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THE SPACE OF EXTENDED ORTHOMORPHISMS
IN A RIESZ SPACE

B. DE PAGTER

We study the space Orth*(L) of extended orthomorphisms in an
Archimedean Riesz space L and its analogies with the complete ring of
quotients of a commutative ring with unit element. It is shown that for
any uniformly complete f-algebra 4 with unit element, Orth®(A4) is
isomorphic with the complete ring of quotients of 4. Furthermore, it is
proved that for any uniformly complete Riesz space L the space Orth™( L)
is isomorphic to the lateral completion of L. Finally, it is shown that for
any uniformly complete Riesz space L the ring Orth*(L) is von Neu-
mann regular.

The main subject in this paper is the space Orth®(L) of extended
orthomorphisms in an Archimedean Riesz space L. By an extended
orthomorphism we mean an order bounded linear mapping 7 from an
order dense ideal D in L into L with the property that #f L g for all f € D
and g € L with f L g. As shown in [10], Orth*(L) is an Archimedean
f-algebra with unit element which is, in addition, laterally complete.

The definition of Orth®*(L) for an Archimedean Riesz space is in
some sense analogous to the definition of the complete ring of quotients
Q(R) of a commutative ring R with unit element (see [8], §2.3). A natural
thing to do, therefore, is to compare these two objects for Archimedean
f-algebras with unit element. In §2 of this paper it is proved that for any
uniformly complete f-algebra 4 with unit element, the algebras Orth®( A4)
and Q( A) are indeed isomorphic.

For any f-algebra A = C(X), where X is a completely regular Haus-
dorff space, the complete ring of quotients of A4 is precisely the lateral
completion A* of A. So, by the above-mentioned result, in this case
Orth*(A4) is the lateral completion of A. In §3 we study the relation
between Orth®(L) and the lateral completion L* for an arbitrary Archi-
medean Riesz space, and it will be shown that Orth®(L) = L* holds for
uniformly complete Riesz spaces.

Another interesting property of the ring of quotients Q(R) of a
semiprime commutative ring R with unit element is that Q(R) is von
Neumann regular. In the last section of this paper it will be shown that
Orth™( L) is a von Neumann regular f-algebra for any uniformly complete
Riesz space L.
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1. Preliminaries. For terminology concerning the general theory of
Riesz spaces and order bounded operators we refer to [1] and [11]. We
assume that all Riesz spaces considered are Archimedean. The order
bounded linear mapping 7 from an order dense ideal D in the Archi-
medean Riesz space L into L is called an extended orthomorphism whenever
af L gforallf€ D and g € L with f L g (see [10], §1 or [9], Chapter IV,
§1). The collection of all extended orthomorphisms in L will be denoted
by Orth*(L). Since any extended orthomorphism is order continuous
([10], Theorem 1.3), it is natural to consider two extended orthomorphisms
as equal if they agree on their common domain of definition or, equiva-
lently, if they agree on some order dense ideal in L. With respect to the
pointwise operations and ordering, Orth®(L) is an Archimedean Riesz
space.

An element 7 € Orth®(L) which is defined on the whole space L is
called an orthomorphism in L. The collection of all orthomorphisms in L
is denoted by Orth(L), and Orth(L) is a Riesz subspace of Orth®(L).
Properties of Orth( L) can be found in [9] and [12].

A Riesz space A is called a Riesz algebra (or a lattice ordered algebra)
if there exists in A an associative multiplication such that 4 is an algebra
with the additional property that uv =0 for all 0 < u, v € A. The Riesz
algebra A is called an f-algebra if u N\ v = 0 in A implies that (wu) N\ v =
(uw) AN v =20 for all 0 =w € A. For the general theory of f-algebras we
refer the reader to [4], [7], [9] and [12]. In particular we recall that any
Archimedean f-algebra is commutative. Observe that for any f € A the
mapping m,, which assigns to each g € 4 the element fg, is an orthomor-
phism in 4. If 4 has a unit element, then any orthomorphism in 4 is of
the form 7, for some f € 4.

Both Riesz spaces Orth*(L) and Orth(L) can be given an f-algebra
structure by taking composition as multiplication (see [10], §1). Clearly
Orth(L) is an f-subalgebra of Orth®(L). Observe that the identity map-
ping in L serves as unit element in Orth®( L) as well as in Orth(L).

The Riesz space L is called laterally complete if every positive disjoint
system in L has a supremum in L (e.g. [1], Chapter 7). It is proved in [10],
Theorem 1.4, that Orth®*(L) is laterally complete. Any Archimedean
laterally complete Riesz space has the projection property (see [1], Theo-
rem 23.4). The Riesz space L is called universally complete if L is laterally
complete and Dedekind complete. Every Archimedean Riesz space L has
a universal completion L*, i.e., there exists a universally complete Riesz
space L* such that L can be identified with an order dense Riesz subspace
of L* (see [11], Theorem 50.8). In fact L* is a Riesz space C*(£2) for some
appropriate extremally disconnected compact Hausdorff space Q. This
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shows in particular that for any weak order unit e in L* there exists an
f-algebra multiplication in L* with e as unit element.

The laterally complete Riesz space L* is called a lateral completion of
L if L can be identified with an order dense Riesz subspace of L*. The
lateral completion, as well as the universal completion, is essentially
unique (this follows e.g. from [1], Theorem 23.16), and therefore L* can be
considered as the intersection of all laterally complete Riesz subspaces of
L* in which L is contained.

For the sake of convenience we recall that the Riesz subspace K of L
is called order dense in L whenever for any 0 < f € L there exists g € K
such that 0 < g =< { or, equivalently, for any 0 =<f&€ L we have f=
sup{g € K: 0 =g = f}. Clearly, if K is order dense in L and /.0 in K
then f, 10 in L as well. Furthermore, if K is order dense in L, then every
band in L is equal to the band generated in L by some band in K, and any
band in K is the intersection of K with some band in L (see [4], Théoreme
11.1.15).

The next proposition provides a useful characterization of the lateral
completion. Recall that the linear mapping P from L into itself is called
an order projection whenever P> =P and 0 < Pu<uforall 0 <u € L.

PROPOSITION 1.1. Let L be an Archimedean Riesz space with universal
completion L* and lateral completion L» C L*. For any 0 <f € L" the
following two conditions are equivalent.

() f € L

(ii) There exist disjoint order projections P, in L* and 0 =< u, € L such
that f = sup, P,u,.

Proof. The above proposition can be deduced from [2], §5 and [3],
Theorem 1. However, it can also be proved directly as follows. Define M~
to be the subset of L* consisting of all 0 < f € L“ for which there exist
disjoint order projections P, in L* and 0 < u, € L such that f = sup, P,u,.
Let M be the set of all f~g with f, g € M . Now it is easily checked that
M is a laterally complete Riesz subspace of L and L C M C L*. Assume
now that K is a laterally complete Riesz subspace of L* such that
L C K C L* We assert that M C K. Indeed, as noted before, since X is
laterally complete, K has the projection property. Furthermore, since K is
order dense in L¥, the order projections in K are precisely the restrictions
of the order projections in L*. Hence, if P is an order projection in L* and
0 =<u € L, then Pu € K. Now take 0 < f € M. Then by the definition of
M, f = sup, P,u,, where {P,} are disjoint order projections in L* and

a”a’

0<u, € L. As observed, P,u, € K for all a, and therefore the lateral
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completeness of K implies f € K. Hence M C K, and we may conclude
that M is the lateral completion of L.

We proceed with some further terminology. Given v = 0 in the Riesz
space L, the sequence { f,: n = 1,2,...} in L is called v-uniformly conver-
gent to f € L if for every real number ¢ > 0 there exists a natural number
n, such that |f — f,|< ev for all n = N,. This will be denoted by f, —» f
(v-uniformly). If f, - f (v-uniformly) for some 0 < v € L, then the se-
quence {f,} is called (relatively) uniformly convergent to f, which is
denoted by f, - f (r.u.). The notion of (v-) uniform Cauchy sequence is
defined in the obvious way. The Riesz space L is called uniformly complete
if every uniform Cauchy sequence in L has a unique limit. For details we
refer to [11], §§16 and 63.

Finally we recall some facts about commutative rings. For the proofs
we refer to [8], §2.3. Let R be a commutative ring with unit element. The
ring ideal I in R is called dense if it follows from s € R and sr = 0 for all
r € I that s = 0. A mapping ¢q from a dense ring ideal / C R into R with
the property that g(sr) = sq(r) for all s € R and r € [ is called a fraction
in R. Two fractions will be considered equal if they agree on their
common domain of definition. Note that two fractions are equal iff they
agree on some dense ring ideal in R. The collection of all fractions in R,
with the above identification, is denoted by Q(R). With respect to
pointwise addition and composition as multiplication it turns out that
Q(R) is a commutative ring with unit element (see [8], §2.3, Proposition
1). Now Q(R) is called the complete ring of quotients of R. By assigning to
each r € R the element g, € Q(R) defined by g,(s) = rs for alls € R, R
is embedded in Q(R) as a subring. Note that R consists precisely of those
q € Q(R) which have as domain the whole ring R. If ¢ € Q(R) with
domain I and r € I, then q - g, is the multiplication by the element g(r)
in R. Indeed, let the dense ideal J in R be defined by J = {s € R:
rs € I}. For any s € J we have (¢ - q,)(s) = q(rs) = q(r)s, and hence
q - g, agrees with multiplication by r on the dense ideal J.

If the ring R is semiprime (i.e., 7" = 0 implies = 0), then Q(R) is a
von Neumann regular ring, i.e., for any r € R there exists an element
r, € R such that r = r,r? (see [8], §2.4, Proposition 1).

2. Orth®(A) as the complete ring of quotients of A . Let 4 be an
Archimedean f-algebra with unit element. As before, for any f € 4 we
denote by m, the orthomorphism in 4 defined by 7,8 = fg for all g € 4.
Since 4 has a unit element, any orthomorphism in 4 is of the form =, for
some f € A, i.e., A and Orth(A4) can be identified as f-algebras. Since
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Orth(A4) is an f-subalgebra of Orth®(A), we may consider 4 as an
f-subalgebra of Orth™( A4).

Suppose 7 € Orth*(A4) with domain D and take f € D. Then the
domain of 77 is D, = {g € A: fg € D}, and for any g € D, we have

(nm,)(g) = n(fg) = (7, f) = (7m,)(f) = (77)(f)
=n(nf) = (nf)g.

Hence the extended orthomorphism 77, agrees on the order dense ideal D,
in A4 with the multiplication by =f, i.e., with the orthomorphism 7_,. We
conclude that T = T, and, hence, if we identify f and 7, (i.e., we consider
A as an f-subalgebra of Orth*(A)), then #f =« - f. In other words, 7f
may be considered as the image of f under 7 as well as the product of 7
and f in Orth®( A4).

Since A4 is a commutative ring with unit element, A4 is also a subring of
the complete ring of quotients Q( 4). Note that Q( 4) is in fact an algebra
and A is a subalgebra of Q(A4). Now we shall study the relation between
Q(A) and Orth*( A). We start with a definition.

DEFINITION 2.1. The algebra homomorphism @ from Orth*(4) into
Q(A) is called natural if @ leaves 4 invariant (i.e., if ®(m,) = g, for all
f € A).

The next theorem shows us the existence of a natural homomorphism.

THEOREM 2.2. If A is an Archimedean f-algebra with unit element, then
there exists a unique natural homomorphism ® from Orth*( A) into Q(A).
Moreover, ® is injective.

Proof. We first define a natural homomorphism. Let 7 € Orth®( 4) be
given with domain D. Denote by (D) the ring ideal generated by D, i.e.,

n
(D):{Erid,:rieA,d,ED,iZ l,...,n,n EN}.
=1

We define the mapping ¢ from (D) into 4 by ¢(2'_, r,d;) = 2, r,7nd,. In
order to see what g is well defined, suppose 27_, r,d, = 0 (r, € 4, d, € D).
In Orth*(A4) we then have 37, mm, =0, so m(Z_, m,7,) = 0, which
implies 3i_, m,mm, = 0. Since d, € D, it follows from the remarks above
that 7, = m,, and therefore Z_, mm , =0, ie, 2, r,md, = 0 in 4.
Hence q is well defined. It is clear that g is an 4-linear mapping from ( D)
into A, and it follows from D C (D) that (D) is a dense ring ideal in A.

Therefore g € Q(A4). We now show that ¢ is independent of the domain
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of definition D of w. For this purpose, suppose 7’ € Orth®(A4) with
domain D’ and # = 7’ on D N D’. Let the mapping ¢’ from (D’) into 4
be defined as above. It is clear from the definition that ¢ = ¢’ on
(D N D’), and since (D N D’) is a dense ring ideal, this implies ¢ = ¢’ in
Q(A). Defining ®(7) = ¢q, it is evident that ® is an injective linear
mapping from Orth®(A) into Q(A) which leaves A invariant. We shall
show now that ® is a homomorphism. Take 7, m, € Orth*(4) with
domains D, and D,, respectively. Then the domain of # = =7, is #; '( D,)
={f€D,: m,f€ D} Put q, = ®(m), g, = P(m,) and g = ®(7). The
domain of ¢,q, is ¢;'((D,)), and since (7;'(D,)) C ¢;'((D,)), it is suffi-
cient to prove that g = q,q, on (w;'(D,)). This, however, follows im-
mediately from the definition of ®. We may conclude, therefore, that @ is
a natural homomorphism.

Finally, we show ® is unique. To this end suppose ¥ is a natural
homomorphism from Orth*(4) into Q(A4), and take 7 € Orth®(A4) with
domain D Put ¢ = ¥(7) and let I be the domain of q. Take r € I - (D),
ie,r=2"_,rd,withd,€ Dandr, € I (i = 1,2,...,n). Then

n

q(r) = ;dq(r)‘ E (g49)(r) = 2 {¥(my7)}(r,)

i=1

= 3 (Hm))0) = 3 4uan)

= 2 rad; = {®(7)}(r).

This shows g = ®(7) on the dense ring ideal I - (D), so ¢ = ®(7) in
Q(A). Hence ¥ = ®, and the theorem is proved completely.

The natural homomorphism @ is in general not surjective. This is
shown in the next example.

ExaMpLE 2.3. Let A be the collection of all realvalued continuous
functions on [0, 1] which are piecewise polynomials (finitely many pieces).
With respect to the pointwise operations, 4 is an Archimedean f-algebra
with unit element. Let 7 € Orth®(A) be defined by (7f)(x) =
(x + Df(x)forallfEAand 0 < x < 1. Now 7 € A implies ®(7) = q is
also multiplication by x + 1. In Q(A) the element g has an inverse
(multiplication by the function (x + 1)~! on the dense ring ideal (x + 1)A4).
However, 7 does not have an inverse in Orth®(A). Indeed, suppose 7, is
the inverse of 7 in Orth*(A4) with domain D,. Then @(m, f) = f for all
fE€D,. For any 0 <u € D, we have (x + I)(mu)(x) = u(x) for all
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x € [0,1], which implies 0 <mu <u, so mu € D,. Therefore (x + 1)
(mfu)(x) = (mu)(x), from which we deduce that u(x) = (x +1)2.
(mu)*(x) on [0,1]. Repeating this argument we conclude that there
exists a sequence u, € A (n = 1,2,...) such that u(x) = (x + 1)"u,(x)
for all 0<x <1 and all n, which is impossible. Hence the natural
homomorphism cannot be surjective.

If 4 is a uniformly complete f-algebra, then the situation improves.
This is shown in the following theorem.

THEOREM 2.4. For any uniformly complete f-algebra A with unit ele-
ment, the natural homomorphism ® is an isomorphism from Orth®(A) onto

Q(4).

Proof. We need only show that ® is surjective. Take g € Q(A) with
domain 7 and define the ideal D in 4 to be the collection of all f € A for
which there exist g;,...,g, € I such that |f|< 3", g?. We assert that
D C I Indeed, if |f|< 2, g? (g, € I) then 0 < f* < 3"_, g2, s0, by the
Riesz decomposition property ([11], Corollary 15.6 (ii)), f* = Z'_, u, with
0<wu,<g?(i=1,...,n). Since 4 is uniformly complete and has a unit
element it follows from [7], Corollary 3.12 (ii), that there exist h; € 4
(i =1,...,n) such that u;, = h;g,. Hence u; € I (i = 1,...,n), which im-
plies f© € I. Similarly we find that f - € I and therefore f € I.

Now we show that D is order dense in 4. Suppose g € A4 is such that
gL fforall f€D. Then g L h* for all A € I so gh?> =0 for all h € I.
This implies gh? = 0 and, hence, gh = 0 for all & € I (recall that any
Archimedean f-algebra with unit element is semiprime; see e.g. [7], Pro-
position 3.2 (iii)). Since 7 is a dense ring ideal we see that g = 0.

Let 7 denote the restriction of g to the order dense ideal D. If f € D
and g € 4 such that f L g, then fg = 0 and so ¢q(f)g = q(fg) = 0. This
implies q(f) L g, i.e., 7f L g (again using that A is semiprime). Hence
7 € Orth®(A4).

We claim that ®(7) = q. Indeed, let (D) be the ring ideal generated
by D in A and take r € (D), i, r = 2/_, rd, with r, E A and d, € D
(i=1,...,n). Then

n n

o(n)(r) = 3 r(sd) = 3 n(ad) =g £ | = a(0)

Hence ®(7) = q on (D), and therefore ®(7) = g in Q(A). We have thus
proved that ® is surjective, which concludes the proof of the theorem.
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It follows immediately from the above theorem that in this situation
the complete ring of quotients Q(A4) can be equipped with a partial
ordering in such a way that Q(4) becomes an f-algebra. In fact we define
q, < q, whenever ®'(g,) < ®'(g,) holds in Orth*( 4). It is easy to see
that g, = g, in Q(A4) is then equivalent to q,(u) < ¢,(u) for all positive
elements « in their common domain of definition. This remark yields the
following result.

COROLLARY 2.5. Let A be a uniformly complete f-algebra with unit
element. For q,, q, € Q(A) we define q, < q, whenever q,(u) = q,(u) holds
for all positive elements in the common domain of definition. Then Q(A) is
an Archimedean f-algebra with respect to this ordering.

As noted in §1, the complete ring of quotients Q( R) of a commuta-
tive semiprime ring R with unit element, is von Neumann regular. It
follows, therefore, from Theorem 2.4 that for any uniformly complete
f-algebra A with unit element the f-algebra Orth*(A4) is von Neumann
regular. In §4 we shall show that Orth*(L) is in fact von Neumann
regular for any uniformly complete Riesz space L.

For any completely regular Hausdorff space X we denote by §( X) the
collection of all dense open subsets of X. The complete ring of quotients
of the f-algebra C(X) is the space C[§(X)] of all continuous functions
defined on some G in §( X) (with identification of functions which agree
on some member of §( X)). It is not difficult to see that C[§( X)] is also
equal to the lateral completion of C(X) (for a survey of all kinds of
completions of the space C(X) see [6]). Hence for the Riesz space C(X)
the lateral completion is precisely the space Orth*(C(X)). In the next
section we shall study the relation between Orth°( L) and L* for arbitrary
Riesz spaces L.

3. Orth®(L) as the lateral completion of L. Let L be an Archi-
medean Riesz space with universal completion L. We choose in L some
maximal disjoint system {e_}, which will be fixed in all of the following
considerations. Then e = sup e, exists in L* and e is a weak order unit in
L*. We consider in L" the f-algebra multiplication for which e is the unit
element. As usual for f-algebras with unit element, we may identify
Orth(L*) and L*.

Take 0 =< 7 € Orth*(L) with domain D C L. Since D is order dense
in L, the universal completion of D is L“. Since 7 is order continuous, 7
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can be extended to an order continuous Riesz homomorphism 7~ from the
ideal D" generated by D in L* into L* (observe that D" is the Dedekind
completion of D). Now it follows for [1], Theorem 23.16, that =~ can be
extended to an order continuous Riesz homomorphism 7* from L* into
itself, and it is easy to see that #* € Orth(L"). Putting 7* = ¥(7), we
define an injective Riesz homomorphism from Orth*(L) into Orth(L").
Using the above-mentioned identification of L* and Orth( L"), we thus get
an embedding of Orth*(L) into L*. In fact, Orth®( L) corresponds to the
set of all p € L* for which there exists an order dense ideal D in L such
that pf € Lforall f € D.

As before we denote by L* the lateral completion of L. Then both L
and Orth®( L) are laterally complete Riesz subspaces of L*. We shall now
show that Orth®°(L) C L. The following observation will be used in the
proof of the next theorem. Let A be an Archimedean f-algebra with unit
element e and suppose P is an order projection in 4. If we put p = Pe,
then we have Pf = pf for all f € A.

THEOREM 3.1. For any Archimedean Riesz space L we have Orth*(L)
CL*C L~

Proof. In this proof we use the multiplication in L* introduced above,
and we identify Orth®(L) with an f-subalgebra of L". Let 0 <p €
Orth®( L) be given with domain D, i.e., pf € L for all f € D. Given the
band B # {0} in L*, there exists 0 <u € B N D such that 0 <u < e_ for
some e,. Let n be a natural number with the property that (nu — e, )™ >0
and put B, = {(nu — e,)* }“ in L. Denote by P, the order projection in
L* onto B, and put p, = Pe. Note that it follows from p,e = p, and
p, € {e,}"thatpe, = p,.Sincenu N e, € D, the elementw = p(nu N e,)
satisfies w € L. Now

Pw=pp(nune)=pple — (nu—e))
=pp, = Pp.

We thus have proved that for any band B # {0} in L* there exist a band
B, in L* and an element 0 <w € L such that {0} # B, C B and Pw =
P, p, where P, denotes the order projection in L* onto B,. Now it follows
by a standard argument that condition (ii) of Proposition 1.1 is satisfied,
and we may conclude, therefore, that p € L.

The inclusion Orth®(L) C L* can be proper, as shown by the follow-
ing example.
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ExaMPpLE 3.2. Let L be the Riesz space of all piecewise linear real
continuous functions on [0, 1]. Since L is order dense in C([0, 1]), the
universal completion L* of L is the same as the universal completion of
C([0, 1]). Therefore L* is the space of all real continuous functions which
are defined on some dense open subset of [0, 1] (with identification of
functions which agree on some dense open subset). It is not difficult to see
that L* consists of all real functions f defined on some open dense subset
S of [0, 1] which are locally linear, i.e., for any x € S there exists an open
interval around x on which f is linear. However, Orth®(L) consists of
those functions in L* which are locally constant.

REMARK 3.3. Let 4 be an Archimedean f-algebra with unit element e.
Since e is a weak unit in A4, there exists an f-algebra multiplication in A4
for which e is the unit element. In other words, the multiplication in A can
be extended to an f-algebra multiplication in A*. As above, we consider
Orth®(4) as an f-subalgebra of A*. Now the natural embedding of 4 into
Orth®( 4) is precisely the inclusion of 4 in A%, and so in this situation we
have A C Orth®(A) C A*. Since Orth®(A) is laterally complete, this im-
plies Orth®(A4) = 4.

We shall show now that Orth®(L) = L* holds for any uniformly
complete Riesz space L. To this end we need the following lemmas.

LEMMA 3.4. Let M be a Riesz space with the projection property, L a
Riesz subspace of M and I an ideal in L. Take 0 <e €l and 0 <u € L,
and let P, be the order projection in M onto {€}*’. Then there exist mutually
disjoint components {v,: n = 0,1,...} of elements of I in bands generated by
elements of I such that sup v, = P,u.

Proof. For n =0,1,... we define the bands B, = {(ne — u)™ }4“.
Note that (ne — u)™ € I for all n. Since B, = {(e — u/n)" }44 (n # 0), it
follows from (e — u/n)* 1 e that B, 1 {e}“ and, therefore, P, 1 P,, where
P, denotes the order projection onto B,. Observe that B, = {0}, so P, = 0.
Now define v, = (P,,, — P,)u, i.e.,, v, is the component of u in the band
B,.,NB!(n=0,1,...). Clearly, {v,: n = 0,1,...} is a disjoint sequence
in M, and for N = 1,2,... we have

N
sup v, = X (P, — P)u= Py u— Pou= Py, utPu.
n=0

0=n=N
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Hence sup v, = u. If we now define u, = u A\ ne for alln = 0, 1,..., then
v, = (P,,, — P,)u,, . Indeed,

(Pn+1 - Pn)un+l = (Pn+l —Pn){u - (” - (” + 1)e)+}
= (P —P)u-— (P — Pn)(u —(n+ l)e)+
=(P —PJu=v,.

Therefore each v, is a component of the element u, ,, € I.

LEMMA 3.5. Let the Archimedean Riesz space L be an order dense Riesz
subspace of the laterally complete Archimedean Riesz space M. Let I be an
order dense ideal in L, and suppose K is a laterally complete Riesz subspace
of M such that I C K. Then L C K.

Proof. Since M and K are laterally complete, both M and K have the
projection property. Let {e,} be a maximal disjoint system in /. Then {e, }
is also a maximal disjoint system in M. If we denote the order projection
in M onto {e,}“’ by P,, then we have for any 0 < u € L that u = sup P,u.
Since K is laterally complete, it is sufficient to show that P.u € K for all 7.
For any fixed 7 there exists, by Lemma 3.4, a disjoint sequence {v,:
n=0,1,...} in M consisting of components of elements of / in bands
generated by elements of / such that P.u = supv,. Since K has the
projection property and K is order dense in M, we have v, € K for all n.
Now it follows from the lateral completeness of K that P.u € K. This
concludes the proof of the lemma.

As above, let {e,} be some fixed maximal disjoint system in the
Archimedean Riesz space L, and consider in L* the f-algebra multiplica-
tion with e = supe,_ as unit element. We identify Orth*(L) with an
f-subalgebra of L“. It follows from Theorem 3.1 that we then have the
following situation:

L
C
LM L
C
Orth®(L)

THEOREM 3.6. If L is a uniformly complete Riesz space, then L C
Orth™( L), and therefore Orth®(L) = L.
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Proof. Denote by I the principal ideal in L generated by e, and put
I'= @_I.. Clearly I is an order dense ideal in L. It follows from Lemma
3.5 that it is sufficient to show that I C Orth®(L); therefore if we show
I C Orth*(L) for each 7, we are done. To this end fix 7 and take
0 =f€ . Letm, € Orth*(L") be the multiplication by fin L. Since I, is
uniformly complete and e, is a strong order unit in 7, there exists
o € Orth(/,) such that we_ = f (this follows immediately from the Yosida
representation of I, as some C(X) space; see [11], Theorem 45.4. The
existence of the orthomorphism 7 can also be proved without using
representation theory; see [12], Remark 19.5 (ii)). We now extend 7 to the
order dense ideal I, © I¢ by defining 7 = 0 on I’. It is clear now that
7 € Orth*(L), and we denote the extension of 7= to L* by 7 again. It
follows from the definition of = that me, = me, for all p, so we may
conclude 7, = 7 € Orth™(L).

The following two results are immediate corollaries of the above
theorem.

COROLLARY 3.7. If L is a uniformly complete Riesz space, then there
exists a multiplication in L* such that L is an Archimedean f-algebra with
unit element.

COROLLARY 3.8. Let L be an order dense Riesz subspace of the
uniformly complete Riesz space M. Then any m € Orth*(L) has an exten-
sion m* € Orth*(M).

It follows in particular from Theorem 3.6 that Orth®(L) = Orth( L")
holds for any uniformly complete Riesz space L. If we do not assume that
L is uniformly complete, then we can still prove one inclusion.

THEOREM 3.9. For any Archimedean Riesz space L we have Orth®(L)
C Orth(L*). In other words, any m € Orth®(L) can be extended to an
orthomorphism in L.

Proof. Suppose 0 < p € Orth®( L) with domain D, i.e., D is an order
dense ideal in L and pf € L for all f € D. We have to show pf € L* for all
f€ L} To this end take 0 <f € L* By Proposition 1.1 there exist
disjoint order projections P, in L* and elements 0 < u, € L such that
f=sup P,u,. A moment’s reflection shows we may assume each P, is the
order projection onto the band in L generated by an element 0 =< v, € D.
Since pf = sup pP,u,, it is sufficient to show pP,u, € L* for each a. For
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this purpose fix a and denote by Q, the order projection in L* onto the
band generated by (nv, —u,)* (n=0,1,...). Clearly Q, 1 P,. Now
define w, = (Q,.+, — Q,)u, (n=0,1,...). Then {w,: n=0,1,...} is a
disjoint sequence and supw, = P,u,, which implies pP,u, = sup pw,.

Therefore it is sufficient to show that pw, € L* for all n. Observe now that

wn = (Qn+] - Qn)ua = (Qn+1 - Qn){ua A (n + I)Ua},

so pw, = (Q,+1 — @,)p{u, N\ (n+ 1v,}. It follows from v, € D that
p{u, N\ (n+ 1)v,} € L, and since L* has the projection property, we
conclude that pw, € L.

The following corollary is immediate.

COROLLARY 3.10. If L is an Archimedean laterally complete Riesz space
then Orth®(L) = Orth(L).

COROLLARY 3.11. For any Archimedean Riesz space L we have that
Orth*(Orth®( L)) = Orth®(L).

Proof. Since Orth™( L) is laterally complete, it follows from the above
that Orth®(Orth®(L)) = Orth(Orth*(L)). Furthermore, since Orth®(L)
is an Archimedean f-algebra with unit element it follows that
Orth(Orth*( L)) = Orth®(L) (usual identification).

ReEMARK 3.11. It follows in particular from Theorem 3.6 that any
uniformly complete Riesz space L can be embedded as a Riesz subspace
in Orth®( L). Recently this result has also been proved by M. Duhoux and
M. Meyer [5] (Theorem 2.14 and Corollary 2.15). One of the main
differences between their approach and ours is that we always consider
Orth®(L) as an f-subalgebra of L*, whereas they do not make use of the
multiplicative structure of L“. In the same paper also the results of
Corollaries 3.10 and 3.11 appear (see [S], Remarks 2.8.2 and 2.13.2).

4. Some algebraic properties of Orth*(L). As we saw in §2, if 4 is
a uniformly complete f-algebra with unit element, then Orth®(A4) is
algebra isomorphic to the complete ring of quotients Q(A). Since A is
semiprime, Q(A) is von Neumann regular (see [8], §2.4, Proposition 1),
therefore Orth®(A4) is von Neumann regular in this case. It is natural to
ask whether Orth®(L) is von Neumann regular for each Archimedean
Riesz space L. In general the answer is negative, as shown by Example
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2.3. The main purpose of this section is to prove that for any uniformly
complete Riesz space L the f-algebra Orth®( L) is von Neumann regular.

First note that Orth®(L) is in general not uniformly complete, not
even if L itself is uniformly complete. Since Orth®( L) has the projection
property, uniform completeness of Orth®( L) implies Dedekind complete-
ness (see [11], Theorem 42.6), so we then have Orth*( L) = L* It is shown
in [10], Theorem 1.4 (i), that if L is Dedekind complete, then Orth®(L) is
likewise Dedekind complete. Although Orth*(L) is not uniformly com-
plete in general, it does have a ‘local’ completeness property.

PROPOSITION 4.1. Let L be a uniformly complete Riesz space and
suppose {m,: n = 1,2,...} is a uniform Cauchy sequence in Orth®(L) such
that all m, have a common dense domain D. Then there exists an element
in Orth®( L) such that w, - m(r.u.) in Orth®(L).

Proof. The proof is straightforward. Suppose {w,} is a m-uniform
Cauchy sequence for some 0 < m, € Orth*(L) with domain D,. Then
|m, — m,|< e,m, for all m = n and some sequence of real numbers ¢, | 0.
Hence for any f € D N D, and m =n we have |7, f — 7, f|< ¢,m|f],
which shows {z,f} is a uniform Cauchy sequence in L. Since L is
uniformly complete {7, f} has a uniform limit #f in L. In this way we
define a mapping 7 from D N D, into L, and it is easy to see that
7 € Orth®(L) and 7, » 7 (m,-uniformly).

As is well known, if 4 is a uniformly complete if-algebra with unit
element e, then any element u in A4, such that u = e, has an inverse in A4,
and for any 0 < u € A4 the square root, yu, exists in A (see [7], Theorems
3.4 and 3.9, or [12], Theorems 11.1 and 11.5). We shall now prove similar
results for Orth™(L).

THEOREM 4.2. For any uniformly complete Riesz space L the following
statements hold.

(i) If 7 € Orth®(L) such that w = I, then ™" exists in Orth®(L).

(i) If 0 = 7 € Orth®(L), then y7 exists in Orth®(L).

Proof. (i) The proof goes along the same lines as the proof of the
corresponding statement in uniformly complete f-algebras with unit ele-
ment. Suppose first that / <« < al for some a > 1. For N = 1,2,...
define

N‘
oy= X (I—alm)".
n=0
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If we denote the domain of 7 by D, then the domain of o, is likewise D.
Furthermore {o,: N =1,2,...} is an I-uniform Cauchy sequence in
Orth*(L), so by the above proposition there exists o € Orth*(L) such
that o, - o (I-uniformly). Now it is clear that #=' = a”'o. Observe that
the domain of o is again D. Now assume 7 € Orth*( L) with domain D is
such that # = I, and define m, = # A nl (n = 1,2,...). By the above, 7"
exists for all n = 1,2,..., and the domain of each «, ' is D. Since {7, '} is
an J-uniform Cauchy sequence, it follows again from the above proposi-
tion that there exists m, € Orth*(L) such that #;' - 7, (I-uniformly).
Clearly m, = 7~'. Note that the domain of 7' is again D.
(1) Similar.

In order to prove that Orth®( L) is von Neumann regular, we need a
lemma. First note the following. Suppose = € Orth®( L) with domain D,.
Then by the domain of 7% we shall mean the order dense ideal 7-'(D,) =
{f € D,: wf € D,}, although it may happen that 7> can be extended to an
order dense ideal which is larger than 7 '(D,). We shall use the same
terminology when dealing with higher powers of .

LEMMA 4.3. Let L be a uniformly complete Riesz space and suppose
0 <« € Orth®(L) with domain D,. If we denote the domain of n* by D,
then the order ideal J = { f € L: |f|< w*u for some u € D} is contained in
(D).

Proof. 1t is sufficient to show that 0 <v <7’y with 0<u €D
implies there exists w € D, such that 7w = v. For n = 1,2,... it follows
from 7 + I/n = I/n and from the above theorem that (7 + I/n)"" exists
in Orth®(L) and the domain of (7 + I/n)™" is again D,. Putting w, =
(7 + I/n)"'o(n=1,2,...), it follows from (7 + I/n)"' < nl thatw, € D
for all n. For m = n we then have

o) e o) (2
(3R b o do)

(2R b)) o)
(32
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Hence {w,: n = 1,2,...} is a u-uniform Cauchy sequence in L. Since L is
uniformly complete, there exists w € L such that w, » w (u-uniformly).
Note that it follows from 0 <u € D and 0 =w, € D (n = 1,2,...) that
w € D and, hence, w € D,. We assert that 7w = v. Indeed, since 7 + I/n
— 7 ([-uniformly) and w, —» w (u-uniformly), we have (7 + I/n)w, — 7w
(r.u.). On the other hand,

(7 + I/n)w, = (7 + I/n)(7+ I/n) 'v="0

foralln=1,2,.... Hence 7w = v.

THEOREM 4.5. For any uniformly complete Riesz space L the f-algebra
Orth®(L) is von Neumann regular (i.e., for any m € Orth®( L) there exists
7, € Orth®(L) such that m = mm?).

Proof. Take 0 =7« € Orth*(L) with domain D, and let D be the
domain of 7% By the above lemma, the ideal J = {f € L: |f|< n*u for
some 0 <u € D} satisfies J C m(D,). Let N, be the kernel of =, ie,
N, = {f € Dy: mf =0}, and define the ideal D, by D, = 77 '(J). If we
now put E =a(D, N N¥), then E is an ideal in L. Indeed, suppose
0 <v=<wu for some 0 <u € D, N N. Then wu €J so v € J, which
implies v = 7w for some 0 =<w € D, with 0 =<w <u. We have thus
found an element 0 < w € D, N N such that v = 7w, therefore v € E.

Now observe that the restriction of 7 to D, N N? is an injective
mapping from D, N N onto E. We can define, therefore, the mapping 7,
from E® E“ into L as follows. If g € E, then g = 7f for a unique
f € D, N N and we put m,g = f. For any g € E“ we define 7,g = 0. The
mapping 7, is clearly linear and we will now show that 7, € Orth®(L).
Note already that the domain E ® E“ is order dense in L. Now assume
g EE®E?and h € L are such that g L h. Then g = g, + g, for some
g, € Eand g, € E° Clearly g, L h and g, = f, for some f, € D, N N-.
It follows from =(|f,| A|h]) <|g,| that (|f;| \|h]) L &, therefore |f,| A
|h|€ N,. On the other hand, f, € D, N N¢ implies |f,| \|h|E€ NZ, there-
fore |f,| Alh|= 0, ie., m g, L h. This shows m,g L h, and we conclude
that m, € Orth®(L).

We claim 7 = m#? in Orth®(L). It follows immediately from the
definition of m, that «f = wmaf holds for all fE€ N, ® (D, N N%) =
D, N (N, ® N). Hence, if we can show D, is order dense in L, we are
done. To this end suppose g € Df N D. Then g L & for all h € D,, so
g L wh for all h € D,. Since w(D,) = J, this implies g L f for all f € J, so,
in particular, g L 7%u for all 0 <u € D. Hence, g L 7°g so n%g L n’g,
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i.e., m’g = 0. This implies 7g € N, and, since, N, C D,, it follows from
g € Df C N? that g L wg and, therefore, 7g = 0. Hence g € N, so g L g,
ie, g =0. We have thus shown D{ N D = {0} and, since D is order
dense, this implies D, is order dense. We may conclude, therefore, that
7 = mm?in Orth®(L).

Finally, take 7 € Orth*(L) arbitrary. By the above, there exists
7, € Orth®(L) such that |7|= 772 Now |7|= (m7)7 implies 7 =
(mm)|w|, so w = (ma)(mm?) = (wlw)w?. Hence Orth*(L) is von Neu-
mann regular.

COROLLARY 4.6. If L is a uniformly complete Riesz space, then every
weak order unit in Orth®( L) has an inverse in Orth*(L).

Proof. Let m be a weak order unit in Orth®(L). By the above theorem
there exists m, € Orth*(L) such that # = w72 Now it follows from
7(] — mm) =0thats L I — oym, hence [ — mm = 0, i.e,m =7\

We conclude this paper with a simple characterization of weak order
units in Orth®(L).

THEOREM 4.7. If L is an Archimedean Riesz space, then the element 7 in
Orth®(L) is a weak order unit iff w is injective.

Proof. First assume 0 <« € Orth*(L) with domain D is injective,
and suppose 0 < @, € Orth™(L) is such that #; A @ = 0. Then 77, = 0,
which implies #(7,f) = 0 for all f € m;'(D). Therefore m,f = 0 for all
f € 7;'(D) and, since 7, '(D) is order dense, we get m, = 0. Hence = is a
weak order unit.

Now assume 0 <« € Orth*(L) with domain D is a weak unit in
Orth*(L) and take 0 <u € N,. Put D, = {u}? ® {u}¢ and define the
mapping 7, from D, into L by m(f+ g) =f for all f& {u} and
g € {u}?. Then 0 < 7, € Orth°(L), and it follows immediately from the
definition of =, that wm,f= 0 for all f € D N D,. Therefore wm, = 0,
which implies 7 A 7, = 0 in Orth®(L). Since 7 is a weak order unit, we
deduce that 7y = 0, so u = 0. Hence N, = {0}, i.e., 7 is injective.
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