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NONCOMPACT, MINIMAL REGULAR SPACES

MANUEL P. BERRIOZABAL, HON-FEI LAI
AND Dix H. PETTEY

In the first known example of a noncompact, minimal
regular space, the standard Tychonoff plank is used in the
construction. In the present paper, this construction is
generalized by using, instead of the standard Tychonoff
plank, a generalized Tychonoff plank which is defined in
terms of an arbitrary pair of ordinals. Such a construction
yields a noncompact, minimal regular space if and only if
both ordinals are limit ordinals and at least one of them is
uncountably cofinal.

1. Introduction. Throughout this paper, @ and 2 shall denote,
respectively, the first infinite ordinal and the first uncountable ordinal.
For an arbitrary ordinal «, we shall let @’ denote the set of all
ordinals less than or equal to «, with the order topology.

In [2], Berri and Sorgenfrey used countably infinitely many
copies of the deleted Tychonoff plank @ x 2" — {(®, 2)} to construct
a noncompact, minimal regular space. A natural speculation might
be that the same construction could be used with any ordinals in
place of w and 2, or possibly any limit ordinals or any two limit
ordinals of different cardinality. However, it will be shown here
that such a construction yields a noncompact, minimal regular space
if and only if both ordinals are limit ordinals and at least one of
them is uncountably cofinal.

It is noted here that other techniques of construction—for ex-
ample, extension spaces—can be used to obtain noncompact, minimal
regular spaces. For a discussion of such techniques, the reader is
referred to [1], [3], [5], [7] and [9]. For further discussion of re-
sults concerning limit ordinal numbers, the reader is referred to
[4], [6] and [8].

Finally, it is noted that the principal result of this paper was
obtained simultaneously by the first two authors, working together,
and the third author, working independently.

2. The generalized Tychonoff plank. The Tychonoff plank
@' X 2" has been the source of many counter-examples in general
topology. For example, the Tychonoff plank with the point (@, 2)
removed is completely regular but not normal. In this section, we
shall define generalized Tychonoff planks and prove a result, con-
cerning these spaces, which will be used in §3.
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Let « and B be ordinals greater than or equal to 2. The product
&' x B is called a generalized Tychonoff plank. For the remainder
of this paper, we fix & and 8 = 2 and let P denote &’ x 8’ — {(«, B)}.
Obviously, P is compact if and only if neither @ nor B is a limit
ordinal. It is also obvious that P is Hausdorff and regular.

DEFINITION 2.1. A limit ordinal « is said to be countably cofinal
if there exists an increasing sequence {£;}2, of ordinals <a converg-
ing to @. Otherwise a is uncountably cofinal.

DEFINITION 2.2, A subset U of P is said to get into the corner
if, whenever & < @ and 7, < B, there is a point (¢, 7)e U with § <
E<aand n,£7<B. If both «, B are limit ordinals, this means
that the corner (e, B8) is a limit point of U in a' x g'.

PrOPOSITION 2.1. Assume that both «, B are limit ordinals and
at least one of them is uncountably cofinal. Let U be an open set
wn P which gets into the corner, and let V be an open set containing
the closure U of U. Then there exist & < a and 7, < B such that
V contains both the intervals A = {(, B): & < & < a} and B = {(a, 7):
N =7 <Bh

Proof. Without loss of generality, we can assume that B is
uncountably cofinal. Assume that either & or 7, does not exist.
Then either the set C = {£:& < a and (§ 8)¢ V} has B as a limit
point, or the set D = {7:9 < 8 and (a, %) ¢ V} has @ as a limit point.
In the first case, for each £eC there is M&) < B such that, when-
ever M&) <7 < B then (§ 7)¢ V. Similarly in the second case. In
each case, we conclude that P — V gets into the corner. Since U
gets into the corner, we can then find two increasing sequences
(&), and {9}z, with & < @ and 7, < B, such that (a) for ¢ odd,
(&, 1) e U, (b) for i even, (&,7)¢ V. The sequences {&}, {:} have
limits £ £ @ and 7 < B respectively. Since 8 is uncountably cofinal,
we must have 7 < 8. Then (§,7) is a point in P lying in U but
not in V, a contradiction.

REMARK. The full force of this proposition is not used in the
following, but it gives a good insight into the structure of the
generalized Tychonoff plank, and may be useful in the construction
of other counter-examples.

3. The generalized extended Tychonoff construction. Let J
be the set of all integers, and consider the space J x &’ X B’ —
{(n, @, B): e J} with the topology induced from J x &’ x B8’. From
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this space, the quotient space Y is defined in the following way: for
even 7, identify (n,,7) with (» + 1, @, 9); for odd =, identify
(n, & B) with (n + 1, 6). We will continue to use the symbols
(n, & 1) for the points of Y; thus (n, @, ) = (n + 1, @, ) when = is
even. For ned, let Q, ={(n, & n):é<a,n<p}and Z, ={(n, & n):
(&, 9) # (a, B)}. Let p and ¢ be points not in Y and topologize Z =
{p} U{q} UY Dby letting an open base at p be all sets of the form

Vn(p):U{Zz:7’>n}UQnU{p}, n=1,2,---
and an open base at ¢, all sets of the form
Vn(q):U{Z—i:i>n}UQ—nU{q}7 ’n:1,2,---

while all other points of Y have as open bases those they had in
the original quotient topology. Let (Z, . 77) denote the resulting
topological space, which will be called a generalized extended
Tychonoff space. It is easily seen that (Z, 77) is always Hausdorff
and regular. If a is the first infinite ordinal number and £ is the
first uncountable ordinal number, then (Z,.7") is the noncompact,
minimal regular space constructed in [2].

We say that a subset U of Z gets into the m-corner if UN Z,
gets into the corner of Z,. The main theorem of this paper is the
following result.

THEOREM. (Z, .7) is moncompact and minimael regular if and
only if both o and B are limit ordinals and ot least one of them
1s uncountably cofinal.

The proof makes use of the characterization (see [2]) of a mini-
mal regular space as a regular space in which every regular filter-
base with a unique adherent point is convergent. The proof also
makes use of the property that, in a minimal regular space, every
regular filter-base eas an adherent point.

LEMMA 3.1. Assume that both « and B are limit ordinals and
that at least one of them is uncountably cofinal. Let U, V, W be
open sets of Z such that UcUcVcVcW. If U gets into the
n-corner, then W gets into the (n — 1)-corner and (n + 1)-corner.

Proof. We will prove for n even; the proof for # odd is similar.
By Proposition 2.1, V contains an interval {(§ 8):& < &< a} for
some &. Then, whenever §, <é<ea, (n —1,¢ B8) = (n, & B eVcCW.
W Dbeing open, this implies that W gets into the (n — l)-corner.

Similarly W gets into the (n + 1)-corner.
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Proof of Theorem.

Sufficiency. If we make use of Lemma 3.1, the proof that
(Z, 27) is minimal regular is identical to the corresponding part of
the proof in [2]. Furthermore, (Z,.77) is not compact since the
closed subspace {(0, @, 7): 7» < B} is not compact.

Necessity. Assume that one of @ and 8 is not a limit ordinal
or that both @ and B are countably cofinal. We will show that
(Z, .77) is either compact or not minimal regular. We consider the
following cases.

(i) Neither @ nor 8 is a limit ordinal. Then for each neJ,
Z, is a compact subspace of Z, thus Y is locally compact and (Z, .97)
is compact.

(i) Exactly one of a, 8 is not a limit ordinal, say . For each
N<B, let F={0,a ):n<C<B}. Then each F, is open and
closed in Z, and the filter-base {F,: 7 < B} is a regular filter-base
with no adherent point. Hence (Z, .77) is not minimal regular.

(iii) Both «, 8 are limit ordinals and are countably cofinal.
Then there are increasing sequences {£}i-, and {7,};., converging to
o, B respectively. For each m, let F,,= (0,5, + 1,79, + 1): k = m}.
Each F, is open and closed, and the filter-base {F,:m =1,2, ---}
is a regular filter-base with no adherent point. Thus (Z, .2") is not
minimal regular.

We conclude the paper with the following remarks.

1. The example of a noncompact, minimal regular space in [2]
satisfies the condition of the main theorem of this paper since w is
countably cofinal and B is uncountably cofinal.

2. From the main theorem, (Z, Z7) is minimal regular only if
at least one of @ or B is uncountably cofinal and therefore uncoun-
table. But mere uncountability is not sufficient. For example, if
a=QRw B =w?, then both @ and B are uncountable ordinals and
both are countably cofinal. Hence (Z,.7") is not minimal regular.
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