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MINIMAL (G, 7)-EXTENSIONS

H. B. KEYNES AND D. NEWTON

In this paper, we are concerned with lifting minimality
and topological transitivity through skew-extensions—the
fibres being a compact group and the action intertwines
with a group automorphism. It is shown that in the class
of cocycles respecting the automorphism, these properties
can be lifted when the automorphism is distal. This is
obtained by a dynamical decomposition of an automorphism
on a group, and subsequent analysis based on this decom-
position. The lifting fails for hyperbolic automorphisms on
a torus.

1. Introduction. Suppose (X, ) is a free abelian group exten-
sion of a minimal flow (Y, ). Then it was shown in [2] and, via
different techniques, in [8] that under mild assumptions, almost all
cocycle perturbations of (X, ) over (Y,7) are minimal. In this
paper we study the corresponding problem in the more general situa-
tion when (X, ) is a free (G, r)-extension of (Y, 7) (see §2 for
definitions). The major dynamical results (Theorem 3.13 and Co-
rollary 3.14) state that in cases which include finite or countably
infinite dimensional tori, almost all cocycles lift topological transi-
tivity, and, when (G, 7) is distal, they lift minimality.

In preparation for these results, detailed information on the
dynamical properties of group automorphisms of compact abelian
groups is necessary, and we carry out this analysis in §2. To this
end, we use a particular inverse limit decomposition of (G, ) which
identifies a distal tower and an ergodic extension. Certain aspects
of this decomposition were previously studied by Seethoff and Brown,
see [1]. Our results in §2, which might be of independent interest,
are the identification of the maximal equicontinuous factor in this
case, and the fact that on an n-torus, distality is equivalent to some
power being unipotent. Finally some indications of extensions to
more general actions are given.

In order to show the main results, a notion of admissibility is
required, and we discuss which (G, 7) are admissible in §3. The
remainder of § 3 is devoted to proving these results and noting some
examples to illustrate the theory. One of the examples (Example
3.19) shows that even in the case of a periodic automorphism, the
major result cannot be deduced from Ellis’ original result.

The proof of Theorem 3.13 is a modification of Ellis’ proof in
[2] and we acknowledge our indebtedness to that paper.
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146 H. B. KEYNES AND D. NEWTON

2. The dynamics of group automorphisms. The basic situa-
tion which we will examine in this paper will be a discrete flow
(X, ¥), with X compact Hausdorff, a compact Hausdorff abelian
group G acting freely on X and an automorphism = of G such that

y(gx) = t(gy(x) (xeX,gel).

Letting (Y, ») be the induced flow on X/G, and 7: X — Y the ca-
nonical map, we say that (X, +) is a free (G, 7)-extension of (Y, ).
Note that if = = id, we get the usual group extension. To simplify
notation we will sometimes write (X, ’l/l‘)(—(‘;—’l)’ (Y, n).

In addition to the dynamics of (Y, n) we will also be concerned
with the dynamics of (G, 7). Thus to say that (X, ) is an equi-
continuous-(G, 7)-extension means that (G, 7) is equicontinuous, and
S0 on.

The following lemma is routine, and its proof will thus be
omitted.

LemmA 2.1. Let (X, ) be a distal-(G, t)-extenston of (Y, 7n).
Then (X, ) 1s a distal extension in the usual sense. In particular,
if (Y, 7)) is distal, then (X, +) is distal, and, if (Y, n) is minimal,
then (X, ) ts pointwise almost periodic.

We now turn to an examination of the dynamies of (G, 7). We
denote the character group of G by I'(G) and normalized Haar meas-
ure on G by n. We recall that (G, 7) is ergodic relative to A if and
only if ¢eI'(G), a7 = a for some p > 0 implies @ = 1.

We define inductively a sequence of subgroups of G.

DeriNITION 2.2. Put G,= G, I'y={1}cI'(G). Having defined
I, and G, = ann[l’,, we put

I,,={laelG)|accr-atel, for some p > 0}
Guyp=annl',,, .

Each I, is a z-invariant subgroup of I',,, and G, is a t-invariant
subgroup of G,. We put G.= -G, and I'. = U7, [,. Then
G.=annTl,, G, is a t-invariant subgroup of G and I, is a 7-
invariant subgroup of I'(G). We will denote by 7 all the various
restrictions and induced automorphisms associated with = and these
z-invariant subgroups. We note that if (G,, ) is the restricted ac-
tion on G, then (G,), = G,,,.

It is clear from this definition and the characterisation of er-
godicity that (G, 7) is ergodic relative to Haar measure if and only
if G, = @, and hence, if and only if G, = G.
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The sequence of subgroups above was first introduced by T. L.
Seethoff, see [1]. He mainly considered the case G, = {¢} and ob-
tained some of the results of this section.

The dynamical portrait of this sequence is summed up by:

@ - (@G, o) = inv. lim (G/G,, 7) ,

(Gn/Grts, 7) (G/G,, ) for each n = 1.

where (G/G,.,, T)

ProPOSITION 2.3.

1. For each n =0, (G,/G,.., T) t8 equicontinuous.

2. (G., 7) ts ergodic relative to Haar measure on G..
3. (G/G,,7) is distal, 1L < n £ oo.

Proof.

1. Since (G,), = G,,,, it suffices to show that (G/G, 7) is equi-
continuous. We identify I, with I'(G/G,). Let F = {«a,, ---, @,} be
a finite subset of I, and let {F') denote the smallest z-invariant
subgroup of I, containing F. Put Gy = ann(F'). Then (G/G, 7) =
inv. limgn;, » (G/Gy, 7). It now suffices to show that each (G/Gy, 7)
is equicontinuous. Since «,, ---, @, €', there exist p, -+, p, >0
such that a,0oz?-a;'=1. Put p = [Ip,. Then aoz?.-a' =1 for all
ac(F>. Therefore (G/G,, 7) is periodic and hence is equicontinuous.

2. Since I'(G..) = I'(G)/I",, we have to show that if ael'(G)
satisfies aoz?-a e ', for some p>0 then ¢ € I'... But if aozr?-a™ec .,
then for some %, act?-a™*el’, and hence ac ', ,,CI. as required.

3. This follows from part 1 of this proposition, Lemma 2.1 and
the comment immediately preceding this proposition regarding the
structure of (G/@,, 7).

We note that a consequence of part 2 of Proposition 2.3 is that
(z* — I)G,, = G, for all » > 0; here (z? — I)g denotes z?(g)-g~'. It
is also useful to note that G,,., = Ny (z? — I)G,.

Regarding the induced automorphisms (G,/G,.,, 7) simple examples
show that in general 7 = I. However if ¢ = I on G/G,, then 7 =1
on G,/G,., for each » as the following argument shows. First we
note that z=1I1I on G,/G,., is equivalent to saying I, =
feaeI'G)|lacr-ael',}. We are assuming this is true for n = 0.
Suppose that it is true for » = k — 1 and consider I',,,. If Bel',,,
then there is a » >0 such that Boz?-8*' = v,el’,. Putv= B0z
Then Y-Yoz ++-Yoz" ' =17, and so Yz":¥ ' = Y,oz-V;'el,_,. Thus
vel', and so we have shown I, ={ael(G)|ac-t-a*el}}, as
required.

Our next two propositions deal with the cases G, = {¢} and

G, = {e}.
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PROPOSITION 2.4.

1. If (G, 7) is equicontinuous, then for each acI'(G) there is
an n =1, depending on a, such that aot" = a.

2. If H is a closed t-invariant subgroup of G such that (G/H, 7)
18 equicontinuous then G,C H. Hence (G, ) ts equicontinuous f
and only if G, = {e}.

3. If G has a finitely generated character group, that is, G is
1somorphic to the direct product of an m-torus and a finite group,
then (G, T) equicontinuous implies " = I for some n.

4. (G/G, 7) is the maximal equicontinuous factor of (G, ).

Proof.

1. Let K denote the circle group, aeI'(@G). Since 7 is equi-
continuous, O (a) = {@-7"|ne Z} is compact in (G, K) and hence
is compact in LG, \). Since a # aoz™ implies @ 1l a-z™ and hence
|l — @oz™|? = 2 in L% it follows from compactness that there is an
n >0 for which @ = a-7".

2. To show that G, H, we have to show that if a@cann H
then aeann G, = I',. Now a@cann H implies @ € I'(G/H) and hence,
by equicontinuity of (G/H, t), there is an n such that a-7" = a,
that is ael',. The last statement follows from this and part 1 of
Proposition 2.3.

3. Let a,, ---, @, be generators of I'(G). By equicontinuity of
7 there exist n, --+, n, such that ot =a;,, 1 <17 < k. Putting
n = IIn, we get aot" = a for all @€ I'(G) and hence 7" = I.

4. Let 7:(G,7)— (X, ¢) be a homomorphism with (X, ¢) equi-
continuous. We must show 7 factors through (G/G, 7). If we
regard C(X) as a subset of C(G) via the map f— fon then we must
show that feC(X) implies f is constant on cosets of G,. Since
(X, ¢) is equicontinuous, C(X) is generated by linear combinations
of eigenfunctions (this is well known for minimal (X, ¢) and is easily
extended to the nonminimal case). Thus we must show that if fe
C(X) satisfies for = kf, |k| =1, then f is constant on cosets of
G,. Since ) is a supported measure, it suffices to show that as an
LXG, \)-function f is in the closed linear span of I',. So write

f= 2 ka, 3 k) <.

ael'(@ ael'(G)

Since for = kf, |k| = 1, it follows that |k,|, as a function of «, is
constant on orbits under z. Thus %k, = 0 whenever « has an infinite
orbit, and so f is in the closed linear span of I', as required.

PROPOSITION 2.5. The following statements are equivalent:
1. (G, 7) ts distal.
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2. (G, 7) has zero topological entropy.
3. G, ={e}.
4. (G, 7) 18 pointwise almost periodic.

Proof.

1. implies 2. It is known that a minimal distal flow on a com-
pact Hausdorff space has zero topological entropy, and also that
MX, ¢) = sup, M(X,, ¢), if X = U.X,, where the X, are ¢-invariant
closed sets [4]. This yields the result since a distal flow is a dis-
joint union of minimal distal flows.

2. implies 3. It is known that an ergodic automorphism on a
nontrivial compact group has positive entropy. Since (G., 7) is
ergodic and has zero entropy if (G, ) has zero entropy, it follows
that G, = {e}.

3. implies 1. This is immediate from part 8 of Proposition 2.3.

1. implies 4. This is a well known property of distal flows.

4. implies 3. First suppose G is metric. If (G, 7) is pointwise
almost periodic (p.a.p.) then (G, 7) is p.a.p. Since (G., 7) is ergodic
relative to a supported measure ) and G, is metric then there is a
point with dense orbit, that is, (G.,7) is minimal. But {e} is a
closed invariant subset of (G., t) therefore G.. = {e}.

Now consider the general case of G not necessarily metrie.
Take any character on G. and form the smallest z-invariant sub-
group of I'(G.,) containing it. This subgroup is countable and hence
the factor group of G. having it as its dual group is metric. But
7z on this factor group is p.a.p. and ergodic and so by the metric
proof above the factor group is trivial. But this means every
character of G, annihilates G., in other words, G, = {e}.

COROLLARY 2.6. Let K be a closed t-invariant subgroup of G
such that (G/K, ) is distal. Then KD G.. Thus (G/G.,T) s the
maximal distal group factor.

Proof. Since (G/K, 7) is distal it follows that (G/K). = {¢}. Let
K=annly. Thus I'yx = I'(G/K). If aelk, then a¢e(I'(G/K)), for
some n. Clearly (I'(G/K)),cI',. Therefore ae ', implies acl,
for some %, and so I'rcU,I'. =I.. Thus K>DG..

In view of this corollary it is natural to conjecture that (G/G.., 7)
is the maximal distal factor of (G, z). We have however made no
progress towards settling this.

We now recall the definition of unipotence, and study its rela-
tionship to distality and equicontinuity. We note that the notion
of unipotence has proved to be important in the study of minimal
affine transformations on connected groups.
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DEFINITION 2.7. Let 7 be an automorphism of a compact abelian
group G. (G, 7) is called unipotent if M, (zt — I)G = {e}, and
strongly unipotent if there is an n such that N, (z — I)'G = {e}.

PROPOSITION 2.8. Let G be an n-torus.

1. If © is unipotent, then (i, (z — I)G = {e}, that 4s, T 1is
strongly unipotent.

2. If © 1s unipotent and equicontinwous, then t = I.

Proof.

1. Put G™ = (r — I)"G. Then G™ | {¢}. We will prove by in-
duction that G™ 1is a torus whose dimension does not exceed
max {n — m, 0}. This is clearly true for m = 0. Assume true for
m==Fk If t=mn, then G*® will be a 0-torus and automatically
G*Y will be a O-torus. If k< mn, then dimG® <n — k. Now
G*Y = (r — I)G™ is a subtorus of G* and so either G*™ = G¥),
in which case G*™ = G* for all m = 0 and G*"' will be a 0-torus,
or G* == @*, in which case dim G***' < dim G* — 1 and so dim G*"' <
max {n — m — 1, 0} as required. It now follows that G™ = {e}.

2. By 1, 7 is strongly unipotent, say (z — 1)"G = {¢}. By 8 of
Proposition 2.4, z* = I for some k > 0. Now let = be given by an
n X n matrix A. Then A satisfies (A — I)" =0 and 4* — I = 0.
The minimum polynomial of 4 is a factor of both (¢ — 1) and ¢*— 1,
that is, is ¢ — 1. Thus A = I and hence 7 = I.

COROLLARY 2.9. Let 7 be an automorphism of a compact con-
nected group G which ts both unipotent and equicontinuwous. Then
=1

Proof. Let I'(G) be the torsion free character group of G. Let
F ={a, ---, a,} be any finite subset of I'(G), and let (F') be the
smallest z-invariant subgroup of I'(G) containing F. Putting G, =
ann {F'>, we have (G, 7) = inv. limg, 7 (G/GF, 7). To complete the
proof we need only show = = I on each G/G,. By equicontinuity of
7, the a, € F have finite z-orbits and so {(F') is finitely generated.
Therefore G/G, is a finite-dimensional torus, and the result follows
from Proposition 2.8.

We note that this result does not hold if G is not connected.
For example, let G =24, z(x) =2x'. Then 7 is equicontinuous,
unipotent since (¢ — I)*G = {e} and clearly z == I.

COROLLARY 2.10. Let A=a-7 be an affine transformation of
a compact connected abelian group G. If T is equicontinuous and
v % I, then A 1s not minimal.
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Proof. It is a result of H. Hoare and W. Parry, [6], that a
minimal affine transformation of a compact connected group has
quasi-discrete spectrum, and hence, [5], = is unipotent if A is
minimal. The result now follows from Corollary 2.9.

Before proving our next result we need a lemma.

LeMMA 2.11. Let G be an n-torus and T an automorphism of
G. Let GG, D---DG, be the sequence of subgroups associated
with T by Definition 2.2. Then each G, is an m-torus for some
m < n, and there is a k such that G, = G, for all 1 = 0.

Proof. Noting that G,,., = (G),, we need to show that if G is
a torus, then G, is a torus. Since I'(G,) = I'/I",, and hence is finitely
generated, we must show that I'/I"; is torsion free. Let a = al’,¢
r|r,, «aer(@), and suppose @* = 1. Then a*c ", and so there is a
p >0 such that (@¥)oz?.(a*)™ =1, that is, (@ez?-a™)*=1. But
I'(G) is torsion free, therefore acz?-a™ =1 and a¢el',. Thus @ = 1.

Since G,,, is a subtorus of G,, we have either dim G,,, < dim G,
or G,., = G,. Since dim G is finite the latter must occur for some
k and then we get G, = G, for all 2 = 0.

We can now state the best result we have on the relation be-
tween distal and unipotent.

PROPOSITION 2.12. Let 7 be an automorphism of a compact
abelian group G such that t° is unipotent for some p > 0. Then T
18 distal. If, in addition, G is n-torus, then t distal implies that
7? 18 unipotent for some p > 0.

Proof. Recall G, = N (zF — )G < (z? — I)G. Inductively, G,C
(z? — I)"G. Thus G.C Ny (z? — I)"G = {e¢}, and so, by Proposition
2.5, 7 is distal.

Now let G be a torus. By the distality of = and Lemma 2.11,
there is a & such that G, 2 G, 2 -+ 2 G, = {¢}. Dually we have
y=I'ycl,c---cl',=TI(G). Consider I';: I', is finitely generated
with generators ", ---, aii), say, and there are integers p{®, - - -, p})
such that a;-"’or”§'”-(ag-“)“el“i_l. Letting p, = II;p{, then I',=
{alaot?i-ar e I',_,}. Next, putting p =[]t p, yields I',={a|a-z?-a* e
I },1<4<k. Thus I'y,=(z®»—I)'I',_, and hence G, = (z? — I)G,_,.
Thus N, (z? — I)’G = {e} and z? is strongly unipotent.

We note that Proposition 2.8 implies that a nontrivial equicon-
tinuous automorphism of a torus is not unipotent. There are also
distal, nonequicontinuous automorphisms of a torus which are not
unipotent, for example, the automorphism
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0 1 0
7z of the 3-torus given by the matrix A = (0 0 1) .
1 1 -1

Finally we point out a relationship between the sequence of
groups defined in this paper and a different sequence defined by P.
Walters [11]. Walters defined his sequence as follows: if 7 is an
automorphism of a compact abelian group G, put G, =G, G, =
N (¢ — I*Gh_y, G = N, Gw. Then it can be shown that G.=G..

We end this section with a few comments on generalizations.
If T is a locally compact separable metric abelian group which acts
on (G by automorphisms then one can define as before the notion of
(X, T) being a free (G, T)-extension of (Y, T). However, the situa-
tion relating to the action (G, T') reduces in some sense to T = Z¥,
k=1. To see this, if S = {te T|x* = id}, then T/S acts effectively
on G and so is isomorphic to a subgroup of the automorphism group
of G. Since this group is totally disconnected, Iwasawa [7], it fol-
lows that T/S is isomorphic to Z* X F, where F is a totally dis-
connected compact group. Now Definition 2.2 utilizes finiteness of
orbits of characters and since every character has finite orbit under
F this property depends on the Z*-part of the action.

Looking briefly at the Z* situation, k > 1, we let (G, Z*%) be an
action of Z* generated by pairwise commuting automorphisms
Ty +++, T We put Gy =G, I'y = {1}. Having defined I", and G, =
annI", we put [,,, ={aecl'(G)|a-tli-a*e I, for some p, > 0, each
1<¢<Fk, G,oy=annTl,,,, etec. Proposition 2.3 still holds and so
we get a splitting of the action into an ergodic extension of a distal
action and the distal action is an inverse limit of equicontinuous-z-
extensions. We shall make no use of these results and so omit the
details.

3. Minimality in (G, 7)-extensions., We will assume that X, Y,
G)
and G are metric spaces. By a z-cocycle for (X, ap)(——f)>(Y, 7) we

mean a continuous map ¢:Y X Z—G such that J(n"y, m) =
™(d(y, n)) - ¢(y, n + m). Setting ¢(y) = ¢(y, 1) we can define a new
flow on X by (%) = ¢(ma)y(x). It is direct to verify that (X, v,)
is still a (G, 7)-extension of (Y, ). We note that there is a one-to-
one correspondence between t-cocycles and C(Y, G) as follows: if
¢ € C(Y, G) then we put

:I;Io T Y) w1
By, n)=4e n =20

B

k2

0 oY) m< —1.
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Conversely, if ¢ is a z-cocycle we put ¢(y) = ¢(y, 1).

DErFINITION 3.1. We will say that (G, 7) satisfies (A) if for all
€ > 0 there is an N =1 such that for all = N and g,, *++, g,,€G
we have [[?2#7%(S.(g;,) = G. Hence S.(g) denotes the sphere of radius
¢ about ¢ relative to an invariant metric d on G.

We will say that G satisfies (B) if the following extension prop-
erty holds: let fe C(Y, G), ¢ > 0. Then there exists 6 > 0 such that
if F' is a finite subset of Y and w: F — G satisfies d(f(y), u(y)) < é
for y € F then there exists v € C(Y, G) with v|,=u|r and d(f(y), v(¥))<e
for all ye Y.

Finally we say that (G, ) is admissible if (G, ) satisfies (A)
and G satisfies (B). Note that if (G, ) is admissible, then (G, z7%)
is admissible.

Our main results are for admissible (G, z) and our first task is
to show that this includes a reasonable class of groups and auto-
morphisms. We first deal with condition (A). We will show that
this holds for an arbitrary automorphism on a compact connected
metric abelian (c.c.m.a.) group G. We do it by a series of lemmas.

LEMMA 3.2. (G, 7) satisfies (A) of and only if for all € >0 there
18 an N =1 such that for all n=N we have A; = [[7=7%(S.(e)) = G.

Proof. Clearly (A) implies the above condition on taking g, =

gi=r'r =gpr =6
Suppose the above condition is satisfied. Let g, ---, g,, be any
n elements of G. Then

ﬁlri(Sg(gi)) = ﬁlti(giSs(e)) by invariance of metric

n—

Il

[ 24g) IT 7/(Si(e)

] o

2H(g)G = G .

=0

Thus (G, 7) satisfies (A).

Il

LEMMA 3.3. Suppose H is a closed t-invariant subgroup of G
and suppose (H, 7) and (G/H, 7) satisfy (A). Then (G, 7) satisfies (A).

Proof. Let p:(G,7)— (G/H,t) be the natural map. We first
show that for each & > 0 there is a 4, > 0 such that for all geG

S;,(p(9)) < (S:(9))-

Let 8, be a Lebesgue number for the open cover {p(S,,(9)): g € G}.
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If geG then there is a ¢’eG such that S;(p(9)) < 2(S;.(9")). In
other words, for some » € H we have hgeS,,(¢9'). Thus ¢’ €8S;,(hg)
and hence S;,(9) CS;(hg) = hSi(g9). Therefore p(S;.(g") < n(Si(9)).
Thus we have the required S, (p(g)) C p(S;(9))-

Let ¢ > 0. Then there is a 6 > 0 such that for all ge G we
have S;(¢)S;(g) = S.(9). Choose J, as above corresponding to 6. Apply
(A) for (G/H, ) using 4, as ¢, and apply (A) for (H, z) using 6 as ¢
to obtain corresponding N, and N,. Put N = max {N,, N}.

If n=Nand g, -, 9., €G, then

p(TT ='5,(90) = T @S9 > TT S, (0(0) = GIH
and
oS =H.
Thus
G = (1T =isu@)(TT =890 = TT Sy < T =800 -
Hence (G, 7) satisfies (A).

LEMMA 38.4. Let {H,} be a decreasing sequence of closed -
invariant subgroups of G with N, H, = {e}. Suppose that for each
n, (G/H,, T) satisfies (A). Then (G, ) satisfies (A).

Proof. Let ¢ > 0. Choose 6 > 0 so that for all ge G we have
S;(e)S,(g)=S.(g). Since H, | {e}, there is an N such that diam (H,) < 0.
Let 7y: G — G/H, be the canonical map. Then, as in the proof of
Lemma 8.3, there is a 6, > 0 such that for all ge G we have
S;,(my(9)) C7x(Si(9)). Now we use the fact that (G/Hj, r) satisfies
(A) and choose N, corresponding to d,.

Then for » = N, and say ¢, *+-, 9., €G we have

711 2Su0)) > TT 7'8,(7a(0.) = GIH
and so
G = Hy(T =Su9)) < Sue)(T 'S0 < Tl =590 -
Hence (G, 7) satisfies (A).

So far we have not shown that any (G, 7) actually satisfies (A).
Our next proposition remedies this.
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PROPOSITION 3.5. Let G be a c.c.m.a. group and T equicontinuous.
Then (G, T) satisfies (A).

Proof. Let ¢ > 0. Since 7 is equicontinuous there is a 6 > 0
such that 7(S.(e)) D S;(z%e) = S;(e) for all ¢. Thus

A = 1=1 7(S.(€)) D 11 S,(e) .

Since G is connected there is an N such that [J¥,S;(e) = G. Thus
A: =G for » = N and by Lemma 3.2 we have that (G, 7) satisfies
(A).

LEMMA 3.6. Let G be a c.c.m.a. group and T an automorphism
of G. Let GGG, D+--DG,D--- be the subgroups of Definition
2.1. Then each G, is connected.

Proof. Since G,,, = (G,), it suffices to show that G, is connected
and use induction. For this we have to show that I" torsion free
implies I'/I", is torsion free and a proof of this is contained in the
proof of Lemma 2.11.

PrOPOSITION 3.7. Let G be a c.c.om.a. group and t o distal auto-
morphism of G. Then (G, T) satisfies (A).

Proof. Let G,OG,D -+ DG, be the sequence of subgroups as-
sociated with (G, t) by Definition 2.2. Sinee (G, ) is distal it fol-
lows by Proposition 2.5 that G, = {¢}. Thus, by Lemma 3.4, we
need only show that each (G/G,, 7) satisfies (A). First (G/G, 7)
satisfies (A) since G/G, is connected and 7 is equicontinuous. Now
assume (G/G,, ) satisfies (A) and consider (G/G,,,, 7). Then G,/G,.,
is a r-invariant subgroup of G/G,., and (G,/G,.,, T) is equicontinuous,
by Proposition 2.3. Now G,/G,., is connected by Lemma 3.6 and so
(G./G,.1y T) satisfies (A) by Proposition 3.5. Since (G/G,..|G./G,., T)
is isomorphic to (G/G,, ), we can use Lemma 3.3 to assert that
(G/G, 4., T) satisfies (A).

It now follows by induction that (G/G,, 7) satisfies (A) for each n.

PROPOSITION 3.8. Let (G, 7) be ergodic. Then (G, T) satisfies (A).

Proof. Let A: = [I2=t7%(S.(e)). Since A;C A:,,, each A: is open
and G is compact we need only show U7., 4, = G for each ¢ >0
and then we can apply Lemma 3.2 to get the result.

Since G is metric and 7 is ergodic we can find x,€ S.(¢) such
that {z®x,|7 = 0} is dense in G. Let y€G and denote the invariant
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metric by d. Then there is an n such that d(c"z,, ¥) = d(y(z"x,)™, e)<e.
Therefore y = (y(z™x,) V)" 2, € S(e)t"S.(e)C AL, Therefore UUs_, A5 =G
and the result is proved.

We remark that in Proposition 3.8 we make no connected re-
quirement on G.

THEOREM 3.9. Let 7 be an automorphism of a c.c.m.a. group.
Then (G, 7) satisfies (A).

Proof. Let G.OG,D--- DG, be the sequence of subgroups as-
sociated with (G, 7). Consider the closed z-invariant subgroup G..
By Proposition 2.3, (G., 7) is ergodic and hence by Proposition 3.8
satisfies (A). Since (G/G., 7) is distal and G/G. is connected, then,
by Proposition 3.7, (G/G.., 7) satisfies (A). An application of Lemma
3.3 yields the result.

We now turn to consideration of condition (B) in the definition
of admissibility. In [2] Proposition 2 it was shown by R. Ellis that
if G is a connected Lie group whose left and right uniform strue-
tures coincide, then G satisfies (B). Moreover if G is compact his
proof gives 6 depending on ¢ and the metric and not on f. For our
situation of a compact abelian G this gives:

THEOREM 3.10 (R. Ellis). If G s a finite dimensional torus
then G satisfies (B). Moreover in condition (B) 6 can be chosen
independently of feC(Y, G).

We now note a slight extension to a torus of countably infinite
dimension.

PROPOSITION 3.11. If G is a torus of countably infinite dimen-
ston then G satisfies (B).

Proof. We shall sketch the details.

If G =_H;?°=1 K, and d is the usual metric on K with diam K =1,
we define d on G by

Az, 9) = 3, 24w, 1)

where = (%), ¥ = (¥:)71. Let € > 0. Using Theorem 38.10, choose
0 for K and ¢/2 and choose N so that
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Put d, = 1/27 - 6.

Let feC(Y, G), F a finite subset of Y and let w: FF— G satisfy
d(f(x), w(x)) < 6, for e Y. Now a continuous function h: Y — G is
determined by coordinate functions h,: Y — K, so in order to de-
termine an extension v of w we will determine v, for ¢t = 1,2, ---.
A direct application of Theorem 3.10 to the first N coordinates and
arbitrary extension in the remainder achieves this and shows that
0, satisfies (B).

Combining Theorems 3.9, 8.10 and Proposition 3.11, we have

THEOREM 3.12. Let G be an mn-torus, 1< n < o, and 7 an
arbitrary automorphism of G. Then (G, ) is admissible.

We now give our main result.

THEOREM 3.13. Let w: (X, ¥)—(Y,n) be a (G, 7v)-extension, Y
infinite with no isolated points and (G, v) admissible. If (Y, 7n) is
point tramsitive, them for almost all ¢ C(Y, G), (X, 4,) ts point
transitive.

Proof. The proof follows the proof of Theorem 1 of [2].

Let y, be a point with dense orbit in Y, and let x,e X satisfy
w(x,) = ¥,. We will show that the set of ¢ for which x, has a dense
orbit under 4, is a dense G, in C(Y, G).

Let U be open in X. Since (G, z7%) is admissible, we may con-
sider only % = 0 and thus set

EU) = {peCY, G)|y3x,) e U for some n = 0} .

If pe E(U) with %(x,) e U, then for ¢, sufficiently close to ¢ we
have I oig, (" 'y,) is close to T[]z Ti¢(n™*"*y,), and hence ¥4(x,) €
U. Thus E(U) is open.

We now show E(U) is dense. Let feC(Y, @) and ¢>0. Choose
0 by the admissibility property (B) of (G, 7) and let {V |1 =1, «--, n}
be a covering of G by d/2-spheres. Choose N for 6/2 from property
(A) of (G, 7).

Now if » > N and 7"(y,) e w(U), then there is a g€ G for which
g+ (" (@) e U. Next pick V;; with f(*7y)e V;; (4 =0, -+-, r —1).
Then by (A), we can find g;€ V;; such that g = [[}=ic%(g;). We
define a function : {§i(y,) (0= j <7 — L} —G by d0" () = gs,
and then extend ¢ to ¢ € C(Y, G) satisfying d(f, ¢) < &. Now i(w,) =
(I152 276" (9o))) ¥ (%) = g+ ¥ (%) € U. Thus ¢ € E(U) and so E(U)
is dense. Since X is a compact metric space, it has a countable
base {U,} for the open sets. Putting E = ), E(U,) we get the set
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of ¢ for which 2, has a dense orbit and this is a dense G, in C(Y, G).
The theorem is proved. :
The simple example of X = Y X G, Y the orbit closure of an

isolated point, G the cirele, ¢ the identity, shows that the condition

on isolated points is necessary. This is also true for Ellis’ original
result.

COROLLARY 3.14. Let w: (X, 4) — (Y, ) be a (G, 7)-extension, Y
infinite with no tsolated points and (G, t) admissible and distal.
If (Y,7n) is minimal, then for almost all ¢cC(Y, ), (X, ) 18
minimal.

Proof. Since (Y, ) is minimal and 7 is a distal extension, it
follows by Lemma 2.1 that (X, 4r,) is pointwise almost periodic for
any ¢e€C(Y, G). The result now follows from Theorem 3.13.

Recalling that (Y, ) is topologically weak-mixing if (Y X Y, 7px7)
is point-transitive, the following result is shown by techniques similar
to those in [9], Theorem 1.

COROLLARY 3.15. Let w: (X, ¥) — (Y, n) be a (G, 7)-extension, Y
nfinite with no tsolated points and (G, t) admissible. If (Y, 7)) is
topologically weak-mixing, then for almost all ¢ C(Y, G), (X, )
18 topologically weak-mixing. If, in addition, (Y, ) is minimal
and (G, 7) s distal, then for almost all 6eC(Y, ), (X, ) 1s
topologically weak-mixing and minimal.

Recall that two point-transitive flows (Z, o) and (W, 6) are weakly
disjoint if (Z X W, p X 6) is point-transitive, and two minimal flows
(Z,, py), (W), 8,) are disjoint if (Z, x W,, p, X 6,) is minimal.

COROLLARY 3.16. Let (Z, p) be a point-transitive flow and
(X, ) — (Y, ) a (G, )-extension, Y infinite with mo isolated
points and (G, ) admissible. If (Z, p) is weakly disjoint from
(Y, ), then for almost all $ € C(Y, @), (Z, p) is weakly disjoint from
(X, ). If, in addition, (Z, p), (Y, ) are minimal, (G, 7) is distal,
and (Z, p) is disjoint from (Y, %), then for almost all ¢<cC(Y, G),
(Z, p) is disjoint from (X, 4rs).

Proof. In either case we have that (X X Z, 4 X p0) is a (G X 1,
7 X 1)-extension of (Y x Z, 7 x p). If (v, 2,) has a dense orbit, then
by considering points (z,, z,) with #(x,) = ¥,, the proofs of 3.13 and
3.14 show that for almost all e C(Y, G), ¢ x 1: Y X Z— G X 1 yields
the desired conclusion.

Note that if (Z, p) is weakly disjoint from (W, 6), their maximal
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equicontinuous factors (Z/S, o), (W/S, o) are minimal, and hence are
disjoint, since they have no common nontrivial eigenvalue. Now
suppose (X, 4) is a (G, 7)-extension of (Y, %), (G, z) admissible and
(Z, p), (Y, ) minimal. Suppose further that (Z/S, p) is disjoint from
(Y/S, ). By Corollary 6, [10], (Z, p) is weakly disjoint from (Y, %),
and so by Corollary 3.16, (Z, p) is weakly disjoint from (X, +) for
almost all ¢. Thus, (Z/S, p) is disjoint from (X/S, 4,) for almost all
¢, independent of the action of = on G.

We now look at some examples in connection with the results
of this section. /

ExampLE 3.17. Let (Y, ) = (K, R,), where R,(x)=ax is an
irrational rotation of the circle K. Let G = K and z(g) = ¢g~*. Put
X =Y X G= K? and define =z, x,) = (ax, z;'). Then (X, ) is a
(G, 7)-extension of (Y, ). If ¢ € C(K, K), then 4(x,, x,) =(ax,, ¢(x,)x;").
Corollary 3.14 applies here to say that for almost all ¢ e C(K, K),
(K3 4,) is minimal. Suppose we choose a ¢ for which +, is minimal.
Then by connectedness of K* it follows that (4,;)* is also minimal.
But vz, 2,) = (a®x,, é(ax,)é(x,)'x,). In other words, it is a minimal
group extension of (K, R,). Now this means the equation
[¢(ax,)/p(x,)]* = h(a’x,)/h(x,) has no continuous solution ~: K — K unless
n = 0. In particular it has no solution for n = 1. Therefore the
function ¢(ax,)/s(x,), which is a continuous coboundary for R, is not
a continuous coboundary for R,. Since this is true for ‘most’ ¢
C(K, K) we get that ‘most’ continuous coboundaries for R, are not
continuous coboundaries for R,..

ExampPLE 8.18. The following example illustrates some qualita-
tive differences between distal and equicontinuous automorphisms,
and shows the strange situation that the equicontinuous automor-
phisms can have ‘worse’ dynamical behavior.

Let (Y, ) = (K, R,), G = K* and let 7 be given by the matrix

[(1) 1]; 7 is distal. Put X = K*® and let 4 be the affine transformation

P( @y, T3y X,) = (Q;, T(X,, 3)) = (A, Lysy Tg) ©

By Corollary 3.14, for almost all ¢ € C(K, K?), ¢ = (4, ¢,), the trans-
formation

"»W(xu Loy ws) = (axu ¢1(x1)x2x3; ¢2(x1)x3)

is minimal. In fact, if @, 8,7 are rationally independent, one can
use the constant cocycle ¢,(x,) = B, ¢(x) = 7.

Now (K? 7) is a 2-step group extension of the identity (K? 7)—
(K, id) — (e, id), and we can similarly decompose X into a pair of
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group extensions X — K X K— K. Applying Ellis’ result on group
extensions twice we get that for almost all ¢,e C(K, K) there is a
residual subset R,, of C(K? K) such that for all ¢fe R,, the trans-
formation

1ﬁ‘¢§4¢2(x,, Lay ) — (1, GI(%1, X3) sy B5(2,)s)

is minimal.

We now consider Y, 7, G, and X as above and take = to be given
by the matrix [(1) (ﬂ, T is equicontinuous. Let + be the affine trans-
formation

(@1, Xy T5) = (Qy, Ky Ky2,) .

Since 7 is eguicontinuous and not equal to the identity, + is not
minimal, by Corollary 2.10. If we perturb + by constant cocycles
it will still be affine, and hence not minimal. Therefore +» cannot
be perturbed into minimality by constant cocycles. However for
almost all ¢ = (¢, 6,) € C(K, K*) we have minimality of

"‘lf‘sﬁ(xn Loy xa) = (axv ¢1(xl)klw2’ ¢2(w1)k2x1) .

ExAmMPLE 3.19. We now give the example, alluded to in the
introduction, to show that our theory does not follow from Ellis’
original result.

If (G, 7) is equicontinuous with 7" = id, then z: (X, ¥+™) — (Y, ™)
is a group extension. If G is an n-torus, then Ellis’ result gives
that for almost all ¢ € C(Y, G), (v"), is minimal. However, even in
this case, we cannot obtain Corollary 3.14, since there may not
exist ¢,€ C(Y, G) with (y"); = (4,)". For example in the situation
of Example 3.17

("#2)95 = ((szl, ¢(x1)x2)
("hsl)z = (ale, ¢1(ax1)¢1<x)_1x2) .

In other words we would have to perturb +* with continuous
coboundaries of R, and Ellis’ result does not allow us to do this,
since most cocycles are not continuous coboundaries for R,.

ExamMpPLE 3.20. Our theorem also enables us to extend certain
examples of Furstenburg. To see this, let (Y, ) = (K, R,), G = K™
and let = be given by an (r — 1) X (» — 1) lower triangular unimodular
matrix of integer entries with 1’s down the diagonal and 0’s down
the lower subdiagonal. Put X = K7 and define + by

"P(xu Tty xr) = (axu T(xzi ety x,)) .
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Then for almost all ¢ = (g, ---, ¢,) € C(K, K**), we have 4, is mini-
mal and + is of the form

J n-7:_
"Fxt(wu M) x,) = (axu %y ¢i(x1)x;2 et xi122y Lj = ') .

In other words, +, is in' the class of transformations of K" con-
sidered by H. Furstenburg,[3] Theorem 2.1, where, using Furstenburg’s
notation, g;(x, «-, &;) = ¢ ()25 - -+ 27" 5 = 2. However our g;
has degree 0 in x; and so Furstenburg’s minimality condition (Remark
on p. 582 of [3]) of nonvanishing degree does not apply.

ExamprLE 3.21. We are indebted to W. Parry and P. Walters
for the following example, which shows that in the absence of the
distal condition on (G, ) there may be no minimal lifts (see Corollary
3.14). Let (Y, %) = (K, R,), G = K" and let 7 be a hyperbolic (hence
ergodic) automorphism of K. Put X =Y x K" and

¥(z, g) = (ax, 7(g)) .
Then for ¢ € C(K, K*) we have
vs(, 9) = (az, $(2)z(9)) .

We will show that if ¢ is null homotopic then ++ is (topologically)
conjugate to 4. Let S(z, g) = (2, p(®) - g) and consider the equation
¥sS = Syr. This holds if p satisfies

p(ax) = ¢(x)r(p(x)) .
Consider the equation in R"

() po(azx) = ¢(x) + T(py())
where p,, ¢, are maps K to R", ¢, is a ‘lift’ of ¢, that is

K-,

b
N
Kn

is commutative, and 7 is the linear map on R" which induces 7 on
K". Since 7 is hyperbolic R* = E@® C where C is the sum of the
eigenspaces of ¢ corresponding to eigenvalues A of = with |\ <1,
similarly E corresponds to eigenvalues with |\| > 1. Let z° *
denote the maps induced by z on E and C. Then, with similar
notation, (*) may be written

pi(ax) = gi(x) + T(pi(x))
pi(ax) = ¢i(x) + T(pi(x)) .
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Let a° = sup,.x ||9i(k)|l, @° = subexllgi(k)|l. Then ||(z°)"gi(a x)|| =
llzel|mas, ||(z°) "ge(a™x) || < ||(z9)7||"a® and since 7° and (z°)™* are both
contracting it follows that the series 7., (z)"(¢i(a™x)) and
S () ™¢("x)) both converge uniformly and hence define con-
tinuous functions f°: K— C, f°: K— K. Formal manipulation shows
that — f° will serve as p° and f° will serve as p°. We now translate
to K by the exponential map to obtain a solution p = expp, of
p(ax) = ¢(x)r(p(x)). Thus whenever ¢ is nullhomotopic the perturba-
tion 4, is not minimal.

Now suppose we have two perturbations ¢, and +, with ¢,
homotopic to ¢, Then a similar argument to the above, using the
fact that ¢,¢;* is null homotopic, shows that +, is conjugate to .
Hence we need only consider perturbations by some representative
of each homotopy class. Thus we consider maps ¢: K— K" of the
form ¢(x) = (x™, x™2, +«-, ™), My, -++, m,€ Z. Then

n n
’Sl'\sﬂ(x’ Lyy ** xn) = <ax, x™ H X251, ey, xme H xg,,,-)
i=1 =1
where 7 is given by the matrix (a;;). In other words 4 in an

affine transformation of K" with automorphism part 7’ given by
(b;;), where

1 1=45=1
po M J=L25i=n+1
Y @ 254,55+ 1

0 1=1,2Z575n+1

Since the automorphism 7’ is not unipotent it follows that +, is not
minimal. Thus there are no minimal perturbations of .

We do not know of any examples of minimal perturbations of
4 of this form if we drop the hyperbolic condition on 7, but retain
that ¢ be ergodic or even have positive entropy.

We again close the section with some remarks on Z*-action.
For simplicity, we suppose k& = 2. Thus we have commuting homeo-
morphisms 4, 4, on X, projecting to 7, 7, on Y, and automorphisms
Ty, T, on G with 4, (gx) = T (g)v(x), © = 1, 2. If ¢ is a {r,, 7,}-cocycle,
then we must have ¢(y, (m, n)) = ¢(y, (m, 0) + (0, n)) = 4(y, (0, n) +
(m, 0)) for all yeY, (m, n)e Z*. This relationship, together with
the cocycle condition, enables us to identify the set of cocyeles with
a closed subset of C(Y, G) X C(Y, G), and hence we have a complete
metric topology on the set of all {r, z,}-coeycles.

We may replace condition (A) of admissibility, Definition 3.1, by:
for all e > 0 there exist M, N = 1 such that for all (m, n) = (M, N)
and ¢y, -, 0pin-: €G We have '
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[:ﬁ:fi&(gi)][tl'[:) 7iS.(g. 4—:’)] —q.

Thus if either (G, 7,) or (G, 7, satisfy (A), then (G, {7, 7,})
satisfies the above.

In attempting to generalize Theorem 3.13 a major problem is to
identify the set of cocycles and “fit” a cocycle to a finite set of data.
In general we have been unable to do this. One case we can deal
with is when (Y, Z?) is a free product of two flows (Y, 7,), (Y3, 7,);
in this case the set of cocycles coincides with C(Y, G) x C(Y,, G).
Thus the following extension of 3.13 and 3.14 holds.

THEOREM 38.22. Let =:(X, Z*) — (Y, Z*®) be a (G, Z*-extension
with (Y, Z*%) a free product of (Y, n,) and (Y, 1,), Y, and Y, infinite
with no isolated points. Suppose (G, Z*) is admissible and (Y, 0,),
(Y., 0,) point-transitive. Then for almost all product cocycles {9, ¢,}
we have (X, Z}; 4,) 18 point-transitive. If, in addition, (Y, 7,) and
(Y., 1) are minimal and (G, Z*) is distal, then for almost all prod-
uct cocycles, (X, Z3,4,) 18 minimal.
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