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GENERIC SOUSLIN SETS

ARNOLD W. MILLER

By iterated forcing we create generic Souslin sets, which
we use to answer questions of Ulam, Hansell, and Mauldin.
For X a topological space a set Γ ^ Z i s analytic in X(also
called Souslin in J or 2Ί in J ) iff there are Borel sets Bs

for seω<ω such that:

Γ=U Γ\Bftn.
feωωn<ω

For X = 2ω (the Cantor space) a set Y c X is analytic iff it
is the projection of a Borel subset of 2ω X 2ω. Given R c
P(X) (the power set of X) let B(R) be the smallest family
of subsets of X including R and closed under countable
union and complementation (i.e., the σ-algebra generated by
R). If X is a topological space and R the family of open
sets then B(R) is the family of Borel subsets of X. The
following question was raised by Ulam.

(1) Does there exist R c P(2ω) such that R is countable
and every analytic set in 2ω is an element of B(R)1

Rothberger showed that assuming CH there is such a R.
We will show that it is consistent with ZFC that there is
no such R.

(2) Does there exist a separable metric space X in which
every subset is analytic but not every subset is Borel?

This was raised by E. W. Hansell. Clearly CH implies
no such X exists. We show that it is consistent with ZFC
that such a X exists.

Let R = {Ax B: A, B^ 2ω}, the abstract rectangles in the
plane. Let S(R) be the family of subsets of 2ω X 2ω obtained
by applying the Souslin operation to sets in B(R). The next
question was asked by D. Mauldin.

(3) Does S(R) = P(2ω X 2ω) imply B(R) = P(2ω X 2ω)?
We show that the answer to this question is no.

Preliminaries* Recall the following definitions:
( 1 ) ω — {0, 1, 2, •} and Vn < ω, n = {m\m < n);

( 2 ) ωn — {s I s: n —> ω};

( 3 ) for s eωm and n < a), s^n is that t 6 a)m+1 such that t { m = s

and t(m) = n;
(4 ) φ denotes the empty sequence;

(5 ) ω<ω = U {ωn: n < ω};

( 6 ) T £ ω<ω is a tree iff Vs, t e ω<ω(s C ί e Γ ~> s e Γ);

( 7) T is a well founded tree iff V/ 6 ωωln <ωf [ngT;

( 8 ) for se T a well founded tree | s | Γ is defined inductively by:
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18 \τ — sup {| s^n I τ + 1: Άn s~n e T)

( 9 ) for a < ωu T is a normal α-tree iff
(a) T is a well founded tree such that \φ\τ — a;
(b) if 8 e T and ] s | Γ > 0, then Vn s~n e T;
(c) if 8 6 T and | s |Γ = β + 1, then Vn \ s~n\ τ = /3;
(d) if s 6 Γ and | s \ τ = X where λ is a limit ordinal, then V/3 < λ,

{n: \s~n\τ < β) is finite (see [9]);
(10) for T Q ω<ω a tree define:

P(T) - {p\lFe[T]<ω, p: F->2, "in < ω, Vseω<ω, if s,s~neF, then
p(s) — 1 implies p(s~ri) — 0}, P(T) is ordered by inclusion.

(11) A notion of rank on a partial order P is a function whose
domain is a subset of P and whose range is the ordinals. For a an
ordinal and p eP, we let \p\ = a mean that p is in the domain of
this function and its value is a. The following property must be
satisfied. For every peP and β ^ 1, there exists peP compatible
with p such that \p\ ̂  β and for every qeP if \q\ < β and j3 and
q are compatible, then p and g are compatible.

(12) Given a notion of rank on P if τ is a term such that
I l - " τ e 2 ω " , then we say that | r | = 0iff for any peP and n < ω
there exists q eP compatible with p such that |q | = 0 and S G 2 W such
that 0 ij- "I £ T " .

(13) For T a normal α-tree and peP(T) define | p | to be the
maximum | s | Γ for seάom(p).

(14) T* - { s e T : | s | r = 0}.
The following lemma is key. It implies that | p | is a rank on

P(T).

LEMMA 1. Vβ^lVpe P(T)lp e P{T) such that
(a) p and p are compatible)

(b) p r T * - 0 r Ϊ 7*;
(c) | p | ^ / 9 ;
(d) VqeP(T) if \q\ < β, then p and q are compatible implies

p and q are compatible.

Proof. This is essentially Lemma 2 of [10]. We reprove it
here for completeness. Let F — {s~n: sedom(p), p(s) = 1, \s\τ = X a
limit ordinal > β, and \s^n\τ < β}. By normality of Γ, F is finite,
and VteF, \t\τ^2. Thus we can find r ^ pVte Flm Cm e dom(r)
and r(t~m) = 1. Let D = {se dom(r): \s\τ ̂  β} and p = r ΓD. )̂ and
p are compatible since r extends them both, p I T* = p [ T* since
VteFVm\t~m\τ ̂  1.

Now we check (d). Suppose \q\ < β and p and Q' are not com-
patible. Then there are s e domQ?) and t e dom(g) which demonstrate
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that p U q is not a condition.

Case 1. s = t and p(s) ^ q(t). Since |g | < /3 it follows | ί \τ < /3
and so s edom(p).

Case 2. s = t~m for some m and p(s) = q(t) — 1. But then
Is|Γ < \t\τ < /5 and so again sedom(p).

Case 3. t = s"m for some m and p(s) = #(£) = 1. Since | ί | Γ < β
either \s\τ ^ β and so SGdom(p) or |s\ τ = λ a limit ordinal > β in
which case £ e F so there exists n < ω such that r{t^n) = 1 and so
£"% e dom(p) and so p and q are incompatible. In all three cases
p and g are incompatible. •

The next lemma asserts the fact that statements of small rank
should be forced by conditions of small rank. M is the ground
model of ZFC and P is any partial order with a notion of rank.

LEMMA 2. Let B(r) be any Σ°β predicate with parameter in M,
1 ^ β9 If-p"τe2*", | τ | = 0, and peP such that p\\-"B(τ)". Then
ipeP, \p\ < β, p and p are compatible and p\V-trB{τ)".

Proof. The proof is by induction β.

Case 1. β — 1. Then p Ih "lnR(τ \ n, x { n)n where R is primi-
tive recursive and x e M Γ\ 2ω. Find q extending p and s e2n for some
n such that q \\- "τ \ n — s" and R(s, x \ n) holds. By the definition
of I τ I = 0, 3p compatible with q (and hence with p) such that | p \ = 0
and p\t-"τ [n = s". Thus p ih "lnR(τ \n,x\ n)".

Case 2. /3 a limit ordinal. Then p \γ- "lnBn(τ)" where each Bn{r)
is a J?JΛ predicate for some βn < β. Let p0 extend p such that
3w0 < ω p0 ih- "BnQ(τ)rr. By induction 3p compatible with p 0 (and hence
with 2?) such that | £ | < βno < β and j5 Ih- "B%Q(τ)n (and hence $ !h

Case 3. β = T + 1 and T > 0. As in Case 2 we may as well
assume p II- "B(τ)fr where B{r) is a ZΓ̂  predicate. By Lemma 1,
3p eP, p and p compatible, | p \ ̂  7, and WqeP if | # | < 7 and g
and p are compatible, then g and p are compatible. Then p If- "B(τ)n'.
Otherwise 3r extending p, r\Y-"-^B(τ)". Since —iβ(r) is a ^J predicate,
by induction 3 f e P , |f | < 7, r and r compatible, and f IK "- i l ϊ ( r ) " .
But f and p are incompatible (since p IF- "B(τ)") and so by choice of
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p, r and p are incompatible a contradiction. •

Next we describe almost disjoint forcing (similar to the way it
is done in [2]). Given X — {xa: a < α)J £ 2ω distinct and (Ya: a<ω^) =
Y where each Ya £ ω<ω, we want to force a sequence of Gδ sets
<GS: s e ω<ω) such that VsVa(xa eGs — se Ya). Let # be the family
of all clopen subsets of 2\ Define P(X, F) as follows:

it is the set of all r such that
(a) r is a finite subset of ω<ω x ω x (B U X);
(b) if <s, w, J5>, <8, 7i, £α> e r then xa £ B;
(c) if <s, w, #α> e r then s e Fα.

As usual r extends p, (r ^ j>) iff r 2 p. It is well known that P(X, Y)
satisfies the c.c.c. and also for any G which is P(X, Y)-generic if
we define Gs = f\n U {B: {<s, n, B)} e(?} then VsVα(xα e G s - s e Ya).

l Forcing a Souslin set» We now describe how to force Souslin
sets. Let M be our ground model of ZFC. Working in M let F*
be some standard fixed bijection between ω<ω and a), and define
F: 2ω->2{ω<ω) by F(x)(s) = x(F*(s)). Let X = {xa: a < α>J be a fixed
subset of 2ω such that for all a < ωlf F(xa) is the characteristic
function of a normal α-tree Ta. Let

note that Po has c.c.c. since it is equivalent to adding ω1 Cohen reals.
Note that any G which is P(Tα)-generic over M determines (and is
determined by) a map Ga: Ta —> 2. Ga\ T* in fact determines Ga by
the rule GJβ) = 1 iff Vn Ga(s~n) = 0. Given G° P0-generic over the
ground model M, let G° = (Ga: a < ωλ) and let ya = {s 6 Γ*: Gα(s) - 0}.
Let F, - P(X, Γ) where Y = (ya: a<ωt). (So P1 e Λf [G0].) Let P =

0 -« l

Working in M[G] for G P-generic over M (so G = (<Gα: α < ωλy,
<GS: β e α)<ω») let:

A = {xa G X: Gβ(0) = 1} .

To see that A is analytic in X we will define A z. Σ\ set such that
A f ] I = A . Define a; e A iff 3Γ £ α><ω, 3p: ω<ω -> 2, 3Γ* £ ω<ω such
that

(a) F(x) is the characteristic function of T;
(b) T is a tree;
(c) T* = {s e Γ: 3^ s ^ gT} = {seT: Vn s~n £ T};
(d) Vs 6 Γ* p(β) = 1 iff x e Gs;
(e) Vs e T - T* p(8) = 1 iff Vn p(s~n) = 0;

(f)
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(a) thru (f) are easily seen to be a Borel predicate of x9 T, T*, and
p, and hence A is Σ\.

In order to show A is a new Souslin set we first want to extend
our notion of rank to P. Let Q — {r\r satisfies (a) and (b) in the
definition of P(X, Y)} (thus QeM). Then

{(p, q): peP0,qeQ, and p Ih "q 6 P(X, Γ)"}

ordered by (p, q) *> (p, g) iff p ^ p and q ^ q, is clearly dense in P,
so for simplicity assume it is P. Let us unravel p If- "q e P{X, Y)".
This means that whenever (s, n, xa) e q' then p Ih- "s $ Y". But p Ih-
"s ί F " iff s ί Γί or (s 6 TJ, s e dom(pα), and pΛ(β) = 1). The fact which
we note is that if p, pf e Po and Va < ω1pa\ T* = p*ϊ T*, then Vr e
Q <p, r> 6 P iff (p\ r) e P.

For any a < ωlf we define the following rank function on P:

I (3>, 9) I* = m a x {| s |Γ r: 7 > a and s G dom(pr)} .

Note that the rank depends only on the part of the condition in Po.
To see that it is a rank function, let (p, q) be any condition and
β ^ 1. For each 7 > a by Lemma 1 3pr e P(2V) such that p r | Γ* =
p t 21*, p r and p r are compatible, | p r | ^ /3, and VqeP(Tr) if |g| < β
and p r and g are compatible, then pr and q are compatible. Let
p e P 0 be defined by:

ipr if 7 ^ α

lp r if 7 > α .

By what we have already remarked

(p, ?) G P, I (p, g) |« ^ /S, (p, (?) and (p, g) are compatible ,

V(p',g')ePif |(p',g')U</3 and

(p', 5') is compatible with (p, g), then (p', ^') is compatible with (p, #).

Let G be P-generic over M, and let A be the generic Souslin
subset of X determined by G. We first show that M[G]\="A is not
Borel in X". Suppose on the contrary that 3r, wB(y, ω)aΣ°β predicate
with parameters in M, and r eP such that

r IK "Vx e X(a? e A iff £(τ, a?))" .

By c.c.c. we can find a < ωx such that \τ\a = 0, \r\a = 0, and β<a.
Let 7 be any countable ordinal greater than α + α>. Extend r =
(Pf Q) by adding pr(^) = 1 to p, and call the result rλ. By this addi-
tion, rx ih "& e A", so rx Ih- "5(τ, xr)", so there exists r2 compatible
with n such that \r2\a < β and r2 IF- "B(τ, flJr)". But since 7 > α + ft)
and \r2\a < β < a, it follows that 3r3 ^ r2 such that pz

r(φ) = 0 and
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thus !h- "xr <£ A". This is a contradiction since r3 and rt are compatible
(since r2 and Ί\ are compatible).

Now let us prove something a little stronger. Let M |= " i ϊ £
P(X), | . f f |^ω", then, we claim M[G] \= "A $B(H) (the σ-algebra
generated by if)".
Work in M. Let H = {An: n < ω) and define K: X->2ω by
ίΓ(a?)(w) = 1 iff x e AΛ. Let Γ be the range of K, then iΓ has the
property that it maps the σ-algebra generated by H into the Borel
subsets of Y.
For any CeB(H)MίG^B Borel subset of Y, and peP such that

p \\- "Vx eX(xeC iff K{x) e B)" .

The preceding proof now goes through. Finally we are ready to
state the theorem.

THEOREM 3. It is consistent with ZFC that there does not exist
H Q P{2ω) countable such that every analytic set is in the σ-algebra
generated by H.

Proof. Let Mf X, and P be as above. Working in M let
{Pa: a < oύl1} be a set of isomorphic copies of P. Force with Σ{Pa:
a < <*)f}. Let <Gα. a < ωξ) be generic over M. If M[Ga: a < ωξ] f=
"H £ P(2ω), \H\ ^ ω" then by c.c.c. 3α0 < ωξ such that {B D X:
BeH} e M[Ga: a Φ α0]. Let M[Ga: a Φ a0] be the new ground model
and A the analytic set created by PaQ. Note that although PaQ is
not the same as adding Cohen reals, because of its finite nature it
is the same partial order whether defined in M or any extension of
M (e.g., M[Ga: a Φ α0]). We have already noted that i f l l i s not
in the σ-algebra generated by {B f] X: B e H) and therefore A is not
in the σ-algebra generated by H. •

2* Making subsets generic Souslin sets* Let Σ be the set of
countable successor ordinals greater than two. As in §1 let X* —
{xa: a e Σ} £ 2ω and F: 2ω -> 2iω<ω) be the map such that Vα 6 Σ, F(xa)
is a normal α-tree Ta. For i = 0 or 1 and T £ ω<ω define:

P\T) = {peP(T): 3p an extension of p, p(ψ) = i) .

It is easy to check that for any G which is P*(T)-generic over M,
G(φ) = i. Given Z Q Σ define P(Z) a suborder of P by (p, g) e
P{Z) iff (p, ̂ ) e P and VaeΣ

(a) if α 6 Z then pβ 6 P\Ta);
(b) if α g Z then pα e P^TJ.
As before for G P(ϋΓ)-generic °ver M, in Λf[G], fe: aeZ} is
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analytic in X*. The reason for Σ will be evident in the proof of
Lemma 5.

THEOREM 4. There exist a generic extension N of M such that
N t= "Every subset of X* is analytic in X* but some subset of X*
is not Borel in X*".

Proof. N will be obtained by iterating with finite support P(Z).
Since each P(Z) is a relatively simple suborder of P we can give
the following simpler definition. We assume M \= "2ω i = ω2. Let
Q = Σ««υ2 Pa as in § 1 and f or p e Q define supp(p) = {a < ω2: p{ά) Φ 0}.
Let Aa for a < ω2 list with ω2 repetitions all maps A: ω1 —> [Q]-ω.
Inductively define QaQQ for a < ω2. For a = 0 let Qa = {p e Q:
supp(p) = {0}} (i.e., Qo = P). For all aQa Q{peQ: supp(p) £ a}. For
a a limit ordinal let Qa = U {Qβ: β < a}. For a + 1 let Gα be Qa-
generic over M and let Za = {/3 e I7: ilα(/δ) ίl Gα ^ ^}. Then

Qr+i = {P e QI p I a e Qa, p \ a \\-Qa "p{a) e P(ZJ' ,

and supp(p) £ a + 1} .

(Of course by p \ a here we mean that condition in Q whose restric-
tion to a is the same as p's and whose support is contained in a.)

Thus if Gω2 is Qω2 generic over M then M[Gω2] t= "Every subset
of X* is analytic in X*". Work in M. Given a < ωx recall the
definition \p\a for peP given in § 1 . Given K Q ω2 and #<(£>!
define a map F : Qω2 -• α U {oo} by F(p) = max{|p(δ)|α: δ e i ί } if
supp(p) £ JSL and the max is less than α, and otherwise let F{p) — oo.
Denote F{p) by |p|(iΓ, α). For suitably chosen K and a we will
show I p I (JSΓ, α) is a rank function. Given Γ £ Qω2 and β a sentence
we say Γ decides θ iff Vp e Qω^q e Γ p and g are compatible, and q \\-
"θ" or q\v-"-θ".

LEMMA 5. Suppose that VS 6 KVβ<a{p eQδ:\p\(K, a) = 0} de:ides
"βeZ". Then \p\(K, a) is a rank function.

Proof. We must show that given p e Qω_2 and 1 ^ β ^ a there
exists peQω2 compatible with p, \p\(K, a) ^ β, and VqeQω2 if
I q I (K, a) < β and p and g are compatible, then p and g are compatible.

Recall that in the proof that | |α is a rank function on P we
obtained for each peP a peP such that:

(a) | p | β ^ / 9 ;
(b) p and p are compatible;
(c) Vq eP iί \q\a < β and q and j5 are compatible, then q and

p are compatible;
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(d) VY < α, p(γ) = p(j).

Given p e Qω2 define p by letting Vδ <£ K, p(δ) = 0 and Vδ e K, p(δ) is
the condition in P obtained above for p(δ). We show that peQωc}.
Suppose not and let δ be the least such that p \ δ does not force
"p(δ) G P(Zδ)". Clearly δeK. Let p(δ) = (p',q). Then there must
be some jeΣ such that p'r$P\T7) or p'reP\Tr), and p Γ δ does not
force "7 g Z" respectively "7 e Z". If £>; ί P°(Tr) then φ e άom(p'r) and
p'7(Φ) = 1. If p; g P^Γr) then either 0 e dom(p'r) and j>;(0) = 0 or In <
ω, (n) e dom(p') and p'r((ri)) — 1. Since 7 e Σ it is a successor ordinal.
Since \p(δ)\a ̂  β < a and | (n) |Γ.. ^ 7 — 1 it must be that 7 < α. By
the properties of K and a, Iq eQδ, \q\ (K, a) — 0, q If- "7 ί ^ " (respec-
tively "yeZ"), and g is compatible with p \δ. But since q is com-
patible with p I δ, it is compatible with p \ δ. This is a contradiction,
since by (d) q !f- "p(δ) £ P{Zδ)". Π

If A is the analytic subset of X* which is created at the first
step, then A is not Borel in X* in the model M[Gcϋ2\. To see this
suppose not and 3p e Qω2

p IF- "Vx e X*(x e A iff x e Bτ)"

where Bτ is a Σ\ set with parameter r e 2". Using the c.c.c. of Qω2

it is easy to obtain K Q ω2 countable, 0 6 K, and a < ω1 with β < a,
such that IPICK, α) — 0, \τ\(K, a) = 0, and i ί and α satisfy the requi-
rements set down in Lemma 5. As in §1 this leads to a contradiction.

3. Abstract Souslin sets. Recall that R = {A x B: A, B £ 2ω},
5(J?) is the σ-algebra generated by R, and S(R) the family of sets
which are gotten by applying the Souslin operation to sets in B{R).

THEOREM β. It is consistent with ZFC that S(R) = P(2ω x 2ω) Φ
B(R).

The model used will be a minor modification of the one obtained
in §2.

LEMMA 7. Suppose XQ2ω, \X\ = |2 ω | , α^c? every subset of X of
cardinality less than \2ω\ is analytic in X. Then S(R) = P(2ω x 2ω).

Proof. Let ft = \2ω\ and X= {xa: a < tc). Since S(R) is closed
under finite union, it is enough to show that any Y Q /c2 with the
property that (a, β) e F-> a ^ β, is in S(R). For each β let X^ =
fe: (α, /3) e Γ). For each β and seω<ω let Cβ

s be a closed subset
of X such that X^ - U/eα," Πn<«C7ίr»
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For each seω<ω define Bs = {<α, β): xa e CS). Since Y =
ωω Π»<ω-B/m it i s enough to check that each BseB(R). Fix s e

α><ω and let {Dn: n < ω} be an open basis for X. For each /3 define
yβ(ri) = lifiDnf)Cβ

s = φ. I t follows that αeCfiff Vw (if yβ(n) = 1
then a$Dn). Letting £7n - (Dn x X) U (Dn x {/3: ^(w) = 0}) we have
that B. = n.<«^ •

LEMMA 8. Suppose F: X->Y is 1 — 1 αwd VU open in Y F~\U)
is Borel in X. If every subset of Y is analytic in Y then every
subset of X is analytic in X.

Proof. Given A E X let B = F"A. Then there are Borel subsets
of Y, Bs for s e ω< ω such that B = U/e.« Π«<* 5/r Let Λ - i ^ m ) ,
then As is Borel in X and A = U/eα>° Π»<ω A/Γn. Π

We now prove Theorem 2. Let If, the ground model of ZFC in
§2, be a model of MA + 2ω = α>2. We first show that for Gω2 Qω2-
generic over M, M[Gω2\ models that S(R) = P(2ω x 2V). Working in
M for any Z, WQ2" with \Z\ = \W\ = ω19 if F: Z ->W is any
1 — 1 map then by Silver's lemma (see [6]) for every U open in
W, F~\ U) is Borel in Z. F still has this property in any extension
of M since W is second countable and M contains an open basis for
W. Working in M there exists X £ 2ω such that | X\ = ω2 and
V7 £ X if ] 3Γ| <; α>! then Y is Borel in X (a generalized Luzin set
is such an example, see [9]). We claim that in M[Gω2\ every subset
of X of size ^ β)1 is analytic in X and thus by Lemma 7, S(R) =
P(2ω x 2"). Working in M[Gω2] for any ZQX if \Z\^ωt then
3 Γ e l f Z £ Γ and | Γ | ^ a)x. Letting .F:F->X* be any 1 - 1 map in
M we have by Lemma 8 that every subset of Y is analytic in Y,
and since Y is Borel in X, Z is analytic in X.

We next want to show that in M[Gω2], P(2ω x 2ω) ^ JB(JB). It is
enough to show that in M[Gω2] there does not exist a countable
HQP(X*) such that 5(H) - P(X*). To see that this suffices let
{Xa: a<ω2} = P(X*) and let Y = {(«, α): x 6 Xα} £ X* x α)2. If Γ
is in the σ-algebra generated by {An x Bn: n < ω} then B({An: n<ω}) —
P(X*). Just show by induction that VKe B({AnxBn\ n < ω})Vβ < ωι

{x e X*: (x, β)eK}e B({An: n < α>}).
By the technique of §1 and §2 we note that in M there is no

countable H Q P(X*) such that the generic Souslin set created at
the first step is in B{H). Note that for Z = φ and G P(Z)-generic
over M the set A = feel*:(?α((θ)) = 1} is also a generic Souslin
set over M. This is because the requirement that Ga(φ) = 0 puts no
constraint on the value of Gα«0>). •
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4* Remarks. (1) In the model used for Theorem 1 one can
show that there does not exist any H £ P(2ω), \H\ < |2ω | , such that
every analytic subset of 2ω is in B(H). Note also that ω2 can be
replaced by any fc > ωx of uncountable cofinality. Also in this model
it is true that the universal Σ\ subset of 2ω x 2ω is not in the σ-
algebra generated by the abstact rectangles.

(2) It is not hard to modify the technique of § 2 to get it
consistent with ZFC that 3 l g 2ω\X\ = ω2 (or even \X\ = ^ ω i ) such
that every subset of X is analytic in X but not every subset of X
is Borel in X.

(3) X* in §2 has Baire order ω1 in M[Gω2\.
(4) In [5] Kunen showed that if one adds ω2 Cohen reals to a

model of CH then {(α, β): a<β<ω2} is not in the cr-algebra generated
by {AxB: A Q ω2, BQ ω2}. In the same model (actually CH is not
necessary in ground model) there is a subset of ω±xω2 not in the
σ-algebra generated by {A x B: A £ ωl9 B £ ω2}. To prove this it is
enough to find F Q P((θi)\ F\ = ω2 such that there does not exist
H C P(ω1) countable with F Q B(H). Let P = {p \ p: F -> 2, for some
F e [<#J<iu} and suppose G is P-generic over M. Let

X={a<ω1\ G{a) - 1}

and note that for any H Q P(ωλ) countable and in M, M[G] \h "X&
B(H)". This is because for any Y e B{H) 3ίe2ω YeM[i\.

( 5 ) In [12] Rothberger showed that 2ω = ω2 + 2'°ι = ^ω2 implies
that not every subset of ωι x ω2 is in the σ-algebra generated by
{A x B: A Q ωu B Q ω2). To see this let Ga for a < ^ω2 list all
countable subsets of P{o)^). Since \B(Ga)\ ^ 2ω = ω2 we can pick
KaβPiω,) for a < ω2 such that Kaί\Jβ<ωaB(Gβ). It follows as in
(4) that {(β, a): β e Ka} is not in the σ-algebra generated by
{AxB:AQω19 B £ ω2}.
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