€ R’ and 0<d < length(J,)"?, and define func-
tions k,, k,;: R—{t € R: t 20} by (see first paragraph of §3)

ki(t)= d’zj oG )P+ | x = xol/d) dx

+f |Du(x, t)’dx if t€E(t,—d* 1),
B(xo0,2d)
(3.2)
kz(r)=f° f | Do(x, t)[Pdxdt if r € (0,2d),
to—d? S(xo,r)

k(t)=0=ky(r) if t&(t—d%t,) and r&(0,2d).

We let Mk, be the cubic Hardy-Littlewood maximal function of k, [9, p.
53]. That is,

(3.3) Mk, (a) = sup{(2b)"' f k,(c)dc: 0< b < oo},

We let | ||; denote the L' norm and | | denote Lebesgue measure. The
Hardy-Littlewood theorem for L' [9, (3.5) on p. 55] implies that (3.4)
holds for some absolute constant C:

|A|=d’8 where A ={t: Mk,(t)> C.(d*/8)"| k:ll:},
(3.4)
[B|=d/8 where B ={r: Mky(r)> Cy(d/8)"| k.|.}-

We have |{e €[d/2,d]: ty—e’€ A}|=d'|A|=d/8. This and (3.4)
imply the existence of d,E€[d/2,d] such that #—d;Z A and
do & B. Now (3.2), (3.3), and (3.4) yield

to—do+b
(3.5) (2b)™ Cd7| o )P+ | x = x| /d) *dxdt
to—do R?

do+b
+@b)" f | Do (x, 1)[Pdxdt
do B(x0,2d)

to—

=8C.d?| k|, for 0<b<dj,

(b f " f | Do (x, t)Fdxd
to-d®>  Jdo—b=|x—xo|=do+b
(3.6)
=8C.d7'||k.l, for 0<b =d,.

Defining u by means of (2.1), using d/2 = d, = d, rewriting (3.5) and (3.6)
in terms of u, and recalling (2.4), we obtain (3.7) and (3.8):
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6.) (+ 17 [ JuG9)P+ |y ) dyds

+(t+ 1)"f | Du(y, s)[*dyds
B1NG

=Cd'|k,|, for —-1<t<0,
(3.8) 2vf |Duf=Cd|kfs for p=1,23--.
Bp

From (3.2) we obtain
leall = 1 k.l

(3.9) - d‘zJ’:z L» lo(x, )P+ | x — xo| /d)*dxdt

+ f f | Dv(x, t)[*dxd:.
to-d?> J B(x0.2d)

Now (3.7), (3.8), and (3.9) imply the existence of an absolute constant
6 >0 such that (3.1) yields (2.27). The conclusion of the lemma follows
from Lemma 2.2.

We fix the constant § in Lemma 3.1 and set

(3.10) Q ={(x4,2d) € R*x (0,2 (length (J,))"*): (3.1) does not hold}.

LEMMA 3.2. There exists a finite constant N that depends only on C,
(see (1.6)) such that the following holds: If

(3.11) 0<d < (length(J,))'”,BCR’ (b2d)EQ if bE B,
{B(b,2d): b € B} is a family of disjointed sets

is satisfied then the number of points in B is at most N/d.

Proof. Let (3.11) hold. The disjointedness hypothesis implies that
(3.12) holds for some absolute constant Cs:

(3.12) > (1+|x—b|/d)*=Cs forevery x €R">.
bEB

Now (3.11), (3.10), (3.12), and (1.6) yield

&d (cardinality of B)
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=> &d

bEB

=3 d*f:z f lo(x, )21+ | x — b|/d) *dxdt

bEB

+ f f | Dv(x, t)[dxdt
beB Jiw-d> JB(b2d)
= (C.d> f ’ f |v(x, t)[dxdt
to~d*> JR?
+ f ' f | Do(x, 1)['dxdt < C,C, + C,.
to-d> JR?

Hence we can set N = (CsC, + C,)/8.

The following lemma is a consequence of the Besicovich covering
theorem [2, 2.8.14, 2.8.9].

LemMA 3.3.  There exists an integral absolute constant K with the
following property: If 0 < d < and A CR” then there exist Y, CA for
k=1,2,---,K such that (I) and (II) hold:

O Acu {B(y,2d): yE kUKI Yk}

(IT) For each k, {B(y,2d): y € Y.} is a family of disjointed sets.

We can now finish the proof of Theorem 1. Let A be the set of
points x,€ R* such that (3.1) fails to hold for every d satisfying
0 < d <(length (J,))"?. Lemma 3.1 implies that there exists an open set
U CR’ such that A UU = R*® and v can be extended to a continuous
function on

(R*X J,) U (U X {t;}).

We set S = R*— U. Since S CA, all tht remains to show is that the 1
dimensional Hausdorff measure of A is at most 4KN.

It suffices to show [2, p. 171] that for every 0 < d < (length (J,))"”
there exists Y C R? such that

A CU{B(y,2d):ye Y}
and

> diameter (B(y, 2d)) = 4KN.

yEY

We apply Lemma 3.3 to find sets Y, C A satisfying (I) and (II). Lemma



552 VLADIMIR SCHEFFER

3.2, (3.10), and the definition of A yield Z,cy,(4d)=4N for each
k. Hence, setting Y = UEK_, Y,, we obtain £ ,c,(4d)=4KN. Theorem
1 is proved.
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