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QUASIDIAGONAL WEIGHTED SHIFTS

RUSSELL SMUCKER

We characterize the quasidiagonality of a two-way
weighted shift solely in terms of the weights. We use the
characterization to show that quasidiagonality fails to be
an invariant for similarity: an operator similar to the (un-
weighted) bilateral shift may fail to be quasidiagonal.

Introduction. We given necessary and sufficient conditions for
the quasidiagonality of a two-way weighted shift. We use the
characterization to show that quasidiagonality fails to be invariant
for similarity.

A (bounded) operator A on a separable Hilbert space is quasi-
diagonal if there exists a sequence {P,} of orthogonal projections of
finite rank such that {P,} converges strongly to 1 and {P,A — AP,}
converges uniformly to 0. The only facts about quasidiagonal opera-
tors that we use in this paper are that each normal operator is
quasidiagonal and that each compact perturbation of a quasidiagonal
operator is again quasidiagonal. Both facts are proved in [6, §4],
where the concept was introduced.

Throughout this paper {e;}*2 is a fixed basis for a complex Hilbert
space, and {w;}I2 is a fixed, bounded sequence of complex numbers.
The operator B determined on the Hilbert space by the equations
Be, = w,e,,, is a two-way weighted shift with weight sequence {w;}*3.
The main goal of the paper is to prove Theorems 1, 2, and 5, which
together characterize quasidiagonal weighted shifts solely in terms
of their weight sequences.

1, Sufficiency.

THEOREM 1. If the weight sequence of a two-way weighted shift
has 0 as a limit point in both directions, them it is quasidiagonal.

Proof. Let {w,}i= . be a subsequence of the weights that con-
verges to 0 in both directions. For each positive integer #, define
P, to be the (orthogonal) projection onto the span of {e;,_ ., €; 15 -+,
e;}. It is easy to compute that || P,B — BP,|| is the larger of |w,__|
and |w,,|; therefore ||P,B — BP,||— 0. The P, are increasing, and
the union of their ranges contains all the vectors in the basis;
therefore P, — 1 strongly. By definition, consequently, B is quasi-
diagonal. O
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DEFINITION. A two-way sequence {w;}*2 of complex numbers is
block-balanced if for each positive number ¢ and for each positive
integer n there exist integers p and ¢ with » + % < 0 < ¢ and
| Wpi, — Wesr| < € for each k with 0 = &k < n.

Roughly, {w;}Z is block-balanced if there exist arbitrarily long
blocks (permitted to overlap) on each side of the center number that
are arbitrarily near each other. It is obvious that the center number
does not have to be at w,; it could be at any fixed number w,.

THEOREM 2. If the weight sequence of two-way weighted shift is
block-balanced, then it is quasidiagonal.

We prove Theorem 2 after two lemmas. Next we describe a
projection of the kind to be used in the proof. Let » be a positive
integer, and let p and ¢ be integers with p + n < 0 < q. For each
integer k with 0 < k < n, define vectors g, and A, by

9. = V'k[ne,., + V' (n — k)[negs
by = V0 — k)ne,, — Vkne,., .

The set {9, 95, - -, Gu, Po, By, -+, h,} is an orthonormal set whose span
is precisely the span of the orthonormal set {e,, €,:1, ***, €pins €0
€gi1, - *y €oin). (Note that there may be many vectors e, between
¢,+, and e,.) We define the projection P, depending on =, p, and g,
to be the projection onto the span of the orthonormal set {g, g, - - -,
Oy Cpinity €pinte, *°°y €q1), (that is, the vectors g, and each vector e,
between e,., and e¢,). The vectors k,, though not involved directly
in the definition of P, are nevertheless useful in the computations
to come.

What is needed for Theorem 2 is an estimate for ||PB — BP]||;
the next two lemmas provide it. Let D be the diagonal operator
(basis: {e;}=2) with diagonal entries {w,}*2, and let W be the un-
weighted bilateral shift (same basis). Clearly, B = WD.

LEMMA A. ||PD—DP| £maXx W, ,—W.|, (over k with 0=k=n).

Proof. For each integer k (0 < k < n) the space M, = VY {g,, hi} =
V {epir, €0er} (VY7 denotes span) reduces PD — DP, and PD — DP
vanishes on the orthogonal complement of the space spanned by all
the vectors g, and all the vectors %,. It is therefore sufficient to
prove that

|(PD — DP)| M,|| < |w,1p — Weri| for 0=k =mn.

Using the equations Pg, = ¢, and Ph, = 0, one can easily com-
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pute that the matrix for (PD — DP)|M, with respect to the basis
{g:, hi} is the matrix

( 0 (Dhy, gk))
—(Dgs, hy) 0 ’

whose norm is the larger of |[(Dg,, k)| and [(Dhy, 9:)|- Now

[(Dgy bi)| = |(WpesVE M1 + WiV (0 — k) [meyis,
1/(’"1 - k)/’nep+k - Vmeﬁk)l

= 1/]5(” - k)/'”'[wp+k — Weer| = {wp+k — Woil -

A similar computation shows that |[(Dh,, g)| < |Wpir — Worrl;
therefore ||(PD — DP)| M, || < |Wpr — Worsl. |

LeEmMMA B. ||[PW — WP =2/V' n.

Proof. The basic idea of the proof is quite simple: each vector
in the orthonormal set {g,, -, s, €ptn+1, -, €1} i mapped by W
almost into the next one (and the last vector is mapped almost into
the first one). It makes sense therefore that the span of the set,
which is by definition the range of P, should be almost reducing.
The computations are simplified if we note that |PW — WP| <
A — PYWP| + || PW(Q — P)||; we shall show that each of the two
summands on the right is bounded above by 1/V n.

To estimate ||[(1 — P)WP||, begin by computing (1 — P)Wf for
each basis vector f in the orthonormal basis {g,, - -, 9u, €ptnt1, ***, €41}
for the range of P. For eachinteger i withp +n +1=:1=q—1,
the vector e;;, is in the range of P (note that e, = g,); therefore
1—P)We,=(1 — P)e;r, = 0. For each integer k with0 <k =<n — 1,
the vector Wy, is in V {ep+1+1, €trt1} = V {gr+1, s} Because the
vector g¢,., is in the range of P, and because the vector h,,, is in
the range of 1 — P, it follows that (1 — P)Wyg, = (Wgy, hivi)hpss.
Finally, g, = €,+,; therefore (1 — P)Wyg, = (1 — P)e,sp+y = 0. The
computations so far show that (1 — P)W annihilates all the vectors
in the basis for the range of P except g, -, g._1, €ach of which it
maps into a multiple of the corresponding vector in the orthonormal
set {hy, ---, hy}. The norm of (1 — P)WP is therefore simply the
largest absolute value of the multiples; that is, |1 — P)WP| =
max [(Wgy, )|, 0=k =n —1). Now,

{(Wa, b)) | = [VE —k — 1) —V(n — B)E& + Din < 1/V'n .
This proves that |1 — P)WP|| <1V n.
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The estimation of || PW(1 — P)|| is similar to that for |1 — P)WP|;
therefore we give only a sketch. The vectors in the basis {---, ¢,_,,
€psy Moy * ) By €intsy €qints, -+ -} for the range of 1 — P are all an-
nihilated by PW except h, - -, h,_i, and PWh, = (Wh,,9,+1)9x+: for
0<k=mn-—1. Therefore ||PW(Q1 — P)| < max |(Wh,, gr+0)|, 0=
k< mn — 1), and the right side is again bounded by 1/vn. [

Proof of Theorem 2. Since the weight sequence {w,;}*% is block-
balanced, there exists for each positive integer »n a pair of integers
p and g such that p+72 <0< g and |w,4, — Werr] <1/n for 0 = k < n.
Define P, to be the projection P (depending on #, p, and q) defined
just before Lemma A. We shall prove that the sequence {P,};= of
projections of finite rank implements the quasidiagonality of B = WD.

Because P,B — BP, = (P,W — WP,)D + W(P,D — DP,), it follows
that

HPnB_ BPn“ = HPnW'_" WPnH”D“ + ”W” HP,,,D—DP,,,H .

By the two lemmas, the right side is dominated by 2| D|/V'n +
|W|/m, so that | P,B — BP,| — 0.

It remains to show that P, — 1 strongly; it is sufficient to prove
that P,e,—e, as n— o, for each basis vector ¢,. Two cases must
be considered: ¢ < 0 and 2 = 0. The proofs for the two cases differ
in notation only; therefore we prove only the case ¢ = 0. Also, we
need to consider only = = i. If the ¢ corresponding to n satisfies
the inequality ¢ >4, then p+ 2 +1<0<1=<q¢—1, so that ¢, is in the
range of P,, and P,e; = ¢,. If on the other hand, ¢ < 4,let k=1 — g,
and note that 0 <k <n. The basis vector ¢; = ¢,+, is in V {e,+s, €,+1} =
V {9, hi}; consequently Pe; = (eis, 909 = V(0 — k)k/ne,, + (n —
k)/ne,.,. It follows that P,e, — e, = V'(n — k)k/ne,., — k/ne sy, so that
|| P,e; — e;]]* = k/n. The condition 0 < ¢ implies that k =i — ¢ < 1,
so that ||P,e; — e;]|* < i/n. In summary, we have proved in either
case (@ >1 or q < 1) that || P.e, — e;]|* < i/n, provided » = i. For
each integer ¢ = 0, therefore, P,e, —e¢; as n — . N

COROLLARY. If the weights of a two-way weighted shift are
periodic, then it is quasidiagonal.

Proof. If the weights are periodic, then they are Dblock-
balanced. OJ

In case the weights are strictly positive, it is interesting to
compare the corollary with a result of R.L. Kelley, which says that
B is reducible if and only if the weights are periodic [7, Thm. 11,
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p. 44]. The proof of Kelley’s result produces projections that com-
mute with B but that are (unavoidably) of infinite rank. The proof
of the corollary produces projections that are of finite rank and that
nearly commute with B, but that cannot actually commute with B.

2. Necessity, The theorems in §1 produce two kinds of quasi-
diagonal two-way weighted shifts. In this section, we prove that
they are the only ones. The key idea is that for each shift that
does not belong to one of the two kinds, there is a nonquasitri-
angular operator in the C*-algebra generated by the shift, so that
by Theorem 8 the shift itself fails to be quasidiagonal.

Throughout this section, it is necessary to assume that the weights
are nonnegative (Theorems 4 and 5 are false, otherwise), and it is
convenient to assume that ||B]| <1 (so that 0 < w, <1). No real
generality is lost in either case, for the weighted shift with weights
{w;}72 is unitarily equivalent to the weighted shift with weights
{lw.}== [4, Problem 75], and quasidiagonality is unchanged by multi-
plication by secalars (this is obvious from the definition).

THEOREM 3. If A is quasidiagonanl, then each operator in the
C*-algebra gemerated by A is also quasidiagonal.

Proof. If the sequence {P,} of projections of finite rank imple-
ments the quasidiagonality of A, then {P,} also implements the
quasidiagonality of A*, because | P,A* — A*P,|| = || P,A — AP,||. It
therefore implements the quasidiagonality of finite products involving
Aand A*, because || P,ST — STP,|| = | P.S — SP,|| | T|| + | S| |1P.T —
TP,|; also it implements all polynomials (possibly noncommutative)
in A and A*, because

[ Pu(S + T) = (S + T)P,|| = | P.S — SP, || + [| P.T — TP, -

If, finally, S, — S and each S, is a polynomial in A and A*, then
by a diagonal argument it is possible to select a subsequence {P,}
of {P,} that implements the quasidiagonality of S; the inequality
needed is

| PpS — SP, ||  [|Pag 1S = Sall + |Ss — S Pap i
+ HP«nkSn - SnPnk“ . D

The next theorem provides the tool necessary for applying Theo-
rem 3 in the context of weighted shifts. In its proof, we need an
approximation theorem of the Stone-Weierstrass type. Let n be.a
fixed, nonnegative integer and let X be the Cartesian product of
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n + 1 copies of the closed unit interval [0, 1], the component fune-
tions being indexed by the integers 0 to » (so that a typical point
in Xis (2, 2, -+, 2, with 0 =<2, <1). Let C"(X) be the normed
space of real-valued continuous functions on X with the sup norm.
We need the fact that if the functions in a subset S of C"(X) vanish
identically on a closed subset X, of X and separate points in the
complement of X,, then the algebra of functions generated by S is
dense in the set C, of functions in C”(X) that vanish identically on
X, [9, Thm. 7, p. 46].

THEOREM 4. If u is a function in C"(X) that vanishes iden-
tically on the coordinate faces x; =0 (0 =< j < n), then the weighted
shift B, with weights {u(w,, w1, **+, Wirn)}ile 18 in the C*-algebra
generated by the weighted shift B with weights {w;}=2 (0 < w, < 1).

Proof. Let .o7[B] be the C*-algebra generated by B. If jisa
nonnegative integer, then the operator D, defined by the formula
D; = V' B*9HBGH is the diagonal operator with diagonal entries
{waw,s; « -+ Wi} (the assumption 0 < w; has just been used), and
D; is in &7[B] (because D, is in .7[D?] by the Gelfand-Naimark
theorem [3, Thm. 7, p. 876], and &7 [D}c.57[B]). The product BD;
is the weighted shift with weights {wiw,;, w4, - -+ Wi ;- , and it is
in .o7[B]. More generally, if b,, b,,-- -, b, is a sequence of nonnegative
integers, then the operator BD{D/D?: ... D}l is the weighted shift
whose ith weight is

(Lbg4bydeeetby) prg(bytbodeedtby) gy (botbgtesekdy) | |, nryby
w; Wiy Wity Wit s

and it is in .&7[B]. Put another way, if m, m,, ---, m, is a sequence
of integers with my=m, = --- =2 m, =0, and if u is the function
in C"(X) defined by u(x, ---,2,) = x™Pgmarz ... g+ then the
weighted shift B, is in .o7[B].

Let C, be the subset of C"(X) consisting of the functions in
C7(X) that vanish on the set X, of points in X one of whose coordi-
nates is 0. We want to show that B, is in .&7[B] whenever u is
in C;; the first paragraph proves that B, is in .%7[B] whenever u is
in the set S consisting of the functions in C7(X) that have the
special form wu(x, ---, x,) = x™oxMar: ... 2™, where the m, are
integers such that m,=m, = --- = m, = 0. Because the set S is
closed under multiplication, each function in the algebra & generated
by S is merely a linear combination of functions in S. Because B, +
B,, = B, ., and B,, = aB, for each scalar «, the operator B, is in
7 [B] whenever u is in &~ If u, — u uniformly on X, then B, — B,
uniformly; therefore B, is in .%7[B] whenever u is in the uniform
closure of &2 The set S separates points in X — X,; therefore, by
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the remark preceding the theorem, the uniform closure of & is all
of C.. ]

The condition 0 < w, in Theorem 4 is necessary. To see this,
suppose the weights of B are

{'°'; _1; 1’ _1; (1>’ _1’ —1’ 15 _1’ —1: "'}

(note that the weight 1 alternates with a single —1 in the backward
direction while it alternates with a pair of —1’s in the forward direc-
tion). The operator B is quasidiagonal (because it is normal); there-
fore each operator in .%7[B] is quasidiagonal, by Theorem 3. If u
is a continuous function of one variable such that %(1) =1 and
u(—1) = 2, then B, has weights {---,2,1,2,(1),2,2,1,2,2, ---}, and
B, fails to be quasidiagonal (as the next theorem shows); therefore
B, is not in .7[B].

THEOREM 5. If a two-way weighted shift with nonnegative
weights 1s quasidiagonal, then either the weight sequence has 0 as a
limit point in both directions, or it is block-balanced.

Proof. Suppose that the weight sequence does not have 0 has
a limit point in one direction and that it is not block-balanced. We
must prove that B is not quasidiagonal. Since quasidiagonality is
invariant under the adjoint operation, it is sufficient to prove the
case where the weight sequence does not have 0 as a limit point in
the forward direction. It is then possible to alter a finite number
of the weights to produce a new weight sequence (which is still not
block-balanced) that is bounded below in the forward direction by
a positive number, say 6. Such a change amounts to a compact
perturbation of B, and as such does not alter quasidiagonality.

The assumptions now are that 0 < w;, <1 for each integer 1,
that 0 < § £ w; <1 for 4= 0, and that there exists a positive num-
ber ¢ and a positive integer n such that to each pair of integers »
and ¢ with p + » < 0 < ¢ there corresponds an integer k (0 <k < n)
such that |w,;;, — wey,| = e. We must prove that B is not quasi-
diagonal. Let Y be the closure in the normed space X (defined just
before Theorem 4) of the set of points {(w;, Wiy, « -, W)} (note:
in the forward direction only), and let Z be the closure of the set
consisting first of the points in {(w;, Wiy, - -+, Wir,)}'-—« (note: in the
backward direction only) and second of the points in X at least one
of whose components is 0. The assumption on ¢ and » implies that
the set Y is at a distance at least ¢ from each point of the first
kind in Z, and the assumption on ¢ implies that Y is at a distance
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at least 6 from each point of the second kind in Z. The closed sets
Y and Z are therefore disjoint. By Urysohn’s lemma, there exists
a continuous function w on X with %#[Z] =0 and «[Y]=1. The
function % vanishes on the face x, = 0 of Theorem 4 because the
points in that face are contained in Z.

By Theorem 4, the shift B, is in the C*-algebra generated by
B. If B were quasidiagonal, then by Theorem 3, B, would also be
quasidiagonal. Except for a compact perturbation, B, is the weighted
shift with weights {---,0,0,0, 1), 1, 1, - - -} (the weights with indices
from —n + 1 to —1 may be different). The quasidiagonality of B
thus implies the quasidiagonality of 0@ U (U is the unweighted
unilateral shift). It is known, however, that 0 U fails even to
be quasitriangular (proof: U is not quasitriangular [5, Thm. 3];
therefore neither is 0@ U [2, Thm. 8]). The weighted shift B
consequently fails to be quasidiagonal. 0

3. Applications. In this section we give two applications that
use the characterization of quasidiagonal weighted shifts developed
in the previous two sections. The first application is a reformulation
of the characterization in a special case, namely where the weighted
shift has compact self-commutator (the self-commutator of A is
A*A — AA*). The second example shows that quasidiagonality fails
to be invariant for similarity.

THEOREM 6. A two-way weighted shift with nonnegative weights
that has compact self-commutator is quasidiagonal if and only if
there exists a nmumber that is both a forward limit point and a
backward limit point of the weight sequence.

L. G. Brown, R.G. Douglas, and P. A. Fillmore have proved that
if an operator A with compact self-commutator is quasidiagonal, then
it is a compact perturbation of a diagonal operator [1, Cor. 11.12].
Theorem 6 therefore also characterizes two-way weighted shifts that
are compact perturbations of diagonal operators.

Proof. A diagonal operator with weights {d;}*2 is compact if
and only if the weights converge to 0 in both directions. Since
B*B — BB* is the diagonal operator with weights {w? — w2, }*3, it
follows that B*B — BB* is compact if and only if {w, — w,..}*2 con-
verges to 0 in both directions. In that case, the set of forward
limit points is a closed interval R, and the set of backward limit
points of {w;}*Z is a closed interval L.
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If R and L have a point in common, say x, then, because
{w;, — w72 converges to 0 in both directions, there exist arbitrarily
long blocks, on both sides of the center weight, such that the weights
in the blocks are arbitrarily near to x, and therefore arbitrarily near
to each other. The weight sequence is therefore block-balanced, so
that B is quasidiagonal by Theorem 2.

If R and L are disjoint, then they are a positive distance apart.
The condition that {w, — w,,}*2 converges to 0 in both directions
means that eventually the blocks to the right of the center weight
are a positive distance (sup norm) from the blocks to the left of the
center weight. The weight sequence is therefore not block-balanced.
Neither does it have 0 as a limit point in both directions, since R
and L are disjoint. By Theorem 5, the shift B fails to be quasi-
diagonal. [

EXAMPLE. An operator that is similar to the (unweighted) bi-
lateral shift W may fail to be quasidiagonal.

Proof. Let A be the two-way weighted shift with weights
{---,1,1,1,(1/2),2,1/2,2, ---}. If S is the diagonal operator with
diagonal entries {---,1,1,1,(1),2,1, 2, ---}, then SAS = W, so that
A is similar to W. By Theorem 5, on the other hand, A fails to
be quasidiagonal. ]
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