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APPROXIMATELY DIFFERENTIABLE FUNCTIONS:
THE r TOPOLOGY

RICHARD J. O'MALLEY

It is shown that the coarsest topology making all approx-
imately differentiable functions continuous is not the density
topology. The correct topology, the r topology, is introduced,
and the structure of the open sets in this topology is ex-
amined. Among other things, it is proven that any r-open
set must have nonempty Euclidean interior.

In the development of the r topology, two new classes
of functions play a role. These classes are the Baire * 1
approximately continuous functions and the ambivalent ap-
proximately continuous functions. For either class, r is also
the coarsest topology for which they are continuous.

1* Introduction. In this paper we examine functions / : [0, 1] —•»
R which possess a finite approximate derivative everywhere in [0, 1].
These functions are properly contained in the class of approximately
continuous functions. In their study [4] of approximately continuous
transformations, Goffman and Waterman present a topology which
they label the density topology d. They show that with respect to
d the approximately continuous functions are continuous. For any
collection of real-valued functions there is a coarsest topology relative
to which each function in the collection is continuous. Goffman,
Neugebauer and Nishiura [ 3 ] established that the coarsest such
topology for the approximately continuous functions is precisely d.
The connection between approximately differentiable functions and
the density topology is clear. It presents no difficulty to show that
the differentiable functions relative to d are exactly the approximately
differentiable functions. Thus it would appear that the density
topology is the natural tool with which to examine the approximate
behavior of functions. However, in this paper an unexpected fact
surfaces. The density topology is not the coarsest topology making
the approximately derivable functions continuous. Here we present
the proper topology which we lable the r topology. Besides being
coarser than d the r topology is shown to possess several properties
not common to d. For example, any set open in r must have non-
empty Euclidean interior.

In the development of the r topology two new classes of functions
play a role. These classes are the Baire * 1 approximately continuous
functions and the ambivalent approximately continuous functions.
For either class, r is also the coarsest topology for which they are
continuous.
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208 RICHARD J. O'MALLEY

2* Preliminary theorems and definitions* All functions will be
real-valued and defined on the interval [0,1]. When a function / is
restricted to a set A we use the notation f\A. If we say that / 1 A
is continuous we will always mean relative to A. The symbol | |
will denote Lebesgue measure. It will be necessary to consider
simultaneously various topological concepts such as closure (cl), or
interior (int), with respect to several different topologies. For this
reason we have adopted the convention of preceding each such idea
with the symbol for the topology. When no prefix appears it should
be assumed that the Euclidean topology is meant. For example, we
will denote the interior of a set A in the d topology as d-int (A).
Finally, it will be essential to consider unions and intersections over
various indexing sets. Whenever no confusion will result, the indexing
set will not be explicitly mentioned. For example, we will use the
notation UFn rather than usual \Jn=iFn.

DEFINITION 2.1. Let A be a measurable subset of [0,1]. The
upper metric density of A at a point x is

H-OO s u p

where I is any interval containing x. The lower metric density of
A at x is defined similarly. When the upper and lower metric densities
of A at x are equal their common value is called the density of A
at x.

DEFINITION 2.2. A measurable function is approximately con-
tinuous if for every a < b the density of the set {x: a < f(x) < b}
is 1 at all of its points.

An approximately continuous function is of Baire class 1 and
possesses the Darboux property [4].

For approximate differentiability the usual definition [6] is the
following.

DEFINITION 2.3.a. At a point x0 a measurable function / has a
finite approximate derivative, fάP(x0), if for every ε > 0 the density
of the set

X — X,

equals 1 at xQ. A measurable function is approximately differentiable
if it has a finite approximate derivative at every point of [0,1].

We note that every approximately differentiable function is
approximately continuous.
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A definition equivalent to Definition 2.3.a will also be necessary
later in the paper.

DEFINITION 2.3.b. At a point x0 a measurable function / has a
finite approximate derivative fάP(x0) if there is a set E having density
1 at x0 such that, when x is restricted to E,

%-*%o X XQ

In [4] Goίfman and Waterman defined the open sets of the density
topology as follows:

DEFINITION 2.4. A set U is d-open if U is measurable and has
density 1 at all its points.

From this definition and the Lebesgue density theorem the follow-
ing facts can be proven for any measurable set U.

REMARK 1. The d-interior of U, d-int (Z7), consists precisely of
those points of U at which U has density 1.

REMARK 2. The d-closure of U, d-d (17), consists of U together
with those points at which U has positive upper metric density.

REMARK 3. |d-int (17) | = \U\ = |d-cl(£7)|.

As mentioned in § 1, Goίfman, Neugebauer and Nishiura [3]
established that d is the coarsest topology for which the approx-
imately continuous functions become continuous. An essential step
in their proof is the so-called Lusin-Menchoff theorem. In this paper
that theorem and its proof will be used in two different ways. We
state the theorem in topological terms below. The proof given here
is a slightly modified version of that in [3].

L-M THEOREM. Let X be a closed set and U a d-open set con-
taining X. Then there is a closed set P such that

Proof. For every natural number n let

Rn = {x: (n + I ) " 1 < δ(xf X) ^ n~1} Π U

where

δ(x,X) = inΐ{\y-x\:yeX}.
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Then Ϊ7 = I U (U Rn). For every n there is a closed set PnaRn

such that \Pn\>\Rn\- 2"\ Define P = ((J P J U X It is clear that
P is closed and XaPaU. In order to verify that Xcd-int(P) let
x belong to X. Let {/,-} be a sequence of intervals such that n /,- — {#}
and I JΓy | •—• 0 as j —• co. For each y let n5 be the first integer larger
than or equal to \I5\~ι - 1. Then by the definition of Rn9 I5 n Rn =
0, for w < %. It follows from the definition of P that

Thus

IΣ7 Π jΓyI ^ | P Π / y | +

Since % + 1 ^ Ij1, we obta in

I ^ I I J - 3 1

As j —> + °° we have nό —> + °°, so that

This proves that P has density 1 at x, so that, by Remark 1, x
belongs to d-int (P). This completes the proof.

We will also need the following corollary.

COROLLARY 2.1. Let U be an Fσ d-open set. Then U can be
expressed as the union of closed sets En with the property that En c
d-int (JE?Λ+1) c En+1 for all n.

Proof. Since U is an Fσ set it can be expressed as the union of
closed sets Fn. By the Lusin-Menchoff theorem for F1 there is a
closed set P such that F, c rif-int (P) dPczU. Let E1 = F, and E2 =
P. Now assume that En+1 has been chosen so that

Eγ c d-int (E2) (zE2(Z d-int (E3) c c JS?Λ c d-int (JE?n+1) c £?w+1 .

Consider the set JE^+1 U î ^+i = -H"w+1. Then Hn+1 is a closed subset of U.
Again an application of the Lusin-Menchoίf theorem shows that there
is a closed set P such that Hn+1 c d-int ( P ) c P c U. Let En+2 = P.

It was mentioned in §1 that revelant to the study of approx-
imately differentiable functions are the concepts of ambivalence and
Baire * 1. We will need several results related to these two concepts.

DEFINITION 2.5. A set A is ambivalent if it is both an Fσ set
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and a Gδ set. The property of being ambivalent is preserved under
finite unions, finite intersections and finite complementations. All
closed sets and all open sets are ambivalent.

DEFINITION 2.6. A function / is ambivalent if for each a the
sets {x: f(x) > a) and {x: f(x) < a} are ambivalent sets.

We note that an ambivalent function is of Baire class 1, although
the converse is not true.

DEFINITION 2.7. A function / is Baire * 1 if for every nonempty
closed set C there is an open interval (a, b), with (α, b) Π C Φ 0,
such that the restriction of / to C, f\C, is continuous on (α, 6).

We note that any Baire * 1 function is of Baire class 1.
The main properties of Baire * 1 functions possessing in addition

the Darboux property are discussed in [5]. The following results
are not in [5] and reveal the relationship between ambivalent functions
and Baire * 1 functions. These results are necessary in this paper
because approximately diίferentiable functions are Baire * 1 [7].

THEOREM 2.1. A function f is Baire * 1 if and only if there
is a sequence of closed sets En such that UEn = [0, 1] and f\E% is
continuous for each n.

Proof. (=>) Let K — {x: f is continuous at x). From Definition
2.7 it follows that the interior of if is a dense open set V. Let /
be the set of all those open intervals / such that I is the union of
a sequence of closed sets En with /1 En continuous for each n. Let
W = U If the union being taken over all I in /. Every component
of V is in J, so that W is a dense open set. Moreover, every com-
ponent of W is itself in J. Thus W itself has the property that W
is the union of a sequence of closed sets En with f\En continuous
for each n. We need only show that W = [0, 1]. Let G = [0, 1]\W.
If C Φ 0 , then by Definition 2.7 there is an open interval (a, b) with
(a, b) Π C Φ 0 and f\C continuous on (a, b). However, C (Ί (a, b) is
an Fa, so that C Π (α, b) is the union of closed sets Cn with /1 Cn

continuous. Since (a, b)\C is an open subset of W it also is the union
of closed sets En with f\En continuous. Thus (a, b) is contained in
J and is a subset of W. This contradicts (a, b) Π C Φ 0 .

(<=) This part of the proof needs only a simple application of
the Baire category theorem.

THEOREM 2.2. If f is Baire * 1, then f is ambivalent.

Proof. Let a be given. Since a set is ambivalent if and only
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if its complement is ambivalent, we need only show that {x: f(x) ^ a}
and {x: f(x) ^ a} are ambivalent sets. We show this for {x: f(x) ^ a}
only. Let En be a sequence of closed sets such that f\En is con-
tinuous and U En = [0, 1]. Then {x: f(x) ^ a} = U [{»: /(») ̂  α} Π En].
For each w the set Enf]{z: f(x)<Za} is a closed set. Thus {x: f(x)<Z,a]
is an Fo. However, this set is also a Gδ because / is Baire 1.

THEOREM 2.3. Let I be a closed interval [a, &]. Let U be an
ambivalent subset of I with (a, b) Π U Φ 0 . Suppose in addition
that every point of (a, b) ΓiU is a bilateral limit point of U. Then
U has nonempty interior.

Proof. Suppose U contains no open interval J. Since both U
and I\U are Fσ sets, an application of the Baire category theorem
to U[)(I\U) implies that int (I\U) =V is a dense open subset of
I. Moreover, if I\U contains an interval (c, d) with a < c < d <b,
then it must also contains the endpoints c and d. This is because
every point of (a, b) Π U is a bilateral limit point of U. The set
I\V is a nowhere dense perfect set. The set U is a dense subset
of I\V and also a Gδ. However, consider the endpoints of those
components of V contained in (α, 6). These points are in JΓ\J7,
and they form a dense subset of I\V. Thus (I\V)\U is a dense
subset of I\V. But (I\V)\U is a Gδ set disjoint from U. This would
yield two dense disjoint Gδ subsets of the perfect set I\V, and con-
tradict the Baire category theorem.

The rational numbers provide an example of the fact that the
countable union of ambivalent sets need not be a Gδ set. However,
we will have use for the following theorem.

THEOREM 2.4. Let Rn be a sequence of ambivalent sets. Let Un

be a sequence of pairwise disjoint open sets with Rn c Un. Then
U Rn is an ambivalent set.

Proof. We need only show that U Rn is a Gδ. For each n there
is a sequence of open sets Gnk, k = 1, 2, such that Γ\k Gnk = Rn,
Without loss of generality we may assume that GnhcUn for all n
and k. For each fixed k let the union over n of Gnk be denoted by
Vk. Then Vk is open for each k and Π Vk = U R%.

The following theorem can be considered as a strong version of
the fact that the Euclidean topology is normal. The proof is not
difficult. It is given here as there seems to be no adequate reference.

THEOREM 2.5. Let X and Y be disjoint, nonempty, closed subsets
of [0,1]. Then there is a differentiate function g satisfying
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(1) g(x) == 1 for all x in X,
(2) g(x) = 0 for all x in Y,
(3) 0 < g(x) < 1 for all x in [0, 1]\(X (J Γ), αwd
( 4 ) £'(&) = 0 for all x in X U Γ.

Proo/. Let W = [0, l ]\(IUΓ). Let the components of W be
arranged in a sequence (αΛ, δ j . We will assume that both 0 and 1
belong to X\JY. (In the other case, let x0 and x1 be the great-
est lower bound and least upper bound of X\JY. Construct the
function g as below on the interval [x0, α J, and extend appropriately
to the interval [0, 1].) The endpoints of the intervals (an, bn) belong
to X{JY. Only finitely many components can have one endpoint in
X and the other in Y. This is because the sets X and Y are disjoint
and closed, so that inί{\x — y\: x belongs to X, y belongs to Y) > 0.
Let the sequence of intervals be rearranged so that (alf δx), , {aN, bN)
are the components with left endpoint in X and right endpoint in Y,
and (aN+1, bN+ί)f "f(aN+Kf bN+κ) are those with right endpoint in X
and left endpoint in Y. For i = 1, , N we define g on [aif δj to
be a strictly decreasing differentiable function with g(at) = 1, g(b%) =
0, and g'idi) = g'(bt) — 0. For i = 1, , K we define g on [aN+i, bN+i]
to be a strictly increasing differentiable function with g(aN+ί) = 0,
g(bN+i) = 1, and g\aN+i) = g\bN+i) = 0. Let w > N + if be given. Let
g be defined on [an, δ j as a differentiable function having

( i ) g\an) = g\h) = 0,
(ii) |flr'(α?)| < 1/n, for all α? in [an, δ j ,
(iii) 0 < g(x) < 1, for all x in (αΛ, δ j , and
f. v , v /T v JO if αn belongs to F,
(iv) flf(α.) - g(K) = | χ i f ^ b e l o n g g t Q χ

Finally, let g{x) = 1 for all a; in I \ U [an9 bn] and 0 for all x in Γ\u
[Unf δw]. It is not difficult to show that g is differentiable and satisfies
(1) through (4).

This completes the preliminary theorems.

3* The r topology• Theorem 3.1 forms the cornerstone of this
section. It reveals the relation between approximately differentiable
functions and ambivalence.

THEOREM 3.1. Let U be an ambivalent d-open set with [0,1]\Z7
nonempty. Let Xo be any closed subset of U. There is a function
g satisfying the following 6 properties.

(1) g(x) is upper-semicontinuous.
(2) g(x) — 1 for all x in Xo.
( 3 ) g(x) is approximately differentiable for all x in U.
(4) 0 < g(x) < 1 for all x in U\X0.
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(5) g(x) - 0 for all x in [0, 1]\U.
( 6 ) g is differentiable, with derivative zero, for all x in [0, I]\f7.

(It should be noted that (3) and (6) together imply that g is approx-
imately different iable.)

Proof. The set [0, 1]\U is an Fσ. Express [0, 1]\Z7 as the union
of a sequence of closed sets Zn with Zn c Zn+ί for all n. The set
U is an Fσ d-open set. Using Corollary 2.1 we express U as the
union of closed sets En with Et = Xo and En c d-int (En+1) for all n.
For each n, let fn be a differentiable function satisfying the four
properties of Theorem 2.5 for En = X and Y = ZΛ . Let gΛ be the
product of fλ through fn. For each n9 gn(x) is a differentiable non-
negative function. For each x, the sequence gn(x) is a nonincreasing
sequence of nonnegative numbers. Hence the point wise limit of the
sequence gn(x) exists. This pointwise limit is upper-semicontinuous.
We label it g(x) and show that the other five conditions are satisfied
by g.

Proof of (2). Let x belong to Xo. Then x belongs to En for all
n. By the choice of fn we have fn{x) = 1 for all n. Hence gn(x) =
f1(x) f2(%) ΛO) = 1 for all n, and g{x) = 1.

Proof of (3) and (4). Let x0 belong to U. Let N be the first
index for which x0 belongs to EN. For all x in EN+1 and n > N we
have fn(x) = 1. Hence g(x) = sr̂ (a?) for all a? in .E^+1. Since the fun-
ction gN{x) is differentiable, when x is restricted to EN+1 we have

(

*-**o ίU — Xo

 x~+xo X — Xo

Since α;0 6 d-int (EN+1)9 EN+1 has density 1 at a?0. Therefore, by Definition
2.3.b, ^ has an approximate derivative g'ap(%o) = ^ ( ^ 0 ) H> i n addition,
α;0 belongs to Z7\X0 then N> 1 and g(x0) = ĝ +iC ô) = Λ(O Λ - i W
But 0 < fix,) < 1 for i = 1, 2, , N - 1 by Condition 3 of Theorem
2.4, so that 0 < g(xQ) < 1.

Proof of (5) and (6). Let α;0 belong to [0, 1]\U. Let ΛΓ be the
first index with x0 in ZN. Then /^(»0) = 0 = gN(%0) = (̂a?0) F ° r aU
>̂ flTiv(a?) is a differentiable function. If N = 1 then ^(α;0) = /I(a?0) = 0.

If N> 1 then ^(a?0) = gN^{xQ) */^(a?0) + ^-^^-/ iv^o) . Both/^(a?0) and
Λr(a?0) equal zero. Hence

g^(g) = 0 β

a; — Xn *-+χo x — xQ\
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Since 0 <: g(x) S QN(%) for all x, we have

Urn g { x ) = 0 = Km g(*) - g W = g>(Xo) .

x — x0 ^^ x — 0

DEFINITION 3.1. Let J5 be the family of all sets which are
ambivalent and d-open.

DEFINITION 3.2. Let the coarsest topology making the approx-
imately differentiable functiable continuous be denoted by r.

THEOREM 3.2. The family B forms a basis for r. Further, r
is the coarsest topology for which either the Baire * 1 approximately
continuous or ambivalent approximately continuous functions are
continuous functions are continuous.

Proof. Let S be any collection of real-valued functions. If we
let / vary over the functions in S and let a vary through the real
numbers, the resultant family of sets {x: f(x) > a}, {x: f{x) < a) forms
a subbasis for the coarsest topology making each function in S con-
tinuous.

Now in the case of approximately differentiable functions / we
have that both — / and f + a are also approximately differentiable.
This yields that a subbasis for the r-topology is the family Q of
sets U = {x: f(x) > 0} for some approximately differentiable /. Each
such U is d-open because / is approximately continuous. Further,
U is ambivalent because an approximately differentiable function is
Baire * 1, and Baire * 1 functions are ambivalent by Theorem 2.2.
Thus QdB. In addition, Theorem 3.1 guarantees that every d-open
ambivalent set is contained in Q. Thus Q = B. By noting that the
family B is closed under finite intersections, we have that B is actually
a basis for r.

For the second part of the theorem we note that the approx-
imately differentiable, Baire * 1 approximately continuous and ambi-
valent approximately continuous functions form three increasing
classes of functions. The coarsest topology, rί9 making approximately
continuous Baire * 1 functions continuous will contain the r-topology
and be contained in the coarsest topology, r2, making approximately
continuous ambivalent functions continuous. However, as above, a
subbasis for r2 will be the family of sets W = {U = {x: f(x) > 0} for
some ambivalent approximately continuous /}. Each such U is d-open
and ambivalent. Thus W = B. Thus r, r l f and r2 are generated by
the same basis and are identical.

For precision we give the following definition.
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DEFINITION 3.3. A set U is r-open if U is the union of sets V
from the family B. A set U is called an r-basis set if U belongs to B.

It is clear that any r-open set is d-open and hence measurable. It
would be noteworthy if, in addition, each r-open set were ambivalent.
That such is not the case will be shown. First we examine more
closely the structure of r-open sets.

THEOREM 3.3. // U is r-open, then U contains an open interval
in any one-sided neighborhood of any of its points.

Proof. Let x belong to U. There is an r-basis set W(x) with
{x} c W(x) c U. Let J = [α, b] be any closed interval having x as one
endpoint. Then since W{x) has density 1 at all its points, every point
of (α, 6) Π W(x) is a bilateral limit point of W(x). Since W{x) (Ί i" is
ambivalent, Theorem 2.3 guarantees that W(x) ΠI has nonempty
interior.

COROLLARY 3.1. The r topology is strictly coarser than the
density topology.

Proof. Let X be any measurable set with empty interior and
positive measure. Let Xo = d-int(X). By Remark 3 of §1, |X0| =
I X\ > 0. The set Xo is d-open but not r-open. In fact, r-int (Xo) =
0 because of Theorem 2.3.

COROLLARY 3.2. A set A is dense (nowhere dense) in the r
topology if and only if it is dense (nowhere dense) in the Euclidean
topology.

Proof. It will suffice to show that if a set A is dense in an
open interval I then A is r-dense in /. Let W be any r-open set
contained in I. Then W has nonempty Euclidean interior Q. Then
Q p| A Φ 0 because A is dense in I. Hence A Π W Φ 0 , and A is
r-dense in I.

Corollary 3.2 implies that [0,1] with the r topology is a space
in which Blumberg's theorem [1] holds. This is not true of [0, 1]
with the d topology [7].

COROLLARY 3.3. For any set A, cl (A)\r-cl (A) is a nowhere dense
set.

An application of Theorem 3.2 to r-continuous functions leads to:
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COROLLARY 3.4. Let f be r-continuous and {x: a < fix) <b}^0.
Then {x: a < f(x) < b) has nonempty interior.

COROLLARY 3.5. Let f be r-continuous and I any closed subin-
terval of [0,1]. Let C = {x: f is continuous at x) Π /. Then the image
of C is dense in the image of I.

Proof. It need only be noted that all r-continuous functions
are approximately continuous and hence Baire class 1.

COROLLARY 3.6. Let f be r-continuous. If {x: f(x) = a} is dense
in [0, 1] then {x: fix) = a) = [0, 1].

COROLLARY 3.7. // U is r-open and V = int {U), then r-cl (U) =
r-cl(F).

Proof. Let x be any r-limit point of U. Let W be any r-open
set containing x. Then W Π U is a nonempty r-open set. By Theorem
3.3, W Π U has nonempty interior Q. Now QaV, so that

(wn V)\{X}Φ 0 ,

and x is an r-limit point of V.
It follows from Remark 2 of §2 that any set of measure zero

has no d-limit point and hence is d-closed. The rationale show that
this property does not carry over to the r topology. However, we
have the following corollary which will be improved after Theorem
3.5. We present this corollary now, as it is needed as a foundation
for discussion of the normality of the r topology.

PROPOSITION 3.1. If X is closed and \ X\ = 0, then X has no
r-limit point. (Any subset of X is r-closed.)

Proof. Let x belong to [0, 1] and consider [0, 1]\X = U. Then
U is an open set with | U\ — 1. Hence U U {x} is an r-basis set V,
with [

PROPOSITION 3.2. There is an r-open set which is not an ambi-
valent set.

Proof. Let C be the Cantor set. Let U = [0,1]\C. Let S =
{xn, n = 1, 2, } be any countable dense subset of C. For each n,
U U {xn} an r-basis subset of [0, 1]. Hence S U U is r-open. However,
S U U would be ambivalent if and only if S were ambivalent. S
cannot be a Gδ, however.
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THEOREM 3.4. The r topology is not normal.

Proof. Let X and Y be any two disjoint dense subsets of the
Cantor set. By Proposition 3.1, both X and Y are r-closed. There
can be no r-continuous function / which is 1 on X and 0 on Y,
because all r-continuous functions are approximately continuous and
hence Baire 1. As Baire 1 functions, any r-continuous function must
have a point of relative continuity in any closed set.

The next series of theorems will be used to establish precisely
how close the r topology comes to being normal. In the process,
an analogue of the Lusin-Menchoff theorem is given in two stages.

THEOREM 3.5. // U is r-open, there exists a countable collection
of sets from B, Fn, with U FndU and | U Fn\ = \U\.

Proof. Let B(U) be the collection of sets from B which are
contained in U. Let Ω be the collection of all sets which are the
union of a countable subfamily of sets from B(U). Let

Obviously, a^\U\. Further, there is a set H from Ω such that
I If I = a. Let Fn, n — 1, 2, , be the countable subfamily from B(U)
with H = U Fn. Suppose \U\UFn\>Q. Then by Remarks 1 and
3 of §2 there is a point x from U at which U\{J Fn has density 1.
Since x belongs to U there is a set F(x) from B with {x}dF(x)dU.
Since F{x) has density 1 at a; and U Fn has density zero at x, we
ha,ve\F(x)\\jFn\>0. Hence \F(x) U H\ > \H\ = a. However, F(x) U
H belongs to Ω. This contradiction implies that | U Fn\ = \ U\.

THEOREM 3.6 (L-M 1). Let U be r-open and X a closed subset
of U. Then there is an r-basis set E with I c Ec Z7.

Proof. Let Rn be defined as in the Lusin-Menchoff theorem
of §2. Let Vn = {x: (n + I)"1 < δ(x, X) < n"1}. The sets Vn are open
because δ(x, X) is a continuous function. Further Rn\Vn is a finite
set for each n. Thus U F β U l has density 1 at all its points. For
each n, Un — Vn Π U is an r-open set. Let n be fixed. By Theorem
3.5 there is a sequence of r-basis sets Fnk with \UkFnk\ = \Un\. We
select a finite K{n) such that | \J^κ^n)Fnk\ > \Un\ - 2~n. Then
\Ji*k£κi«)F»k is an r-basis set E%. Now we set E = \JEnU X. The
set U En is an ambivalent set with density 1 at all of its points.
The set U En is an ambivalent set because En c Vn and {Vn} forms
a sequence of pairwise disjoint open sets. This implies that to show
that E is an r-basis set requires only that we establish that E has
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density 1 at each point of X. The proof of this involves the same
computations as those given in the L-M theorem of §2.

THEOREM 3.7. Let U be an r-open set and xQ a point at which

U has density 1. Then U U {x0} is r-open.

Proof. Let Un = {x: (n + I ) " 1 <\x - xo\< n~1} Π U. As in the

proof of Theorem 3.6 we proceed to find an r-basis set En c Un with
En I > I Un I — 2rn. Then U En U {xQ} is an r-basis set contained in

u u K).

Theorem 3.7 leads us to a characterization of which d-open sets
are r-open.

THEOREM 2.8. A set U is r-open iff U is d-open and there is a
sequence of r-basis sets Fn with FnaU for each n and \{jFn\ = |Ϊ7|.

Proof. (=>) This is merely Theorem 3.5.
(<=) Let V =\JFn. Then V is r-open and \V\ = \U\. Let x

belong to U\V. The set V has density 1 at x since \U\ = \V\.
Therefore, Theorem 3.7 guarantees that V U {x} is r-open. Thus
U =z \j {V[j {x}: x belongs to U\V} is r-open.

COROLLARY 3.8. Let Ube r-open and V=d-cl (U). Then d-int (V) =
r-int(F).

Proof. By Remarks 1 and 3 of §2 we have \V\ = \U\, UczV,
and d-int (V) = {x e V: V has density 1 at x) = {x e V: U has density
1 at x}. If x belongs to d-int (V) then by Theorem 3.7, U U {x} is
r-open. Hence x belongs to r-int(F). The other inclusion is true
since for any set A, r-int (A) c d-int (A).

We now improve Proposition 3.1.

PROPOSITION 3.3. Let X be r-closed and \X\ = 0. Then X has
no r-limit points.

Proof. Let x e [0, 1] and U = [0, 1]\X. Then U is r-open, and U
has density 1 at x. Hence U U {x} is r-open, and x is not an r-limit
point of X.

Finally, in comparison with Theorem 3.4 we have that the r
topology is "near" normal in the following sense.

THEOREM 3.9. Let X be a nonempty closed set and Y a non-
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empty r-closed set with XΓ\ Y— 0 . There is an r-continuous function
g with

(a) g(x) = 1, for x in X,
(b) 0 ̂  g(x) < 1, for all x in [0, 1]\X,
(c) g(x) = 0, for all x in Y, and
(d) g(x) is upper-semicontinuous.

Proof. Let W=[0,l]\Y. Then set W is r-open and XaW.
By Theorem 3.6 there is an r-basis set U with XaUaW. By
Theorem 3.1 there is an approximately diίferentiable function satisfy-
ing (a), (b), (c), and (d). Since, by Theorem 3.2, g is r-continuous,
we are finished.

COROLLARY 3.9. The r topology is completely regular.

THEOREM 3.10, (L-M 2). Let X be a closed set and U an r-open
set with XdU. Then there is a closed set P with X a r-int (P) d
PczU.

Proof. Let Y= [0, 1]\U. If Y = 0 then there is nothing to
prove. If Y Φ 0 then Y is r-closed and disjoint from X. Let g be
the function described in Theorem 3.8. Then

X = {or. g(χ) = 1} c \x: g(x) >\}a {x: g(x) ^ ±) c U .

Since g is upper-semicontinuous, {x: g(x) ^ 1/2} is closed. Let P =

{x: g{x) ^ 1/2}.

COROLLARY 3.10. Let U be an Fσ r-open set. Then U can be
expressed as the union of closed sets En with the property that
En c r-int (JE?Λ+1) C En+1 for all n.

Proof. The proof is the same as that of Corollary 2.1, using
Theorem 3.10 in place of the L-M theorem of §2.

We end the paper by pointing out several possible areas for
further research.

A. Throughout the paper we have restricted our attention to
the interval [0, 1]. However, there is no obstacle to extending the
r topology to Rn using for basis the collection of sets B = {U: U is
ambivalent and d-open}. Here there are several options as to the
actual d topology we choose because in [3] Goίfman, Neugebauer and
Nishiura have defined three different density topologies.
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B. There is a class of functions which are continuous relative to
the r topology which have not been mentioned up to this point.
Namely, the collection of functions which are approximately continuous
everywhere and continuous almost everywhere. To show this we prove:

THEOREM 3.11. // / is approximately continuous everywhere
and continuous almost everywhere, then f is r-continuous.

Proof. Let a be fixed and {x: f(x) > a} = U Φ 0 . Then \U\ > 0
because / is approximately continuous, and int(Z7) = V Φ 0 because
/ is continuous at almost every point of U. Indeed |Z7| = \V\. Thus
an application of Theorem 3.8 gives that U is r-open. The set
{x: f(x) < a} is dealt with the same way.

One reason that this class of functions was not mentioned earlier
is that r is not the coarsest topology for which these functions become
continuous.

DEFINITION 3.4. A set U is almost open if U is cί-open and |Ϊ7| =
lint (£0|.

THEOREM 3.12. The collection of almost open sets forms a
topology which we label a.e.

Proof. There is only one part that is not immediate. Namely,
if / is any indexing set and for each a in I Ua is an almost open
set, then |int(U Ua)\ = | U Ua\. To see this we proceed along the
same lines as Theorem 3.4 to find a countable subfamily {an} of I
with \ϋUaJ - \ΌUa\. Then | int (U tfβn) I = I U I7β|.

COROLLARY 3.11. If f is approximately continuous everywhere
and continuous almost everywhere, then f is continuous with respect
to the a.e. topology.

Proof. As in the proof of Theorem 3.11 it is clear that for each
fixed a both {x: f(x)>a} and {x: f(x)<a} are d-open and have Euclidean
interiors equal to their respective measures.

THEOREM 3.13. The a.e. topology is coarser than the r topology.

Proof. Let X be a Cantor set of positive measure. Let [0, 1]\X =
U. From each component of U delete the midpoint. Call the new
open set thus obtained V. Let W = V U X. Then W is an r-basis
set. To see this note first \W\ = 1, so this W is d-open. Next, since
both open and closed sets are ambivalent and the union of two
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ambivalent is ambivalent, W is an r-basis set. Finally, int(FU X) =
V, and IVΊ < \W\ so that W is not a.e. open.
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