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NORMS OF COMPACT PERTURBATIONS

OF OPERATORS

CATHERINE L. OLSEN

Let ,A{lt) denote the algebra of all bounded linear
operators on a complex separable Hubert space. This paper is
concerned with reducing the norm of a product of operators by
compact perturbations of one or more of the factors. For any T
in 3#($f), it is well known that the infimum,

\\T\\e = inf{|| T + K||: K is a compact operator}

is attained by some compact perturbation T + Ko. For T a
noncompact product of n operators, T = Tx Tn9 it is proved
that this infimum can be obtained by a compact perturbation of
any one of the factors. If T is a compact product, so that the
infimum is zero, it is shown that there are compact perturbations
Ti + Ku -iTn + Kn of the factors of T such that the product
(Ti + Kι) - - (Tn + Kn) is zero; furthermore, it may be necessary
to perturb every factor of T in order to obtain this zero infimum.
These results are applied to an arbitrary operator T to find a
compact perturbation T+K with | | (Γ+ Kf\\ = \\ T2\\e and
| |(T+ K)3\\ — ||T3 | |e; here the identical factors are perturbed in
identical fashion to achieve both infima. Stronger theorems of
this latter sort are proved for special classes of operators.

For any T in Sδ(^), let \\T\\e as defined above, be called the essential
norm of T [7]. I. C. Gohberg and M. G. Krein first showed in [4] that
for any T in 33 (ffl) there is a compact perturbation T + Ko which realizes
the essential norm (so || T + Ko\\ = || T\\e). The case n = 2 of the theorem
stated above for compact products was proved in a different way in [6]:
for any compact product T = TXT2 of two factors, a projection E was
constructed so that TXE and (/ - E)T2 are both compact (and so that the
product of perturbations Tλ(I - E) and ET2 is zero).

This study was motivated partly by questions considered by J. K.
Plastiras and the author in [7]: if Γ is a bounded operator on 3ίf, is there a
compact K with | |p(T + K)\\ = | |p(T)||e for all complex polynomials
p? Less ambitiously, if T and p are both given, is there a compact Kp

such that | |p(Γ + ίΓp)|| = ||p(T)||e? We know of no examples where
either of these questions has a negative answer.

It follows from the results proved here on perturbations of products
that for each T in S8(Sίf), there is a compact K with || T + K\\ = \\ T\\e and
| | ( T + ί Q 2 | H | T 2 | | e ; and a compact L with ||(Γ + L)2 | | = ||T2 | |, and
|j(Γ + L)3 | | = || Γ3||e. If T is not compact we can take K = L, to get one
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perturbation achieving all three essential norms. There appear to be
erious difficulties in passing from T3 to Γ4. The existence of an

operator K as above was proved in [7] for any partial isometry T, and for
certain other operators.

Stronger results are obtainable for special classes of operators. In
[7] it was shown that for operators T which are subnormal or essentially
normal, there is one compact K such that \\p(T + K)\\ = \\p(T)\\e, for
every complex polynomial p. Here we prove this for n -normal
operators. Turning to operators with no normality properties, we show
that for any weighted shift T, there is one compact K with ||(T + K)n || =
|| Tn ||e for all n. If in addition T is nilpotent, then ||p(Γ + K)\\ = | |p(Γ)||e

for every polynomial p. In [6] it was shown that for any T in 38 (Sίf) with
p(T) compact, there is a compact Kp with \\p(T + Kp)\\ = \\p(T)\\e = 0.

If it were true that every T in 3S (2€) could be perturbed by K, to
simultaneously obtain \\p(T + K)\\ = | |p(Γ)||e for every polynomial p, this
would have significant consequences. It would immediately imply the
theorem of T. T. West [11] that every Riesz operator is a compact
perturbation of a quasinilpotent, and would also answer a question of W.
Arveson: if π(T) is quasialgebraic in the Calkin algebra, so that
||pn(7r(Γ))||1/degp"-^0, then is there a compact K so that \\pn(T +
K)\\VdegPn -»0, for the same sequence {pn}n of monic polynomials? A
partial answer to this latter question, and further discussion is given in
[7]. See also the question raised by S. R. Caradus [3].

In a recent communication we have learned that D. Legg, P. Smith,
and J. Ward have proved using Banach space techniques, that for any T
in Sδ ($f), there is one compact K with || T + K + λl \\ = \\ T + λl ||e, for all
complex λ. Thus it is possible to simultaneously attain the essential
norm for all linear polynomials in T.

A related result in a more general setting has been obtained by G. K.
Pedersen [8]. In [7] it was shown for any T in 53 ($f) and for any
polynomial p, that

\\p(T)\\e =inf | |p(Γ + K)||, K compact.

Pedersen has proved that if sέ is a C*-algebra and $ is a closed ideal in si
then for any A E si and for any n,

Let 5Γ denote the closed two-sided ideal in 33 ($f) of compact
operators, and let π: 9S($f)-» (%(3€)/3£ be the natural homomorphism
onto the quotient C*-algebra, the Calkin algebra. Then the essential
norm of T in % (ί%) defined above is actually the C*-norm of π(T) in the
Calkin algebra. We say that DE£$($f) is diagonal if there is an
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orthonormal basis for X consisting of eigenvectors for D. A finite rank
operator is one with finite-dimensional range. The range projection of
TE$l(ί%) is the smallest projection Q such that QT = Γ, and the
support projection P is the smallest projection such that TP =
T. Throughout the paper we use \T\ to denote (T*T)m and σ(T) to
denote the spectrum of Γ e S?($f). The reader is referred to [5] for
general facts about Hubert space operators.

1. Reducing the norm of a product by perturbing its
factors. This first theorem is the heart of the paper.

THEOREM 1. Let A, B in Sft(ffl) be such that the product AB is not
compact. Then there is a compact operator K such that

\\A{I-K)B\\ = \\AB\l

Furthermore, if {en}n is any orthonormal basis for $f, then K can be
constructed to be diagonal relative to that basis, with 0 ̂  K ̂  /.

Before beginning the proof we make some relevant
observations. If D is any diagonal operator with | | D | | g l , then it is
trivial that || DABx || ̂  || ABx ||, for any x G X and any A, B in ® {%). It
is also obvious that | | A J B D | | ^ | | A J B | | , although || ABDx || ̂  || ABx || may
not hold for every x. On the other hand, there is no general relationship
between ||ADJ3|| and ||AB||.

We remark also that this theorem is false if the product AB is
compact. To see this let A be any injective compact operator and let
B = /. Then ||AJB||e =0, but A(I-K)B cannot be zero if K is any
compact operator.

Proof We may assume that || A || ̂  1 and \\B || S 1. Let {Pk}k be
the increasing sequence of finite rank projections with range (Pfe) =
sρan{eb ••-,**}.

Let μ be any number with \\AB \\e < μ < \\AB \\ = μ,0 We will first
construct a finite rank perturbation D of / so that O S D g J ; D will be
{en}n-diagonal; and with | |ADJ3| |gμ. Then we will show how this
construction is repeated, to define by induction the desired operator
I - K. In order to be able later to set up the induction, we will write in
the factor /, which is being perturbed.

Let E(λ) be the spectral resolution for |A/J5|. Set E =
E((μ -2δ,μ0]), where δ > 0 is a small number with μ-2δ>
\\AB\\e. Then E must be a finite rank projection: otherwise, we could
find an infinite orthonormal set {*„}„ such that xn Eran(£), and hence
for which
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\\AIBxn\\ = \\\AIB\xn\\>μ-28.

But this would imply

\\AIB\\e^μ-2δ>\\AIB\l

a contradiction.
Let G be the projection onto ran (IRE), so G is finite

rank. Choose Pkι from the sequence {Pk} large enough so that

where v > 0 is a very small number to be determined. Let Qx be the
finite rank projection onto ran (APkl). Let Hx be the support projection
of the finite rank operator QλA(I-Pkl), so Hx^kl-Pkl.

Choose k2> kx sufficiently large so that

|| QXA (I - P fe2)|| = || QXA (I - Pkl)Hx(I - Pk2)\\ ̂  \\HX(I - Pk2)\\ < v.

Let Q2 be the finite rank projection onto ran (APk2). Let H2 be the finite
rank support projection of Q2A (I - Pk2), so fί 2 = / ~ Pk2-

Choose k3 > k2 sufficiently large so that

|| Q2A (I - Pk3)\\ = \\ Q2A (I - Pk2)H2(I - P t a)| | ̂  | |H2(7 - P b ) | | < v.

Repeat this process m times, where m is to be determined, to get two
increasing sets of finite rank projections {Qn}n=ι, {Pkn}n=ι. Set Eλ - Pkl,
E2 = Pk2-Pkι9- ;Em=Pkm-Pkm_19 Em+ι = I-Pkm. Set F1=QU F2 =
Q2-Qu , F m = Qm - Qm_l9 Fm+ι = I-Qm.

Observe now that F}AEn = 0 , if n < j : for,

F,AEn = FjAP^E* = FjQJίPiJBn = ( Q - Qi-x)QnAPkβn = 0,

whenever n < j .
Observe also that \\FjAEn \\<v if n > j +1 for then En =

{I-Pkj+ι)En, so that

\\FjAE* || = | |F yQA (/ - Pkl+)En \\ g || Q A (I - P,+1)|| < K

Now, set γ = (μ -2δ)/ | |ΛIB ||, so 0 < γ < 1 .
Define D = /Σ7

m

=V ηβh where γ = ηx< η2< < r/m+1 = 1, is an
even partition of the interval [γ, 1]. We choose a small e > 0 to be
determined, and we now determine m : so that me > 1 — γ. In other
words, rfi - ηhl < e. Thus D is a finite rank perturbation of J, and is
{en}n -diagonal.
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We will now show that \\ADB || ̂  μ. (Note that so far we have that

γ = γ(δ, μ ) , and m = m(γ, e); but we are free to choose e and v as small

as we wish.)

Let z be a unit vector of $f, and write z = α x 0 βy, where

| α | 2 + | j 3 | 2 = 1, | | j c | | = l = | |y| |, and x G r a n £ ( ( μ - 2δ,μ0]), y E

ran£([0 , μ - 2 δ ] ) . Since these are orthogonal spectral projections for

|AJ2?|, this means AIBx is orthogonal to AIBy. Now,

\\ADBz \\2^\a\2\\ADBx | | 2 + | β \2\\ADBy ||2 + 2|αj8 | |<ADJ3x,ΛDJ5y)|,

and we consider the three summands separately.

First,

II m + 1

|| ADBx ||= A Σ

^\\AVlE1GIBx\\+v (\\(I-Eι)G\\<v)

gtj! || AG/Bx ||+ 2v

= γ || AIBx ||+ 2ι/ ( ^ = γ )

^ μ - 2δ

Now consider

Σ ΣllΛDBy || = I A g ^ J B y || = || Σ F}A Σ

= I F1Aη1E1IBy + FιAη2E2IBy

-I- F2Aη2E2IBy + F2Aη3E3IBy + F2A

n=3

m+l

n=4

•Fm_ 1Aηm_ 1Em_ 1JBy+Fm

F m A η m £ m I B y + F m A η m + 1 E m + J B y

F m + 1 A τ / m + 1 £ m + 1 / B y [,

since F,AEn = 0 if n < /
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^ I Σ FAViiE; + Ej+ι)IBy + Σ (η/+1 - ηJFjAE^
II / 1 1

since || FjAEn \\ < v if n > j + 1

- i

m+1

«=;+2
+1 IBy

+ Z1SLZH,,,

since η > + ) - τ/y < e

= I Σ Vi m(m-l)v

^ μ - 2δ + m (m - l)ι^ + €.

Finally, consider

|(ΛDBx,ΛDβy)| =

Σ VjEj(I - Pkl)GIBx, ADBy)
;=2 /

F,A Σ VnEJBy*j | + v,

since FiAE, = AEU and ||(1 - Pkl)G\\<v;

= \(FίAη1E1GIBx, F1A(η1E1 + η2E2)IBy)\ + (m - l

since || F;AEB || < v if n ̂  + 2;

^ K^i^^i^i^ίBx, F1Aη1(E1 + E2)IBy)\ + e+(m -

^ KF^E.GIBx, FΛiE, + E2)IBy)\ + e+(m- \)v

s (F1AE1 GIBX, F,A Σ EJBy) I + e + (2m - 2)v

= I (AE1GIBx, AIBy )\ + e + (2m-2)v

^ I (AGIBx, AIBy) | + e + 2mv

= e + 2mv.
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Now determine e = e(δ, μ) sufficiently small (2e < δ and (μ - δ)2 + 2e <
μ2), and i' = v(m, e) sufficiently small (2mv < e, v < e, m2v < e), so that

I A D B z | | 2 ^ I α |21|ADBx f + \β\\\ADBy f + 21a

<|α|2(μ-δ)2

<(μ-δ)2 + 2e

Thus we have D with the desired properties.
This construction is the first step in an induction. To view it as

such, rename D = Dl9 μ = μu δ = 8U γ = γi, m = mu e = €b ^ = J>1?

{E/JΓ-Ϊ1 as {Bi,-},1!1?"1, and {ηjjϊΐ1 as {rji,},^1. A decreasing sequence {D n} n

of {ert}π-diagonal operators will be constructed by induction; each a finite
rank perturbation of /. Then the operator D 0 = infDπ, will be the
desired compact perturbation, Do = / — K.

We specify the sequences of constants to be used (the first terms as
above):

(1) Choose a strictly decreasing sequence of positive numbers {un}n

with μx (as above) < μ0 = || AJ51| and limμn = \\AB \\ejί 0. The sequence
{Dn}n will satisfy | |ADnB | | έ μn.

(2) Choose {δn}n positive numbers decreasing to zero, so that
28n <μn- μn+i.

(3) Let {yn}n be the positive sequence converging to 1 given by

Then from (2) we have

so that the infinite product Πγn converges to a nonzero limit precisely
when the operator AB is not compact; i.e., when the lim μn = \\AB \\e^0.

(4) Choose {en}n decreasing to zero, such that 2en < δn, and
(μn-δn)

2 + 2€n<μ2

n.
(5) Choose integers {mn}n such that 1 - yn < mnen.
(6) Finally, choose positive {vn}n converging to zero, so that vn < en,

m\vn <6Π, and 2mnvn <en.
Now repeat the above construction, line for line, with D1 in place of

/, using μ2, δ2, e2, m2, v2, and specifying {J52i}Γ=2i+1 and {τj2,}Γ=2Γ; the only
additional stipulation being that we choose £ 2 1 > Σ ^ jBlf. Thus we
obtain a D2 ̂  Du D2 a finite rank perturbation of Du and hence of /, with
IIAD2B || <μ2:
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Σ
7 = 1

Π - T V ' T7 1Γ V 1 17 1
^2/ — Zj ^ l i ^ l i ZJ r?2;̂ 27

L « = 1 J L 7=1 J

[ mλ η «-m2+l -.

^ \ S? TJ \
i=l J ' L 7=1 J

= 7 2 Σ VuEu + η21 [E21 - Σ Eu) + Σ V2jE2j
i= l \ i-1 / 7=2

recalling that γ2 is η21. The point of this equation is to exhibit the
diagonal operator D2 as a linear combination of orthogonal projections.

Assume for induction we have recursively constructed D χ ^ D 2 S
• ^ Dk_! as above using in turn the specified constants and such that

p > V p i = 1 fr — 1

Then repeat the above construction with the fcth constants, choosing

mk-l

F > y F

to obtain \\ADkB \\ ^ μfc, and Dk ̂  Dfe_1? where, as an orthogonal sum, we
have

ΠA = Π % Uπ (£11 - O) + Σ VnEr
;=2 L \ / i=2

fc Γ / m l \ m

;=3 L \ t = l / i

[ / m k - l \ mk "J

mi ίf iki- Σ £fc-i,i) + Σ ^fci^

[ m k

noting that the last summand equals ηk,mk+\EKmk+1.
By induction we now have the desired sequence {Dn}n defined. We

show that {Dn}n converges uniformly to inf Dn = Do, with

Oo = Σ ( Π yή vm [EH1-Σ EΛ-Δ + Σ ^Eni

n=l \/=n+l / L \ ι=l / ι=2 J

(where EOι = 0 , all ί). This will complete the proof: for then, ADnB
converges to AD0B, so that \\ADnB\\^ μn each n, implying that
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\\AD0B \\^limμn = μ. And since I - Dn is finite rank for each n,
therefore I - Do must be compact. Then K = I - Do will satisfy the
conclusion of the theorem.

The convergence of {Dn} follows simply because the product Πγy

converges. That is,

A - Do = f (l - fϊ Ύ) Π Ύ, \vnEn + Σ VuE1]

" Π Ύ) Π Ύ, \vn (E21 - Σ E1) + Σ V2,E2]
j = k + l / /=3 L \ i = l / i=2 J

- ft
j = k+l

+ Σ | ( i - Π
n=k+l I \ j=n

+ Σ[i-(ft Ύ)V*]E!
i=2 L \7 = n+l / J J

(recall γπ = τ/nl). Note that for each n,

\7 = π + l / j = n

Thus,

where R is a sum of orthogonal projections multiplied by constants that
are between zero and one. Thus limk \\Dk — D o | | = 0, and the theorem is
proved.

As immediate corollaries, we get the following:

THEOREM 2. For any A, B in $ (%€\ and any € > 0, there is a finite
rank operator F with 0 ̂  F ^ / such that

\\A(I-F)B\\<\\ABl + e.

Furthermore, given any orthonormal basis, F can be constructed to be
diagonal relative to that basis.

Proof. This is simply the first construction in the preceding proof,
and it does not require noncompactness of the product AB.
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THEOREM 3. Let 7\, •••, Γn be in $($f) such that Π7} is not
compact Then for any j there is a compact perturbation Sf of 7} such that

If T} is diagonal, S7 may be obtained by reducing the moduli of some
eigenvalues of 7).

Proof. For / = 1, set A = /, B = Π7} and apply Theorem 1 to get a
compact 1C with \\{I - K)UT} \\ = ||Π7} ||β. Then set Sj = (I - K)TX. If
Γi is diagonal, construct K" to be diagonal relative to the same basis as
Γi. If / = 2, set A = Γi and B = Π;>1 7}, and proceed similarly; the other
cases are the same.

In order to obtain a corresponding theorem for compact products of
operators we require some preliminary results.

PROPOSITION 4. Any T in 39 (X) has a compact perturbation S where
\S\ is diagonal.

Proof. Let T= U\T\ be the polar decomposition for T. Let
E=U*U and regard | Γ | as a positive operator in 38(£$ίf). By a
theorem of H. Weyl [10], there is a compact operator K in £$(£$?) with
\T\ + K diagonal relative to some orthonormal basis for E$f. Consider
this as a diagonal operator on $f: σ(\T\ + K) is the closure of the set
{dn}n of diagonal entries. The Weyl spectrum of | Γ | + ίΓ is

σw(\T\ + K)= (Ί CΓ(|7Ί + J K : + C ) .
C compact

Since | T\ + K is normal, by Weyl's Theorem, σw(\ T\ + K) consists of the
cluster points of σ(\T\ + K) union the eigenvalues that are repeated
infinitely often [1]. Now,

10 = σ,,(|Γ|)Cσ (|Γ|),

so σw(\ T\ + K) consists of nonnegative real numbers. Thus the subset
of {dn}n consisting of nonzero, nonpositive numbers has no accumulation
points and no infinitely repeated numbers. If we replace such dn by the
element of σw(\T\ + K) nearest dn, the result is a positive diagonal
operator D which is a compact perturbation of | T\ + K, and such that
ED = D. Then S = UD is the desired compact perturbation of T.
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PROPOSITION 5. Let A, B be in 3&($έ) and let K be any compact
operator. There are compact perturbations A' and Bf of A and B and a
projection E such that

Proof. Let U\B\ be the polar decomposition for B. Using the
previous result, assume that \B\ is diagonal relative to an orthonormal
basis {en}n, with diagonal sequence {bn}n.

To motivate the proof, we remark that, since B may not be
invertible, we cannot simply set A' = A + KB~\ to get A'B =
AB + K. However, if we first erase a subsequence of {bn}n which
converges to zero "too fast", then this approach will work.

Let Pn be the finite rank projection onto span {eu , en). Then
{PnKPn}n converges uniformly to K, so choose a subsequence {Pnk}k with

\\K-PnkKPnk\\<±.

Define a sequence of nonnegative real numbers {cm}m by

Cm =

0 if

bm if bm^^

whenever nk-x < m ^ nfc, for k = 1,2, , and n0 = 0. Define another
sequence {dm}m by

1 if c m = 0

— if
Cm

Note that for m ^ nk, dm g 2\ Let C E 35 (2Γ) be the diagonal operator
with diagonal {cm}m relative to {em}my and let D be the unbounded
densely defined diagonal operator with diagonal {dm}m relative to
{em}m- Clearly |JB|— C is a compact operator.

Furthermore KD is a compact operator: in particular, the sequence
{PnkKDPnk} is uniformly Cauchy. For, assuming k > ί,
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|| PJZDP* - PnιKDPnι || ̂  ^ II P ^ D P , - P*-

k

<f _i_2'=f -L<-L

Since {Pnk} converges strongly to /, then {PnkKDPnk} converges uniformly
to KD.

Let E be the projection whose range is span{en: cn^0}. Thus
C = \B\E and DC = E.

To finish the proof, set A' = A + KDU*, B' = UC. Then

A'B' = (A + KDU*)(UC) = AUC + KDC = AU\B\E + KE
= (AB + K)E

and we are done.
Using Theorem 2, it is possible to reduce the norm of a compact

product by perturbing any one factor. However it may be necessary to
perturb every factor to get a zero product. For example, let C be any

one-to-one compact operator, and let A = ί ~ ~ J, B = ( ̂  τ j , ΛJ5 =

C 0\ ί K L\
, and let ί „ ^ ) be any compact operator. Then

C+KC L \
MC N+C)

which equals zero only if C(I + K) = 0, an impossibility. Thus the next
theorem is the best possible general result.

THEOREM 6. Let TU'--9Tn be in &{%) such that UTj is
compact. Then there are compact perturbations Su- ,Sn of Tu- , Tn

with ΠSj = 0.

Proof. The product T1(Π;

n

:=2 7})= Q a compact operator.
By the previous proposition, there are compact Ku Lx and a

projection Ex with
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Now apply the proposition to Γ2(Π"β3 7}) + Lx to get compact K2 and L 2

and a projection E2 with

(Γ2 + K2) ( 0 Γ, + L2) = [r 2 ( Π T,) + L,j E2.

Thus

(Γ, + *,) (T2 + K2) (Π ^ + **) = (Π 7} ~ c) E ^ = 0.

Repeated applications of the proposition yield:

Π (T, + K,) (Γ.-.Γ,, + Ln_2) = (ft T,i - C) Π 3 = 0.
y=l \/=l / ι=l

And, a final application gives compact Kn-X and LH-ί9 and a projection
En_! with

(Tn_! + Xπ_!)(Tn + Ln-x) = (Tn-tTn + Ln_2)£n-i

so that for Kn = LM_i, we have

n n-2.

Yl (Tj + Kj) = Y\ (T} + Kj)(Tn-ιTn + Ln_2)£n-i = 0,
7 = 1 7 = 1

and the theorem is proved.

2. Attaining the essential norm for polynomials in an
operator. In this section we first show that any bounded operator can
be perturbed to attain || T\\e, \\ T2\\e, or || Γ3 | |e in most cases all three norms
are achieved by a single compact perturbation of T. We then consider
special classes of operators, weighted shifts and n -normal operators, for
which stronger results are obtained. The first theorem follows by
repeated applications of Theorem 3.

THEOREM 7. Any T in 3ft (X) with T3 not compact has a compact
perturbation S with | | S | | = | |Γ |U \\S2\\ = \\T2\\e and | | 5 3 | | = | | Γ 3 | | ,

Proof, Using Proposition 4, we may assume that | T | is diagonal,
where U\T\ is the polar decomposition for Γ. Assume also | | Γ | | ^ 1 .

Let {λn}n be the sequence of diagonal entries of \T\ such that
λ«> l l l : Γ l l le = | | ϊ Ί | β : then, limλn = | | Γ | | e . Obtain a compact perturba-
tion Tx of T by replacing each λπ with || Γ||β, to get | Γ x | from | Γ|, and then
setting TX=U\TX\. Clearly ||Tx\\ = | |Γ | | e .
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Now apply Theorem 3 to the product T\= U\Tλ\Tu to get a
compact perturbation | Γα |' of | Tx \ by reducing some of the eigenvalues of
|Γi|, such that

Since reducing the eigenvalues in a diagonal first or last factor does not
raise the norm of a product, we have

|| 171 TX\'U\ Γ.l'll ^ || U\ Trl'Ul Γ.IH = ||Γ2 | |e.

So let Γ2 = £7| Γ,|' (then | T2\ = | T,|').
Finally, apply Theorem 3 to the product | Γ2| l/| Γ2 | Γ2 to get a

compact perturbation | T2\' of | T2\ by reducing some of the eigenvalues of
I Γ2|, such that

III τ2\ u\ τ2\Ύ2\\ = in r 2 | i71 τ2\ τ2\\. = || 171 τ2\ u\ τ2\ τ2\\e = ii r ιu

since U*U\T2\ = \T2\. Thus

Now let S=U\ T2\' (so ISI = I Γ2|') Then | |S 3 | | = || T3||e, but also | |S 2 | | =

Similarly | |S | | = | |T||e, so the proof is complete.

REMARK 8. One can see from this proof, that this approach does
not extend to higher powers of T. The difficulty in simultaneously
getting identical perturbations of two inside factors of Γ4, in order to
reduce the norm of T4, seems to be beyond these techniques.

We have been unable to get the result in Theorem 7 only for the case
where Γ3 is compact and T2 is not compact. The complication lies in
finding a compact perturbation S with both S3 = 0 and || 51| = || T\\e. On
the one hand, this is a fairly special case, reducing to a 3 x 3 upper
triangular operator matrix. On the other hand, it points up a general
limitation involved in trying to combine the totally unrelated methods for
perturbing compact and noncompact products. Our results are sum-
marized in the following:

THEOREM 9. Let T be any operator in $(%!). Then
(i) there is a compact perturbation S with | |S | | = || T\\e and \\S2\\ =

\\τ%
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(ii) there is a compact perturbation R with ||JR2|| = ||T2||e and

W\\ = \\τ%,
(iii) // T2 is compact or T3 is not compact we can choose S = R.

Proof of (i). If T2 is not compact we can argue as in the beginning
of the previous proof. If T2 is compact, then using Theorem 2.4 of [6],
we get a compact perturbation Tλ of T with T\ = 0. Then Tλ is

equivalent to an operator matrix Tλ = ί ~ . L on a Hubert space Έ 0 <£,

with || Γi|| = || A \\. Let A1 be a compact perturbation of A with ||A'|| =

= ( J ^ ' ) satisfies (i).then

Proof of (ii). If T2 is compact, (i) applies. If Γ3 is not compact, use
the preceding theorem. Otherwise, let TΊ be a compact perturbation of
T with T\ = 0 [6], so Tι is equivalent to

_ 2 / 0 0 AC\

r? = / 0 0 0 y
\ o o o /

where ||Γ?|| = ||ΛC||. Apply Theorem 3 to AC to get | |Λ ; C| | = ||AC\\n

and set

5 =

Proof of (iii). By (i) and the previous theorem.
We remark that the full strength of Theorem 3 (and hence of

Theorem 1) is not required for part (i) of Theorem 9. In particular,
Theorem 1 can be proved much more easily i* the factor A = /; and (i)
follows readily from this case.

An operator Γ E 38 (ffl) is a weighted shift of multiplicity k if there is
an orthonormal basis {en}n for $? on which T is defined by Ten = anen+k,
n = 1,2, , where {an}n is a sequence of complex numbers. In order to
prove our theorem for weighted shifts we need the following elementary
lemma.

LEMMA 10. Assume a > β > 0, and let au- , αn be an n-tuple of

positive numbers with Πα, = a. Then there is an n-tuple of positive
numbers bu , bn with life, = β b{ ^ α, all i and max (α, - ft)^
α 1 / n-j3 1 / n.
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Proof. If there is some i with a{ < aί/n - β1/n the result is
trivial. So assume α, έ α 1 / n - βυ\ all i; then α, S a/(a1/n - β1/ny~\

Now, define (c,, ,cB) by c, = α, - (α 1 / n -/3 1 / n). To finish the
proof, it suffices to show that Πc, S β. For, by the continuity of the
product, we can then find (bu •• , bn) with c, ̂  ft, ̂  α, all /, and Π6, = β.

Set γ = α 1 / n - β1 / n and consider the function f(au , αn) = Πc, =
Π(α, - γ ) defined on the compact set X of Rn where ygfl, § a/γn~ι and
where Πα, = α. Then / has a maximum value M on X : suppose it
occurs at (au - ->an) with aλ > a2. Consider (Vαiα2, Va1a2y

α3, , αn) G X. Note that V α ^ < 2(̂ 1 + ̂ 2). Thus

n

, α3, , αn) = ( V α ^ - γ) 2 f l (α. -

> ( β l β 2 - y(α, + α2) + γ 2 ) Π (a, - γ)
3

a contradiction. Hence α2 = α2, and by symmetry, / takes its maximum
at (α1 / n, , α 1 / r t), so M = j3. The lemma is proved.

THEOREM 11. Let T be a weighted shift Then there is a compact
perturbation S of T with \\Sn || = || Tn ||e, for all n = 1,2, .

Proof. Let T be a shift with weight sequence (α,-),-. We give the
proof for a shift of multiplicity 1: in this case,

II Tn || = s u p | a 7 . a / + 1 - • • < ! , + „ - ! I.

The proof for T of multiplicity fc is similar, where

II Tn || = s u p \api+k α y + ( n _ 1 ) f c |.

A straightforward computation allows us to assume | | Γ | | ^ 1. Let
μn = IIΓ" II, ^ n = | | Γ n | | e , n = l,2, . We will define by induction a
sequence {5n}n of weighted shifts, each obtained by reducing the moduli
of the weights of the preceding, and which converges to the desired
perturbation S of T.

Let Si be the shift with weights {αυ};, where
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ij if I αy I ̂  vx

* ; | α ; | * ]U]

Then || S1 || = vx = || T\\ey and | aυ - α; | is a sequence converging to zero and
hence T - Sx is compact.

Assume for induction, that Su S2, , Sn_i have been constructed so
that for each k = 1,2, , n — 1, and for each / S fc:

(i) T - Sk is compact;

(ϋ) IIsi Ihi*;
(iii) | |5 ; — 5fc || ^ max{μ}/; - i/}7' μ k

k - vk

k};
(iv) if Sj and Sk have weights {a;i}, and {αki}, resp., then | aμ \ ̂  | aki |,

each i.
Construct Sn as follows: note that || Tn \\ = supy | aμ^\ * aj+n-ι\ = μn.

Let A be the set of / with | α; a/+n_i | > vn. Define γ ; = | αy ai+H-x |,
f o r / E Λ . Then

Applying the preceding Lemma, we see that for each / E Λ, there is an
n-tuple (bjy b% b% , 6j:;L\) satisfying:

(1) l^fΛ ^+ - i ^ ^
(2) \bj\^\a;l I b ^ l ^ l α ^ l, i = 1,2, , n - l ;
(3) max {| α; - ί>; |, , | aj+i - b% |} ^ γ}/π - v]i\

Choose Cj to be one among α; and those of bh bf\ , fcj""1* which are
defined, having a minimum modulus (note that since γ ; is only defined for
/ E A, some of the bh bf} may not be defined). Let Tn be the shift with
weights {c,}, .

Note that T - Tn is compact, since either α; = c;, or

I α; - Cj-,\ ^ max {γk

/ n- v)!n: k E A with fe = y - n + 1, ,y},

where limy γy = ^π. This inequality also shows that \\T - Tn\\^ μ ]ln - v]in,
since μn = sup γk. Also, || Tn

n || = i/n.
Define Sn to be the shift with weights {απ/}; where anj is the one of

an-hj and c; having minimum modulus.
Clearly T - 5n is compact; | αn/1 ̂  | α^!,, | all i = 1,2, and | |S ; || =

vn. Also, we see that

II o c II < mdY /#1 ^/ i^^ ' ι# ^ Λ 7 ^ ^ ^ π l
II ΐjj ι3π II = l l l d A \μ j / > ' r^ n n -»'

by comparing the ith weights of these operators: since | | T - S n | | g
μlίn- vT, since \am\^\an-u\ all i, and by induction hypothesis (iii).
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So, the sequence {Sn}n is constructed, and we will now see that it
converges uniformly to some bounded operator 5. The spectrum of any
shift is circularly symmetric about the origin [5, p. 43]. Thus dσ(T)
consists of one or more circles. Now σ{T) contains the spectrum of
π(T) in the Calkin algebra. By a theorem of C. Putnam [9], dσ(T)C
σ(π(T))U{isolated eigenvalues of T of finite multiplicity}. Thus we
conclude that σ(T) and σ(ττ(Γ)) have the same radius. Thus

l/nlim || Tn \\1/n = lim || π(T)n \\1/n = lim || Γ" \\

so lim μ Hn- v]in = 0. Hence property (iii) implies that {Sn}n is uniformly
Cauchy; so set lim Sn = S. Then T-Sn converges to a compact
operator, T - S. From the construction of {Sn}m in particular property
(iv), it is clear that S is a shift whose /th weight has modulus ^ the
modulus of the /th weight of each 5n. Thus, | |5 n | | g | |Sί || = vw each
n = 1,2, , and the result is proved.

The best possible result is attainable for operators which are direct
sums of matrices of bounded degree.

THEOREM 12. Let T = ΣΓ= 10T J t, a direct sum of m x m
matrices. Then there is a compact perturbation S of T such that | |p(S)|| =
||p(Γ)||e, for every complex polynomial p.

Proof Consider each Tk as an element of Cm\ Since T is a
bounded operator, the set {Tk}k is a bounded set in Cm\ so that the set
X CCm2 of accumulation points of {Tk}k is a compact set. We include in
X any Tk which are repeated infinitely many times. Then {Tk}\X has no
accumulation points, so that if

dk = distance (Tk, X),

then lim dk = 0. For each Tk choose some Sk G X with || Tk - Sk \\ = dk

(since all topologies on C"2 are equivalent, we simply use the operator
norm).

Let S = ΣΓ=i 0 Sk. Clearly S is a compact perturbation of
Γ. Furthermore, every element of the set {Sk}k CC"2 is an accumulation
point of that set or occurs infinitely often, and thus for any complex
polynomial p, the same is true for the set {p(Sk)}k. Therefore

= lim sup || p(Sk) II = lim sup
k k
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Let En = ΣiUiφifc. Now, any compact operator K satisfies

lim | | ( J - jBn)JKΓ(/ ~ jEn)|| = 0.
n

Thus

= limSup||(J-£n)p(Γ)(J-£n
n

= limsup||p(7;)||
k

= \\p(S)\\,

COROLLARY 13. IfTEίft (%) is a nilpotent weighted shift, there is a
compact perturbation S with | |p(S)|| = ||p(Γ)||e, for every complex polyno-
mial p.

Proof Any such T satisfies the hypotheses of Theorem 12.

COROLLARY 14. Let T be an n~ normal operator. Then there is a
compact perturbation S such that | |p(S)|| = ||p(Γ)||β for every complex
polynomial p.

Proof The operator T may be regarded as an n x n operator
matrix whose entries are commuting normal operators {7}} on a Hubert
space %. It follows by a theorem of L. G. Brown, R. G. Douglas, and P.
A. Fillmore [2, Corollary 5.4, p. 83] that there is an orthonormal basis of
% with each 7] = D} -f Kn where D} is diagonal relative to this basis, for
every j - 1,2, , n2, and where iζ is compact. Let K be the n x n
operator matrix whose entries are the Kh j = 1, , n2. Then 5 = T - K
is an n x n operator matrix with simultaneously diagonal entries Dh so
that S is unitarily equivalent to an infinite direct sum of n x n matrices,
and the previous theorem applies.
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