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WHEN IS A REPRESENTATION OF A BANACH
*.ALGEBRA NAIMARK-RELATED TO A
*.REPRESENTATION?

BRUCE A. BARNES

Conditions are given which imply that a continuous
Banach representation of a Banach *-algebra is Naimark-
related to a *-representation of the algebra.

1. Introduction. The representation theory of a Banach algebra
necessarily includes the notion of comparing representations to de-
termine when they are essentially the same or related in important
ways. Thus, if the algebra is a Banach *-algebra, then two *-re-
presentations are considered essentially the same if they are unitarily
equivalent., When 7 is a representation of a Banach algebra on a
Banach space X, we denote this Banach representation by the pair
(z, X). A strong notion used to compare Banach representations is
that of similarity.

DEFINITION. The Banach representations (7, X) and (¢, Y) of a
Banach algebra A are similar if there exists a bicontinuous linear
isomorphism V defined on X and mapping onto Y such that

PNV = Va(f) (fed).

If (z, X) and (¢, Y) are similar, then the representation spaces X
and Y are bicontinuously isomorphic. Thus the concept of similarity
is limited to comparing representations that act on essentially the
same Banach space. A notion that has proved useful in comparing
representations that act on perhaps different representation spaces
is that of Naimark-relatedness.

DEFINITION. Let (7, X) and (@, Y) be Banach representations
of a Banach algebra A. Then 7 and @ are Naimark-related if there
exists a closed densely-defined one-to-one linear operator V defined
on X with dense range in Y such that

(i) the domain of V is m-invariant, and

(i) @(f)Ve = Vr(f)¢é for all fe A and all ¢ in the domain of V.

The relation of being Naimark-related is in some ways a rather
weak way of comparing representations. For this relation is not in
general transitive [15, p. 242], and an irreducible representation can
be Naimark-related to a reducible one [15, p. 243]. On the positive
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side, *-representations that are Naimark-related are unitarily equiva-
lent [15, Prop. 4.3.1.4], and the relation is transitive on certain
kinds of irreducible representations [15, p. 232]. Also, the concept
has proved useful in comparing Banach representations of the algebra
LYG@) for certain locally compact groups G.

In this paper we are concerned with the question: when is a
Banach representation of a Banach *-algebra Naimark-related to a
*-representation of the algebra? We are mainly interested in the
cases where the algebra is either a B*-algebra (=C*-algebra) or
LYG), for these cases occur in the theory of weakly continuous
group representations of locally compact groups. Some results on
this question are known, a few are classical. In the latter category
is a theorem of A. Weil that every continuous finite dimensional
representation of L'G) is similar to a *-representation [8, p. 353].
Another well-known result is that if G is an ammenable locally
compact group (in particular if G is abelian or compact), then every
continuous representation of L'(G) on Hilbert space is similar to a
*.representation [7, Theorem 3.4.1]. R. Gangoli has recently proved
that if G is a locally compact motion group, then every continuous
topologically completely irreducible Banach representation of LYG)
is Naimark-related to a *-representation [6, Cor. 1.3]. In the case
of a B*-algebra, J. Bunce has shown that for a GCR algebra (or
more generally, a strongly ammenable algebra), every continuous
representation of the algebra on Hilbert space is similar to a *-rep-
resentation [3, Theorem 1]. The present author proves in [2, Cor.
1] that every continuous irreducible representation of a B*-algebra
on Hilbert space is Naimark-related to a *-representation. Also in
[2] conditions are given which imply that such a representation is
similar to a *-representation.

In this paper we give conditions on representations of certain
Banach *-algebras that imply that the given representation is
Naimark-related to a *-representation. The main results are Theo-
rem 3 and its corollaries and Theorem 7. Among the results we
prove are: any cyclic representation of a separable B*-algebra on
Hilbert space is Naimark-related to a *-representation [§ 4, Corollary
4); for unimodular second countable locally compact groups, any
weakly continuous bounded irreducible group representation which
has a nonzero square integrable coefficient lifts to a representation
of LYG) which is Naimark-related to a *-representation [§4, Corol-
lary 6]; and under very general conditions, a finite dimensionally
spanned representation of a Banach *-algebra is Naimark-related to
a *-representation [§5, Theorem 7].

2. Notation and a basic construction. Throughout this paper
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A is a Banach *-algebra. The Gelfand-Naimark pseudonorm 7 on A
is defined by

Y(f) = sup {||(f) |}

where the sup is taken over all *-representations ¢ of A on Hilbert
space. In general Y(f) is an algebra pseudonorm with the property
that Y(f*f) = 7(f)* for all fe A [12]. When 7 is a norm, then A is
called an A*-algebra. In this case we denote by A the completion
of A with respect to this norm. Then A is a B*-algebra. We use
the standard meanings of state and pure state of A. If « is a state
of A, then the left kernel of « is the left ideal

K.={feA:a(f*f) = 0}.

We use the notions of modular maximal left ideal, primitive ideal,
and Jacobson semisimplicity as in C. Rickart’s book [14]. If M is
a left ideal of A, then A — M is the usual quotient space of A
modulo M. We denote the elements of A — M by f+ M where
feA. If M isclosed, then A — M is a Banach space in the quotient
norm

Ilf + M|l = inf {|lf + g[l: g e M} .

Let w be a representation of A on a Banach space X. We often
designate such a pair by (z, X). The representation (x, X) is .irre-
ducible provided that the only closed m-invariant subspaces of X are
{0} and X. It is algebraically irreducible provided that the only
m-invariant subspaces of X are {0} and X. A representation (7, X)
is essential if whenever £€ X, & # 0, then there exists fe A such
that z(f)¢ = 0.

If V is a linear operator with domain and range in given linear
spaces, then we use the notation &2(V), 4#7°(V), and <Z(V) for the
domain of V, null space of V,-and the range of V, respectively.

Now we describe a basic construction which occurs frequently
in what follows. In (I) and (II) below, (z, X) is a given Banach
representation of A, and under the appropriate hypothesis, a *-rep-
resentation of A is formed which is closely related to w. Then (III)
deals with the case where the intertwining operator which is involved
has a closure.

(I). Assume & e X. If
{fed:n(f)é, =0} = K,
for some state a of A, then

(T(F)ew T(@)s0) = alg™f) (9,fed)
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defines an inner-product on m(A)&, with the property that
(m(h)é, 7y = & m(h*))) (&, nen(d), hed).

Proof. Assume that 7(f)& = n(f)& and 7(g,)% = 7(g,)%. Then
by hypothesis f, — f,e K, and g, — g, € K,. It follows that a(g}f,) =
a(gf,), and therefore the form is well-defined. That the form is

an inner product is clear.

Now assume that 4, f, ge A. Then

(w(h)m(f)éo T(9)E0) = (g*hS)
= a((h*¢)*f) = {7()éo, w(h*)T(9)S0) -

(I). Let X, be a =w-invariant subspace of X with (., -) an
inner product on X, such that

(w()E, 7y = L& m(f*)m) ¢ neX,fecA).

Let H, denote the inner-product space (X, -, -»), and define ¢, on
H, by
P f)E = w(f)E (eH,feA).

Let H be the Hilbert space completion of H,. Define a linear operator

U: X— H with 2(U) = X, by U¢ = ¢ for £€ X,. Then
(1) @, has a unique extension to a *-representation ¢ on H,

and
2) Z(U) is z-invariant and o(f)Us = Ur(f)¢é (e 2(U), fe A).

Proof. By definition ¢, is a *-representation of A on the inner-
product space H,. Then by a result of T. Palmer @,f) is a bounded
operator on H, for each fe A and f— @,(f) is a continuous map of
A into the algebra of bounded linear operators on H, [12, Proposi-
tion 5]. Thus, (1) holds. Part (2) follows immediately from the

definitions given.

(III). Assume that (z, X) and (¢, Y) are continuous Banach
representations of A. Assume that U: X— Y is a linear operator

with 2(U) m-invariant and
P(fHUE = Ur(f)é (tez(U),fed).

Furthermore assume that U has closure U. Then =/(U) is m-in-
variant and

p(Os = Ur(f)e (tez(U),fel).
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Proof. Assume that ée 2(U). Then by the definition of U
there exists {£,}C . 2(U) such that &,—¢ and Ut,— Us. Then
n(f)é, —n(f)é and Un(f)é, = p(HUE, — o(f)UE.  Again, by the de-
finition of U we have

(e 2(U) and Urn(f)s = o(f)UE .

3. Symmetry and Naimark-relatedness. In this paper we are
basically concerned with conditions that imply that a given Banach
representation of A4 is Naimark-related to a *-representation. In
this regard it is natural to ask what Banach algebras have the
property that every continuous irreducible Banach representation
is Naimark-related to a *-representation? It is known that every
irreducible representation of a B*-algebra on Hilbert space is
Naimark-related to a *-representation [2, Cor. 1]. The next result
shows that if a Banach *-algebra A has the property that every
algebraically irreducible Banach representation is Naimark-related
to a *-representation, then A must be symmetric. In fact, the
symmetry of A can be characterized in this fashion. The symmetry
of a Banach *-algebra has other implications for the representation
theory of the algebra; see Corollaries 5 and 11.

THEOREM 1. Let A be a Banach *-algebra. The following are
equivalent:

1) A is symmetric;

(2) every modular maximal left ideal of A is the left kermel
of some state of A (which in this case may be chosen to be a pure
state);

(3) every algebraically irreducible Banach representation of A
18 Naimark-related to a *-representation of A (which in this case
may be chosen to be irreducible).

Proof. By [13, Theorem ] (1) and (2) are equivalent.

Assume that (2) holds. Let (7, X) be an algebraically irreducible
representation of 4. Fix §e X, &, # 0. A simple algebraic argu-
ment verifies that M = {f e A: n(f)& = 0} is a modular maximal left
ideal of A. Therefore by hypothesis there exists a state a of A
such that M = K, (and @ may be chosen to be a pure state). Define
an inner-product <-, -> on X = w(4)%, as in (I), i.e.,

{m( ) m(9)e0) = a(g*f) (f,9e4).

Let (@, H) be the *-representation of A, and let U be the intertwin-
ing operator constructed as in (II).
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Consider the map : A — M — X defined by
W+ M) = () (fed).

Clearly + is continuous, and therefore bicontinuous by the Open
Mapping Theorem. Hence there exists B > 0 such that for all fe 4

inf {|lf + gll: ge M} = ||f + M| = Bllz(f)é]lx -
If feA, geM, then
WUr(élla = al(f + *(f+ ) =7+ g = I + gl
Taking the infimum over all g€ M we have for all feAd

"Uz(f)éllx = If + M| = Bl|=(f)éllx -

This proves that U: X — H is bounded on X and is therefore closed.
It follows that 7 is Naimark-related to . This verifies that (2)
implies (3).

Conversely, assume that (3) holds. Let M be a modular maxi-
mal left ideal of A. Let 7 be the algebraically irreducible represen-
tation of A on A — M given by

n(f)g+M)=Fg+ M (fged).

By (8) there exists a *-representation (@, H) of A Naimark-related
to © (p may be chosen to be irreducible). Let U be a closed one-
to-one linear operator with z-invariant domain in A — M such that

P(HUE = Un(f)§ (tez(U),feA).

Since 7 is algebraically irreducible and &(U) is n-invariant, we have
2(U)=A— M. Fix w,€A such that fu,— feM for all feA.
Define a on A by

a(f) = () Ulw, + M), Ulw, + M)) (fed).
Clearly, « is a positive linear functional on A. Also,

feM— flu,+ M) =0
= Urn(f)(u, + M) =0
— (YU, + M) = 0
—a(f*f)=0.

Thus, M = K,. Finally, some constant multiple of « is a state of 4,
and if ¢ is irreducible, then this multiple of « is a pure state.

4. Representations on a Hilbert space. In this section we
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investigate a variety of conditions on A and on a representation
(z, H) of A, H a Hilbert space, that imply that = is Naimark-related
to a *-representation of A. In order to construct a *-representation
of A by the methods of (I) and (II), some reasonable hypothesis is
necessary to insure that certain closed left ideals of A are left
kernels of a state of A. The next lemma provides a useful tool in
this regard.

LEMMA 2. Let A be a separable A*-algebra. Let M be a Y-closed
left ideal of A. Then there exists a state a of A such that M = K,.

Proof. Let M be the closure of M in A. Since 7(f) < ||f]|| for
all fe A, A is separable. If there exists a state @ on A such that
M = K;, then M = K, where « is the restriction of @ to A. Thus
we may assume that A is a separable B*-algebra and that M is a

closed left ideal of A.
Let 4 be the set of all pure states @ of A such that M c K,.

Define for all f+ Mec A — M
lf + Mll; = sup{&(f*f)": we 4} .
Since for every state w we have
o((f + 9*(f + o) = o(f* ) + w(g* ) (f,9e4),
it follows that
N+ +Mls=IIF+ Ml +1lg+ Mls (f,ged).

Now because A is a B*-algebra we have M = N{K, wed4} [5,
Théoréme 2.9.5]. This fact and the inequality above prove that
[l-]l is a norm on A — M. Also, ||[f+ Ml|l;<]fl| by [5, Prop.
2.7.1], and therefore A — M is separable in the norm [|-||;. Choose
{f. + M:n =1} a countable dense subset of {g + M:||g + M||, = 1}.
For each n =1 choose w, € 4 such that w,(f*f,) > 1/2. Suppose there
exists g € N,s, K., such that g¢ M. We may assume |lg + M|, =1.
Take f, such that

o = £+ Ml < =

Then

% > 11(g — ) + M3 = 0,00 — £)*(@ — F.) = 0,(f1F) > % .

This contradiction proves that M = [,z K.,. Finally, set a=
© . (1/2)"w,. Then « is a state of A with K, = M.
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Now we state and prove the main result of this section.

THEOREM 3. Let 7 -be a continuous essential representation of
A on o Hilbert space H. Assume that either

1) (m, H) s irreducible, and for some &cH, &+ 0, {gcA:
7(g)&, = 0} is the left kernel of a state of A, or

(2) there exists o dense m-invariant subspace H, of H which
18 the algebraic direct sum of subspaces of the form mw(A)é where
e H, and every left ideal of the form {ge A:m(g)n = 0} is the left
kernel of some state of A.

Then (w, H) is Naimark-related to a *-representation (@, K) of
A where K is a closed subspace of H.

Proof. Under either of the hypotheses (1) or (2), we can use
(I) to construct an inner-product <-, -) defined on a dense 7-invariant
subspace H, with the property that

(®(N)e 7y = & a(F*)p (&, meH fed).

In the case of (2), the, inner-product (-, -> is constructed by forming
the sum of inner-products defined on the direct summands of H, of
the form w(A)s. By [10, Theorem 1.27, p. 818, and Theorem 2.23,
p. 331] there exists an operator U with & (U) = H, and with closure
U such that

& n) = (Ug Uy (& neH,).
Tor fe A define ¢ (f) on K, = UH, by
e /)UE = Urn(f)U(UE) (e H).
Then
e S)UE = Un(f)E (éeH,fed).

Also, for & = U&, n = Un, where &, 7,€ H,, we have

(@&, ) = (Ur(f)&, Un,)
= (x(f)&o Moy
= (& T(S*)N0)
= (U&, Ur(f*)U(Un,))
= (& @(S*)7) .
By [12, Prop. 5] there is a unique extension of ¢, to a *-representa-

tion @ of A on K, the closure of K, in H. Then by (III) 2/(U) is
m-invariant, and

o(f)Us = Un(f)e (te2(U),fec4).
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To complete the proof that (z, H) is Naimark-related to (@, K) it
remains to be shown that U is one-to-one on &7 (U). Since U is closed,
A7(0) is a closed subspace. If £e.#°(U), then Urn(f)& = o(f)Us =0
for all feA. Therefore #°(U) is m-invariant. Assume that (1)
holds. Then 7 being irreducible, it follows that .+ (T) = {0}.

- Now assume that (2) holds. Let .7~ be the collection of all
inner-products N(&, 1) defined on a subspace Z(N) of H such that
(1) H,cZ(N),
(ii) <2(N) is w-invariant, and
(iii) N(x(f)E, ) = NE n(f*)n) & ne Z(N), feA).
Partially order the nonempty collection .7~ by N, < N, provided that

N)cZ(N,) and N 7)) =Ny 1) (& neZ(IV).

A straightforward Zorn’s lemma argument establishes the existence
of a maximal element N in .7, Following the argument in the first
paragraph of the proof with N replacing (-, -> and & (NN) replacing
H,, we can construct as before an operator U with closure U and
a *-representation (¢, K) of A such that

2(U) is n-invariant, and ,
(f)U¢ = Un(f)& (tez(U),fel).

Suppose that U is not one-to-one. Choose 7, .+ (U), 7, # 0. By
hypothesis exists a state @ of A such that

K, ={geA:n(g)n, = 0} .

Now ||Ut||* = N(g, &) for ¢ =(N), and therefore U is one-to-one on
Z(N). Thus, Z2(N)Nn(4d)n, ={0}. Also note that w(4)7n, = {0}
since 7 is essential. Let

M) = 2(N) + n(4)7, .
Now by (I)

()00 ©(9)0e) = (g™ f) (9, fed)

defines an inner-product on m(A)7, with properties (i), (ii), (iii) above.
For §&ne(M), £=&+6& and 7 =7 +7 Where &, 7,¢D(N),
&, 7, € T(A)n,, define

M(E, 77) = N(Eu 771) + <$2’ 772> .
Then Me 7, M= N, and M # N. This contradicts the maximality



14 BRUCE A. BARNES

of N. Thus, U must be one-to-one.
By Lemma 2 and Theorem 38 we have:

COROLLARY 4. Let A be a separable B*-algebra. If m@ is a con-
tinuous essential representation of A on a Hilbert space H, and
there exists a w-invariant subspace H, having the property described
in part (2) of Theorem 8 (in particular, if 7 is cyclic), then « is
Naimark-related to a *-representation of A.

COROLLARY 5. Let A be a symmetric Banach *-algebra. If @
is @ continuous irreducible representation of A on a Hilbert space
H, and m acts algebraically irreducibly on some w-imvariont sub-
space H,C H, then © is Naimark-related to a *-representation of A.

Proof. Fix & e H,, & # 0. Since 7 acts algebraically irreducibly
on H,, {ge A:n(g9)é, = 0} is a modular maximal left ideal of A. By
Theorem 1 this left ideal is the left kernel of a state of A. Thus
Theorem 3 applies.

COROLLARY 6. Let G be a unimodular locally compact group
such that LG) is separable. Assume that @ is a bounded weakly
continuous irreducible representation of G on a Hilbert space H.
Assume that there exist &+ 0, 0, #= 0 in H such that x— (7(x)&, 7,)
18 in L*G). Then 7 is Naimark-related to a unitary representation
of G.

Proof. Let W be the subspace consisting of the vectors ne H
such that o — (w(x)&, 1) € LX(G). Note that if 7€ W and y €@, then

& — (m(@)en 7(Y)*7)) = (2(y2)én 1) € LHG) .

Therefore W is invariant under the set of operators {z(y)*:y e G}
Thus W* is n-invariant. It follows that W* = {0}, and hence that
W is dense in H.

Now for each 7e W let

9:(y) = (@Y™ 1) (yeh).

Since G is unimodular, g, L¥G) for all € W. Denote again by =
the integrated form on L(G) of the group representation z, that is,
for ¢ ne H and fe L(@G),

@8 1) = | @)@, ds .
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Let K = {fe LYG): n(f) = 0}. The set K is a closed left ideal of
LY(G). We proceed to prove that K is v-closed. Assume that
{fu}< K and Y(f, — f)—0. Since for he LY(G) and g€ L¥G)

v(h)llgllz = Hh*g“2 ’
we have

# (f. —f)*g—0 in L*G) whenever gec LXG) .
If » is a function on G and € @G, then we use the notation

ho(y) = h(zy) (ye@).
For 7€ W we have by (%) that

(fu = Drorfa) = | (. o0) = Fan)aw)tn Ny

= ({n((f'n)z) - n'(fx)}EO! 1])
—0 in LXG).

Now K is a closed left ideal of LYG) and hence (f,),€ K for all
n=1 and all zeG. Thus & — (7(f,)é, ) is 0 a.e. on G. Since this
function is continuous on G, (w(f,)é, ) =0 for all 2€G. Then
(7(f)&, ) = 0 for all ne W, so that n(f)5, = 0. This proves that K
is 7-closed. Therefore Lemma 2 and Theorem 3 imply the result.

5. Representations containing operators with finite dimen-
sional range. Let (7, X) be a continuous Banach representation of
A, let (p, H) be a continuous *-representation of A, and assume
that 7 is Naimark-related to . Then ker (7) = ker (@), and since ¢
is v-continuous, it follows that ker (z) is 7-closed. In this section we
prove a converse of this fact in the case where there are sufficiently
many operators with finite dimensional range in the image of =.
More precisely we hypothesize that 7 is finite dimensional spanned
(FDS) in the sense of [15, p. 231].

THEOREM 7. Let A be an A*-algebra. Let (w, X) be a con-
tinuous Banach representation of A such that w is FDS. If ker(z)
1s Y-closed, then m is Naimark-related to a direct sum of irreducible
*-representations of A.

We begin the proof of Theorem 7 by proving several preliminary
results, and also, since the proof depends heavily on results con-
cerning Banach algebras with minimal left ideals, we briefly review
the necessary material from that area.

Let A be a Jacobson semisimple (complex) Banach algebra.
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Denote the complex number field by C. An element e¢c A is a mini-
mal idempotent (abbreviation: m.i.) of A if ede = {ne:neC} [14,
Cor. (2.1.6)]. Every minimal left ideal L of ‘A has the form L = Ae
where ¢ is a m.i. of A [14, Lemma (2.1.5)]. Furthermore, if A has
an involution * which is proper (f*f = 0= f = 0) then the m.i. e
above may be chosen such that e = e¢* [14, Lemma (4.10.1)]. The
socle of A, denoted soc (4), is an ideal which is the algebraic sum
of all the minimal left ideals of A or {0} if A has no minimal left
ideals [14, p. 46]. Also, soc (A4) is the direct algebraic sum of mini-
mal ideals of A each of which has the form AeA for some m.i. e
of A.

LEMMA 8. Let A be an A*-algebra, and let (w, X) be a con-
tinuous Banach representation of A. Assume that e is a¢ m.i. of
A with e = e¢*. Fix £ FH(ne)), € +0. Then

(1) = acts algebraically irreducibly on mw(A)E;

(2) the form (-, > defined on w(A)¢ by the formula

(m(f)E, n(g)ére = eg*fe (f,9e4)
18 an tnner-product on mw(A)E, and
{7 (), ) = <N, ©(97)d) (7, 0em(A), ge A);

(8) if @ s defined on the Hilbert space completion H of
(w(A), {+, +7) as in (II), then (@, H) is an irreducible *-representa-
tion of A;

(4) af {&, -+, &) is a basis for H(n(e)), then w(AeA)X is the
algebraic direct sum of the spaces {m(A)e:1 < k < n}.

Proof. Assume that n(f)& = 0 and 7=(g)¢ are given. Since Ae
is a minimal left ideal [14, Lemma (2.1.8)], there exists h € A such
that ge = hfe. Then =n(h)(w(f)E) = n(hfe)é = n(ge)é = w(g)s. This
proves (1). .

Let J={feA:n(f)¢=0}. Clearly A(1 —e)cJ. Then since
A(l —¢) is a maximal left ideal, AQ —e) =J. If w(f)é = n(fp)é
and 7(g)¢ = n(g,)¢, then f,—f,eA(l —e) and g, —g.c Al — o).
Therefore fie = f,¢e and g, = g,e. It follows that (-, -> is well-
defined. Now the map fe— w(f)é is an isomorphism of Ae onto
w(A)¢. Given this identification of Ae and w(A)&, the proof of [14,
Theorem (4.10.3)] is easily adapted to prove (2).

Let (@, H) be as in (3). If ne H, choose {f,} © A such that
l|7(f,)é — 7|z — 0. For each n there exists a scalar g, such that
ef.e = pe. Then

t.é = we)n(f,e)é = ple)n(f,)e — p(e)y .
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Thus, @(e)n = pé for some pxeC. This proves that
@(e)H = {Mé: Ne(C}.

Let K be a nonzero closed g-invariant subspace of H. Then either
o(e)K #+ {0} or @p(e)K* + {0}. In the former case we have ¢e p(e)K,
which implies 7(4)¢ < K, so that K = H. In the latter case, K+ = H.
This proves that ¢ is irreducible on H.

To prove (4), we first show that the subspaces {n(4)é: 1 <k < n}
are independent. Assume that f,€ A, 1<k < n, and

lé‘l T(f)é& = 0.
Then for all g€ A,
S, wlegfie)én = 0 .

Since egf,e is just a scalar multiple of ¢ and {&, ---, &,} is an inde-
pendent set of vectors, we have egf,e =0 for all ged and 1<
k < m. In particular for each k, efif.e = 0, so that f.e = 0 since *
is proper. Then finally,

n(f)é = n(fie)s, = 0, 15k=n.

This proves our first assertion. Now clearly
sz‘, (A, C T(A)T(e) X C T(Aed)X .

Assume f,ge A and £ X. Then 7w(leg)s = M§E + +++ + N, &, for some
scalars A\, +++, A,. Then

7(fog)i = Mr(F)E, + -+ + M) © Sy (A -
Therefore m(AeA)X = >ip., w(A),.

LEMMA 9. Let A be an A*-algebra. Assume that I is a 7-
closed ideal of A. Then I is a *-ideal of A and the quotient algebra
A/l is an A*-algebra where the involution in A/l is defined as
usual by

fF+D*=f*+1 (fed).

Proof. Let I be the closure of I in A. Since I is 7-closed,
I=InA. By [14, Theorem (4.9.2)] I, and therefore I, is a *-ideal.
Now A/I is a B*-algebra [14, Theorem (4.9.2)], and the map f + I—
f+ I is a *-isomorphism of A/I onto a *-subalgebra of A/I. Thus
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A/I is an A*-algebra.

Now assume the notation and hypotheses in the statement of
Theorem 7. By Lemma 9 A/ker (x) is an A*-algebra. Thus, the
proof of Theorem 7 reduces to the case where ker (7) ={0}. From this
point until the end of the proof of Theorem 7 we make the assumption
that ker (z) = {0}. Let F = {ge€ A:7(g) has finite dimensional range}.

LEMMA 10. F = soc (A4).

Proof. First we prove
(1) if ge A, gF = {0} or Fg = {0}, then g = 0.

Assume that g¢gF = {0}. Then n(g)n(f) =0 for all feF. Since
U {#@(f)): fe F}is dense in X, we have n(g) = 0. Therefore g = 0.
Suppose F'g = {0}. Then (gF)* = {0}, so that gF is a nilpotent right
ideal of A. An A*-algebra is Jacobson semisimple [14, Theorem
(4.1.19)], and in particular, has no nonzero nilpotent left or right
ideals. Therefore gF = {0} which implies g = 0. This proves (1).

Let M be a minimal ideal of A in soc(A). Then either MN
F ={0} or MC F. But in the former case MF c M N F = {0} which
is impossible by (1). Then since soc (A4) is the algebraic sum of
minimal ideals of A4, soc(4)C F.

In order to prove the opposite inclusion we need the technical
result:

(2) if feF, f+ 0, then there exists a nonzero
idempotent e e soc (A) such that
R (n(e)) € 2 (x(f)).

Choose g€ F' such that gf =+ 0. The algebra fAg is isomorphic to
7(f)m(A)z(g), and therefore is finite dimensional. If for some =
(fAg)" = {0}, then (Agf)"™ = {0}. This contradicts the fact that A
has no nilpotent left ideals. By classical Wedderburn theory [9,
pp. 38, 53, 54] there exists a nonzero idempotent ecfAg. Then
clearly FH(n(e)) C FZ(n(f)).

Assume feF. Choose gesoc(4) such that ZZ@(f — gf)) has
the smallest possible dimension. Suppose f — gf # 0. Then by (2)
there exists a nonzero idempotent ecsoc (A) such that FH(n(e)) C
RB(x(f — gf)). Consider

h=(—9f)—ef—9f)=Ff—(g+e—eg)f.

Then dim (ZZ(n(h))) < dim (Z(x(f — gf))) which contradicts the mini-
mal dimension of Z(#(f — gf)). Therefore f = gfesoc(A)
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Now we complete the proof of Theorem 7. Let {M;:6¢< 4} be
the set of all minimal ideals of A in soc (4). For each 6 4 choose
e¢; a m.i. of A with e} = e, such that M; = Ae;A. By Lemma 10
each element ¢,€ F. Let n(d) be the dimension of the range of 7(e;).
For each é € 4, choose a basis {&;,, ---, & .»} for the range of z(e,).
Form the spaces

X, = (A, (0ed,1 <k =< n)).

Note that if 6,7€4, 6 = 7, then ¢;Ade. Cc M, N M. = {0}. From this
fact and part (4) of Lemma 8 it is easy to see that the spaces

{X;:0€4,1 <k < n(d)} are independent.

Combining the facts that #(F)X is dense in X and F = soc (4) =
S ,es Ae,A with Lemma 8 (4), we have

S X041 =k < n((0)} is dense in X.

For convenience of notation we index the collection in the sum above
by an index set 4. Set

X, = S {X:ned).

We have proved that X, is the algebraic direct sum of the spaces
{X;: v e 4} and that X, is dense in X.

For each ) let (-, +>;, be the inner-product defined on w(A4)&, as
in Lemma 8 (2). Define an inner-product on X, by

&= % &y M

where &£ =&, =7, &, MmeX, for all ned. For each feA
define ¢ (f) on X, by

Po(F ) g}i 7(g9)6) = gﬂ; 7(f9:)% -

Then ¢, is a *-representation of A on (X, <-, +)) as in (II). Let H
be the Hilbert space completion of (X, <-, -)), and extend ¢, to a
*.representation of A on H, again as in (II). For each Ane4, let
H, be the closure of X, in H, and let ¢; be the restriction of ¢ to
the g-invariant subspace H,. By Lemma 8 (3) each of the represen-
tations (@, H;), €4 is an irreducible *-representation of A. If
£e X;, neX, where \ # g, then by definition (¢, 7) = 0. It follows
that H; L H,. Since X,C >, {H;:ne 4}, H is the orthogonal direct
sum of {H;:ned}. Then ¢ is direct sum of the irreducible *-rep-
resentations (¢, H,;), M€ 4.

It remains to be shown that (z, X) is Naimark-related to (@, H).
To begin we establish the technical fact that
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(1) if «eH, 4 *0, then there exists
feF such that @(f)y # 0.

For + = 3yc49¥: where v, € H,, xeA. There is some pe/d such
that +, # 0. By the construction of H, there exists a m.. ¢ of A
such that @,(e) # 0. Also, since ¢, is irreducible, @(A)y, is dense
in H,. It follows that there exists ge A such that ¢o(eg)y,. # 0.
Then eg € F by Lemma 10. This proves (1).

Define a linear operator V with &2(V) = X,c X and with range
in Hby Vp=17, neX, Clearly

o(fI)VE = Va(f)é (e X, fed).

By Lemma 8 (4) and by construction we have soc (4)X c X,. Thus,
given fe F = soc (4), the range of =(f) is in X,. The restriction
of V to the finite dimensional subspace <Z(n(f)) is a bounded map
from Z(xn(f)) into H. Therefore we have

(2) for every feF, Vz(f) is a bounded everywhere
defined operator from X to H.

Now we prove that V has a closure V and that V is one-to-one.
Assume that {y,}CZ(V) = X,, ¥ € H, ||v,|[x—0, and || Vo, — ||z —0.
Suppose that +» 0. Then by (1) there exists feF such that
() #0. By (2), [|Va(f)¥ralla—0. Also, ||p(f) Vi, — @()¥ ||z — 0.
Since o(f) V¥, = Va(f)y, for all n, we have @(f)y = 0. This con-
tradiction proves that « = 0, and hence, that V has a closure, V.
Assume that € 2/(V) and V(§) = 0. Then there exists {£,} c 2(V) =
X, such that ||&, — &[|y— 0 and ||VE,||[r — 0. For all fe F we have
by () [|Va(f)é, — Va(f)éllg—0. Also, ||@(f)VE,|lz— 0. Therefore
Vr(f)e =0 for all fe F. Thus, n(F)& =0, and since z is FDS, & = 0.
This proves that V is one-to-one. Then (z, X) and (¢, H) are
Naimark-related by (III).

COROLLARY 11. Let A be a symmetric A*-algebra. Then any
irreducible Banach representation (zw, X) of A that contains a mon-
zero operator of finite rank in its image is Naimark-related to an
irreducible *-representation of A.

Proof. There exists a dense subspace X, of X such that 7 acts
algebraically irreducibly on X, [15, p. 231]. Thus ker (7) is primi-
tive in this case, and then the symmetry of A implies that ker (7)
is v-closed. Also, m is FDS. Therefore the result follows from
Theorem 7.

6. An example. In this section we construct a symmetric
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Banach *-algebra A and a continuous irreducible representation 7 of
A on a Hilbert space H with the properties:

(1) (m, H) is not similar to any *-representation of A, and

(2) = is not 7-continuous.
The question of whether any continuous irreducible representation
of a B*-algebra on a Hilbert space is similar to a *-representation
is open. :
Let I=(0,1], and set S=1x I. If J(, ¥) is a bounded func-
tion on S, let

[|Jl. = sup {|J(z, )|: (&, y) €S} .

Let A be the collection of all complex-valued functions K(z, y) de-
fined on S such that K(z, y)(@y)™* is continuous and bounded on S.
Clearly A is a complex linear space with the usual operations. Norm
A by

| K, »I = || K@, )(@y) " |l (Ked).
Note that || K|, = ||K]|| for all KeA. It is easy to see that the
norm ||-|| is a complete norm on A. Define multiplication in A by

(K- D)@, ) = | K@, (¢, v)dt

where K, Jc A, (x, ¥)€S. It is clear that K-Je A whenever K, Je
A, and that 4 is a complex algebra with respect to this multiplica-
tion operation. Furthermore, if (#, y¥) €S, then

(K- J) (@, y)(@y) ™| = S:I (K(=, tya™'J(¢, y)y~'dt < || K[ || ]]] .
Therefore ||K-J|| = ||K]|||J||, so that A is a Banach algebra. For
KeA, let

K*(z, y) = K(y, w) (x, el .

Then K— K* is an isometric involution on A.
For Ke A, let 7(K) be the Fredholm integral operator on L*I)
determined by K, that is,

(K@) = | Ko, p)fdy  (@el felD).
Then
)Nl < KLl < KN o

whenever fe L*(I). A standard argument proves that K — z(K) is
a faithful continuous *-representation of A on L*I). Let D be the
set of all complex-valued functions f on I such that f(z)z™' is con-
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tinuous and bounded on I. If f,, g,€D for 1 <k < m, then

K@, ) = 3, fi@aw) e 4.

The set of such kernels is exactly the socle of A4, and this set is
dense in A. For every kernel K of this form, z(K) is an operator
with finite dimensional range. Furthermore, K — 7(K) acts algebra-
ically irreducibly on the subspace D c L*I). The fact that a primi-
tive Banach algebra with proper involution and dense socle is sym-
metric follows from an argument similar to the one used to establish
[4, Theorem 3.8]. To summarize:

(IV). A is a primitive symmetric Banach *-algebra with dense
socle,

Now we construct a continuous representation of A on H =
LXI, y*dy) with the properties (1) and (2) stated above. We denote
the norm of fe H by

17l = (]l r@rvay)”
For Ke A let
=(E)f@ = | K@, nfwdy el feH).
Then for all K€ A, fe H, and x €I we have
K@) = || K@ v @mdy|

= 1K@ v L] | F@rvdy)
= K 1Sfls
Therefore
[, 707 @) Patds < | | K11 iwtdo < | KIFIFE -
Thus
|2(E)S 1. < [| KIS, (feH,Ke4).

This proves that K — 7(K) is a continuous representation of A on
H. Using the fact that = acts algebraically irreducibly on DcC H,
it is not difficult to verify that (z, H) is irreducible. Suppose that
(z, H) is similar to a *-representation of A (which is then necessarily
irreducible). It can be shown that an algebra with the properties
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listed in (IV) has a unique irreducible *-representation up to unitary
equivalence. Therefore in this case ¢ is the unique irreducible *-rep-
resentation of A. Thus = must be similar to z. We show that
this is impossible. For assume that there is a bicontinuous linear
isomorphism W mapping L*I) onto H such that

T(K)W = Wr(K) (Ked).

Assume heD. Choose ge D, g #0. Let K(z,y) = h(x)gly) (=, y)€S.
Then Ke A. Now n(K)Wg = W(z(K)g), that is,

| }@@ W)Wy = W(| k@)l gy ) -

This equation proves that Wh is a scalar multiple of . Since D is
dense in L*I) and W is continuous, Wh is a scalar multiple of %
for all he L¥I). But g(y) =y ‘e H and g¢ L*(I). Thus W can not
map onto H. This contradiction proves the assertion (1).

If = is 7-continuous, then 7 has a continuous extension 7 to the
B*-algebra A. Then by [1, Cor. 2.3], the representation 7, and
hence 7, is similar to a *-representation. This contradiction proves

(2).

7. Some open questions. There are many open questions con-
cerning Naimark-relatedness of representations of Banach *-algebras.
In this section we list several interesting questions in the area.

Question 1. Let A be a symmetric Banach *-algebra. Is every
continuous essential Banach representation of A with v-closed kernel
Naimark-related to a *-representation?

Question 1 has an affirmative answer if the representation is
algebraically irreducible [Theorem 1], if the representation is irre-
ducible and contains in its image an operator with finite dimensional
range [Corollary 11], or if the hypotheses of Corollary 5 are satisfied.

Question 2. Is every continuous representation of a B*-algebra
on Hilbert space similar to a *-representation?

J. Bunce has proved that this question has an affirmative answer
when the B*-algebra is strongly ammenable [3]. An affirmative
answer is provided by the author if either the representation is
algebraically irreducible [1, Prop. 2.2], or if the representation is
irreducible and contains in its image a nonzero operator with finite
dimensional range [1, Cor. 2.3]. The question can be weakened to
ask only that the given representation be Naimark-related to a
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*-representation. Corollary 4 and [2, Theorem 3] provide partial
answers to this version of the question.

In view of results such as those cited above concerning similarity
or Naimark-relatedness of a representation to a *-representation
when the given algebra is a B*-algebra, it is of interest to determine
conditions which imply that a representation = of a Banach *-algebra
A extends to a continuous representation of A (clearly this is the
case if and only if 7 is 7-continuous).

Question 3. Under what conditions is a Banach representation
of a Banach *-algebra 7-continuous?

A minimal necessary condition for a representation 7= to be 7-
continuous is that ker (z) be 7v-closed. That this condition need not
suffice for = to be 7-continuous follows from the example in §6. The
work of T. Palmer [11] provides an equivalent condition that = be
v-continuous that may prove useful, namely, that the image under
7w of the group of unitaries of A (assuming A has an identity) be
bounded. In the case that (w, X) is an algebraically irreducible
Banach representation of A and X is not a Hilbert space in an
equivalent norm, then a result of the author [1, Prop. 2.2] shows
that 7 cannot extend to a continuous representation of A.

Finally, we state a general question about which there seems to
be little information available.

Question 4. Let A be a Banach *-algebra, and let = be a con-
tinuous irreducible Banach representation of A. If ker (z) is the
kernel of some *-representation of A, is 7 Naimark-related to a
*-representation of A?

Added in proof. In several places we have used the inequality
Y(f)L || f|l for f in a Banach *-algebra A. This inequality does not
hold in general. However, using results in [11] it is not difficult to
verify that there exists a constant K >0 such that 7(f) < K|| f]| for
all feA. This inequality suffices in all our arguments.
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