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NEIGHBORNETS

Heikx! J. K. JUNNILA

By a “neighbornet” of a topological space X we mean a
binary relation V on X such that for each ze€ X, Viz} is a
neighborhood of x; thus a neighbornet is, in effect, an as-
signment of neighborhoods to the points of X. Such neigh-
borhood assignments and the corresponding relations have
been in use since the beginning of the study of general
topology, at first in the theory of metric spaces and later
in the theory of uniform spaces; in the last twenty or thirty
years they have been used in connection with spaces defined
by covering axioms and with various generalizations of metric
and uniform spaces. Even though the concept of a neigh-
bornet is not new, neighbornets have mostly been considered
as tools, not as objects of intrinsic interest. With this
paper we hope to show that neighbornets deserve to be
studied also on their own. We shall show, for example,
that from simple properties of neighbornets of semi-strati-
fiable spaces the solution follows easily to J. Ceder’s problem,
whether all M,-spaces are M,-spaces.

1. Preliminaries.

NoOTATION. The set {1, 2, ---} of the natural numbers is denoted
by N. <z, denotes the sequence whose nth term is x, (for n e N).

Let A be a set and & a family of subsets of 4. We denote
by UL and N L the sets U{L|Le <} and N{L|Lec <}, re-
spectively (note that, in general, |J & is not the same as U,.; .&);
in case the family & is empty, we let U¥ = @ and N & = A.
The family {A — L|Le %} is denoted by ~.& and when a <€ A, the
family {L. € & |a e L} is denoted by (&),.

The word “iff” is an abbreviation of “if and only if”. To avoid
unnecessary repetition of the words “a topological space” in the
following, we let the symbol X stand throughout for a topological
space. For each x < X, 7, denotes the neighborhood filter of =.

For the meaning of notation and terminology used without def-
inition in this paper, see [18].

Relations. All relations considered below are binary. Let B be
a set. Relations on B are usually identified with subsets of B x B.
However, as this can be done in two different ways and as there
is disagreement among mathematicians as to which of these ways
is the “right” one (see e.g., [20], p. 24-26), we do not adopt here
any specific convention. For our purposes, it is enough to know that
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relations can be represented as sets in such a way that if R and S
are relations on B, then (R U S){b} = R{b} U S{b} and (RN S){d} =
R{b} N S{b} for each be B. We use relations mainly as abbreviations
for certain indexed families of sets and we usually define a relation
R on B by defining subsets R{b}, be B, of B (these sets R{b} are
often denoted by R(b) but we use the notation R(b), or Rb, only
if R{b} is a singleton set; Rb is then defined by the equation {Rb} =
R{b} ).

Let R be a relation on B. For each Cc B, we denote the set
U({R{c}|ceC} by RC (or by R(C)). When S is a relation on B, we
define a relation ScR on B by setting (SoR){b} = S(R{b}) for each
beB. We let R* =R and R""' = RoR" for nec N, further, we let
R> = U,y R". Itis easily seen that R~ is a transitive relation and
that we have T = T= if T is a transitive relation. We define a rela-
tion R~ on B by requiring that for all ¢« € B and b€ B, a € R7'{b} iff
be R{a}). For each ke NU{x}, we abbreviate (R*)™ to R7* note
that we have R™"* = R'oR™™ for each neN.

When R is a relation on B and .4 = {N,|be B} a family of
subsets of B, indexed by the elements of B, we say that R and _#~
are assoctated with each other if R{b} = N, for each be B. For an
indexed family .+~ = {N,|be B} of subsets of B, we denote by A_#"
the relation associated with _#~ (using one of the standard repre-
sentations of relations as sets, one has A+ = U{N, X {b}|be B} or
Ay =U{{d} x N,]beB}). For a relation R on B, we denote by
o7 R the indexed family associated with R; clearly, % R={R{b}|b € B}.

We have established a one-to-one correspondence between rela-
tions on a set and certain indexed families of subsets of the set.
Now we show that some special relations can be characterized in
terms of arbitrary (that is, possibly unindexed) families of sets. Let
&2 be a family of subsets of B. We denote by S& and D% the
relations associated with the indexed families {UU (&°),|be€ B} and
{N (&), b e B}, respectively.

LemMA 1.1. Let R be a relation on o set of B. Then

(i) R 1is symmetric iff R = S for some family & of subsets
of B.

(ii) R s transitive and reflexive iff R = D for some family
<~ of subsets of B.

Proof. Sufficiency. Let & be a family of subsets of B. Then
the relation S& is obviously symmetric. The relation D& is tran-
sitive since for all ¢« €B and be B, we have N(&), CcN (&), if
beN(&L),. Since N(X), =B is (£), = @, we see that D& is
reflexive.
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Necessity. If R is symmetrie, let & consist of all sets {a, b}C B,
where o € R{b}. If R is transitive, let &¥ = & R.

For a family & of subsets of B, we have D& = D.<’, where
&' = & U {B}; hence in (ii) above, we can choose & to be a cover
of B.

Let & be a family of subsets of B and let ke NU{}. We
abbreviate (S&°)* to S¥<~ In the usual notation for star-sets, we
have that S*&C = St*(C, &) for each C C B; in particular S&{b} =
U (&), = St(b, &) for each be B. Since D& is reflexive and tran-
sitive, we have (D))" = D<. For all a€B and be B, we have
acN (), iff be N (C&L),; if follows that (D.¥)*' = D~ &

REMARK. To help to abbreviate expressions involving relations,
we adopt the convention that in such an expression, unless indicated
otherwise by parenthesis, operations involving relations are to be
performed before those involving subsets of the domain of the rela-
tions (for example, when R and S are relations on B and C and D
subsets of B, SN RC — D is to be interpreted as (SN R)C) — D).

2. Definitions and basic properties.

DEFINITION 2.1. A relation V on X is a mneighbornet of X if
V{x} is a neighborhood of x for each x ¢ X.

When R is a relation on X, we denote by R the relation as-
sociated with the indexed family {Int R{x}|xe€ X} (note that, in
general, R is different from R°, the interior of R in the product
space X X X). With this notation, neighbornets can be characterized
as follows: a relation V on X is a neighbornet iff the relation V is
reflexive.

A relation R on X is said to be open if all the sets R{x}, x € X,
are open. For a neighbornet V of X, V is an open neighbornet
contained in V.

Neighbornets can be regarded as generalizations of relations of
the form S%/, where % is an open cover. One advantage of this
generalization is that it allows us to study the dual properties of
relations and their inverses; the relations SZ are always symmetric
so that this duality does not appear in connection with them (the
need to overcome the restriction to symmetric relations has been
observed e.g., in [8]). The duality between neighbornets and their
inverses is a special case of the duality between openness and
closedness and it will be very clearly illustrated in connection with
transitive neighbornets (Theorem 3.14); at this point we just give a
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general characterization of the inverses of neighbornets.

~ DEFINITION 2.2. A relation R on X is cushioned if we have
A C RA for every AcC X.

LeEMMA 2.8. A relation V on X is a netghbornet iff the relation
V= is cushioned.

Proof. Sufficiency. Suppose that V! is cushioned and let x € X.
We have x¢ V(X ~ V{x}) and it follows by the cushionedness of
VvV~ that x ¢ X ~ V{z}, in other words, that x € Int V{x}.

Necessity. Assume that V is a neighbornet and let Ac X. For
every z¢ A, the neighborhood V{x} of x intersects the set A; it
follows that A c V7'A.

We see thus that neighbornets coincide with what might be
called “co-cushioned” relations.

It is obvious that if % is an open cover of X and, for each
xeX, U, an element of the family (%),, then the relation A~ as-
sociated with the indexed family & = {U,|x € X} is a neighbornet.
Relations associated with indexed families of sets chosen in a similar
manner from closed covers generally fail to be cushioned, but it is
easily seen that the following holds: when & is a closure-preserving
and closed cover of X and for each xe€ X, F, an element of the
family (& ),, then the relation A{F,|x € X} is cushioned.

The following lemma gives a useful property of open neigh-
bornets:

LEMMA 2.4. Let V be an open neighbornet of X and let AcC X.
Then the set {x € X|V{x} C A} is closed.

Proof. The set in question is the complement of the open set
V(X — A).

3. Special neighbornets. In this section we study symmetric,
unsymmetric and transitive neighbornets and indicate their relation-
ship to some families of sets frequently encountered in topological
investigations.

(a) Symmetric and cushioned neighbornets.

DEFINITION 3.1. A cover & of X is semi-open if the set St(x, &)
is a neighborhood of x for each x ¢ X.
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In an implicit form, semi-open covers have often appeared in
topological studies (see e.g., [9] and [1]).

A cover & is semi-open iff the relation S is a neighbornet;
as S<& is symmetric, it follows by Lemma 2.3 that a cover & is
semi-open iff we have A c St(4, &) for each Ac X. It follows
that, in addition to all open covers, also all closure-preserving closed
covers are semi-open.

By using Lemma 1.1, we get the following characterization of
symmetric neighbornets.

LEMMA 3.2. A relation V on X is a symmetric neighbornet iff
we have V = 8% for some semi-open cover ¥ of X.

From Lemma 2.3 it follows that each symmetric neighbornet is
cushioned. Conversely, when V is a cushioned neighbornet, it fol-
lows by using the same lemma that the symmetric relation VN V™
is a neighbornet. Thus we have the following result.

LemMMA 3.3. A neighbornet ts cushioned iff it contains a sym-
metric netghbornet.

As the name suggests, there is a close connection between
cushioned relations and cushioned refinements (see [17] or [18] for
the definition of the latter term). This connection is made clear by
the following result.

LeEMMA 3.4. A cover 5 of X has a cushioned refinement vff
there exists a cushioned relation R on X such that &R C 57,

Proof. Sufficiency. Assume that there is a cushioned relation
R on X such that we have .%7R c.2. For every Ke . %, let Cx =
{xe X|R{z} = K}. Then the family {Cx|Ke K} covers X and we
have RCy c K for each Ke.%. By using the cushionedness of R,
it follows that we have

U{Cx[Ke %"} C RU{Cx|Ke 7))
= U({RCx|Ke %"} cU{K|Ke %"

for each %" < 9. The family {Cx|Ke %"} is thus a cushioned
refinement of 277

Necessity. Let {F;|Kec .2} be a cushioned refinement of .27
For each z ¢ X, let K(x) € .9 be such that x € Fix,,. When we denote
by R the relation associated with the indexed family {K(x)|xe X},
we have Y RcC.2%. The relation R 1is cushioned, because for
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each BC X we have BC U {Fxw|be B} and thus further, Bc
U (K()|be B} = RB.

If the cover .9 in the preceding lemma is open, the relation R
appearing in the lemma is a neighbornet. Thus by using Lemmas
3.3 and 3.2, we get the following result:

COROLLARY 3.5. Am open cover of X has a cushioned refinement
off the cover has a semi-open point-star refinement.

The result of Lemma 3.4 is essentially due to E. Michael (Prop-
osition 2.1 of [17]; note that cushioned neighbornets are the same
as the relations that are called semi-neighborhoods of the diagonal
in [17]).

(b) Unsymmetric and antisymmetric neighbornets.

DEFINITION 3.6. A relation R on a set A is unsymmetric provided
that R is reflexive and for all ac A and be A4, if acR{}} and de
R{a}, then R{a} = R{b}.

We note that a relation R is unsymmetric iff we have RN R {a} =
{be A|R{b} = R{a}} for each ac A, whereas R is antisymmetric iff
we have RN R Ya} = {a} for each a € A. Thus every antisymmetric
relation is unsymmetric.

LEMMA 3.7. Let & be a cover of A. Then there is an unsym-
metric relation R on A such that SR C&.

Proof. Well-order & and for each acA, let C, be the least
member of (&),. Then it is easily seen that the relation associated
with the indexed family {C,|a € 4} is unsymmetric.

COROLLARY 3.8. (i) When Z tis an open cover of X, there is
an unsymmetric neighbornet V of X such that ' VCZ.

(ii) When 2% 1s o closure-preserving and closed cover of X,
there s an wunsymmetric cushioned relation S on X such that
S C.o

The first part of the corollary shows that, in a sense, unsym-
metric neighbornets are no more special objects than open covers.
In contrast to this, we will see in §4 that the existence of an anti-
symmetric neighbornet is a rather stringent condition for a topological
space. Let us note, however, that many nontrivial spaces (as for
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example all spaces with a half-interval topology) do have antisym-
metric neighbornets.

Let R be an unsymmetric relation. Then it follows by the re-
mark made after Definition 3.6 that the relation B N R is an equiva-
lence relation. For neighbornets with this last-mentioned property,
we have the following result.

LEMMA 3.9. Let U be a neighbornet of X such that UN U™ is
an equivalence relation and let V be an open neighbornet contained
an U. Denote by H the set {xe X |V {x}C Ufx}} and denote by R
the relation UNU. Then the family {H N R{x}|xe X} is closed
and discrete.

Proof. We will show first that if # and y are points of X such
that V{y} N HN R{z} = @, then R{y} = R{x}. Let 2€¢X and yeX
be such that set V{y} N H N R{x} is nonempty and let z be a point
of this set. Then ye€ V Yz} and since z€ H, y € U{x}. On the other
hand, we have that ze V{y}c U{y}. It follows that ze R{y}; thus
we have R{y}N R{z} # @. As R is an equivalence relation, it fol-
lows that R{y} = R{x}.

From the foregoing it follows that for each y € X, the neighbor-
hood V{y} of y can intersect at most one set of the family
{H N R{x}|x € X}; this family is thus discrete. It remains to show
that the sets HN R{x}, xe X, are closed. Let x be a point of X
and let u be a point of the set H N R{x}. Then Vi{u}N HN R{x}+ @
so that R{u} = R{x}; thus we have w e R{x}. To show that e H,
let v be a point of the set V"{u}. Then the set V{v} is a neighbor-
hood of u. By the foregoing we have that w € H N R{u} and it fol-
lows that the neighborhood V{»} of u intersects the set H N R{u};
from this it follows by the first part of the proof that we have
R{v} = R{u}. As the set R{u} is contained in the set U{u}, we see
that ve U{u}. We have shown that V{u}c U{u}, in other words,
that we H. Thus we HN R{x} and we have shown that the set
H N R{x} is closed.

The foregoing lemma can be used with neighbornets U such
that either U or U™ is unsymmetric. When applied to antisym-
metric neighbornets, it yields the following result: when U is an
antisymmetric neighbornet and V U an open neighbornet, then the
family {{z}|x € X and V'{x} C U{x}} is closed and discrete.

(¢) Transitive neighbornets.

DEFINITION 3.10. A sequence <{U,> of neighbornets of X is a
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normal sequence if Ui, C U, for every ne€N. A neighbornet U of
X is normal if U is a member of some normal sequence of neigh-
bornets of X.

By a result in [21], all normal sequences of neighbornets have
quasi-metries “associated” with them.

DEFINITION 3.11. A filter (-base) % of reflexive relations on X
is said to be a (base for a) quasi-uniformity on X provided that
for each Ue % there exists Ve % such that V*cU. A quasi-
uniformity U on X is said to be compatible with X provided that
for each 2z € X, {U{x}|Ue %} is a base for 7,.

It is easily seen that the collection of all normal neighbornets
of a topological space X forms a quasi-uniformity that contains every
other quasi-uniformity of X; this quasi-uniformity is called the fine
quasi-uniformity of X in [8].

We proceed to study transitive neighbornets. The following
result is a direct consequence of the fact that for a transitive relation
R we have R*C R.

LEMMA 3.12. A tramsitive neighbornet is normal, unsymmetric
and open.

DEFINITION 3.13. Let .4~ be a family of subsets of X. The
family 7~ is interior-preserving if we have Int (N {N|Ne _+"}) =
N {Int N\ Ne_+""} for every subfamily .+~ of /"

The terminology “interior-preserving” is justified by the obser-
vation that a family .4~ is interior-preserving iff the family ~_#~
is closure-preserving. Interior-preserving open families are called
Q-collections in [22] and fundamental open families in [6].

THEOREM 3.14. The following conditions are mutually equiva-
lent for a relation U on X:

(1) U is a transitive neighbornet.

(ii) We have U = D¢ for some interior-preserving and open
family &.

(iii) We have U™ = D for some closure-preserving and closed

family F.

Proof. It is easily seen that a family £ of subsets of X is
interior-preserving and open iff the relation D/ is a neighbornet
(i.e., iff x € Int N (&), for each x € X); the equivalence of (i) and (ii)
follows directly from this fact by using (ii) of Lemma 1.1.
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As we have (D&)"' = D & for every family & of subsets
of X and as a family ¢ is interior-preserving iff the family ~¢#* is
closure-preserving, we see that conditions (ii) and (iii) are mutually
equivalent.

Theorem 3.14 has a number of interesting corollaries:

COROLLARY 3.15. If U 1is a transitive neighbornet of X, then
the family {UA|AC X} is interior-preserving and open and the
family {UA|Ac X} is closure-preserving and closed.

Proof. Let ¢ be an interior-preserving family of open subsets
of X. Then we see, using that x eInt N (<), for each xze€ X, that
both of the families {J &’ |~ c ~} and {N &’ | &’ < &} are interior-
preserving and open. By using the relationship existing between
interior-preserving families and closure-preserving families, we see
that the analogous result holds for closure-preserving and closed
families. Corollary 38.15 now follows from Theorem 3.14 and the
preceding observations, since for any relation R on X, we have that
RA = U {R{e}|ac A} for each AC X.

It follows from Corollary 3.15 that for every neighbornet V of
X, the family {V">A|A c X} is closure-preserving and closed.

COROLLARY 3.16. When & is an interior-preserving and open
cover of X, the family {St(x, &)|x € X} has a closure-preserving and
closed refinement.

Proof. As ¢ is a cover, we have D2 — S and it follows that
D~ = (Do) (S2)™t = S; thus we have N ("), C St(x, ) for
each xe€ X. As we have xe ("), for each x ¢ X, it follows that
the family 2 ={N(2).|lxe X} is a refinement of the family
{St(x, 2)|x € X}. As the family ~ is closure-preserving and closed,
the family .2 also has these properties.

When & is a family of sets, we denote by &°F the family that
consists of all finite unions of sets from <. When _#~ is another
family of sets, we say that _#" is an F-refinement of & if 4 is
a refinement of the family <7. Since every point-finite family of
sets is interior-preserving, the following result is an immediate con-
sequence of the preceding corollary.

COROLLARY 3.17. Ewery point-finite open cover of a topological
space has a closure-preserving closed F-refinement.
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This result is of great importance in the theory of metacompact
spaces. However, as we do not intend to study covering axioms in this
paper, we mention just one result that follows from Corollary 3.17.

COROLLARY 3.18. Ewery locally compact metacompact space has
a closure-preserving cover by compact closed subsets.

Proof. If X is locally compact and metacompact, then X has a
point-finite open cover such that every set of the cover is contained
in some compact subset of X; any closed F-refinement of the cover
consists of compact subsets of X.

We close this section with some remarks on the role of transi-
tive neighbornets in the theory of quasi-uniformities. It is easy to
show that the collection of all transitive neighbornets of a topological
space is a base for a compatible quasi-uniformity for the space; this
quasi-uniformity is called the fine tramsitive quasi-uniformity of
the space ([8]). If the fine transitive quasi-uniformity of a space
coincides with the fine quasi-uniformity of the space, then the space
is said to be transitive ([8]). It follows directly from the definitions
that a topological space is transitive iff each normal neighbornet of
the space contains a transitive neighbornet. The equivalence of (i)
and (i) of Theorem 3.14 is used as a tool for studying quasi-uni-
formities with a transitive base in [7] and [8]. In [14] there is an
example of a space that has a compatible quasi-uniformity with a
countable base but that does not have a compatible quasi-uniformity
with a countable transitive base; this space is nontransitive. A
space that has a compatible quasi-uniformity with a countable transi-
tive base is nonarchimedeanly quasi-metrizable ([7]).

4. Some applications. In this section we apply the concepts
defined in the previous sections to the theory of semi-stratifiable
spaces. The reason for choosing this theory as an example is that
in a semi-stratifiable space, many covering properties can be translated
into properties of neighbornets.

Before studying neighbornets of semi-stratifiable spaces, we
observe that several generalizations of metric spaces have been given
characterizations that can be expressed in a unified way by using
sequences of neighbornets.

(a) Generalizations of metric spaces.

Let us recall that a network at a point x€ X is a family (or a
sequence) & of subsets of X such that for each O€7,, we have
xeLcO for some Le < A family of subsets of X is a network
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for X if the family is a network at each point of X.

DEFINITION 4.1. A sequence (R,> of relations on X is basic
(strongly basic) if for each x € X, the sequence {(R,{x}> (the family
{R,O|neN and Oe€n,}) is a network at x. The sequence (R,) is
doudbly (infinitely) basic if the sequence (R:) (the sequence (RZ)) is
basic. If the sequence (R;') is (strongly, doubly, infinitely) basiec,
we say that the sequence (R,) is (strongly, doubly, infinitely) co-
basic.

LeMMA 4.2. A sequence {R,) of reflexive relations on X s basic
(strongly basic) iff we have F = Nyen B'F (F = Naen B2 F') for each
closed set F' X.

We will now give translations of various definitions and character-
izations of generalized metric spaces into the terminology defined
above; Lemma 4.2 is helpful in showing the validity of some of these
translations.

4.3. Denote by _#" the collection of all sequences of neighbornets
of X. Then X is

(i) stratifiable iff some . €. 4" is strongly co-basic [10].

(ii) a o-space iff some .&“e._4" is doubly co-basic (infinitely
co-basie) [11].

(iii) semi-stratifiable iff some & €_#" is co-basic [5, 13]

(iv) semi-developable iff some . €._4" is both basic and co-
basic [1].

(v) first countable iff some . €_#" is basic.

(vi) a 7-space iff some . €. 4" is doubly basic (strongly basic)
[12, 15]. /

(vil) nonarchimedeanly quasi-metrizable iff some “e.s is
infinitely basic [7]. ‘

REMARKS. 1° In (i) through (vii) above, we can choose the
sequences in question to be decreasing and to consist of open neigh-
bornets.

2° For all the generalized metric spaces mentioned above, we
have adopted the “separation-axiom free” versions of the definitions.

3° If a o-space is defined without assuming the sets of the
(o-locally finite) network to be closed, we need some extra assump-
tion (such as regularity) for (ii) to hold.

4° To prove (iv), use Lemma 3.2 together with the fact that
for any relation R, the relation R U R~ is symmetric.
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5° The term “stratifiable space” is due to C. Borges ([2]); in
[4], these spaces are called M, -spaces. Semi-stratifiable spaces are
called pseudostratifiable in [13].

(b) Neighbornets and covers of semi-stratifiable spaces.

We start this section by indicating how neighbornets of semi-
stratifiable spaces can be “approximated” by unsymmetric neigh-
bornets. Then we study certain partitions connected with neigh-
bornets and we use the properties of these partitions to obtain
characterizations for some important subclasses of the class of semi-
stratifiable spaces. In the end of the section we study the properties
of unsymmetric neighbornets of semi-stratifiable spaces satisfying
some covering axioms.

Our first result deals with developable spaces (X is developable
if X has open covers &,, n €N, such that (S, is a basic sequence
for X; the sequence (<7, is then called a development of X).

THEOREM 4.4. Let U be a meighbornet of a developable space
X. Then there exists an unsymmetric neighbornet V of X such
that VU

Proof. Let (27, be a development of X such that for each
n € N, the cover 7,,, is a refinement of the cover #,. Let H, = @
and for each ne N, let H, = {x ¢ X|St(x, &,) c Ulx}}; then we have
H," X (that is, H,c H,,, for each » and X = U,.yH,). For each
x € X, let k(x) be the least natural number % such that x e H,. Well-
order the family U.,.y &, and for each xze X, let O, be the least
member of the subfamily (Z.).. We define the neighbornet V of
X by setting Vi{z} = O, — Hy,_, for each z e X.

For all xe X and yec X, if x€ V{y} and ye V{x}, then k(x) =
k(y); thus we see easily that the neighbornet ¥V is unsymmetric.
To complete the proof, let xc X and let m = k(x). Since ze¢ H,,
there is a point ye H,NO,NU{x}. We have U{y}c Uz} and
V{iz} c O, c St(y, &,); since y <€ H,, it follows that we have V{x}C
U*x}. We have shown that V{x} c U*x} for each x € X; thus we
have VcC U

We now give an example to show that the result of Theorem
4.4 does not remain valid if we replace “developable” by “semi-
stratifiable” in the theorem; the example depends upon the following
simple result.

LEMMA 4.5. Let S be a dense subset of a semi-stratifiable space
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X and let V be a neighbornet of X. Then the set {x e X|x e SN V' {x}}
18 of the first category in X.

Proof. Denote the set in question by L. Let (U,> be a co-
basic sequence of open neighbornets of X. We may assume that
for each ne N, U,V (if this were not the case, we could use the
neighbornets U, NV in room of U,). For each nmeN, set K, =
{x e X|U;{z}c X — S}. It follows from Lemma 2.4 that these sets K,
are closed and as they are disjoint from the dense set S, they are
nowhere dense. It is easily seen that L < ,.y K,; hence L is of
the first category in X.

ExXAMPLE 4.6. Let X denote the set of all real numbers, @ the
set of all rational numbers and D the set of all irrational numbers.
For each zeD, let {g,(x)> be a sequence of rational numbers con-
verging to x (in the Euclidean topology), and let A(x) = {g.(x)|n € N}.
For all xeD and neN, let B,(») ={yeX||y — x| <1/n} and let
W.(x) = B,(x) — A(x). We equip X with the topology in which the
points of @ are isolated and for each xze D, (W, (x)) is a base for 7,.

To be able to prove that X provides the desired counterexample,
we have to choose the sequences {g,(x)>, £ € D, in a more specific
way but before doing so we show that, even in the general case,
X is a semi-stratifiable space. We do this by showing that X has
a o-closure-preserving base. For all rational numbers s and ¢ such
that s <¢, let (s,t) ={re X|s<x <t} and let <&, , = {(s, t) — A@)|x €
DN (s, t)}. Evidently these families <z, are closure-preserving.
For every xe€ D, the sets (s, t) — A(x), where s€@Q, tc@Q and x€
(s, t), form a base for n,. Thus if we let .7, , = {{s}} for each s @,
then the family =2 = U {<Z,,|s€Q,te@Q and s <t} is a o-closure-
preserving base for X. By observing that the sets of the family
&F are closed, as well as open, we see that X is a regular space.
It follows by results in [4 and 5] that X is semi-stratifiable.

Let S = {d.|ne N} be a countable and dense subset of D. To
choose the sequences {g,(x)>, €D, we start by choosing for each
ne N an element », from the set @ N B,(d,). Then we choose the
element g¢,(x) of @, for ne N and ze€ D, in the following way: if
x € B,(d,), then we take g,(x) to be »,; otherwise we take g,(x) to
be some element of the set @ N B,(x). Then, for each x €D, the
sequence {g,.(x)> has the required property, since |z — g.(x)| < 2/n
for every neN. From now on, we assume that the topology of X
has been defined by using these special sequences {g,(x)», x € D.

We define a neighbornet U of X by setting U{g} = {g} for each
0€Q, Ulx} = X — A(x) for each xeD — S and U{d,} = W,(d,) for
each ne N. It is easily seen that we have r, ¢ U*d,} for each n e N.
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To show that the conclusion of Theorem 4.4 is not valid for X and
U, assume on the contrary that there exists an unsymmetric neigh-
bornet V of X such that we have VC U: Denote by H the set
{xe D|lze SNV ™x}}. Note that the topology which D inherits from
X is the same as the Euclidean topology on D; hence the subspace
D of X is of the second category in itself. By using the result of
Lemma 4.5 on the subspace D and on its dense subset S, we see
that the set H ‘is uncountable. As the neighbornet V is unsym-
metrie, we have xe{yeS|V{y} = V{x}} for each x € H; as the set S
is countable, it follows that there exists ze€S such that the set
H' = {x € H|V{x} = V{z}} is uncountable. By using the second count-
ability of the subspace D, we see that there exist =, ©’ ¢ H — S
and n € N such that x == 2’ and 2’ € W,(x)C V{z}. As we have x = 2/,
we see that 2’ does not belong to the Euclidean closure of the set
A(x); it follows that there exists ke N such that B,(a') C W,(x).
Since '€ H, we have 2’ e{yeS|V{y} = V{z’'}} and since z' ¢S, we
see that there exists ¢ = 2k such that d; € B,,(z’') and V{d;,} = V{z'}.
Then we have that B;(d;,)C B,(«’) and hence that », € B,(z’). It follows
that we have r, ¢ W,(x) C V{z}. On the other hand, we have V{d;} =
V{z'} = V{z} and it follows that V{z} cU*d,}c X — {r;}. We have
reached a contradiction and thus we have shown that there is no
unsymmetric neighbornet contained in the neighbornet U:.

After this negative result we show that by making the conclu-
sion of Theorem 4.4 slightly weaker, we can generalize the result
from developable spaces to semi-stratifiable spaces.

THEOREM 4.7. Let U be a meighbornet of a semi-stratifiable
space X. Then there exists an unsymmetric neighbornet V of X
such that VcCU?.

Proof. Let (V,> be a decreasing co-basic sequence for X such
that for each ne N, V, is an open neighbornet contained in U. Let
H,= @ and for each n €N, let H, = {x € X|V,{x} c U{x}}; then we
have H,1 X. For each xe€ X, let k(x) be the least natural number
k such that xe H,. Well-order X and define a mapping ¢: X — X
by letting each gx be the least element of the subset V3., {x} of X.
We define the neighbornet V of X by setting V{x} = Viwmlor} — Hyms
for each x e X.

The neighbornet V is unsymmetric (compare with the proof of
Theorem 4.4). To complete the proof, let xe€ X and let m = k(x).
Since x€ H,, there is a point yeH, N V.{pr} N Ulr}. We have
pre V,'{y} and ye H, and it follows that oz € U{y}; we have thus
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px € U*x}. It follows that we have Vix}cC V {px} c U%x}. We have
shown that V{x} c Uz} for each x ¢ X; thus we have VU

We now turn to consider the relationships existing between
neighbornets and families of subsets of semi-stratifiable spaces. Our
first result deals with partitions (i.e., disjoint covers).

THEOREM 4.8. Let & be a partition of a semi-stratifiable space
X and let P be the equivalence relation determined by 2. Then
the following conditions are mutually equivalent:

(i) & has a o-discrete and closed refinement.

(ii) & has a o-closure-preserving and closed refinement.

(iii) There exists a transitive meighbormet V of X such that
VnvcP.

(iv) There exists o meighbornet U of X such that UNU™" s
an equivalence relation and UN U C P.

Proof. (i) = (ii) is trivially true.

(i) = (iii): Let F = U..~x %, be a closed refinement of & such
that for each n e N, the family &, is closure-preserving. For each
x € X, denote by k(x) the least number k£ such that x e J &,. Define
a relation V on X by setting Vi{z} = X — U {F € Umsite) Flx ¢ F}
for each xe X. Since each of the families .#,, m €N, is closure-
preserving and closed, we see that V is a neighbornet. To show
that V is transitive, let x and ¥ be points of X such that y e V{x}.
Then it follows from the definition of the set V{x} that we have
(F2)y, C(F,), for each n < k(x); in particular, we have (#,), = O
for each n < k(x) and thus we have k(y) = k(x). From the foregoing
it follows that V{y}c V{x}. We have shown that the neighbornet
V is transitive. To show that VNV *cC P, let « be a point of X.
Let F be a set of the nonempty family (“#..)).. From the foregoing
it follows that we have (Fiw). = (Fuw)y for each ye VN VHz};
we have thus VNV Y{a} C F. The set F is contained in some set
of the family & and, since z € F' and (&), = {P{z}}, it follows that
Fc P{z}. By the foregoing, we have that VN V{x}c Plx}. We
have shown that VN V'cP.

(iii) = (iv): Obvious.

(iv) = (i): Assume that X has a neighbornet U with the prop-
erties mentioned in (iv). Denote by R the equivalence relation
UnU?. Let (V,> be a co-basic sequence for X such that for each
neN, V, is an open neighbornet contained in U. For every ne€ N,
denote by H, the set {x e X|V;{x}c U{x}} and denote by .#, the
family {H, N R{x}|x € X}. By Lemma 3.9, each of the families .&#,
is closed and discrete. As we have R{x}c P{x} and Pf{x}e & for
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each xe X, we see that every set of the family & = U,.v .7, is
contained in some set belonging to the partition .7, Since the se-
quence <{V,> is co-basic, we have that U,.y H, = X and it follows
that the family & covers X. We have shown that the o-discrete
and closed family .# is a refinement of the partition ..

REMARKS. 1° From Corollary 3.8 it follows that every open
cover of a topological space is refined by a partition .&° satisfying
condition (iv) of the theorem above; hence it follows from the theo-
rem that every semi-stratifiable space is subparacompact (this result
is due to G. Creede [5] and to Ya. Kofner [15]).

2° By using Theorem 3.14 we can express condition (iii) above
in terms of interior-preserving and open (or closure-preserving and
closed) families. (Note that for any family & of subsets of X, we
have D& N D" Z{x} = {ye X|(&¥), = (£),} for each xz € X.)

3° It is easily seen that if a partition .&° satisfies condition (ii)
of Theorem 4.8, then |J & is an F,-set for each &' C 2.

We now use Theorem 4.8 to obtain characterizations for some
spaces contained in the class of semi-stratifiable spaces.

COROLLARY 4.9. The following conditions are mutually equiva-
lent for a space X:

(i) X 1s semi-stratifiable and X has an antisymmetric neigh-
bornet.

(ii) X s semi-stratifiable and X has o mneighbornet that is
both antisymmetric and transitive.

(iii) The family consisting of all singleton subsets of X is o-
discrete and closed.

Proof. If X satisfies condition (iii), then X is a o-space and
thus semi-stratifiable. The rest of the proof follows directly from
Theorem 4.8 since a relation T on X is antisymmetric iff TN T
is the identity relation on X.

If X has an antisymmetric neighbornet V, then for any neigh-
bornet U of X, UNV is an antisymmetric, and thus unsymmetric,
neighbornet contained in U. It is well known that there exist non-
developable spaces that satisfy condition (iii) of the above corollary;
thus we see that the property of developable spaces mentioned in
Theorem 4.4 does not characterize developability in the class of
semi-stratifiable spaces.

Next we use sequences of unsymmetric neighbornets to characterize
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developable spaces and o-spaces; the following result is useful in
proving these characterizations.

COROLLARY 4.10. Let V be an unsymmetric neighbornet of a
semi-stratifiable space X. Then there exists a o-discrete and closed
cover # of X such that for each Fe 7, we have Vix} = VF for
every x € F.

Proof. By Theorem 4.8, the partition determined by the equiva-
lence relation VN V™ = {(z, y) € X X X|V{x} = V{y}} has a o-discrete
and closed refinement.

THEOREM 4.11. Let X be a semi-stratifiable space. Then

(1) X s developable 1ff X has a basic sequence by unsymmetric
neighbornets.

(ii) X s a o-space +ff X has unsymmetric neighbornets V,,
n € N, such that the sequence {(V, N V;'> is basic.

Proof. (i): The necessity of the condition in (i) follows directly
from Corollary 3.8. To prove the sufficiency, assume that X has a
basic sequence (V,> such that V, is an unsymmetric neighbornet
for each neN. By using Corollary 4.10, we see that for every
n €N there exists a closed cover .7, = Uiey Fne 0f X such that
each of the families .&#, , is discrete and such that we have V,{x} =
VF whenever xc Fe #,. For all neN and ke N, denote by K,
the set U .#,, and by &,, the family {X — K, ,} U{V,F — (K, , —
F)|Fe.#,,}. The reader may verify that these families 7, , are
open covers of X and that the family {St(x, &, ,)|neN and ke N}
is a base for 7, for each x ¢ X.

(ii): Necessity. If X has a o-locally finite and closed network,
then, since every locally finite family is closure-preserving, it fol-
lows from Theorem 38.14 that X has a co-basic sequence (V,), where
each V, is a transitive, and thus unsymmetric, neighbornet of X.
As the sequence (V,) is co-basic, the sequence (V, N V,*) is basiec.

Sufficiency. Suppose that X has unsymmetric neighbornets V,,
n € N, such that the sequence (V, N V,*> is basic. By Corollary 4.10,
there exist o-discrete closed covers .#,, n€N, of X such that for
every n €N, we have V, {x} = V,F whenever x € F'¢ . %,. The family
U.ex &, is a o-discrete and closed network for X.

We note that the characterizations (i) and (ii) above can also be
proved by using results given in [12] and [11], respectively (the
characterizations for o-spaces given in [11] are stated for regular
spaces; however, it can be shown that the assumption of regularity
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can be dispensed with if we define o-spaces by using closed networks).

In the remainder of this section we study the relationships that
exist between the properties of open covers and the properties of
neighbornets in a semi-stratifiable space that satisfies certain covering
properties. The covering properties that we are going to consider
are metacompactness, orthocompactness and the Lindelof-property (a
space is orthocompact if every open cover of the space has an
interior-preserving open refinement).

THEOREM 4.12. Let U be an unsymmetric neighbornet of an
orthocompact (metacompact) semi-stratifiable space X. Then there
18 an interior-preserving (point-finite) open cover 7~ of X such that
Dy cU.

Proof. By Corollary 4.10, there is a closed cover &% = U,cn Fa
of X such that the families .&#,, n e N, are discrete and such that
we have U{x} = UF whenever xc Fe . For every neN, let
K,=U.7, and let O,(F)= UF — (K, — F) for each Fe.&,; then
the family &, = {X — K,} U{O,(F)|FeF,} is an open cover of X.
Note that if we have x€ Fe.&,, then O,(F) is the only set of the
cover 7, that contains x; thut we have in this case that St(x, &) =
O (F)CUF = Ufx}.

For every neN, let 7, be an interior-preserving (point-finite)
open refinement of <7,. Let H,= @ and for each neN, let H, =
Ui<. Ki.- For every neN, the family 77, ={V—-H,_,|Ve 7;} is
interior-preserving (point-finite); as H, 7 X, we see that the family
7" = Unen 77» has this same property. 7 is evidently open and as
we have 77C 7, 77 covers X. To show that D7 c U, let zeX.
Denote by %k the least of the numbers » such that xe€ K,. Then it
follows from x¢ H, , that N (7. N ( 70).. As 7; is a refinement
of &, we have N ( 7). < St(z, &7,). We have x € F for some FeF,
and it follows, as noted above, that St(x, &) Cc U{x}. As we have
D7 {x} = (), and N (7). N (7 1), it follows from the foregoing
that D7 {x} c U{x}. We have shown that D7 cCU.

The part of the above theorem outside the parenthesis can also
be stated in the following way: in an orthocompact semi-stratifiable
space, every unsymmetric neighbornet contains a transitive neigh-
bornet.

In this theorem, one cannot replace “interior-preserving” by
“locally finite” even if X were paracompact. To see this, take X
to be the closed unit interval in the Euclidean topology and let
U= D%/, where 7/ is the disjoint (and thus interior-preserving)
family {(1/(n + 1), 1/n)|n € N} of open subsets of X.
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The following is an immediate consequence of Theorems 3.7 and
4.12.

COROLLARY 4.13. Let U be a meighbornet of an orthocompact
(metacompact) semi-stratifiable space X. Then there is an interior-
preserving (point-finite) open cover 7° of X such that D7 c U3,

It follows from Theorem 4.4 that for a developable space X, we
can replace U? by U?® in the corollary.

The result of Corollary 4.13 can be used in the study of quasi-
uniformities of semi-stratifiable spaces. To see this, note that a
normal neighbornet O of X contains, for each ne N, V™ for some
neighbornet V of X; in particular, we have U®c O for some neigh-
bornet U. Thus it follows from Corollary 4.18 that every ortho-
compact semi-stratifiable space is a transitive space. To interpret
the parenthesized part of this corollary in terms of quasi-uniformities,
note that the collection {D7"|7" is a point-finite open cover of X}
forms a base for a quasi-uniformity on X. This quasi-uniformity
is called the point-finite covering quasi-uniformity of X ([8]), and
it follows from Corollary 4.13 that for a metacompact semi-stratifiable
space this quasi-uniformity coincides with the fine quasi-uniformity
of the space.

Next we show ‘that in a metacompact semi-stratifiable space
every interior-preserving family of open subsets is generated by
some point-finite family of open subsets of the space. We need the
following notation: when & is a family of sets, the symbol &% is
used to denote the family formed by all possible unions of sets

from &~

COROLLARY 4.14. Let 7 be an interior-preserving and open
family of subsets of a metacompact semi-stratifiable space X. Then
there is a point-finite and open cover 7~ of X such that Z C 7°5.

Proof. By using Theorem 4.12 (or Corollary 4.13) we see that
there exists a point-finite open cover ¢ of X such that D is con-
tained in the transitive neighbornet DZ/. Let 7" = {N (&).|x e X};
then 7" is a point-finite open cover of X. To show that % c 75,
let UeZ. For every ye U we have (), = Do{y} C Dz {y} =
N&),cU. It follows that U= U{N(2),|ye U}; thus we have
Ue7s.

By considering the proof above, we see that the conclusion of
Corollary 4.14 holds in precisely those spaces X in which the point-
finite eovering quasi-uniformity of X coincides with the fine transi-
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tive quasi-uniformity of X. It can be shown that all such spaces
are hereditarily metacompact. The Sorgenfrey line provides us with
an example of a hereditarily paracompact space for which the con-
clusion of Corollary 4.14 fails to hold.

In the last result of this section we give several characteriza-
tions of the Lindelof-property for semi-stratifiable spaces in terms
of neighbornets.

THEOREM 4.15. The following conditions are mutually equiva-
lent for a semi-stratifiable space X:

(1) X 1s a Lindelof-space.

(ii) If U is a meighbornet of X such that UN U™ is an equi-
valence relation, then the family S&7(U N U™) is countable.

(iii) If R is an unsymmetric relation on X such that either
R or R is a meighbornet of X, then the family 7R is countable.

@(iv) If V is a transitive neighbornet of X, then the family
7V 18 countable.

(v) If V is a transitive neighbornet of X, then the family
7 V7' 18 countable.

Proof. (i)= (ii): Assume that X is a Lindelof-space and let U
be a neighbornet of X such that UN U™ is an equivalence relation.
It follows from Theorem 4.8 that the family .97 (UNU™) has a o-
discrete and closed refinement. As X is a Lindelof-space, every o-
discrete family of subsets of X is countable. Since the disjoint
family &7(UN U™ has a countable refinement, the family itself is
countable.

(ii) = (iii): Assume that condition (ii) holds and let R be an
unsymmetric relation on X such that either R or R is a neigh-
bornet. We have RN R Yx} = {y e X|R{y} = R{x}} for each xeX
and it follows that the family %R is countable if the family
7 (R N R™) has this property. As RN R™*'is an equivalence relation
and as either R or R™' is a neighbornet, it follows from the assump-
tion we have made that .&7(R N R™) is a countably family.

(iii) = (iv): Obvious.

(iv) = (v): This follows directly by observing that for a transi-
tive and reflexive relation 7 on X and for points # and y of X, we
have T{x} = T{y} if T '} = T *{y}.

(v)=(i): Assume that (v) holds. To show that X is Lindelof,
it is enough, by a result in [5], to show that every discrete family
of closed subsets of X is countable. Let & be discrete family of
closed subsets of X. Denote by V the transitive neighbornet D~
of X. By assumption, the family .7V~ is countable. For each
rxeX, we have V'Yx} = D ("% ){a} = DF {x} =  #,; hence we
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have V Yz} = F whenever x € Fe. &#. It follows that & .7V
the family &% 1is thus countable.

For an unsymmetric neighbornet U of a semi-stratifiable Lindelof-
space, the family .2 U™ does not necessarily have to be countable.
To see this, let X be the closed interval [0, 2] in the Euclidean
topology and let <{g,> be an enumeration of the rational numbers in
the interval (1,2]. We define a neighbornet U of X by setting
U{x} = (1, 2] for each z>1, U{0} =X and U{l/n} = X for each
n e N, and, finally, U{x} = (1/(» + 1), 1/n) U (1, g,) for each n € NV and
each x € (1/(n + 1), 1/n). Then it is not difficult to show that U is
an unsymmetric neighbornet of X such that the family &7 U™ is
uncountable.

(¢) Stratifiable spaces.

In this last section we give some characterizations for stratifiable
spaces. For the proof of these characterizations we need the fol-
lowing result on strongly basic sequences.

LeEMMA 4.16. Let {(R,> be a decreasing and strongly basic se-
quence of relations on X and let k€ N. Then the sequence {RE) is
strongly baste.

Proof. We use induction on the number k. For k=1, the result
is true by assumption. Suppose that it has been proved for k = m.
To show that the result is true for k= m + 1, let xe€ X and let
Oe7n,. As the sequence (R,) is strongly basic, there exist Ue,
and n e N such that R, UcCO. By using the induction assumption,
we can fine Ve, and I = n such that RV cU. Then we have
7V = R(R"V)C R, UcO. It follows from the foregoing that the
sequence (Rr*'> is strongly basic.

As we have (R*)™ = (R™")* for any relation R and for any ke N,
we see that the result of the lemma above remains true if we re-
place “basic” by “co-basic” in the lemma.

We need some terminology to state the following theorem. A
family ¢~ of subsets of X is a quasi-base for X if for every x ¢ X,
the family {Ne_#"|x € N is a base for 7,. A topological space is
an M,-space [4] if the space has a o-closure-preserving quasi-base
and is regular (in this paper we do not assume that a regular space
is always a T,-space).

THEOREM 4.17. The following conditions are mutually equiva-
lent for a space X:
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(i) X s stratifiable.

(ii) X has a sequence { 7,y of point-finite open covers such
that the sequence {D 7,) is strongly co-basic.

(iii) X is a M,-space.

Proof. (i) = (il): Suppose that X is stratifiable and let (U,)
be a decreasing and strongly co-basic sequence of neighbornets of X.
Since every stratifiable space is paracompact (see [4]), Corollary 4.13
implies that there exists a sequence { 7,» of point-finite open covers
of X such that we have D 7, cU} for each neN. By using the
remark following Lemma 4.16, we see that the sequence {U}), and
hence also the sequence (D 7> (note that Rc S iff R*c S, for
any relations R and S), is strongly co-basic.

(ii) = (iii): Let ( 7;) be a sequence of point-finite open covers
of X such that the sequence (D 7,) is strongly co-basic. For each
neN,let V,=D%, and let .+, ={V,;'A|Ac X}. By Theorem 3.14,
each V, is a transitive neighbornet; it follows from Corollary 3.15
that the families .#; are closure-preserving and closed. To show
that the family .+~ = U.cv -+, is a quasi-base for X, let x € X and
Oe7n,. Since the sequence (V,> is strongly co-basic, there exists
neN and Ue7, such that V;'UcO. Since z¢cInt(V,;'U), we have
shown that _#" is a quasi-base for X. As .4 is a closed quasi-base,
X is regular, and thus X is an M,-space.

(ili) = (i): This is well known (see [4]).

In [4], J. Ceder raised the questions whether M,—= M, and
M, = M,. Theorem 4.17 answers the first question' but it leaves the
second one unanswered. For partial answers to the second question,
see [23], [3], and [19].

Next we characterize a subclass of stratifiable spaces by imposing
a restriction on the cardinalities of “generators” of a quasi-base:

THEOREM 4.18. A topological space X is Lindelof and stratifi-
able iff there ewist countable and closure-preserving families _Z,,
n €N, of closed subsets of X such that the family U,.n(_F35) is a
quasi-base for X.

Proof. Necessity. Assume that X is Lindelof and stratifiable.
By Theorem 4.17, there is a sequence { 7,) of point-finite open covers
of X such that the sequence (D 7,) is strongly co-basic. For each
neN, let V,=D7, and _Z, ={V,'{x}|xcX}. Then we have
Fa={Va'A|AcC X} for each ne N and it follows that the family

! While preparing this paper for publication, the author learned that G. Gruenhage
had also proved that M; implies M.
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U..v (_£3) is a quasi-base for X (compare with the proof of (ii) =
(iii) in Theorem 4.17). From Corollary 3.15 and Theorem 4.15, we
see that the families _Z, are closure-preserving, closed and countable.

Sufficiency. Suppose that there are families _Z, neN, of
subsets of X with the properties mentioned in the theorem. Then
the countable family U.,.y_% is a network for X and it follows
that X is a Lindelof space. For every n e N, it follows by the cor-
responding properties of the family _Z that the family _#73 is
closure-preserving and closed (compare with the proof of Corollary
3.15). The space X has thus a o-closure-preserving closed quasi-base.
It follows that X is an M,-space.

In our final theorem we characterize pseudometrizable spaces in
terms of strongly co-basic sequences. To prove the theorem, we
need A. H. Stone’s result that all pseudometrizable spaces are para-
compact (the result is proved in [24] only for metrizable spaces but
the same proof works for pseudometrizable spaces if we do not require
paracompact spaces to be T,). We also need the following modifica-
tion of A. H. Frink’s metrization theorem ([9], Theorem 3): X is
pseudometrizable if X has a sequence (U,> of neighbornets such
that the sequence (U, U,'-U,) is basic.

THEOREM 4.19. The following conditions are mutually equiva-
lent for a space X:

(1) X s pseudometrizable.

(ii) X has a sequence { 7,y of locally finite open covers such
that the sequence {D 7, is strongly co-basic.

(iiil) X has a strongly co-basic sequence formed by cushioned
neighbornets of X.

Proof. (i)=>(ii): Assume that X is pseudometrizable and let d
be a pseudometric on X such that d induces the topology of X,
For each neN, let 7, be a locally finite open refinement of the
cover of X consisting of all the open d-spheres of radius 1/n. Then
it follows from the properties of d that the sequence (S 7> is
doubly basic. For all xeX and ne N we have (D 7;)7(S Z;{x}) C
S? 7{x} and it follows that the sequence (D 7,) is strongly co-basiec.

(ii) = (iii): Assume that X has locally finite open covers V,,
n € N, such that the sequence (D 7,) is strongly co-basic. For each
n €N, denote by W, the neighbornet associated with the indexed
family {D 7,{x}|x € X}. Then we have W,;'O = (D 7;)*0 for each
n €N and for each open set O c X; it follows that the sequence (W,)
is strongly co-basic. The neighbornets W,, m €N, are cushioned
since it follows from the local finiteness of the families 7, that the
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families {D 7,{x}|x € X} are locally finite and thus closure-preserving.

(iii) = (i): Let (W,> be a strongly co-basic sequence for X such
that each W, is a cushioned neighbornet of X. It follows from
Lemma 2.8 that for each neN, the symmetric relation U, =
Nisn (W, N Wi is a neighbornet of X. The sequence {U,) is strongly
co-basic and as the relations U, are symmetric, it follows that this
sequence is strongly basic. By using Lemma 4.16, we see that the
sequence (U}) is strongly basic. For each ne N, we have U,' = U,
and hence U,-U,'oU,=U:. It follows that the sequence (U, U, U,
is basic. We have shown that X satisfies the condition of Frink’s
theorem; X is thus a pseudometrizable space.

By the last part of the proof above, it is evident that the result
of Theorem 4.19 remains true if we replace “strongly co-basic” by
“strongly basic” in condition (iii) of the theorem. Note that it fol-
lows further, by using Lemmas 3.2 and 3.3, that a space X is
pseudometrizable iff X has a sequence (&) of semi-open covers such
that the sequence (S¢%,) is strongly basic.

We close this paper with a few comments on the construction
of closure-preserving families. The result of Theorem 4.17 above,
as well as numerous other results (see e.g., [6] and [16]), show that
closure-preserving families or their “complements”, interior-preserving
families, can be constructed from families without these properties.
However, when these constructions are studied more closely, it be-
comes apparent that all of them involve families having certain
finiteness or order properties (point-finite families were used in the
proof of Theorem 4.17; Lemma 2.6 of [16] deals with certain gen-
eralizations of monotone families). Thus it appears that there does
not as yet exist any technique (apart from the trivial one mentioned
after Corollary 3.15) for constructing closure- or interior-preserving
families from families (or collections of families) which do not fulfill
explicit or implicit conditions assuring the existence of finite or
monotone subfamilies. Some such technique would be most welcome
to those who work on problems connected with covering axioms,
generalized metric spaces or quasi-uniformities, because it is only
for restricted classes of spaces that we can expect results analogous
to Corollary 4.14 to hold. As normal sequences of open covers can
be used to construct o-discrete refinements for the members of the
sequence (see [24] and [25]), it is not unfounded to conjecture that
normal sequences of neighbornets could be used in a similar way to
construct interior- and closure-preserving families; however, the ex-
ample given in [14] shows that the analogy cannot be pushed very
far. Anyway, we hope that neighbornets will aid in finding these
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constructions, in case they exist.
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