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ON THE EMBEDDING OF SUBALGEBRAS
CORRESPONDING TO QUOTIENT ACTIONS
IN GROUP-MEASURE FACTORS

JupIiTH A. PACKER

If X and Y are ergodic G spaces, where G is a countable discrete
group and X is an extension of Y, we study the embedding of the
group-measure von Neumann algebra corresponding to (Y, G) into the
group-measure von Neumann algebra corresponding to ( X, G). Neces-
sary and sufficient conditions for the existence of a normal faithful
conditional expectation are established. Under appropriate conditions the
normalizer of the subalgebra is determined, and a correspondence be-
tween intermediate quotient actions and intermediate von Neumann
algebras is established. A relationship between normal extensions with
relatively discrete spectrum and crossed dual products of von Neumann
algebras by compact second countable groups is determined.

Introduction. A study of the relationship between spectral invariants
for ergodic actions of countable abelian groups and the corresponding
group-measure factors was undertaken by the author in [15], where, under
appropriate conditions, the normalizer of a particular maximal abelian
subalgebra of the factor corresponding to the trivial quotient action of the
group was shown to depend on the pure point spectrum of the original
action. In this paper, intended as a sequel to [15], we investigate in further
detail certain invariants of quotient actions of ergodic group actions and
the embedding of the associated von Neumann algebra. As in [15],
spectral invariants play a particularly fruitful role in our study, and in the
case where the quotient action is a free action and there is a relatively
invariant measure, we use these invariants to deduce the structure of all
unitaries normalizing the subfactor corresponding to the quotient action.

The key notion in the construction of the “normalizer” is Zimmer’s
idea of relative elementary spectrum of an action over a quotient action
[27]. Let G be a countable discrete group. If (X, pu,G) is an ergodic
G-space and (Y, », G) is a quotient space with quotient map ¢: X — Y,
such that p is relatively G-invariant over », one says that a one-cocycle a:
Y X G — S!is a relative eigenvalue for ( X, u, G) with relative eigenfunc-
tionf,: X > Stif

fu(xg) = a(@(x). g)f(x) pae., Vgedq.
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The G-space (X, p, G) is said to have relatively elementary spectrum over
(Y, v, G) if the relative eigenfunctions generate L*( X). Given an arbitrary
G-space (X, pu,G) and ergodic quotient G-space (Y, v, G), there is a
natural injection of F(Y, G) into F( X, G), where F(Y, G) and F( X, G) are
the von Neumann algebras associated to (Y, », G) and ( X, ., G) by the
group-measure construction. If £, is a relative eigenfunction for (X, p, G)
over (Y, »,G), there is an associated unitary element, T, of F(X,G)
which normalizes F(Y, G). The main theorem of this paper states that
under appropriate conditions every unitary element in F( X, G) normaliz-
ing F(Y, G) is of such a form, up to multiplication by a unitary element in
F(Y, G). Hence one obtains the following

THEOREM 2.2. Let (Y, v,G) be a free quotient action of the ergodic
G-space (X, p, G), where G is a countable discrete group, (X, p) is a
compact Lebesgue space, and the finite measure p is relatively G-invariant
over v. Then the von Neumann subalgebra of F(X, G) generated by the
unitary elements of F( X, G) which normalize F(Y, G) is equal to F(Z,, G),
where (Z,, 7, G) is the maximal quotient action of (X, u, G) having rela-
tively elementary spectrum over (Y, v, G).

Given a quotient action (Y, »,G) of (X, pu, G) satisfying the ap-
propriate conditions, one may apply the theorem repeatedly to attain an
ascending chain of subfactors

F(Y,G)c F(Y,,G) C F(Y,,G) -+~

each one “normal” in the next corresponding to the descending chain of
quotient G-spaces (X, p,G) --- = (Y,,7,,G) > (Y1, 7,G) = (Y, v,G)
each one being the maximal quotient action with relatively elementary
spectrum over the next. Continuing this idea by transfinite induction, we
deduce the “length” of the subfactor F(Y, G) in F( X, G), and relate this
to the generalized elementary spectrum of ( X, p, G) over (Y, v, G).

In [15] we determined the normalizer of a particular maximal abelian
subalgebra S(X, G) in F(X, G) (see §1 for precise details), where G is
abelian and preserves the finite measure p; recall that the normalizer
subalgebra was equal to F(Y,, G) where (Y, », G) is the maximal quotient
action of (X, u, G) having pure point spectrum. If (Y, »,G) is a free
action, we are thus able to determine the length of S( X, G) in F( X, G), by
using Theorem 2.2 and applying the above remarks; the length is the
countable ordinal n of the maximal quotient action of (X, u, G) having
generalized elementary spectrum. (Recall from [28] that an action is said
to have generalized elementary spectrum if it can be built up from the
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trivial action of G on a point by taking extensions with relatively elemen-
tary spectrum and inverse limits.)

When (7, v, G) is not a free quotient action of ( X, pu, G), in certain
special cases our methods still allow us to determine the normalizer of
F(Y, G) in F( X, G). In particular, when (7Y, », G) is the trivial action of G
on a point and F(Y,G) is therefore equal to S(X,G) we have the
following result:

THEOREM 3.3. Let (X, p, G) be a free ergodic action of the countable
discrete group G on the compact Lebesgue space ( X, p) which preserves the
finite measure p, and suppose that (X, p,G) is weak-mixing, i.e. the
associated unitary representation of G on L*(X) © C has no finite dimen-
sional subrepresentations: Then S( X, G) is its own normalizer in F( X, G).

When G is an abelian group, this theorem provides a new proof of
Nielsen’s result in ([13], [15]), which does not use the Takesaki equivalence
relation.

A major tool in the proof of Theorem 2.5 is the existence of a faithful
normal conditional expectation from F( X, G) onto F(Y, G), i.e. a o-weakly
continuous faithful projection of norm one E;: F(X,G) - F(Y,G). In
this vein we have the following result, which is related to work of Takesaki
[20] and Zimmer [29]:

THEOREM 1.3. Let (X, u, G) be a G space and (Y, v,G) an ergodic
quotient space, with quotient G-map @, . and v finite measures. Then there
exists a faithful normal conditional expectation of F( X, G) onto F(Y, G) if
and only if p is equivalent to finite measure p', v = @', with p’ relatively
G-invariant over v. O

When p is G-invariant and ( X, p, G) is free and ergodic, F( X, G) is a
II, factor. By a result of Umegaki, F(X, G) thus has faithful normal
conditional expectations onto all of its von Neumann subalgebras. This
allows us to prove a result of related interest about intermediate subalge-
bras:

COROLLARY 1.8. Let (X, p,G) be a free ergodic G-space, and let
(Y, v, G) be a free quotient action, where u (hence v) is finite and G-in-
variant. Then every intermediate von Neumann subalgebra between F( X, G)
and F(Y, G) is of the form F(Z, G), where (Z, 7, G) is some quotient action
of (X, p, G) which is also an extension action of (Y, v,G) (hence every
intermediate von Neumann subalgebra is a subfactor).
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One of Zimmer’s main results in [27] is that for p finite and G-in-
variant, the ergodic G-space ( X, u, G) has relatively elementary spectrum
over (Y, »,G) if and only if there exists a compact second countable
abelian group A, and a one-cocycle a: Y X G — A such that (X, p, G) is
essentially isomorphic as an extension to (Y X_ A4, » X »,, G). In this
situation, recall from [15] that F( X, G) is *-isomorphic in a natural way
to the crossed product F(Y,G) X, A. In [27] and [28], Zimmer also
developed the notion of ergodic extensions having relatively discrete spec-
trum over quotient actions (Y, », G), and showed that these must take on
the form (Y X ,K/H, p X vg,;,G), where K is a compact second coun-
table group, H is a closed subgroup, and a: Y X G — K is a one cocycle.
In such a situation it is natural to study the embedding of F(Y, G) into
F(Y XK, G); in order to mimic the case where K is abelian one must
obtain an analogue for the “crossed product by the dual group” construc-
tion. Indeed, such a construction for von Neumann algebras already exists
in the mathematical literature; we use here the version due to Nakagami
([11], [12]), the so-called “crossed-dual” product. When (7Y, », G) is a free
ergodic action and (X, p, G) is an ergodic extension with p finite and
relatively G-invariant over », we are able to show that F( X, G) is a crossed
dual product of F(Y, G) by a separable compact group K with appropriate
embedding conditions if and only if (X, p, G) is essentially isomorphic as
an extension to (Y X, K, » X v, G) for some 1-cocycle a.

Applying these ideas to the case where F(Y, G) is the hyperfinite II,
factor R, Nakagami-Takesaki duality and results of Zimmer on cocycles
with dense range allow us to prove the existence of an outer action a of K
on R, such that R, X , K is a factor, for any compact separable group K.

The organization of this paper runs as follows. In the first section,
after briefly reviewing notation we discuss the existence of a normal
faithful conditional expectation from F(X,G) onto F(Y,G) and de-
termine intermediate subalgebras, under appropriate conditions. In §2 we
discuss the normalizer of F(Y, G) in F( X, G) for (Y, », G) a free quotient
action of ( X, p, G) where p is relatively G-invariant over ». In §3 we study
the normalizer of S(X, G) in F(X,G) when (X, u, G) has continuous
spectrum. In the fourth and final section we study the relationship
between normal ergodic extensions with relatively discrete spectrum and
crossed-dual products of von Neumann algebras by coactions of compact
groups.

The results of this paper are for the most part independent of
(although complmentary to) the major results in [15]. The general setting
and framework is the same, and we refer the reader to [15, §1] for any
unexplained notation and terminology.
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1. Conditional expectations onto subalgebras corresponding to quo-
tient actions. Let (X, pu,G) be a free ergodic G-space, where G is a
countable discrete group acting on the compact Lebesgue space ( X, u) so
as to leave the finite measure p quasi-invariant. By a classic construction
due to Murray and von Neumann, one may form a factorial von Neu-
mann algebra on the space L*(X X G, p X »;): for y € L*(X), g, € G
and u € L?>(X X G) define

(1) T,(u)(x, g) = v(x)u(x, g)
(2) U, (u)(x, g) = ry(x, g,)"*u(xg,, g7'g)

where r,(x, g): X X G = R" is the Radon-Nikodym derivative associ-
ated to the action of G on (X, u). We denote by F(X,G) the von
Neumann algebra generated by {7|y € L*(x)} and {U,|g€ G}. Tt
follows from freeness and ergodicity that F( X, G) is a factor. Denote the
von Neumann subalgebra of F(X, G) generated by {7 |y € L*(X)} by
R(X, G); R(X, G) is maximal abelian in f( X, G). Let S( X, G) represent
the von Neumann subalgebra of F(X, G) generated by {U,|g € G}; if G
is abelian S( X, G) is maximal abelian in F( X, G). ([1], [15]).

If (Y,»,G) is a quotient action of (X, u, G) so that there exists a
surjective G-equivariant Borel map ¢: X — Y with ¢ ,(p) = », then there
exists a natural *-monomorphism of F(Y, G) into F(X,G) which we
denote by ¢* [15].

In this section we wish to investigate the conditions under which there
exists a faithful normal conditional expectation of F(X,G) onto
o*(F(Y, G)). When such an expectation exists, and when the quotient
action (Y, », G) is also a free action, we are able to show that R( X, G) is
the unique maximal abelian subalgebra in F(X, G) containing
¢*(R(Y, G)). This result plays a crucial role in the next section.

If u is G-invariant measure then F( X, G) will be a 11, factor, and thus
will have faithful normal conditional expectations onto all of its subalge-
bras. This fact will allow us to establish a correspondence between
intermediate von Neumann subalgebras of F(X,G) and F(Y,G) and
intermediate G-spaces of (X, pu, G) and (Y, v, G), where (Y, v, G) is a free
quotient action of ( X, p, G).
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Recall that a faithful normal conditional expectation from a von
Neumann algebra .# onto a von Neumann subalgebra A4"is a o-weakly
continuous faithful projection E of norm one from .# onto A4". We refer
the reader to [21], [24] for further details and results. One useful property
of such a map FE is that E(axb) = aE(x)b, Va,b € N, Vx € M [24].
Another important result, due to Umegaki [25], shows that a finite factor
has faithful normal conditional expectations onto all of its von Neumann
subalgebras. Thus whenever G preserves the finite measure u, F( X, G) has
this property. When p is only quasi-invariant F( X, G) need not be type II.
The following definition, due to Zimmer, is very important in the study of
conditional expectations onto subalgebras corresponding to quotient ac-
tions.

DEerFINITION 1.1 [30]. Let (X, u, G) be a G space and (Y, »,G) be a
quotient G space with quotient G-map ¢, so that ¢ ,pu = », the measure »
is termed relatively G-invariant (over ») if in the decomposition of » over
the fibers of ¢,

(3) u=fuydv

we have g p, = p,, for almost all y. O

Recall that if (Y, », G) is ergodic and ( X, p, G) is an extension action
with ¢: X — Y, then there exists a standard compact measure space
(D, m), a one-cocycle a: Y X G — Iso(D, m), where Iso( D, i) repre-
sents the group of non singular invertible transformations from (D, m)
onto itself, given the smallest Borel structure for which 6 —
[ f(8(d))h(d) dm is Borel for all real valued Borel bounded functions f
and 4 on D, and a Borel isomorphism ®: Y X D —» X with ®,p = » X m,
®((y,d)g) = ®((y8 a(y, g)'d)) = ®((y, d))g, and II, = ¢ ° @, where
II, is projection from Y X D onto Y ([31], [3]). If p is relatively G
invariant over » then the cocycle a actually takes on its values in
Iso( D, m), the group of measure-preserving non-singular invertible trans-
formations of (D, m) onto itself. Therefore the Radon-Nikodym deriva-
tive for the action of G on ( X, p) can be written as

(4) rX(x, g)=rY(q)(x)s g)

where ry: Y X G = R" is the Radon-Nikodym derivative for the action
of G on (Y, n). Conversely, if ry satisfies (4), then p is relatively G-in-
variant over » [30].
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ExaMPLE 1.2. Let (Y, », G) be a G-space, and leta: Y X G — K be a
cocycle taking on values in the separable compact group K. Form the
skew product extension (Y X K, » X v, G) where v is normalized Haar
measure on K. Then » X », is relatively G-invariant over ». O

We now note that if p is relatively G-invariant over v then there exists
a G-invariant faithful normal conditional expectation E;¥ from the von
Neumann algebra L*( X) to L*(Y); simply define P¥(f)(») = [ f(x) du,
(5), and note that

PXUF)(y) = [ f(xg) du, = [ f(x) d(gan,)

= [ 7(x) dp,, = PE(/)(v8).

Here we define U%: L®(X) —» L*(X) by U8f(x) = f(xg). Therefore Py
is G-invariant; it is clear that P is faithful and normal.

Now let (X, u,G) be a G space, and (Y, », G) an ergodic quotient
action, where @: X — Y is the quotient G-map. Recall that every element
in F( X, G) has a unique Hilbert algebra representation X, ; T, U, where
Y, € L*(X) Vg € G. If p is relatively G-invariant over », one is naturally
tempted to define a map E;: F(X, G) —» ¢*(F(Y, G)) by

(6) E;’f( Z TygUg) = ‘P*( )y TP;‘(YE))-
g2€G g2€G
If the range of E{ actually is in ¢*( F(Y, G)) then it is easy to verify that
the properties of the conditional expectation are satisfied. It is necessary
to verify, however, that if X . T,U, € F(X,G), then X Tpx 4V i
well defined as an element of F(Y, G).
We will prove this fact by proving

THEOREM 1.3. Let (X, p,G) be a compact Lebesgue G-space, and
suppose that (Y, v,G) is an ergodic quotient action, with ¢: X = Y and
@« = v. Then there exists a normal faithful conditional expectation E; of
F(X, G) onto F(Y, G) if and only if p is equivalent to a finite measure p’
with @ .1’ = v and such that p’ is relatively G-invariant over v. a

Proof. < The unitary operator
U: LA (XX G,pXvg) > LAXX G, X vg)

defined by U(u)(x, g) = Jf(x) u(x, g) (where dp’ = f(x) du satisfies
UF(X, p, G)U* = F(X,p',G), and Ugl(F(Y,G)U* = i(F(Y,G)))
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and so without loss of generality assume p is relatively G-invariant
over v, with u(X) =»(Y) = 1.

Then ry(x, g) = ry(p(x), g) pae, Vg € G. Now LA (Y X G, v X v;)
embeds as a closed subspace of L*(X X G, p X v;) via the map ¢. Let Q:
L* (X X G, p X v;) = L*Y X G, v X »;) be the corresponding projec-
tion. Note that on LY( X X G) N L}(X X G) Q is given by Q(u)(y, g) =
[x u(x, g) dp,, for p = [ p, dv. To avoid confusion, we let

Ug’l": L (XX G) > L} (XX G)
be given by

UXu(x, g) = ry(9(x), g)"u(xgy, g7's) & €6
and UY: LX(Y X G) = LY X G) by

Ulh(y,8) =ry(y.8) " h(yg1.81'8) & €G.

By definition U;¥ € F(X, G), U € F(Y, G), and ¢ (U,") = U, Vg € G;
previously we have denoted both by U,. We now claim that we can
identify the von Neumann algebra QF(X,G)Q with F(Y,G); for
QF(X,G)Q actson QL*(X X G) = LAY X G) and Vg € GQU,Q = U/
(since ry(x, g) is alift of ry(y, g)). AlsoVy € L*(X),u € LY X G) N
L*(Y X G)

QT Qu(y, g) = Q(v(x)u(y, g))

- f y(x) dp,u(y, 8) = Tpx u(y, g)-

Since LYY X G) N L*(Y X G) is dense in L*(Y X G) we obtain QT,Q =
Tpx(yy- But now it is clear that E(m) = Q(m)Q is a o-weakly continuous
projection of norm one, so that QF(X, G)Q = F(Y, G). Therefore E;(m)
= @*(QmQ) gives the desired projection of norm one from F( X, G) onto
¢o*(F(Y, G)) and it is easy to see that if m is represented by X TygUgX ,

Ef = ¢*(OmQ) = ‘P*( x TPy”wg)Ugy)
gel

— X
- Z TP&‘(vg)ng :
geC

Finally to show that E;' is faithful, we note that if xx* = ZngUg, for
x € F(X,G) then f, >0, p ae., and f,=0 p ae. = x = 0. Since for
positive f, P;¥(f) (y) =0 y a.e. if and only if f= 0 p a.e., we obtain
EX(xx*)= 0= x = 0 = xx* = 0; therefore E;' is faithful.

= Suppose that E is a faithful normal conditional expectation from

F( X, G) to ¢*(F(Y, G)). The measure » defines a linear functional on
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e*(F(Y,G)) by setting §,(¢*(Z T,U)) = [y f.(y) dv. Denoting the
restriction of ¥, to 9*( F(Y, G))* by ¢,, we obtain a finite normal faithful
weight on ¢*(F(Y, G)), i.e. ¢, maps ¢*(F(Y,G))" to [0, c0) and satisfies
Y (x +y) = d(x) +4,(y), x, y € ¢*(F(Y, G))", and ¢,(Ax) =
AY(X)A =20, x € e*(F(Y,G))", and ¢, (x) =0=x =0, x €
@*(F(Y, G))™; by normal it is means that y, is o-weakly continuous. (See
[6] for details of this construction.) Then y, o E = defines a normal
faithful finite weight on F(X, G): ¢ is normal because , and E are
o-weakly continuous; it is faithful because E and i, are faithful, and it is
finite because ¢, is finite. Examine the restriction of ¢ to R(X,G) =
L*®( X, ). Then 4 is a o-weakly-continuous linear functional on L*( X, ),
and since L®( X, p)x = L'( X, p), there exists a function f € L'( X, p) with
1I/(TY) = [y f(x)y(x) dp. Since ¥ restricted to R( X, G)* is finite, faithful
and positive it is clear that the function f must be positive and p almost
nowhere zero. Therefore the measure p’ defined by dp’ = f(x) dp is a
positive measure which is equivalent to u. It is clear that » = @, p’ since
for every h(y) € L*(Y, »)

[, 7Y dv = (0*(T) = 4. E(9*(T)) = [ how(x) du'

Finally, let P,: L*(Y X G, v X v;) = L*(Y, v) be projection onto

L*(Y x{e},v X »,)=L*Y,»).
Then P,F(Y, G)P, can be identified with a normal projection of F(Y, G)
onto R(Y, G) = L*(Y, v) (see [22, p. 364]), and an easy calculation shows
that for every m € F( X, G) ¢(m) = ¢ (E(m)) =, (P,E(m)P,). In par-
ticularif m = T € R(X, G), P,E(m)P, € L*(Y) and

$(PEGm)P) = y(m) = [ 1w = [ | [ v(x) dus |

= (T, yoo an)»

where [ p),dv = p’ is the decomposition of p’ over the fibers of ¢. By
uniqueness of decomposition, if P,E(T,)P, = T, for h € L*(Y), we must
have h(y) = [x y(x) dp,va.e. ThenVy € L*(X) and Vg € G,

T/x V(%) dgop, Tf v(xg) di, = (PeE(UgXTngXI)PL’)

= Y Yp —
= PU; E(TY)US Pe=Thiyg-
Therefore [y y(x) d(g«1)) = h(yg) = [x v(x) dy), v ae., so that
gk, = 1), v ae, by the uniqueness of decomposition. Hence p’ is

relatively G-invariant over », as desired. O
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REMARK 1.4. We note that if p is relatively G invariant over », then
the modular automorphism group corresponding to the weight ¢, leaves
¢«(F(Y, G)) invariant. Hence direction < of the theorem also follows
from applying the main theorem of [21]. O

REMARK 1.5. In [31] Zimmer proved that for (X, p, G) an ergodic
extension of (Y, », G), there is a norm one projection from F( X, G) onto
9*(F(Y, G)) if and only if (X, Y) is an amenable pair of G-spaces, which
is a more general situation than p being relatively G-invariant over ». For
our purposes, however, faithfulness and normality are essential, and the
projection constructed in [29] need not be either. O

The existence of a normal faithful conditional expectation allows us
to prove the following lemma, which will play an essential role in the
following section.

LEMMA 1.6. Let (X, p, G) be an extension of the free ergodic action
(Y, v, G). with quotient map ¢, and suppose that there exists a faithful
normal conditional expectation from F(X,G) onto ¢*(F(Y,G)). Then
o*(R(Y,G))' N F(X,G) = R(X,G).

Proof. Since F(Y,G) and R(Y, G) inject naturally into F( X, G) via
the map ¢,, we may identify elements in F(Y, G) with their image in
F(X, G). Suppose that K = deGT U, € R(Y,G)’ N F(X,G). Then for
every g € G, the element T f U, also commutes with everything in R(Y, G)
as well. Let EX be the faithful normal conditional expectation from
F(X,G)onto F(Y,G). ThenV b € R(Y, G),

bEX(T,,) = EXoT,,) = EX(T,0) = EX(T,;, ).

Since R(Y, G) is maximal abelian in F(Y, G), we see that E;X(T, “) yg
for some y, € L*(Y). By using the same argument we see that V b €
R(Y,G),

bT, U, = b(E?)’((Tlfgl)Ug) = E?)’((b]}fglUg) - E’}’((ﬂfglUgb)
= EX(T,,)Upb = T, Upb.
Therefore if g + e, we must have y, = 0 » a.e. Since E i is faithful and

TwGF(X, G)*U{0}, we see that |f|=0 p ae Hence any K €

R(Y,G)’ N F(X, G) must be of the form 7, U, € R(X, G). Since R(X, G)
is clearly contained in R(Y, G)’ N F( X, G), we are done. O
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Taken together, Theorem 1.3 and Lemma 1.6 imply that if (Y, », G) is
a free ergodic quotient action of (X, p, G), and if p is relatively G-in-
variant over », then R(Y, G) extends to a unique maximal abelian subalge-
bra of F( X, G), namely R( X, G).

Another rather easy consequence of Theorem 1.3 and Lemma 1.6 is

THEOREM 1.7. Let (X, p, G) be an ergodic extension of the free ergodic
action (Y, v, G) , and suppose that p. is relatively G-invariant over v. Then
every von Neumann subalgebra A such that F(Y,G) C /" C (X, G) which is
also the image of a normal faithful conditional expectation on F( X, G) must
be of the form F(Z, G) where (Z, 7, G) is a quotient action of (X, p, G) and
an extension action of (Y, v, G).

Proof. Let EX and EJf as in Theorem 1.3 be the normal faithful
conditional expectations from F(X,G) onto the subalgebras A" and
F(Y, G) respectively. Then Ey'= E¥ restricted to /4 defines a normal
faithful conditional expectation from A" onto F(Y, G) and it is a trivial
verification that E = Ey o EX defines a normal faithful conditional ex-
pectation from F(X, G) onto F(Y,G). (In fact E = E;f although we do
not need this.) We now examine the subalgebra E 5-(R(X, G)) = R .. For
every n € R(Y,G) and every 2 € R(X,G), mEX(2)=E}(m2) =
EX(2m) = E}(2)m. Therefore E}.(2) commutes with everything in
R(Y, G). So by applying Lemma 1.6 we see that R ,.C R(X, G), and
furthermore R ,- is G-invariant. Indeed Vg € G

U,R(X,G)U = R(X,G)
so that
UR U+ = U,E}(R(X, G))U;-1 = EX(UR(X,G)U,)
= EX(R(X,G)) = R,,.

Recalling that the action of Ad U, on R(X, G) corresponds to the action
of G on L*(X), we see that R ,.can be naturally identified with a closed
*-subalgebra of L*(X, p) which is G-invariant. Since R ,- contains the
subalgebra R(Y, G) = L*(Y) which is itself a G-invariant closed *-subal-
gebra, we may apply [27, Cor. 2.2] twice to show that R ,.corresponds to
L>(Z, ) for some quotient action ( Z, 7, G) of (X, p, G) which is itself an
extension action of (Y, », G). Therefore A4 contains the von Neumann
subalgebra F(Z,G). Now for any m € F(X,G) there exists a net
{(Xseo TUa € A} for some index set A, converging to m in the weak
operator topology, where for fixed « all but a finite number of the f;* are
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identically zero. Since E} is normal, the net { E W(dec T.Up)|a € A)
will converge to E %.(m) in the weak operator topology It is clear that for
eacha € A4, E”(dec T.U,) = Lgeo EJV(Y}‘,)U and thus is an element of
F(Z, G). Therefore EJV(m) is an element of F(Z G).

Hence /"= EX(F(X, G)) = F(Z, G), as desired. 0O

Theorem 1.7 has the following immediate

COROLLARY 1.8. Let (X, p,G) be an ergodic G-space, where p is
G-invariant, and suppose that (Y, v, G) is a free quotient action. Then every
von Neumann subalgebra N such that F(Y,G) C /'C F(X,G) is of the
form F(Z, G) for some quotient action (Z, 7, G) of (X, p, G) which is also
an extension action of (Y, v, G) (and thus A must be a subfactor). O

Proof. Since p is finite and G invariant, and ( X, g, G) inherits freeness
from (Y, v, G), F( X, G) is a factor of type II,. It follows that F( X, G) has
a faithful normal conditional expectation onto any subalgebra. The theo-
rem shows that any intermediate subalgebra .#"takes on the desired form.
Since (Z, , G) inherits ergodicity from (X, u,G) and freeness from
(Y, », G), &/ will be a factor. O

REMARK 1.9. Under the same hypotheses as in the corollary, the
following intuitive remarks can be made. The virtual subgroup of G (see
[9]) corresponding to the groupoid Y X G can be considered as “contain-
ing” the virtual subgroup of G corresponding to the groupoid X X G.
Denote these subgroups by ¥, and ¥ respectively. Recall that F( X, G)
can be thought of as the von Neumann algebra generated by the left
regular representation of the groupoid X X G =“G/¥",” and F(Y, G) can
be thought of as the von Neumann algebra generated by the left regular
representation of the groupoid Y X G =“G/%7”. Then Corollary 1.8
states that the intermediate subalgebras between these two von Neumann
algebras correspond exactly to the virtual subgroups lying in between ¥,
and 7. O

2. The normalizer of subfactors corresponding to quotient actions in
F(X,G). One of the main results of [15] was the construction of the
unitaries in F(X, G) which normalize S( X, G), where (X, p, G) is a free
ergodic g-space with G countable abelian and measure preserving; these
unitaries were completely determined by the pure point spectrum of the
group action. Taking Y = pt., the trivial G-map ¢: X — pt. gives rise to
the injection ¢*: F(Y, G) - F(X, G) with o*(F(Y, G)) = S(X, G). Given
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this observation it is natural to attempt to calculate the unitaries in
F(X, G) which normalize ¢*( F(Y, G)), where (Y, », G) is a non-trivial
quotient action of (X, u, G) with quotient G-map ¢: (X, p) — (Y, »). For
the case where p is relatively G-invariant over » and the quotient action
(Y, », G) is free, we have been able to accomplish this for an arbitrary
countable discrete group G. The unitaries in F( X, G) which normalize
F(Y, G) bear a relationship to Zimmer’s action of relatively elementary
spectrum, so we briefly review this notion. Since the related concept of
relatively discrete spectrum will be needed in Section 4, we discuss the two
notions together.

Let (X, u, G) be a compact Lebesgue G-space and (Y, v, G) a quo-
tient ergodic G-space, with : X — Y the quotient G-map. Suppose that p
is relatively G-invariant over », so that in the decomposition of u over the
fibersof opu = [ p,dv,gep,=p, vae,VgeG.

We may decompose L*( X, pu) as the direct integral [2 H,dv, where
X, = L*(¢~(y), ). For almost every y € Y and every g € G, there
exists a unitary mapping

a(y, g): #,, — ¥,

given by

(1) a(y, g)f(x) = f(xg).

It is clear that a satisfies the cocycle identity

(2) a(y, 8:8,) = a(y, g1)a(rg, 8,)-

The map « is an example of a unitary bundle cocycle representation;
the reader is referred to [27] for further details on the theory of these
objects. We recall from [27] that (X, p, G) is said to have relatively
elementary (respectively relatively discrete) spectrum over (Y, v, G) if the
bundle cocycle representation a given above decomposes as the direct sum
of one-dimensional (respectively finite dimensional) subbundle represen-
tations.

For every ergodic extension (X, g, G) of an ergodic action (Y, », G)
where p is relatively G-invariant over », there exist maximal quotient
actions of (X, u, G) having relatively discrete and relatively elementary
spectrum over (Y, »,G). Denote these extensions by (Z,7,,G) and
(Z,, 7,, G) respectively. One of the main results of Zimmer’s theory ([27],
which can be extended to the case p quasi-invariant by using results of
Fabec [4]) is that there exists a second countable compact group K, and
closed subgroups D C E>K, such that K/F is abelian, and a cocycle B:
Y X G — K such that

(Ze,q-e,G) = (Y XgK/E,v X Yk /£ G)
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and
(Z,,7,,G) = (Y XzK/D,v X Yk /D> G).

(Here by = we mean essential isomorphism as extensions.) In particular,
(Z,, 7,,G) is given by a skew-product (Y X4, » X v, G) where 4 is a
second countable compact group.

Associated to every one-dimensional subbundle representation of the
natural cocycle representation a for an ergodic extension (X, u, G) of
(Y, », G) there is an L? Borel function fg: X = C and a one cocycle B:

Y X G — S! such that
(3) fo(xg) = B(o(x), g)fe(x) pae. Vgeg.

Ergodicity then implies that |f| is constant a.e. and without loss of
generality we assume | f5| = 1.

DEFINITION 2.1. Let f3: X — S1 be a Borel function and 8: Y X G —
S! a 1-cocycle and suppose that the pair ( /s> B) satisfies equation (4). The
/g is termed a relative eigenfunction for (X, p, G) over (Y, »,G) with
relative eigenvalue B. a

Recall from [15] that relative eigenfunctions are of special interest in
the calculation of those unitaries in F( X, G) which normalize F(Y, G).
Indeed it is an easy calculation that if f, is a relative eigenfunction with
relative eigenvalue v, the T is a unitary in F( X, G) satisfying

@) T (m)T; = A,(m)  Vm e F(X,G)

where 4, is the *-automorphism of F( X, G) corresponding to the one-
cocycle y(@(x), G). But since vy is “restricted” from a cocycle on Y X G,
we see that

A, (e*(F(Y,G))) = o*(F(Y, G)).

Hence T, and T* normalize ¢*(F(Y, G)). The main theorem of this
section states that modulo multiplication by a unitary in F(Y, G), every
unitary in F( X, G) normalizing F(Y, G) must be of the form T, for some
relative eigenfunction f,. (Here we have identified FI (Y G) with
¢*(F(Y, G)).) This will imply

THEOREM 2.2. Let (X, p, G) be a free ergodic G-space, and suppose that
(Y, v, G) is a free quotient action, where p. is relatively G-invariant over v.
Then the unitaries in F( X, G) which normalize F(Y, G) generate the von
Neumann algebra F(Z,, G), where (Z,,7,,G) is the maximal quotient

action of (X, p, G) having relatively elementary spectrum over (Y, v,G). O
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Before proving the theorem we make several introductory remarks
about fibred product G-spaces.

Let X Xy X = {(x1, X,) € X X X|p(x;) = ¢(x,)}. Define a measure
pron X X, X by

(5) up=fyp.y><uydv (wherep=fyuydv).

For example, note that if (X, p) is a product space (¥ X D, » X m), then
(X X y X, pp) 1s just the product measure space (Y X D X D, v X m X m).
Define an action of G on (X X , X, ug) by setting (x;, X,)g = (X8, X, 8).
The system (X X y X, pp, G) will be ergodic if and only if (X, u, G) is
relatively weak-mixing over (Y,»,G), ie. if and only if the maximal
quotient action of ( X, u, G) with relatively discrete spectum over (Y, v, G)
is (Y, », G) itself.
Examine the following commutative diagram of G-spaces:

(X Xy X, pp, G)

4 N ¢,
(6) (X’V"G) wL‘PJ (X9 [L,G)
? N e
(Y,»,G)

Here

P1(x, x,) = x
Py (x5, x,) = x,
P3(x, x,) = @(x;) = (x,).
Since @, i = 1,2, 3, and ¢ are surjective G-maps, and since (Y, v, G)
and (X, p, G) are ergodic, by applying [15], Proposition 1.1 the commuta-
tive diagram of von Neumann algebra injections can be constructed:

F(XX4X,G)
ot / N of
(8) F(X,G) T ot F(X,G)
q)* \ /‘W*
F(Y,G)

Bythe diagram we see that pfp*(m) = ¢¥p*(m) = e¥(m) Vm € F(Y, G).
Therefore with no confusion F(Y, G) can be identified with its image in
F(X X, X, G). Also

e (F(X,G)) N 93(F(X,G)) = F(Y,G).
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For if

Y T,U, € 91(F(X,G)) N 93(F(X,G)),

where f, € L*(X Xy X), then each f, is constant along the fibers of both
¢, and @,. But this implies that each function f, is constant along the
fibers of ¢;, hence ¥ ., T,U, € 93(F(Y,G)) = F(Y,G). We are now
prepared for the proof of the main theorem.

Proof of Theorem 2.2. Suppose U is a unitary element in F( X, G) such
that UF(Y, G)U* = F(Y, G). We examine the element ¢f(U)@3(U*) =
K e F(X XX, G). We claim that K commutes with everything in
F(Y, G). Indeed for m € F(Y, G),

Kex(m)K* = ot(U) o3 (U*)px(¢*(m)) 93 (U) 9t (U *)
= o} (U) p3(U*p*(m)U) 9t (U*)
= ot (U)ot (o*(o* H(U*p*(m)U))) 91 (U*)
= ot (Up*(o* (U *p*(m)U))U*)
= ot (UU*e*(m)UU*) = ¢1(9*(m)) = ¢3(m).

Therefore Ko¥(m) = ¢o¥(m)K Vm € F(Y, G). In particular K com-
mutes with everything in R(Y, G). Since (Y, », G) is a free action and p is
relatively G-invariant over », by Lemma 1.8 K € R(X X, X, G). Since K
is unitary, we can write

K=T, wherey € L*(X X,X),|y|=1.

We now give U its unique representation U = X T, U, with f, €
L*(X)V g€ G. Then

¢i(U)= X T, U, and ¢3(U)= X T U,
g2€G g€l

with
fg,l('xl’ X,) =fg(xl)’ g8E€GC
fg,Z(xl’ X,) =fg(x2)’ 8€G.
Since ¢¥(U) = K¢3(U), we obtain L, ; T, U, = TYZgEGTf&ng which
implies
(8) Je1 = V42 prae,Vgeao.
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Therefore

Tlfg,n = TlYllfg,zl =

Recalling that ¢¥(F(X, G)) N ¢3(F(X, g)) = F(Y, G), we obtain |f,,| =
|fe2l € @*(L=(Y)) so that |f,(x)| is constant along the fibers of o,
Vgedi.

Setting Z, = {x € X|f,(x) = 0}, it is clear that Z, is a lift of a
measurable set in (Y, v). Hence 4 = X—-2Z g 1s also a lift of a measurable
setin Y.

Now Vk, g € G, define

T, since |y| = 1.

fi(x)
© Ry = | PGy H S

0 erg.

Clearly R, ,(x) € L*(X). We claim R, , is constant along the fibers
of .

We have already seen that |f,| is constant along the fibers of ¢, and
for (xy, x,) € X Xy X N A,xA4,,
fi(x) _ y(xy, x5) fi(x5) _ filxy)
fg(xl) Y(‘xl’ x2)fg(x2) fg(xz)
Equation (11) comes from dividing through equation (9) with g =k
through by equation (9) on the support of f,.

Therefore V(k, g) € G X G,

R, (x)=r (9(x)) wherer, ,€ L*(Y).

(10)

We now claim that we can write
(1) U=Ty T T ol

geq
where m, € L*(Y) and 7 € L*(X),|7| = 1.

First, note that p(X —U,cs4,) = 0, as the identity UU* =0 =
decfg(x)fg(x) =1 p a.e. Using the fact that G is countable, we enu-
merate it in some fashion: G = {g]|i =1,2,...}. Set B, = 4_, and for
i > 1, set

&’

B=A,NZ, 0 -NZ,.

Then the collection { B,|i € N} are mutually disjoint sets whose union is
equal toU,.;4, = X p a.e. Furthermore each B, is a lift of a measurable
subset of Y. For each k € G, examine

(12) M, (x) = g'ng,(x)XB,(x)'
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Clearly M, (x) is constant along the fibers of ¢, hence M, (x) = m,(p(x))
p a.e. for some m, € L*(Y).
Now define
= fo(x)
7(x) = ' X ,(x).
i§=:l |fg,.(x)| + ng‘_(x) B
That |7(x)| = 1 u a.e. follows from the fact that the B; are mutually
disjoint with p(X — U2, B,) =0
We claim that

T(x)M (x) = f(x) pae, VkEG.

Indeed
©  f(x) -
o= (£ it 00| £ atomts
o 5,
- El(sf )1+ xz, () e () X
— - f( ) fk(x)
- §(|f( RS
= S Axs = 16) Exy = fi(x) wae
Therefore

U= Z T"r(x)Mg(x)Ug ‘r(x) Z TM (x)U
g€GC geC

.Y T,.0 - To*( 1,0,

g8€G g€G

Since T is unitary in F(X, G), X7, mg U, is unitary in F(Y, G). Further-
more, since U normalizes ¢*( F(Y, G)) by hypothesis and 9*(X,c¢ .U
obviously normalizes @*( F(Y, G)), it is clear that 7. must normalize
¢*(F(Y, G)). In particular T*U,T, € ¢*(F(Y, G)), Vg € G. This implies
that 7(xg)7(x) is constant along the fibers of @, so that 7(xg)r(x) =
p(@(x), g) for some p: Y X G — SL. Clearly p satisfies the cocycle
identity. Therefore 7 is a relative eigenfunction for ( X, p, G) over (Y, v, G)
with relative eigenvalue p. Therefore U € F(Z,, G), and the remarks
about relative eigenfunctions made preceding the theorem show that
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F(Z,, G) is contained in the subalgebra of F(X, G) generated by those
unitaries which normalize F(Y, G). This completes the proof. O

We state several corollaries of Theorem 2.2; the first provides the
promised generalization of the remarks made following Theorem 3.3 of
[15]:

COROLLARY 2.3. Let (X, p, G) and (Y, v, G) be as in the statement of
Theorem 2.5. Then there exists a compact second countable abelian group A,
and a cocycle B: Y X G — A, such that (Y X gA, v X vy, G) is the maximal
quotient action of (X, p, G) having relatively elementary spectrum over
(Y, v, G), and such that every unitary operator in F( X, G) which normalizes
F(Y, G) is of the form Y}XW, for some x € A and W € U(F(Y, G)). (Here
fly, @) = x(a)) 0

Proof. In the course of proving Theorem 2.2 it was shown that any
unitary normalizing F(Y, G) must be of the form T.W, W € U(F(Y, G)),
7 a relative eigenfunction for ( X, p, G) over (Y, v, G). Zimmer’s results on
relatively elementary spectrum in [27], [4] show that (Z,,G) = (Y Xz4,
G) for some compact second countable abelian group 4 and cocycle f3:
Y X G — A. Also by results of [27] the decomposition of the natural
cocycle bundle representation on Y X G induced from the identity on
Y X zA X G into one-dimensional subbundle representations is unique up
to equivalence. Thus for any relative eigenfunction 7 there exists x € 4
and Borel b: ¥ — S' with 7 =fb. But then W = T, W = T, T,W,
which is of the desired form. O

COROLLARY 2.4. Let (X, p, G) and (Y, v, G) be as in Theorem 2.2. The
unitaries in F( X, G) normalizing F(Y, G) will generate F( X, G) if and only
if (X, p, G) has relatively elementary spectrum over (Y, v, G).

With the theorem in hand we are now able to calculate the “length”
of F(Y, G) in F( X, G). We briefly review the relevant definitions, the first
of which was introduced in [23].

DEFINITION 2.5. Let &/ be a von Neumann subalgebra of the von
Neumann algebra /#. Set &/ = Ny(/) and proceed inductively, setting
N, (&)= the von Neumann algebra generated by {U unitary in
HM|U*N,(LZ)U = N,(«)}. Call N)(«) the normalizer of Zin #. Then

Ny(o#) =4S Ni(t) € -+ € N(2).
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Define the finite length of &/ in # to be the least positive integer n such
that N,(&) = N, (&), if such an n exists. Call the length of .«Zinfinite if
no such »n exists. O

When the length of &Zin ./ is infinite, the notion of transfinite length
must be introduced:

DEFINITION 2.6. Let «Zand ./ be as in 2.5, and suppose that the length
of &/in  is infinite. Let N, (/) be the von Neumann subalgebra of .#
generated by U, y+ N,(&). Proceed on in this way, defining for any
non-limit countable ordinal n N, (/) = Ny(N,_,(#/)), and for n a limit
ordinal, define N,(/) to be the von Neumann algebra generated by
U, N:(&7). Define the transfinite length of «/in # to the least countable
ordinal n such that N,(&/)= N, , (&) if such a countable ordinal exists. O

Note that if »7has finite length in .#, the transfinite length of &Zin ./
will coincide with the finite length of &7 in .#, therefore without loss of
generality we refer to the transfinite length of .2/in ./# as the length of &Zin
M.

We now wish to calculate the length of F(Y, G) in F( X, G) under the
conditions of Theorem 2.2, and furthermore to relate the calculation to
Zimmer’s notion of generalized elementary spectrum [28]. Recall that the
ergodic G-space (X, p, G) is said to have generalized elementary spec-
trumover (Y, v, G) if it can be built up from (Y, v, G) by taking extensions
with relatively elementary spectrum and inverse limits. To each such
extension ( X, u, G) of (Y, v, G) is associated a countable ordinal «, which,
roughly speaking, represents the minimum number of steps needed to
construct ( X, u, G). The following theorem relates generalized elementary
spectrum to the length of F(Y, G) in F( X, G):

THEOREM 2.7. Let (X, 1, G) be a free ergodic action of the countable
group G on the compact Lebesgue space ( X, p), and let (Y, v, G) be a free
quotient action, with p. relatively G-invariant over v = @ 4., where o: X —» Y
is the quotient G-map. Then the length of F(Y,G) in F( X, G) is equal to a,
and N (F(Y, G)) = F(Z,,, G), where (Z,,, 1,,, G) is the maximal quotient
action of (X, p, G) having generalized elementary spectrum over (Y, v, G),
and « is the ordinal of this spectrum. O

Proof. By Zimmer’s theory, there exists a countable ordinal a, a chain
of extensions {(X,, p,, G)|y(a)} with (X,, py, G) = (Y, »,G) and
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(X B G) = (Zy,, T, G) = (X, 1o G). These extensions are chosen in
such a fashion that if y is not a limit ordinal, then (X, ,;, p,,;, G) is the
maximal extension of (X,, p,,G) which is also a quotient action of
(X, p, G) having relatively elementary spectrum over (X,, g, G), and if y
is a limit ordinal, then (X,, p., G) = injlim, _ (X, p,, G). We prove the
theorem by induction, showing that

(*) N,(F(Y,G)) = F(X,,G) Vi<a.

The case ¢ = 0 is obvious from the definition. Assume that (*) is true
for every ordinal less than some fixed § < a. If £ is not a limit ordinal,
then

Ng(F(Y’ G)) = Nl(Ng—1(F(Y, G))) = Nl(F(Xg—la G))>

and by Theorem 2.2, N,(F(X;_,, G)) = F(X,, G). If £ is a limit ordinal,
the N,(F(Y,G)) is equal to the von Neumann algebra generated by
U, <¢ F(X,, G). Therefore our aim is to show that the von Neumann
subalgebra of F(X, G) generated by U _. F(X,, G) is equal to
F(injlim, _.(X,, G)) = F(X,, G). But each F(X,,G) is generated by
{U,lg € G} and R(X,, G). Therefore N,(F(Y, G)) is generated by {U,|g
€ G} andU, ., R(X,, G). Each R(X,, G) is *-isomorphic to L*( X, p.),
and the subalgebra generated by U, _, L*( X, p,) is precisely L2( X, u,)
by the properties of inverse limits of G-spaces (see [28], Section 8). Hence
the subalgebra generated by U, .. R(X,, G) is R(X,, G). Hence
N,(F(Y, G)) is equal to the von Neumann algebra generated by {U,|g €
G} and R(X,,G), and thus we obtain, for every limit ordinal { < a,
N.(F(Y, G)) = F(X;, G). By induction, this completes the proof. O

Assume now that G is abelian and preserves the finite normalized
measure pu. In [15], we proved that N, (S(X,G)) = F(Y,, G), where
(Y,, 7, G) is the maximal quotient action of (X, s, G) having pure point
spectrum. If (Y, 7, G) is a free action, we shall be able to use Theorem 2.2
to find N,(F(Y, G)) = N,(S(X,G)), N,(F(Y,,G)), and so forth. The
subalgebra obtained by a transfinite continuation of this procedure corre-
sponds to the maximal quotient action of ( X, u, G) having what is called
generalized elementary spectrum:

DEFINITION 2.8. Let (X, n, G) be an ergodic G-space. Then (X, p, G)
is said to have generalized elementary spectrum of ordinal « if (X, g, G)
has generalized elementary spectrum over (Y, »,, G) of ordinal a, where
(Y,, vy, G) represents the trivial ergodic action of G on a point. O
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The following corollary follows immediately from Theorem 2.3 of [15]
and Theorem 2.7.

COROLLARY 2.9. Let (X, p, G) be a free ergodic action of the countable
abelian group G on the compact Lebesgue space ( X, p) which preserves the
finite measure p, such that the maximal quotient action of (X, p, G) with
pure point spectrum is a free action. Then the length of S(X, G) in F( X, G)
is equal to m, and N, (S(X, G)) = F(Z,,, 1,,, G) where (Z,,,7,G) is the
maximal quotient action of (X, p, G) having generalized elementary spec-
trum, and n is equal to the ordinal of this spectrum. 0O

ExaMPLES. Let X, = T", the n-torus, with Haar measure p,, and let
an action of Z on ( X,,, u,) be generated by the transformations (z,,...,z,)
— (Azy, 2,2,, Z,_1Z,), Where A = e2™* q irrational. Then ( X,, p,, Z) has
generalized elementary spectrum of ordinal », where the chain of quotient
actions is given by {(X;, p;,Z)|i < n}. Hence the length of S(X,,Z) in
F(X,,Z)is equal ton, and N,(S(X,,Z)) = F(X,, Z).

If (Y, v,Z) is an arbitrary weak-mixing Z-space (such as a Bernoulli
shift), then form the product action (X, X Y, p, X »,Z) given by (x, y)n
= (x - n, y - n). Call this action (Z,, 7,,Z). Then (Z,, 7,,Z) has as its
maximal quotient action with generalized elementary spectrum ( X,,, u,,, Z).
Thus the length of S(Z,,Z) in F(Z,,Z) is still n, but N (S(Z,,Z)) =
F(X,,Z). (Note that (Z,, 7, Z) is relatively weak mixing over F( X,,Z).)

Let X = I12,(S"),, with Haar measure p_. Then an ergodic action
of Z on X_ is generated by the transformation (z, z,,...,2,,...) =
(Azy, 2325, ..,2,_12,,...) Where A is as above. Then

(Xoo’ p’oo’z) = l(_l}_l hm(Xn’Vn’Z)

and (X, Mo, Z) has generalized elementary spectrum of ordinal x,, the
first infinite ordinal. Hence S(X,,Z) has length x, in F(X,,Z) and
N, (S(X,,Z)) = F(X,,Z). Forming (Z,,, 7,,,Z) = (X, X Y, p, X »,Z)
where (Y, v,Z) is as in the previous paragraph, then the length of
S(Z,,Z) in F(Z,,Z) is still x,, but N, (S(Z,,Z) = F(X,,Z)g
F(Z,7Z). a

REMARK 2.10. We conjecture that when G is abelian and preserves the

finite measure p, Theorem 2.2 can be extended to the case where (Y, », G)
is not a free action. m]
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3. The normalizer of S(X,G) in F(X,G) when (X, p,G) is
weak-mixing. In [13], Nielsen proved that if (X, p, G) is a free ergodic
G-space, where G is countable and abelian, and if the L*-spectrum of the
G-action is trivial, then S(X,G) is singular in F(X,G) so that
N,(S(X, G)) = S(X,G). His proof used direct integral decomposition
techniques and Takesaki’s equivalence relation. In this section we provide
an alternate proof of this fact for the case where p is G-invariant, which is
valid for G non-abelian as well. The proof uses the embedding idea which
was exploited in the previous section.

We recall some terminology and theory. Let (X, u, G) be a free
ergodic G-space where p is finite and G-invariant. Then ( X, g, G) is called
weak-mixing if the unitary representation of G on L%*(X) © C has no
finite dimensional subrepresentations. A result of Moore [10, Proposition
1], which extends classical results for G = R or Z, shows that (X, g, G) is
weak mixing if and only if the action of G on (X X X, p X p) given by
(x5 x,)8 = (x,8, X,8) is ergodic.

Recall that when G is abelian and (X, p, G) is as above S( X, G) is a
maximal abelian subalgebra of F( X, G). Clearly if G is not abelian this
will no longer be true. However, when ( X, p, G) is weak-mixing, one can
show that any element in F( X, G) which commutes with everything in
S( X, G) must lie in S( X, G) itself:

LeEMMA 3.1. Let (X, p, G) be a free ergodic G-space, where G preserves
the finite measure p, and suppose that (X, u, G) is weak-mixing. Then
S(X,G) N F(X,G)cC S(X,G). O

Proof. Let g € G. Set H, = {h € G|hgh™! = G}. We claim that if g
has finite conjugacy class in G, then H, must act ergodically on ( X, p, G).
For if H, does not act ergodically on (X, p) there exists a non constant
function f € L*(X) € L?(X) with f invariant under the action of H o If
g1, 8, are in the same right H, coset, the f(xg,) = f(xg,) since g, = g,h
for some # € H,. Since [G: H,] = card{ hgh™'|h € G} which is finite, the
subspace of L*( X) spanned by { f(xg)|g € G} is finite dimensional, and
the representation of G on L*(X) © C has a finite-dimensional subrepre-
sentation, which is a contradiction of our original assumption.

Now suppose that Q € F( X, G) commutes with everything in S( X, G).
Then write

Q=) T,U,, wvithf,€ L*(X)VgeG.
g€eqC
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For every h € G,
U,0=0U,=U, X LU, = )y T, UU,

g€G geGCG y

=) ng(xh)Uhg =2 T/"gUgh
g8€GCG g€G

~ LTyl = L T, il
ge

= f(xh) = fyg-1(x) pae, VgeG,VheG.

We now claim that if g has an infinite number of conjugates in G, we
must have f,(x) = 0 in L®(X). For if this were not the case there would
be an infinite number of functions

{ frrg(x)|h € G}

with
fX |f,,-1g,,(x)|2dp =/ |fg(xh)|2dll =f lfg(X)|2du =K>0

since G preserves p, but then X, ;| f,(x)|| ;2 = oo which is impossible.
Therefore if Q € (S(X, G))’ N F(X,G) we must have Q =X T, U,
where G, is the subset of G consisting of those g lying in finite conjugacy
classes. Furthermore

fo(xh) = f1(x) pae, VheG.

But if h € H,, we obtain f, is H, invariant, V g € G,. This implies that f,
is a constant function since H, acts ergodically on (X, p, G). Therefore
0 € S(X, G), and this completes the proof. O

REMARK 3.2. If (X, p, G) is a free ergodic G-space, and if there exists
g € G, such that H, does not act ergodically on (X, ), it is easy to
construct an element in S( X, G)’ N F(X, G) whichisnotin S(X,G). 0O

We now proceed to the proof of the main theorem of this section.

THEOREM 3.3. Let (X, u, G) be a free ergodic action of the countable
group G on a compact Lebesgue space which preserves the finite measure p
and which is weak-mixing. Then any unitary in F( X, G) which normalizes
S(X, G) lies in S( X, G) so that N;(S( X, G)) = S(X, G). a
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Proof. Form the product G-space (X X X, p X p, G). As in the proof
of Theorem 2.2 we have quotient G maps
(XX X,pXp,G)
¢ N 9, ‘Pl(xu xz) = X
(X, ‘U.,G) Jr‘PJ (X7 p”G) q)Z(xlsx2)=x2
N o
(Y,v,G) whereY = pt.

Then as in the proof of Theorem 2.2, there are associated injections of
von Neumann algebras:

F(X X X,G)
F / N o3
F(X,G) ot F(X,G)
* N 7 o*
F(pt., G)
I
S(X,G)

with ¥( F( X, G)) N o¥(F(X, G)) = ¢*(S(X, G)) = S(X X X, G).
Suppose that U unitary in F(X,G) normalizes S(X,G). Then
o¥(U)e3(U *) commutes with everything in p*(S( X, G)) = S(X X X, G).
Since ( X, u, G) is weak mixing, it is not hard to see that (X X X, p X p,
G) is weak-mixing. (See [28], Cor. 7.11). Hence o¥(U)e¥(U*) €
S(X X X, G) by Lemma 3.1. This implies that ¢¥(U) and ¢3(U) are both
elements of @Ff(F(X, G)) N @3(F(X,G)) = ¢¥(S(X,G)). Hence U €
S(X, G), as desired. O

The same methods can be applied to prove the following partial
generalization of Theorem 2.2:

THEOREM 3.4. Let (X, n, G) be a free ergodic G-space and suppose that
(Y, v, G) is a quotient G-space (but not necessarily free) where p is finite
relatively G-invariant over v, (X, u,G) is relatively weak-mixing over
(Y, v, G), and G is abelian. Then N,(F(Y, G)) = F(Y, G).

Proof. As in the proof of Theorem 2.2, form the diagram given in (7)
of §2. Again ¢}(F(X, G)) N p3(F(X, G)) = ¢*(F(Y, G)). If U normalizes
F(Y, G), then ¢}(U)@3(U *) commutes with everything in ¢*(S(Y, G)) =
S(X Xy X, G). Since (X XX, pp, G) is ergodic S(X X, X, G) is
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maximal abelian. Therefore
e} (U)3(U*) € S(X X4 X, G) c o*(F(Y,G)),

which implies that @}(U) and ¢3%(U) are both in ¢¥(F(X,G)) N
¢3¥(F(X,G)). Hence U € F(Y, G), as desired. O

The following is an application of Theorem 3.4.

COROLLARY 3.5. Let (X, pn,G) be a free ergodic action where the
abelian group G preserves p., and suppose that the maximal quotient action of
(X, p, G) with pure point spectrum, say (Y,, v,G), is a transitive action.
Then the length of S(X,G) in F(X,G) is one, with N)(S(X, G)) =
F(Y, G).

Proof. The fact that N,(S(X, G)) = F(Y,, G) is just Theorem 2.5 of
[15]. We know that (Y,, »,G) = (G/G,, v, G) for some subgroup G, of
finite index. If (Z,, 7,, G) is the maximal quotient action of (X, u, G)
having relatively discrete spectrum over (Y,, », G), Zimmer’s structure
theory shows us that (Z,, 7,,G) = (Y, X ,K/H, v X vg 4, G), where a:
Y, X G — K is a one cocycle with @ minimal and K, = K. It is an easy
exercise using the transitivity of (Y, », G) and [26, Theorem 8.27] to show
that we may take H = { e}, K abelian, and then (Y X K, » X vy, G) has
pure point spectrum. Since (Y, »,G) is the maximal quotient action
having pure point spectrum K = {e}, thus (X, p, G) is relatively weak
mixing over (Y, v, G), hence N,( F(Y,, G)) = F(Y,, G) by the theorem. O

REMARK 3.6. Since any ergodic action of Z having pure point spec-
trum is either free or transitive, Corollary 3.5 allows us to dispense with
the hypothesis of freeness of the maximal action with pure point spectrum
in Corollary 2.9 when G = Z. Hence we can always compute the length of
S(X,Z) in F(X,Z) when given a free ergodic action Z on ( X, p) which
preserves the finite measure p. O

4. Compact skew product extensions of ergodic actions and the
corresponding crossed dual product von Neumann algebras. Suppose that
K is a compact (second countable) group and a: Y X G- K is a
one-cocycle, where (Y, v, G) is an ergodic G-space. When K is abelian,
there is a spatial automorphism between F(Y X _ K, G) and a crossed
product F(Y, G) X&K which carries @*(F(Y, G)) onto F(Y,G) X {e},
where ¢: Y X K — Y is projection in the first variable. This situation was
exploited in [15], and indeed the main result of the second section of this
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paper shows that the normalizer of a subfactor corresponding to a
quotient action is equal to the crossed product of the subfactor by a
particular countable abelian group. The main aim of this section will be to
examine the structure of the factors F(Y X K, G) where K is a compact
not necessarily abelian group. If K is no longer abelian the idea of a
crossed product of F(Y, G) by an action of “K” no longer makes sense.
However, a substitute construction, the “crossed-dual product,” does exist
in the literature; it reduces to the regular crossed product by K when K is
abelian. This construction was developed almost simultaneously in [11],
[7] and [20] in order to extend Takesaki duality to non-abelian locally
compact groups. In what follows the version of the crossed dual product
due to Nakagami will be used [10]. The main result of this section states
that if ( X, p, G) 1s an ergodic extension of the free ergodic action (Y, v, G)
with p relatively G-invariant over », then F(X, G) is spatially isomorphic
to a crossed dual product of F(Y, G) by a compact (second countable)
group K with suitable embedding conditions if and only if (X, pu, G) is
essentially isomorphic to (Y X K, v X vg, G) for some one cocycle a:
Y X G — K with dense range. In what follows all groups considered will
be second-countable.
We recall the relevant definitions:

DErFINITION 4.1 [11]. Let # be a von Neumann algebra, acting on the
separable Hilbert space 5#, and let K be an arbitrary locally compact
group. An abstract co-action B of K on .4 is a von Neumann algebra
monomorphism

B: M — MOR(K)

where 2( K ) is the von Neumann algebra generated by the right regular
representation of K on L%(K), which satisfies the following commutative
diagram:

Y L 8 R(K)
I B lide s
M R(K) s M R(K)®R(K)

Here §: Z(K) » 2(K) ® #2(K) is the map defined by §(p, ) = p,, ® py,
where p, (f)k = f(kky), k, k; € K.

The crossed dual product of # by the abstract coaction B of K is the
von Neumann algebra acting on #'® L>(K) generated by B(.#) and
C+® L*(K). Denote this von Neumann algebra by # x § K. O
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REMARK 4.2. The reader is referred to [11], [12], for an abstract
definition of action of a locally compact second countable group K on a
von Neumann algebra very similar to that given above for coactions.
Using such a definition, one can show that whenever K is abelian, an
action of K on . defines a coaction of K on .# (and conversely), with
M % K spatially *-isomorphic to.# X? K. O

Given a coaction B of the unimodular locally compact group K on ./,
one defines an action of K on.# X § K as follows.
Let £(k): L*(K) — L*(K) be defined as

¢(ky)f(k) = f(ki'k).

Then V k € K, 1d,® ¢(k) is a unitary in Z(#® L*(K)), and Ad(Id ,,®
Z(k)) acts as the identity on # ® Z(K ) and leaves C ® L*(K) in-
variant. Thus Ad(Id ,® /(K)) fixes (A X K) Let B(k)(m) = Ad(Id,,
® /(k)) (m),Vm e H X 4K,Vk € K. Then B defines an action of K on
M XG 4K, called the actlon dual to the coaction 8. When K is abelian ,8
corresponds in a natural way to Takesaki’s dual action of K on .# X K.
Results from Takesaki-Nagakami duahty theory [11], [12] show that the
von Neumann subalgebra of # >< K consisting of elements left fixed by
the actlon B of K is prec1sely B(//l ). Furthermore the crossed product of
M X g 4 K by the dual action Bof Kis * -isomorphic to.# ® #(L*(K)).

Let K be a compact group and let (Y, », G) be an ergodic G-space.
For any one cocycle a: Y X G — K form the skew product action
(Y XK, v X vg, G); note that » X vx is relatively G-invariant over
v = @4 (v X vy) where ¢: Y X_K — Y is given by ¢((y, k)) = y. From
what has been said previously one expects that F(Y X _ K, G) has the
structure of a crossed dual product of F(Y, G) by a coaction of K, and
this is in fact the case.

THEOREM 4.3. Let (Y, v, G) be an ergodic G-space, a: Y X G - K a
one-cocycle, and @: Y X K — Y the quotient G map of (Y X K, v X vg)
onto (Y, v) given by projection in the first variable. Then ¢*: F(Y,G) —
F(Y XK, G) defines a coaction of K on F(Y,G), and F(Y X K, G) =
F(Y, G) Xg* K. Furthermore the dual action ®* of K on F(Y X K, G) is
defined by

(0  T,U) = T by, where (k) (5, k) = £, k).

gGG
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Proof. In what follows we use the natural identification of L*(Y) ®
L*(G) ® L*(K) with L*(Y X K X G) defined by
uy (y)uy(g)us(k) = w(y) ® uy(g) ® uy(k).

We first show that the image of ¢* lies in F(Y,G) ® Z(K). Recall
that F(Y, G) contains the subalgebra R(Y, G) which can be identified
with L*(Y, ») and is, in fact, represented on L(Y X G) = L*(Y) ® L*(G)
as L>(Y, ») ® C. Therefore the von Neumann algebra F(Y,G) ® %Z(K)
contains as a von Neumann subalgebra L*(Y) ® 2(K). This last can be
naturally identified with L*(Y, %(K)), the bounded Borel fields of opera-
tors (y — b(y)) with each b(y) € #(K). We now claim that for every
g € G, 9*(U,)) = U/" can be decomposed

(P*(Ugr) = ()’ = p(a(y, gl)))(UgT ® IdLZ(K))'
Letu, € L*(Y),u, € L*G), u; € L*(K). Then

()’ = p(a(y, gl)))((/z ® Id)(“l ® u, ® u3)(y, g, k)
= (y = olaly, 8)ry(y. &) *uy(rg)) ® uy(g7'g) ® us(k)

= ry(7, 8)u(vg) ® uy(87%) ® uy(ka(y, g1)).
Setting u(y, k, g) = u;(y)us(k)u,(g), then

e*(UY ) )y, k, g) = ry(y, 8)"ul(y, k) g1, 87'g)
= ry(y, &) u(yg), ka(y, 8)), 87'8)

= ry(1, &) "u(yg)us(ka(y, g))u,(g7", g).
Hence ¢*(U,\) = (¥ = p(a(y, g)))(U, ® 1d), which is contained in
F(Y,G) ® Z(K). Let f be an arbitrary element of L*(Y). The T, €
R(Y,G), and itis clear that o*(T;) = T, ® Id on L*(Y) ® L*(G) ® L*(K).
Since F(Y, G) is generated by R(Y, G) and {U,|g € G}, and since ¢* is a
von Neumann algebra monomorphism, the image of ¢* will lie in
F(Y,G) ® Z(K), with

‘p*( gchgUgY) B Z‘:G(y = f(»)e(aly, £)))(U,” ® 14)

for finite sums, and where if {¥ c; TU,lue 4} is a met of finite sums
converging to m € F(Y, G) in the strong operator topology, then

(o1 £ 500) = £ 0= sentatn o) (07 19

aEA}
g€GC
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is a net in F(Y,G) ® #(K) converging to ¢*(m) in the strong operator
topology. We now check that ¢* ® ide ¢* = (id ® §)¢*. Recall that
there is a natural identification of L*(Y, Z(K)) ® #Z(K) with
L>(Y, 2(K) ® Z(K)). Then on finite sums,

(p* ® Id)qo*( )y T}XUgy)
g€G

=014 £ (v = f(0)e(al, )Y © 14)

g€6

= Y [(ry=1def(»)e(al(r, )y = plaly, g)) ® Id)

8€G
x (UY ® 1d ® 1d)]

= L b= £Oelalr.2) @ plalr. )y @ 1d @ 1d]

-lde 8( Z (v = £()e(aly, e))(U) ® Id)])

g€GCG
=(Id ® 8)(p*( Y Y}gUg).
gE€G

By continuity arguments, (¢* ® id)e ¢* = (id ® 8)° ¢* on all of F(Y, G),
so that ¢* defines a coaction of K on F(Y, G) as desired.
Let ¢: Y X K — K be defined by ¢(y, k) = k. Then if y € L*(K),
Yoy € L*(Y X K). Examine T, , € F(Y XK, G):
Tya‘p(’ﬁ“z“s)()’a g, k)= 'Y(k)u1()’)“2(g)u3(k)
= u,(y)u,(8)v(k)u;(k).
Therefore
T;“p = IdL’(YXG) ®v.

Since @*(F(Y,G)) and (T, . |y € L*(K)} generate F(Y X, K, G),
we see that F(Y, G) X % K is precisely F(Y X, K, G).
Finally, note that forf € L*(Y X K),g, € G, K, € K

1d ® ¢(k))(TU,, )1d ® £(k; ) uyusus(y, 8. k)
=Ilde® /(kl)Tngl%()’)uz(g)“3(k1k)
=1d ® ¢(k)ry( ¥, 8)"*f(, k) uy(yg)) u, (g7 'g) us(kika(y, g,))

= ry(7, 8)*f (3, k) uy(y8)us (87 'g) us(ka(y, 1))
n(kl)ngl(“1“2“3)(y, g, k).
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Since Ad(Id ® ¢(k,)) is continuous on Z(L*(Y X G X K)),

ad(1a ® (k)| E 1,0,] = ) £ TU) = T T U

g€C g€GC gEGC

This completes the proof. 0O

REMARK 4.4. Recall that an automorphism of groupoids A: ¥ —» ¢
gives rise to an automorphism of von Neumann algebras A*: L(¥9) —
L(%), where L(9) is the von Neumann algebra corresponding to the left
regular representation of ¢[6]. Then an easy computation shows that the
* -isomorphism ¢*(k,) corresponds to the automorphism of the groupoid
Y X, K X G defined by (y, k, g) = (y, kik, g). O

Let (Y, v, G) be a free, properly ergodic action of the discrete abelian
group G which preserves the measure ». For any separable compact group
K, Zimmer has shown [29] that there exists a one cocycle a: ¥ X G = K
with dense range, so that the skew product action (Y X K, v X vy, G) is
ergodic. Since G is abelian and preserves the measure v X vy, F(Y X K,
G) is the hyperfinite II, factor. (Results of Pasche [16] also imply this
fact.) Let B8 be the coaction of K on F(Y, G) given by ¢*. Then F(Y X K,
G) X ;K is *-isomorphic to F(Y, G) ® %( L*(K)) by Nakagami-Takesaki
duality, and thus is a factor. This combination of Zimmer’s and Naka-
gami’s results shows the following, first proved in [16]:

THEOREM 4.5. For any compact second countable group K, there exists
an outer action of K on the hyperfinite 11, factor ® such that the crossed
product of R by this action is again a factor.

Proof. All that remains to be shown is that the action B discussed
above is an outer action. Suppose that there exists a k € K and U €
F(Y XK, G) such that

B(k)=AdU.
We note that B(k) leaves everything in @*(R(Y, G)) fixed. Hence by
Lemma 1.6, U = T, for some f € L*( X). But this implies that B(k) leaves
everything in R(X, G) fixed, hence every element of F(X,G) fixed.
Therefore B(k) is the identity automorphism, which shows that k = e, as
desired. O

A natural question that arises in our context is that of when is
F(X, G) *-isomorphic to a crossed dual product of F(Y, G), for (Y, v, G)
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a quotient action of (X, u, G). The following theorem provides a partial
converse to Theorem 4.4:

THEOREM 4.6. Let ( X, u, G) be an ergodic G-space, and let (Y, v, G) be
a free quotient action, with quotient map @: X — Y, where p is relatively
G-invariant over v = @ . Then F(X,G) is spatially *-isomorphic to a
crossed dual product of F(Y, G) by coaction B of a compact group K, and
under this *-isomorphism ¢*(F(Y, G)) is carried onto B(F(Y, G)), if and
only if (X, p,G) is essentially isomorphic as an extension to (Y X K,
v X vy, G) for some one cocycle a: Y X G — K with dense range. O

Proof. The direction < was proved in Theorem 4.3 As for =,
suppose that F( X, G) is spatially *-isomorphic to a crossed dual product
of F(Y, G) by some coaction B8 of a compact (second countable) group K;
then there exists a dual action 8 of K on F( X, G) leaving every element of
B(E(Y, G)) = o*(F(Y,G)) fixed. By the results of §1, ¢*(R(Y, G)) is
contained in a unique maximal abelian subalgebra of F( X, G), namely
R( X, G). Therefore for every k € K, B(k) leaves R( X, G) invariant, since
B leaves every element of ¢*(R(Y, G)) fixed and B(k) is a *-automor-
phism. Thus the action of 8 of K on F( X, G) restricts to give an action of
K on R(X, G) = L*(X). Furthermore, for every k € K, the *-automor-
phism B(k) commutes with the action of G on R(X, G) induced by the
adjoint action of {U,|g € G} (which corresponds to the action of G on
(X, p)).IndeedVg e G,Vk € K,Vfe L*(X),

B(k)U,T,Ux) = B(k)(U,) B(Kk)(T;)B(K)(U)
= Ug(B(k)(T}))Ug*’

since U, € ¢p*(F(Y, G)) = B(F(Y,G)).
One therefore obtains an action of the product group G X K on
R(X, G) = L*(X) defined by

(7;) (g, k) = UB(k)(T;) Uy

By a result of Mackey [8] we obtain a point action of G X K on (X, p)
leaving the measure p quasi-invariant. This action must be ergodic,
because the action restricted to the subgroup G X {e} is ergodic. By a
result of Series [18], there exists an ergodic G space (S, u), a transitive
K-space (S,, p,), a locally compact group I', and one cocycles I1,, II,,
II,: ${ X G > T, 1I,: S, X K — T, such that (X, u, G X K) is measure-
theoretically conjugate to the G X K space (S; X S, X I, p; X p, X vp)
where (s, 55, Y)(8, k) = (5,8, 5,k, I1,(s,, k) “'yIL,(s,, g)). Furthermore,
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(S;, p;), i = 1,2, can be chosen so that (S;, p,) is the quotient of ( X, u) by
the { e} X K action and (S,, p,) is the quotient of (X, u) by the G X {e}
action [18]. Since G X {e} acts ergodically on (X, p), (S,, x,) = pt., and
IT,: §; X G — T" must have dense range. It follows that II,: S, X K - T’
is in fact a homomorphism of K into I'. Also, I is isomorphic to K/L,
where L is a normal subgroup of K corresponding to the stability
subgroup for the action of K on ( X, u) at some generic point ([18] Remark
5.1). We claim (S, p,, G) is conjugate to (Y, »,G) and L = {e}. For the
first assertion, note that the fixed points for the action of K on R( X, G) =
L>*(X) are precisely @*(R(Y, G)) = L*(Y, »). Hence (Y, v) is the quo-
tient of the K action on (X, p) and thus (Y, »,G) is conjugate to
(S,, py, G). As for the second assertion, note that for every /€ L, B(¢)
leaves every element of F(X,G) fixed. This is clear since F(X,G) =
F(YX K/L,G)and B(k) acts by translation on K /L alone. But functions
on K/L remain fixed under translation by elements of L. Since by
hypothesis F( X, G) is spatially *-isomorphic to the crossed dual product
of F(Y,G) by a coaction on K, F(X,G) must contain a copy of the
abelian subalgebra C ® L®(K), where the action 3 on K on this subalge-
bra is given by the left regular representation. Clearly the kernel of the
action of B restricted to C ® L®(K) is the identity element of K. But this
kernel must contain L, since { B(¢ )l € L} leaves everything in F( X, G)
fixed. Therefore L = {e}, and the desired result is obtained with a =
I1,. O

Relationship to normal extensions.
We recall the definition of normal extensions due to Zimmer [27]:

DEeFINITION 4.7. Let ( X, u, G) be an ergodic G-space, and suppose
that (Y, v, G) is a quotient G-space, with ¢: X — Y, and the measure p
relatively G-invariant over » = ¢, u. For every y € Y and for every
x € @ !(y), let #, =L@ '(y), pn,). Let a(y, g): #,, = ¥, be the
natural bundle cocycle representation, and restrict this representation to
X X G by defining a(¢(x), g): #,, = .. Then (X, p, G) is said to be a
normal extension of (Y, v, G) if there exists a spearable Hilbert space 5
and a Borel field of unitary operators U(x): #, — 5, with

U(x)a(e(x), g)U(xg) " = Id 4.

By results of Zimmer [27], extended to the case p relatively G-in-
variant over » by Fabec [3], if p is finite and if (X, p, G) is a normal
ergodic extension of (Y, », G) having relatively discrete spectrum over
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(Y,»,G) then (X, pn,G) is essentially isomorphic as an extension to
(Y X K, v X vg, G), where a: Y X G — K is a one-cocycle with dense
range. We can thus rephrase Theorem 4.6 as

COROLLARY 4.8. Let (X, p, G) be an ergodic action of the countable
group G on the compact Lebesgue space ( X, ), and let (Y, v, G) be a free
quotient action, with ¢: Y — Y, such that p is relatively G-invariant over
v= @yl Then F(X,G) is spatially *-isomorphic to the crossed dual
product of F(Y,G) by a coaction B of some compact group and this
* -isomorphism carries o*( F(Y, G)) onto B(F(Y, G)) if and only if (X, p, G)
is a normal extension of (Y, v, G) with relatively discrete spectrum over
(Y, »,G). O

REMARK 4.9. The results in ([27], Theorem 6.2) show that the compact
group of Corollary 4.8 must be unique up to isomorphism. O

Intermediate subalgebras.

NoTATION 4.10. Let # be a von Neumann algebra acting on the
separable Hilbert space 5# and suppose that B is a coaction of the
unimodular locally compact group K on .#. Let H be a closed subgroup of
K. Then as in [12] set

MxgH/K = {me M xGK|B(h)(m)=mVheH)
It follows that # XgH /K is a von Neumann subalgebra of 4 XgK with
B(A)c MXGH/K C MXEK. O

Hence closed subgroups of K give rise to intermediate subalgebras in
the crossed dual product construction. In our context the .# X ;’; H /K take
on a natural form corresponding to quotient actions: recall that if K is a
compact group and a: Y X G — K is a one-cocycle, where (Y, », G) is an
ergodic action, then the dual action of ¢* of K on F(Y X K, G) is given
by

#0) £ 1) = T 1,0, g6l eL7(X)
8€GC g€GC
where ¢, (f,)(x, k) = fg(’f: ki 'k). If H is closed subgroup of K, it is clear
that the fixed points of { 5, (h)|h € H} in F(Y X K, G) are given by

{ Y T, U, € F(Y XK, G)|e,(f,) =f,VheH,Vge G}.
geGCG
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But L* function on (Y X _ K, v X vy ) invariant under {&(h)|h € H} are
precisely those which are lifts of functions on (Y X K/H, v X vy ;) Thus
letting @y (Y X, K, » X vg) > (Y X K/H, v X vg,y) be defined by
ou(y, k) = (y, k), we obtain a quotient map of G-spaces, and we have
established that

o5(F(Y X ,K/H,G)) = F(Y,G) x‘H/K.

In [12], a “Galois” correspondence is established between closed
subgroups of K and intermediate subalgebras of B(#) and A ngK
satisfying certain embedding conditions when # XﬁK 1s a factor. A
combination of previous results in this paper allow us to show

THEOREM 4.11. Let ( X, pn, G) be an ergodic G-space and (Y, v, G) a free
quotient G space with @: X — Y, where p. is finite and relatively G-invariant
over v = @4 u. Supposé further that (X, p, G) is a normal extension with
relatively discrete spectrum over (Y, v,G). Then there exists a compact
second countable group K unique up to isomorphism and a coaction f3 of K on
F(Y, G) such that F(X,G)= F(Y,G) X3 K with ¢*(F(Y,G)) =
B(F(Y, G)). Furthermore the intermediate von Neumann subalgebras be-
tween F(Y,G) and F(X,G) which are the image of a normal faithful
conditional expectation are in one-to-one correspondence with closed sub-
groups H of K. If Ais such an intermediate von Neumann subalgebra, with
associated subgroup H .., then A'is invariant under the dual action B of K on
F(X,G) ifand only if H ,, is normal in K.

Proof. The first sentence of the theorem is just a restatement of
Theorem 4.4. Let A" be an intermediate von Neumann subalgebra of
F(X,G) and F(Y, G) which is the image of a normal faithful conditional
expectation. By Theorem 1.9, # = @*(F(Z, G)) where (Z,7,G) is an
intermediate quotient action of (X, pu,G) and (Y, », G) with quotient
G-map @: (X, p) = (Z, 7). Since (X, p, G) is essentially isomorphic to
(Y XK, v X vg, G) for some one-cocycle a: Y X G — K with dense
range, (Z, 7, G) will look like (Y X, K/H 4, v X vg ,y, G) for some closed
subgroup H , of K. Thus by our remarks preceding this theorem we see
that

N'=F(Y,G) X4H /K.

Finally, it is clear that F(Y, G) X f, H ,/K will be invariant under { B(k) |k
€ K} if and only if H ,- is normal in K. This completes the proof. O
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