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LOCALLY UNIVALENT FUNCTIONS AND
COEFFICIENT DISTORTIONS

H. SlLVERMAN, E. M. SlLVIA,
AND D. N. TELAGE

We look at functions f(z) = z + Σ«=2 anz
n satisfying:

Σn=2 n \an\ > 1 and determine conditions for which the argu-
ments of the coefficients may vary without affecting the
univalence of the function. A bound on the radius of star-
likeness for the convolution of functions taken from the
closed convex hull of convex functions and a special subclass
of starlike functions is also obtained.

1* Introduction. Let LS denote the class of functions of the
form z 4- ΣϊU α«sw that are analytic and locally univalent in the
unit disk U, and let S denote the subclass of univalent functions.
It is well known that a sufficient condition for z + Σ?=2 αΛs* to be
in S is that

(1) Σ > | α J ^ l .

For functions of the form

(2) s-ΣJαJs

the condition (1) is also necessary. This follows because functions
that fail to satisfy (1) are not even in LS. The necessary and
sufficient condition (1) for functions of the form (2) to be in S makes
extremal problems much more manageable. Very little is known
for functions in S of the form

( 3) fx(z) — 3 — eiλ Σ \aj zn ,

where the coefficients are not necessarily real but have constant
argument. In [6] it is asked if a function g(X, n) can be found for
which the inequality \an\ ̂  g(X, n) is sharp. Note that #(0, n) = 1/n
and g(π, n) = n, with extremal functions z — zn/n and s/(l — zf
respectively.

In this paper we show that a function in LS must satisfy (1)
when its coefficients are "close to" negative. Since the degree of
closeness depends on both λ and the coefficients in (3), rather than
on X alone, we cannot conclude that g(X, n) ^ 1/n for any positive
λ. We also examine the extent to which a violation of condition (1)
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enables us to distort the arguments of some of the coefficients to
construct functions that are not in LS.

The Hadamard product or convolution of two power series f{z) —
Σ?=o α»3* and g{z) = Σϊ=o bnz

n is defined as the power series (/ * g)(z) —
Σn=«anbnz\ For

( 4 ) hλ{z) = z + eiλ Σ zn ,

we may express (3) as fQ * hλ. When λ is sufficiently small hλ(z) is
starlike and we find a bound on the radius of starlikeness for hλ * /,
where ΈLef(z)/z > 1/2 (zeU). This generalizes a result of MacGregor
[4].

2 Coefficient distortions* Given a function /(#) = z + ΣϊU &»s*,
the function g(z) — z + ΣϊU eiλ*b%z* is said to be in i*\(/) for some
ε > 0 if - ε ^ Xn ̂  ε for all w.

LEMMA 1. Iff(z) — z + Σ?=2 6»«* ί iS> *Λβw- there exists an ε > 0
ίfeαί geFε(f) implies that g

Proof. Suppose, on the contrary, that there is a sequence ε(n)
tending to 0 for which we can find a corresponding sequence of
functions gn 6 Fεin) such that gn e LS for all n. Since / g LS, there
exists a point zQeU such that /'(s0) = 0. Note that {g'n} converges
uniformly to / ' in some neighborhood D of zQ. Since g'% Φ 0 in D
for any n9 it follows by Hurwitz's theorem that / ' Φ 0 in D. This
contradicts our assumption that f'(z0) = 0.

THEOREM 1. 1/ f{z) = z- Σ?=2 K|« n wiίfe Σ»=2?Φ»I >
exists an e > 0 sucfe ί/iαί gr e -P£(/) implies that g £ LS.

Proof. Since /'(0) = 1 and f\r) < 0 for r « l ) sufficiently close
to 1, there must exist a point r0, 0 < r0 < 1, such that /'(r0) = 0.
The result now follows from the lemma, with bn — —|αΛ |.

COROLLARY. // ΣSU^IαJ > 1, ίΛβn Λ(^), defined by (3), is
in LS for λ sufficiently small.

Our next theorem shows that if (1) is violated, then we can
always construct a nonunivalent function by distorting the arguments
of finitely many coefficients.

THEOREM 2. // Σ»-2^|αΛ( > 1, then there exist real numbers
a2, , aN (—π < a3- <; π) such that
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f{z) = z + Σ ane
ia»zn + Σ «»zκ e -E«S .

Proof. Let C = z(t) be an arc of increasing modulus from the
origin to the boundary of U such that

g(z) = ΣΣ
N+

For each point z — z{t) eC, \z\ — r, choose ccn(t) so that

nane
ia^{t)zn~l = -n\an\rn~ι (n = 2, , iV) .

Next define /^z) by

/*(«) = « + Σ ane
ia-{t)zn + Σ

n=2 n=N+l

where an(t) varies continuously with t. Since g(z) S 0 for z e C,
|z| = r, we have for all £ that

Since /ί(0) = 1 and f't(z) < 0 for zeC sufficiently close to the boundary
of U, it follows for some ξ = «(ί0) on C that /ίo(£) = 0. Setting
f(z) = / ίo(z) and αΛ = ccn(t0), the result follows.

COROLLARY 1. 1/ Σ ^ ^ Ί β J > 1> ίAβw ίfeβrβ exist real numbers
azi '' Ί aN ( — π < w3- <> π) and an ε > 0 such that for each λ, — ε ^
λ ^ ε,

,Λ(3) - z + eu(j: ane^zn + Σ aΛz*) $ LS .

Proof. The corollary is established upon applying Lemma 1 to
Theorem 2.

COROLLARY 2. //Σί=2 w* |α*J > 1, ί/^w ίfcere e^isί rβαZ numbers
a2J , aN ( — 7Γ < α y ̂  TΓ) and ε > 0 s^cfc £fca£ /o?Λ eac/^ λ, — ε <; λ ^ ε,

fλ(z) - 2 +

Proof. The proof is the same as that of Corollary 1 except for
a rearrangement of terms.

3* Extremal examples* One might ask for conditions under
which Σ S U ^ | α J > 1 guarantees the existence of a real number λ
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such that fx(z) — z + eu Σ*=2 <*>*&* & S. Before answering this ques-
tion, we need

LEMMA 2. For n^S there exist real numbers alf a2, -•-,(*„ such

that \ΣΓk^eiakzh\ < n (\z\ ̂  1).

Proof. We have IΣ5U eiaHiU\ = n if and only if there is a Θ for
which

aγ + θ = ak + kθ (mod 2π) , k = 2, , n .

Clearly the α /s can be chosen to preclude the existence of such a

THEOREM 3. (i) If Σ U n k \ a n k \ > 1, ί^β^ fλ(z) = z + eiλ(an2z
n* +

ansz
nή g LS /or some λ.

(i i) If N> 3, ίfeew we cαw ̂ ^ d {αΛfc | k = 2, 3, , JV} swcfo ίfeαί
Σ L 2 ^ i | α n j > 1 and fλ(z) = z + eiλ Σί= 2 a>«kz*k 6 S /or αϊί λ.

Proof. To prove (i), assume arg α%2 = a2 + π and arg α%3 = α3 + π.
Then for θ = (a2 — ccs)/(n3 — n2), we have

where

— n2

Hence fλ(z) i LS for λ = - / 3 .
To prove (ii), we choose {ak} so that

< ΛΓ - 1 (\z\ ̂  1)

For 1 < B ^ (N - 1)1 A, set

Then

/ί(«0 =

so that

N- 1

N-l

fc=2
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By a criterion of Kaplan [3], fλ(z) e S for all λ.

4* A radius of starlikeness theorem* Denote by F functions
of the form f(z) = z + Σ~=2 Q>«z% that are analytic in V and satisfy
Re f(z)/z > 1/2. MacGregor has shown [4] that the radius of starlike-
ness of F is 1/τ/ΊΓ. In this section we generalize this result. It is
known [1] that the family F is the closed convex hull of convex
functions, and that a function f(z) is in F if and only if it can be
expressed as

( 5 )
1 — xz

for some probability measure μ defined on the unit circle X.
In [2] Campbell proves

LEMMA A, Let M be a class of starlike functions with b(r) =
max {arg/(s)/z: \z\ = r, / 6 M). If \z(f'(z)/f(z))-a(r)\^d(r) for feM,
where a{r) and d(r) are continuous functions of r satisfying
Iimr^1a(r)/d(r) > 0, then the radius of starlikeness of the closed convex
hull of M is at least as large as the first positive root of a{r) —
d{r) sec b(r) = 0.

In the sequel, we let

(6) Hε=

and

(7) G.

We shall also need

LEMMA 3. Set α(r) = 1/(1 - r2) - εV2/(l - ε2r2) and d(r) = r/(l - r2) +
er/(l — εV). For g 6 Ge, the values for {zg\z)jg{z))f \z\ ^ r, lie in a
disk centered at a(r) and having radius d(r).

Proof. It suffices to prove the result for heHε since the class
Gε consists of rotations of these functions. Writing h(z) ~
(z + (eiX - I)z2)/(1 - z) for h e Hε, we see that zh\z)jh{z) = 1/(1 - z) +
{{eiλ - l)z)/(l, + (eu - l)z). Since

-s i* < R c (eu - l)g ^ e r f, , < v

it follows that



538 H. SILVERMAN, E. M. SILVIA, AND D. N. TELAGE

( 8 ) — < Re ^ < + .

1 + r 1 — εr ~ ft(«) ~~ 1 — r 1 + εr #

Thus the values for zh\z)\h{z) are contained in a disk centered at

1Γ/ 1 εr \

"2LV 1 - r 1 + εr/
whose radius is

_1Γ/ 1 , εr
2 (TTV Γ?I;)J ~d(r)

LEMMA 4. A function g eGε defined by (7) is starlike if and
only if s <L 1/3.

Proof. It suffices to consider heHε defined by (6). Letting
r —> 1 in the left-hand side of (8), we see that Re zh\z)/h(z) ^ 0 when
ε ^ 1/3. For eu - 1 = eeίσ and β = π - σ, we have eiβh'(eiβ)lh(eiβ) =
1/2 - 6/(1 - ε ) < 0 when ε > 1/3.

REMARK. Since the Pόlya-Schoenberg conjecture is true [5], we
know that for / convex and he Hε (ε ̂  1/3), the Hadamard product
h * / is starlike. However if / is only required to be starlike, then
hλ* f need not be in S for any hλ defined by (4), λ Φ 0. To see
this, observe that hλ * s/((l — zf) = z + eiλ Σ^=2 W3Λ is not in S for
λ ^ 0 because /(#) = z + Σ1Γ-2 α%2u> |α2| = 2, is in S only if f{z) =
z/((l - xzn \x\ = 1.

We now give a bound for the radius of starlikeness for h * /,
feF, heHε with ε g 1/3.

THEOREM 4. Suppose h(z) = z + eiλ X^=2 «
n e Jϊ£, ε ^ 1/3,

feF9 with a(r) and d(r) defined in Lemma 3. Then h*f is sta
like in a disk \z\ < r0, where r0 is ίfeβ jftrβί positive root of

9 ) a(r) - d ( r ) 0 .
τ/(l - ε2r2)(l - r2) - εr2

Proof. In view of (5),

(ft * /)(z) = ( ft * —?—djM(a?) - S M^ldμ(x) , \x\ - 1 .
J-Γ 1 — xz iχ x

By Lemma 4, the kernel functions are all starlike. An application
of Lemma 3 to Lemma A shows that ft * / is starlike in a disk
whose radius is at least as large as the first positive root of
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(10) a(r) - d{τ) sec δ(r) = 0 ,

where

ί && g e G.I .b(r) = max ίarg &
\z\=r I

Since

6(r) ^ max |arg (1 + εz)| + max |arg (1 — z)\
\z\=r \z\=r

= sin"1 (εr) + sur\r) = t(r) ,

(11) sec δ(r) ^ sec t(r) =
cos ί(r) τ/(l - eV)(l - r2) - εr2

A substitution of the right-hand side of (11) into (10) yields the
desired result.

REMARK. If ε = 0 then (9) reduces to 1/(1 - r2) - r/((l - r2)3/2) = 0,
whose smallest positive root is 1/vΊΓ. This coincides with a sharp
result of MacGregor [4].
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