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RECURSION FORMULAS FOR THE
HOMOLOGY OF 2(X v Y)

G. DurLa AND E. KATZ

A recursion formula for HR2(X Vv Y)), the homology of
the loop space of the wedge of the spaces X and Y is
established when 2X and 2Y are connected, and have finite
dimensional homology. The recursion formula is expressed
in terms of H(2X) and H(?Y), and applies to dimensions
higher than a fixed integer which depends on the dimension
of the highest nonvanishing homologies of 2X and 27.
A similar but much simpler recursion formula for H(2X) IT
H(RQY), the co-product of the two algebras H(2X) and
H(QY) is also formulated. If G, and G, are topological
groups and G, * G, is their co-product in the category, then
our results definitely hold for H(G, * G,) by replacing 2X by
G, 2Y by G;,-and 2 XV Y) by G, * G..

1. Introduction. Over a field H(2(X V Y)) equals H(R2X) ]I
H(RY) [1] [2], a fact which substantially simplifies the problem
of computing the homology of 2(X VV Y). Over a Dedekind domain
a torsion factor is added [5] [3] which significantly complicates the
situation. Taking a principal ideal domain as the coefficient ring,
H(R(X vY)) was computed in [3]. However, even if 2X and QY
are finite dimensional, those computations ecall for an increasing
number of manipulations as the dimension of the homology to be
computed gets higher. If », and n, are the highest dimensions of
non vanishing homologies of 2X, 27, then for any k& > 3(n, + n,) + 4
we introduce a recursion formula which expresses H,(2(X V Y)) in
terms of H;(2(X VY)) 1 <k. The number of computations does not
increase with k. Of course H;(2(X VY)) with ¢ < 3(n, + n,)+, has
to be computed independently, for example by the method of [5].

In §2 we state the result of [5] in a generalized form which
will be used here. We also present in this section most of the
relevant notation of this paper. Recursion formulas in general are
introduced in §3. The recursion formula for the free component of
H(Q(X VY)) is presented in §4. In §5 we derive a recursion
formula for H(QX) [ HRY). The main result which is a recursion
formula for the torsion component of H(2(X Vv Y)) is proved in §6.
We close with an application by computing H(SO,*SO0,).

The ring R will always be a principal ideal domain. The nota-
tion and terminology are those of [5].

2. The holomogy of 2(X VY) in dimension k. Let L’ be
451
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free resolutions of the modules 47, =12, ---,n. Define
mult} (4%, -+, A" = H(L')Q --- Q L*). We have [3]:

n—1

S S, mult? (4,(@X), -+, H,,(2X,))

=1 Yr;+i=k

HQXVY) = i:;

where r = (1, +++, 7,) iS a sequence of nonnegative integers, j =
(Jy -+, Js) is a sequence alternating on 1, 2, and X, = 2Y. Thus
the next step is to express explicitly the elements in the above
summation. However, we first introduce some extra notation:

(i) mult? (7, r) = mult? (ﬁ,l(QX,-l), e, ﬁ,n(.QX,-n)).

(ii) R(M) = the number of R direct summands in the module
M.

R, (M) = the number of R,. direct summands in M where p is
a prime in R and % is a nonnegative integer.

(iii) @, = R(H(2X)), b, = R(H,(RY)),
¢ = Soos By H(2X)), & = Sran Rpn(H(QX)),
dz = Zh'>h Rph’(Hi(‘Q Y)), di = Zh'zh Rph’(Hi(‘Q Y))

(iv) m,() = the number of times that H,(2X,) appears in
mult? (5,7), t=1,2,1=1,2, ---, k.

(V) ¢(811 ©ty Sk tl; ) tk) = H{;l C_fldfl - H{c:1 cfldfl,
P(S1y + vy iy by o0y B = TLiey (uP)am =0 - ITE, (b ™4)
where 0 < s, < m,(l), 0 < t, < my(l) and

<p)_{0 g>p or g<0
q 1 gq=pP or 0=q<0»p

(L!)"- otherwise .
P —q)lq!

With this notation we have [3]:

THEOREM 1. R(multy (4, r)) = [1L, am® - e,

(2

Ra(mult? (7, 7)) = 3 (s, -+, t) - 6(s, ---’tk)(gf (Slﬂl)—l).

0sspsmy (1)
0=t =my(l)
0=l=k

We close this section with some further notation:
HQX VY)) = mult’ (X, 2Y) @ mult! (2X, 2Y)
where mult’(RX, 2Y) = >, ;. multy (4, )

n—1

mult! (02X, 27) = 3.3 S mult? (5, 7) .

n=1 i=1 j,r

Note that mult’(2X, 2Y) is exactly H(QX) IT HRY).
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3. Recursion formulas. In this section we will make the general
preparation for setting up the recursion formulas mentioned in the
introduction.

Let {c}, be a sequence of numbers, and q@)=1— ux —
ux® — -+ — ' a polynomial. We define a new sequence {c}>., as
follows:

e = qc} =€ — Uy — 0 — Uiy .

The sequence {c,} satisfies the recursion formula corresponding
to the polynomial g(x) at ¢ if ¢/ = ¢,{c,} = 0.
The following results will be very useful for the sequel:

LEMMA 1. Let p(x), q(x) be polynomials and {c.}7-, a sequence
of numbers. Then:

q.{p.c.}} = (pg) e},
where (pg)(x) = p(®) - q(x), the product of the two polynomials.

Proof. For p(x) = Dt ux* and q(x) = D), v,27 we have:

1 l k
q.{p.{c.}} = Eé v;0:-5{¢.} = Jg{) V; % WUiCe_j—g

l+k

=3 Zh u;C_ = (PQ)e,}

h=0i+j=
which completes the proof.

LEMMA 2. Let {c,}7-, satisfy the polynomial p(x) = D%, u;x’ at
t,t—1,---,t — 1, and {d,}, satisfy the polynomial q(x) = >\, v;x
at t,t —1, ---,t — k. Then the sequence {c, + d,};, satisfies the
polynomial q(x) - p(x) at t.

Proof.

(@p)de, + d,} = (gp)e,} + (pg){d,}
= qt{pt{cr}} + pt{Qt{dr}}

! k
= ]Zzs'vipt—j{cr} + %ui%—i{dr} =0.

We are now ready for the construction of the recursion formulas.

4. A recursion formula for the free part of HR2(X V Y)).
Our interest in this section is focused on the sequence {a,} where

o, = R(ﬁk(Q(X VvV Y)).
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Since HQX V Y)) = HQX) 1] HRY) @ mult' (2X, 2Y) and
R(mult' (2X, 2Y)) =0
we actually have a, = R(HQX) [ HQY), k= 1.

THEOREM 2. Let

)

R(H(2X)) = [ L
a 1=mn
0 2>,

RH,(QY)) =

(H(2Y)) {bi i

Then the sequence {Q.}r, satisfies the recursion formula:
ny Ny

g,(@) =1— > > abat?, for any k> mn, + n,.

i=1 j=1

The proof of this theorem derives from the following:
PROPOSITION 1. A, = a; + bk + 2 Zi+i:k aib,- + Zi+j<k aibja,,*i“j.

Proof. According to the definition of «a, we have
a,= >, multy (4, 7).
n §,Nry=k

We can split up this sum into, o, = A + B + C, where:
A= > Rmult{J, )
)

n=1,5,r=(k

B= % _ R(mult{(j,)

n=2,7,5r,=

C= > Rmult 3, ).

nz3,5,2ry=k
Next we compute each term separately:
A = R(mult} (H,(2X))) + R(mult} (H,(2Y)) = a; + b,
B= 3. kR(multS (,2),n) + 2 . R(mult; (2, 1), 7))

v trg= v trg=
= 3 @,b,+ > b,ra,=2 3 ab;.
v trg=k r Fro=k i+fi=k
The computation of C is somewhat more complicated. Let mult? (4, 7)
be a direct summand of (mult’ (X, 2Y)),, with n = 3. We denote
f: (Jyy *+ ) Jue) and #=(r, ---,7,_,). Then it is not difficult to
see that:

R(mult} (4, ) = R(QX;,_)- R(2X;) - R(mult} (5, 7)) .
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Summing up the last equality on the proper possibilites of 7 and »
we get the desired equality for A.

Proof of Theorem 2. If k> n, + m, then each one of a, b, and
ab; with © + 7 = k, equals zero. Thus for & > %, + n, the equation
of Proposition 2 reduces to:

ay= 3, bty = 3 abty i,

i+5<k i< sny
j<ng

which is exactly the result of Theorem 2.

5. A recursion formula for the torsion component of H(2X) []
H(QY). In this section we want to find a convenient way of ex-
pressing the % dimensional part of H(2X) ] HRY). We do it by
forming a recursion formula for the number of R, direct summands
in each dimension, for each R,», which is a direct summand of either
H2X) or HQY). If R, is one of these modules, we denote:

By = Ru(HQX) I HQY)) .
THEOREM 3. Let m, and n, be inmtegers such that: a, + ¢, > 0

implies that k < n, and b, + d, > 0 implies that k < n,. Consider
the polynomials:

Q2(x) =1- 21 Z:;. ;T Ez)(bg + Jj)xi+j
gx) =1 — :V_.i‘,(a + ¢)(b; + dxi+i .

Then for k > 2(n; + n,) the polynomial q,(x) - q,(x) corresponds to the
recursion formula for {B.}i-..

For the proof we need some intermediate result as well as some
auxiliary functions. The following functions are similar to functions
introduced in §2.

(i) ¢1(31’...,Sk’tl’...,tk):cil...cik.dil...dik
/ﬁ :
.. . 8+
(i) Ra(mult G, 7) = 5 s o £) - 660 -+, tp(m -
32,‘%2;{3
(iii) Bi= >, Rup(multy (5, 7)) .
n, ] Tt"

Note that in the expression R, :(mult}(j, 7)) the binomial term
k
< =151 3_ b — 1> can be omitted. For if >, s, + ¢, = 1 the binomial
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term equals 1, and if 3} . s, + ¢ = 0 the function ¢(s, ---, t,) is
zero.

PROPOSITION 2.

Br= (Co —cp + (Jk — dy)
+ 2 Z [(a; + €)(b; — J:) — (a; + ¢)(b; + dy)]
+ Z (ai c)(b; + Ji)lek—i—i

i+5<k

“_Zzlk [(a; + €)(b, + J:/) — (a; + ¢)(b; + d))]Bk—i—; -

Proof. We split up 3, into three, 8, = 3.,.;, ,,= B,x(multy (7, 7)) =
A + B + C, and compute each term separately:

A = R, (mult; (1), (k) + B,r(mult; (2), (%))
= (G, —cp) + (Jk —dy),

B= 5 Rumulti(j,) =2 3 RMH@QX)® H@Y))

J Xry=k

=2 3 [(@ + &)b; + dy) — (@ + ¢)(b; + d)] -

The last term is more complicated, and needs some preliminary
computations. For =3 and j= (5, -+, J.), =@y, -+, 7,) We
denote 7 = (Jy, +++, Jus)y 7=y +++,T0wy). If jo,=1 and j, =2
we denotethe following:

. my(t) TFE Tuy
m1(7/) = . .

my(1) — 1 1= T,y
L. (1) 1FET,
My(1) = . .

my(1) — 1 =17, .

Consider the following:

Ry(multy G, ™) = > T1I {(ml(l)>a(mlm_sl)}
:léml(l) l#£7, 8;
oA

« H {<m2(l)>b(m2(l)—31)} . <m1(/"n—1) + 1)(7?12(7‘1;) + 1) . a(ml(”nvl)_sr,"_l)
2 "

17 l s"n-—l t"n

X b:'n,,f(r”)_tr” '¢(817 Tty tk) = Ul + U2 + U3 + U"

oo
IAIAIA

where each of the U, equals the previous sum except that
<m1('r.,,_1) + 1><m2(1;,,) + 1) is replaced by one of the terms

s"n-—l Tn
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(ﬁh(m_l)> <ﬁ%2(7‘,.)> (%(md) ( M5(75) > ( My (7 1) > < mz>
s"n—l t”n ’ s’n—l t"’n - l ’ s”n—l - 1 t'n ’
( My (Tns) > <m2(rn)>
8,,_,—1/\t, —1

respectively. Now we compare mult} (5, ) with mult?2 G, , 7):

Ul = a’r”_lbrn z fI {( ml(l) )al(ﬁl(l)—sl)}

0ssysimy () L1 8
0<tysmy(d)
151k
my(1) _
X H bl(mz(l) . ¢(81; Tt tk)
i=1 t;
PPN
=a,, b, R, mult;™ (7, 7),
U,—a,, d. -R;multf (7, 7)
k([ (D) A k My(l)
— a’rn—l . Z H a[;ml(l)—sl) H bl(’mg(l)—tl)
08 =m (1) 1=1 8, =1 t,
ostysmy(l)
1k

X ¢(sy, ooy b, + 1, o0, t) — a,_d, Ru(multy™ (7, 7))
—a, 2 1_’61 {<m2(l)><’mﬂ(l)> . al(mm)—sl)bl(mz(L)—t,) }

osspsm, @) =1 S L
0ty Sme (D)
15l5k

X [¢(817 ) tr,,, + 1: Ty tk) - d—lﬂﬂf’(sly ) tk)]
=a,, (d, — d,)Ruw(mult;™ (7, 7)),

U, — b,,¢,,_Rmult; (7, #) = b, (2, — ¢, ) Rys(multi (7, 7))

Tn—1

U, — ¢,,_d, Rumult:™(7, ) = @,,_d, — e,_d,)Ra(mult:(F, #) .

Tp—1 Tn—1

Adding up the last equations we get:

R (mult}(j, 1) — (@, , + &,,_)b,, + d,)R,p(mult;™ (7, #)
= [(arn_l + Ern)(brn + Jrn) - (arn_l + cr,n__l)(b'rn + dr,ﬂ)]
X Riw(mult?™ (5, 7)) .
We observe that the equation holds also when j,., =2, j, =1 and

= (ry ", Pug Tu Twor)- Summing up the later equation for all j
and », we get:

C= i~4§<‘k (a; + €)(b; + Jj)lek—i—j + iﬂz@ (@; + Et)(bj + ’z:)

— (a; + ¢;)(b; + a)Bh—i—; -

This concludes the proof of Proposition 2:
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PROPOSITION 3.
Bi = (a + ¢) + (b + dy) + 2 szk (a; + ¢)(b; + dj)
+ 2 k(ai + ¢)(b; + d)Bi—i-i -

itg>

Although the proof of this proposition is lengthy, it is similar
to the proof of Proposition 2 and will therefore be skipped.

Proof of Theorem 3. Under the conditions of the theorem, the
formulas of B, and B} reduce to the following:

n3 M4

Br =2 4 (a; + ¢;)(b; + (zj)Bk—i—'j

=1 j=
ng N4

+ Z 2 l(a; +¢)(b; + J]) — (@; + ¢)(b; + d)]B——s .

=1 j=1

We observe that:
(@8 = 5 3 1@ + 20, + ) — (@ + e)(bs + dIBh oy

As a consequence of the results of §3 the proof of the theorem
is obtained.

6. A recursion formula for the torsion component of
HR2(X VY)). We denote the number of R,. direct summands in.
HMQRX VY) by 7. A recursion formula for {v,} will be stated
next precisely:

THEOREM 4. Let m,, n, satisfy: a,+¢,>0 and b, +d,;>0 imply
that 1< n,, § < 0,

Denote:

0@) =1 — 3 3 [abas + ad; + b (L + o) + eda (1 + 2¥]

n3 M4

g@) =1 — >, 3 [aba™ + (a.d; + bie)x (1 + ) + eda’ti(L + x)7] .
i=1 j=1

Then {7,}r-, satisfies the recursion formula corresponding to g,(x) X

q:(x) - q,(x) at any k > 3(n; + n,) + 4.

The proof of Theorem 4 is much more complicated than the
proofs of the previous theorems. However, in principal it is similar
to them. We state the intermediate results and leave the proofs
for the reader. We denote:
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o n—1

=23 3 Ry(mult? (7, 7)) .

n=1 1=0 j rt-H—-

PROPOSITION 4.

Ve = [, — ) + (d—k — dy)]
+2 3 {(a+ )b + ) — (a + ¢)(b; + dj)}

i+ji=k

+2 > {c 'idj — ¢}

i+g=k—1

+ Z {@biVhs i + @d;(Vasog + Vimimio)

i+3<

+ bjci('Yk—i—j + Vicicicd) + Cail;(Vimimi + 2YVimijos + Viimid)}

+ '+Z<‘k {ad; — d)(Vieii + Yicimid) + 0i(Cc — €)(Vimsmi + Vics—ja)
itj

+(@d; — edy) (Viio; + 2Vh iy + Vi) -

PROPOSITION 5.

Yi=¢ + dy + 2 Z {(a; + ¢;) - (b; + d;) — a;b;}

l]—

+2 > ed; + Z, {(@dViei—i + @) (Vieioj + Yici_i_y)

iti=k—-1 i+5<
+ bjci('Y}c—i—j + Vheiojo1) T cidj('Yk—i—f + 2'7k—i—j—1 + 7k—i~j~z)
+ (C,bt + djaz + Cidj)ak._i_j} .

7. An example. In this section we apply the recursion formulas
obtained, to compute the holomogy of the free product of two
groups G,*G,. Our method holds in this case, for G,*G, is of the
homotopy type of 2(BG, \V BG,) and 2BG, is of the homotopy type
of G, 1 =1,2, where BG, is the classifying space of G,;, i =1, 2,
[4], [7]. We actually demonstrate our method of computation on the
free product of the special orthogonal group SO, with itself. The
homology of SO, is computed [6] and equals:

Z 7=03
H;SO,) =1Z, j=1
0 otherwise .

We are content with this group, because though its homology is
simple the homology of SO,xSO, is infinite dimensional and com-
plicated.

The recursion formulas for {«,}, {3:} and {v,} can be applied only
to k> n, + n, 2(n; + 1), 3(n, + n,) + 4 respectively, when we know
the sequences in lower dimensions. Of course {8} and {v,} cor-
respond to the number of Z, summands. The sequences of {a,} and
{vs} in the lower dimensions were computed in [3], essentially by
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the use of the formulas of §2. {B,} ean be computed similarly.
We summarize these results in the following table:

a B T
1 0 2 2
2 0 2 2
3 2 2 4
4 0 6 10
5 0 8 16
6 2 10 30
7 0 18 58
8 0 26 104
9 2 36 192
10 0 56 356
11 0 82 652
12 2 118 1200
13 0 176 2210
14 0 258 4062
15 2 376 7472
16 0 554 13746
17 0 812 25280
18 2 1188 46498

Where the numbers beneath the heavy lines can be computed by the
recursion formulas as will be seen presently.
The recursion formulas are the following:

gx) =1—2°
Q,(x) =1 — x* — 20" — o
g(x) =1 — x°

(0,9)() = 1 — o — 20* — 22° + 2® + 2% + o
(@) =1—a®— 22° — 3z* — 20° — 2°
6

@) =1—2
(00)(x) =1 — 2 — 22* — 32* — 2¢° — 22° + o° + 22° + 3x™® + 22" + &

As to that ¢.(x) = q,(x), (¢.9,)(x) expresses the recursion formula for

7.
For example, to obtain v,, we substitute into:

717 = '715 + 2714 "I_ 3713 + 2712 + 2’)’11 - '79 - 2'78 - 377 - 275 - 75 - 25280 .
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