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GENERALIZED s-NUMBERS OF --MEASURABLE
OPERATORS

THIERRY FACK AND HIDEKI KOSAK1

We give a self-contained exposition on generalized s-numbers of
7-measurable operators affiliated with a semi-finite von Neumann alge-
bra. As applications, dominated convergence theorems for a gage and
convexity (or concavity) inequalities are investigated. In particular, rela-
tion between the classical L7-norm inequalities and inequalities involv-
ing generalized s-numbers due to A. Grothendieck, J. von Neumann, H.
Weyl and the first named author is clarified. Also, the Haagerup L’-
spaces (associated with a general von Neumann algebra) are considered.

0. Introduction. This article is devoted to a study of generalized
s-numbers of T-measurable operators affiliated with a semi-finite von
Neumann algebra. Also dominated convergence theorems for a gage and
convexity (or concavity) inequalities are investigated.

In the “hard” analysis of compact operators in Hilbert spaces, the
notion of s-numbers (singular numbers) plays an important role as shown
in [10], [24]. For a compact operator 4, its nth s-number p,(A4) is defined
as the nth largest eigenvalue (with multiplicity counted) of |A| = (A4*4)*2.
The following expression is classical:

p,(A) = inf{|| AP, |; o is a closed subspace with dim 2" * < n },

where P, denotes the projection onto .

In the present article, we will study the corresponding notion for a
semi-finite von Neumann algebra. More precisely, let .# be a semi-finite
von Neumann algebra with a faithful trace 7. For an operator 4 in /%,
the “zth” generalized s-number p,(A) is defined by

p,(A) = inf{||AE||; E is a projection in # with (1 — E) < t}, t>0.

Notice that the parameter ¢ is no longer discrete corresponding to the fact
that 7 takes continuous values on the projection lattice. Actually this
notion has already appeared in the literature in many contexts ([8], [11],
[25], [33]). In fact, Murray and von Neumann used it (in the II;-case),
[18]. We will consider generalized s-numbers of 7-measurable operators in
the sense of Nelson [19]. This is indeed a correct set-up to consider
generalized s-numbers. In fact, the 7-measurability of an operator 4
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exactly corresponds to the property p,(A4) < + oo, # > 0 and the measure
topology ([19], [27]) can be easily and naturally expressed in terms of p,.

When . is commutative, # = L*(X; m), 7(-) = [y - dm, the gen-
eralized s-number p,(A4) of A =f, a function on X, is exactly the
non-increasing rearrangement f*(¢) of f in classical analysis. (See [26] for
example.) Therefore, through the use of p,, one can employ many classical
analysis techniques (such as majorization arguments) in our non-com-
mutative context (as shown in §4).

§1 consists of some preliminaries. §2 is expository and we give a
self-contained and unified account on the theory of generalized s-numbers
of T-measurable operators. In §3, we prove certain dominated convergence
theorems for a trace (i.e. gage, [23]). In the literature (see [27] for
example), Fatou’s lemma for a trace was emphasized. Instead, we will
show Fatou’s lemma for generalized s-numbers. Although its proof is
simple, it will prove extremely useful. In fact, based on this, we will prove
dominated convergence theorems unknown previously. Also, this Fatou’s
lemma is useful to extend known estimates (involving p,) for bounded
operators to (unbounded) T-measurable operators. In §4, we will study
convexity (and concavity) inequalities involving p,. For applications and
for the sake of completeness, we will prove classicial norm inequalities
such as the Holder and Minkowsky inequalities. However, our main
emphasis here is to compare carefully the above classical norm inequali-
ties with inequalities due to A. Grothendieck, J. von Neumann, H. Weyl
and the first named author. We will also show that these “semi-finite
techniques” are useful to derive the corresponding results for the Haagerup
L?-spaces, [12]. This is possible because p,(A) (with respect to the
canonical trace on the crossed product, [28)) is particularly simple in this
case. In the final §5, we prove the Clarkson-McCarthy inequalities for the
Haagerup L”-spaces “from scratch.” Proofs are known, but it may not be
without interest. In fact, some false proofs exist in the literature.

This work was completed during a stay of the first named author at
the Mathematical Sciences Research Institute of Berkeley. The author is
grateful to the Institute for its warm hospitality and support. Also the
authors are indebted to the referee for improvement of the article.

1. Preliminaries. For the convenience of the reader, we will collect in
this section some definitions and basic facts on the theory of non-com-
mutative L”-spaces associated with a von Neumann algebra. Our basic
reference on the general theory of operator algebras is [6], [29].

1.1. Let .# be a von Neumann algebra acting on a Hilbert space §.
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Assume for a moment that ./ admits a faithful semi-finite normal trace
7. For a positive self-adjoint operator T = [° A dE, affiliated with ./#, we
set

#(T) = sup T(jo J\dE,\) - jo°° Ndr(E,).

For 0 < p < o0, L?(A; 1) is defined as the set of all densely-defined
closed operators 7 affiliated with .# such that

1Tl =+(IT[")"”" <

In addition, we put L®(4; 1) = # and denote by || ||, (= ]| ||) the usual
operator norm. It is well-known ([5], [16], [19], [23]) that L?(#; 7) is a
Banach space under || ||, (1 < p < oo) satisfying all the expected proper-
ties such as duality. From this definition, it is not obvious at all that for
example the sum of two operators in L?(.#; ) is well-defined and, a
fortiori, belongs to the same space. In fact, as was shown at first by Segal
[23], the sum is well-defined because involved operators are measurable.
Instead of the notion of measurability introduced by Segal, we will use

1.2. DEFINITION ([19]). A densely-defined closed operator 7" (possibly
unbounded) affiliated with . is said to be r-measurable if for each ¢ > 0
there exists a projection E in . such that E($) € 2(T) and 7(1 — E)
< e

Let T be a (densely-defined closed) operator affiliated with . Let
T = U|T| be the polar decomposition and |T'| = [5° A dE, be the spectral
decomposition. Then T is r-measurable if and only if 7(1 — E,) < oo for
A large enough, or equivalently, lim, , _r(1 — E,) = 0 due to the normal-
ity of 7 (see [19] for example). Let us denote by .# the set of all
T-measurable operators. When /# = L*(X; m) and 7(f) = [ fdm, where
(X, m) is a measure space, a function on X is in . if and only if it is a
(finite m-a.e.) m-measurable function which is bounded except on a set of
finite measure. Thus, .# is large enough to contain all L?-spaces, 0 < p
< . Also, . is the closure of .# with respect to the measure topology.
All these facts remain valid for a von Neumann algebra .# with semi-finite
trace 7 so that . really appears as a “basis for investigations in
non-commutative integration theory.” The notion of 7-measurability does
not appear in the classical theory of Schatten classes because .# = ./ for
the algebra . of all bounded operators on a Hilbert space (with the
canonical trace). Note in contrast that .# is the set of all densely-defined
closed operators affiliated with .# when the trace is finite.
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1.3. DerFINITION. For a 7-measurable operator 7, we define the
distribution function of 7' by

MT) = 1(E,,(IT]), =0,

where E, (|T|) is the spectral projection of |T'| corresponding to the
interval (¢, c0).

The operator T being 7-measurable, we have A,(7") < oo for ¢ large
enough and lim, ,  A,(7)=0 as noted before. Moreover, the map:
t € [0, 0] = A(T) is non-increasing and continuous from the right (be-
cause 7 is normal and E, .\ (|IT)) 7 E,,(|T|) strongly as ¢, \ 7). The
reader may notice that A,(7) is a non-commutative analogue of the
distribution function in classical analysis. (cf. [26]).

1.4. Let T, S be t-measurable operators. Then T + S, TS, and T* are
densely-defined and preclosed. Moreover, the closures (7 + S)~ (strong
sum) (TS)~ (strong product) and T* are again r-measurable, and ./# is a
*-algebra with respect to the strong sum, the strong product, and the
adjoint operation. (See [19], [31].) In what follows, we will supress the
closure sign.

1.5. The measure topology on .# is by definition the linear (Haus-
dorff) topology whose fundamental system of neighborhoods around 0 is
given by

V(e,8) = {T € M there exists a projection E in A
such that |[TE|| < eand 7(1 — E) < §}.

Here, &, & run over all strictly positive numbers. It is known ([19], [31])
that .# is a complete topological *-algebra. Moreover, ./ is dense in ./ .
In fact, if T=U|T|€A4 and |T|= [°AdE,, then the sequence
{UfsAdE\}, -, in A tendsto T as n — oo in the measure topology.

yeen

1.6. Now let .# be a general (not necessarily semi-finite) von Neu-
mann algebra. Let % be the crossed product of .# by the modular
automorphism group {o,},.g of a fixed weight on .#. By a result of
Takesaki, [28], 2 admits the dual action {6, }, g and the faithful semi-
finite normal trace 7 satisfying 708, = e™*r, s € R. The Haagerup L”-
spaces associated with ., [12], are defined by

L?() = {T; T is a T-measurable operator (affiliated with ()
such that 0 (T) =e*/?T,s € R}, 0<p < 0.
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It is known that L'(.#) is order-isomorphic to the predual .#,. We thus
get a positive linear functional tr on L'(.#) by the formula

tr(HqJ) =¢(1).

Here H,, is the element in L'(A) which corresponds to ¢ € .#, by the
order isomorphism. For T in L?(#),0 < p < oo, we set

171l = te(|71")"”.
(As usual, || ||, is the usual operator norm.) Some remarks are in order:
(1) L?(A) does not depend on a choice of a weight on # (used to
construct the crossed product), (ii) the functional tr on L'(.#) and
the canonical trace 7 are quite different, (iii) when # is semi-finite,
L?(A; ) in 1.1 is isomorphic to L?( ).

Full details of Haagerup’s theory can be found in [31]. For later
reference, we record:

1.7. LEMMA. Let T be an element in L'(.#). For any t > 0, we have
A(T) =T |

Here, the distribution function X, is with respect to the canonical trace on the
crossed product A = M x R explained in 1.6.

Its proof is found in [31]. Let us point out that this Lemma is crucial
and indeed a starting point of Haagerup’s theory. Because of this lemma,
T is T-measurable (with respect to the trace 7 on ) and additions and
multiplications are justified.

2. Generalized s-numbers. The notion of generalized s-numbers for
bounded operators was carefully developed in [8] by the first named
author. On the other hand, its generalization to T-measurable operators
has fruitful applications as indicated in [15] by the second named author.
In this section, we will give a self-contained and unified account on
generalized s-numbers of T-measurable operators.

Throughout the section, let .# be a von Neumann algebra on a
Hilbert space & with a faithful semi-finite normal trace 7.

2.1. DEFINITION. Let T be a r-measurable operator and ¢ > 0. The
“tth singular number of 77 u (T) is

p(T) = inf{||TE||; E is a projection in .# with 7(1 — E) < t}.
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It follows from 1.3 that u (7) < oo, ¢ > 0. The reader may notice
that p,(7) is indeed a generalization of the classical s-number for a
compact operator. (Recall the first part of §0.) Obviously, p,(A) admits
the following “minimax” representation:

: Sup || T¢|
p(T)=  inf e E(®) :
Eis gErOJectlonan/{ el =1

witht(1-E)<t

As shown shortly, we have p (T) = p,(T?)"/? wen T is positive. There-
fore, for a positive T, this expression reads

. sup (T¢|$)
p(T)= _ inf £ E(®)
Els.agro']ecuonm.ﬂ lel=1
witht(1-E) <t

2.2. PROPOSITION. Let T be a T-measurable operator. For any t > 0, we
have

p,(T)=1inf{s > 0; A (T) < ¢},

where N (T') is the distribution function in 1.3. Moreover, the infimum is
attained and N, r(T) < 1, t > 0.

Proof. As the map: s —» A(T) is continuous from the right, the
second statement is obvious. Let us denote the infimum in the proposition
by a. The inequality A (T) < ¢ means 7(1 — E) < ¢t with E = E, ,,(|T)).
But, ||TE|| = |||IT|E|| < aand p(T) < a.

On the other hand, let ¢ > 0 and take a projection E in .# such that
7(1 — F) < tand

ITE| < p(T) + &= .
If § € E(9) N E,.,(ITH), Il = 1, then we have
(T*T|£) > o2, (T*T%|£) < o’
Therefore E A E, . (IT) =0 and

E(a,oo)(|T|) =E (|TD —EA E(a,oo)(]TD

(a,0)
~EVE,,(T)-E<1-E

in the Murray-von Neumann sense. We thus get
A(T)< (1-E)<t, a<a=p,(T)+e.

The proof is complete since ¢ is arbitrary. ]
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2.3. REMARKS.

2.3.1. Let % be any von Neumann subalgebra of .# containing the
spectral projections of |T|. The above proof actually shows that

p(T) = inf{[|TE|; E is a projectionin ¥ with (1 — E) < ¢}.
2.3.2. When A = L*(X; m) and 7(f) = [fdm, we get
p(f) = inf{s >0; m({xeX;|f(x)|>s)) < t}.

Hence, p,(f) is exactly the classical non-increasing rearrangement f*(z).
(cf. [26].) These two remarks are useful tricks to reduce the analysis of
s-numbers for a single operator to the classical commutative situation.

The next proposition gives a more geometrical interpretation of the
generalized s-numbers.

2.4. PROPOSITION. For each t, Let &, be the set of all T-measurable
operators S such that T(supp(|S)) < t. (Here, supp(|S|) denotes the support
projection of |S|) Then, for a T-measurable operator T, p.,(T') is exactly the
“approximation number”

d(T, %) =inf{|T - S|; S€2,).
Proof. Let T = U|T| be the polar decomposition and

S = Uf \dE, (IT))

with « = p,(T). We have

IT - Sll<a=p(T), 7(supp(|S])) =N (T) <t (by22).

Hence we get d(T, Z,) < p(T).
On the other hand, let S € #, and set

E =1 - supp(|S]).
AsTE = (T — S)E, we get
ITE| <|T - S|
But 7(1 — E) < t so that p(T) < ||T — S|land p(T) < d(T,%,). O

2.5. LEMMA. Let T, S be T-measurable operators.
(i) The map: t € (0,00) = p,(T) is non-increasing and continuous
from the right. Moreover,

lim p(T) =||T | € [0,0c0].
tl0
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(i) p(T) = p,(|IT) = p,(T*) and
p,(aT) =|a|p,(T) fort>0and a €C.

) p(T) < p(S),t>0,if0<T<S.

@1v) p,(fUTD) = f(p,(IT)), t > O for any continuous increasing func-
tion f on [0, o0) with f(0) > 0

V) Beao(T + S) < p(T) + p(S), 1, s > 0.

(vi) p, (STR) < |IS|||R||pAT), ¢ > O.

(vii) 4 (TS) < pT)(S), 1, 5 > 0.

Proof. (1) The monotone property is evident. If it were not continuous

from the right at ¢, we would get
p(T)>a>p,, (T) foralle>0.

Then A (T) <A, )(T) <t +e(by2.2)and A (T) < ¢ It follows that
1, (T) < a, a contradiction.

From the definition, we obviously have u,(T) < ||T||.

If we had ||T|| > a = p(T), € > 0, then we would get A (T) = 0 as
before and ||T|| < a, a contradiction.

(ii) follows immediately from Proposition 2.2 or 2.4.

(1i1)) From 0 < T < S, we get

E, (T)ANE,,(S)=0, E,,(T)s E(s,oo)(S)

in the Murray-von Neumann sense (as in the proof of Proposition 2.2).
Therefore, A (T) < A,(S), s = 0, and the result follows.

(iv) Let A be the von Neumann subalgebra of .# generated by the

spectral projections of |T|. It obviously contains the spectral projections
of f(|T)). For any projection E in 9, we get

fAHTIEN <[ FATDE]

since f is continuous increasing and f(0) > 0. Using Remark 2.3.1, we get

f(l"'t(lTl)) = ”‘t(f(lTl))

(v), (vi), and (vii) follow from Proposition 2.4. We will just prove (vii). ((v)
and (vi) are easier.) Choose and fix ¢ > 0. Proposition 2.4 guarantees the
existence of T-measurable 4, B such that

1T - All< p(T) +e, r(supp(]4])) <1,
IS = Bll< p,(S) +e, (supp(|BI)) <,
With C = (T — 4A)B + AS, we get
I7S = CI=I(T = 4)(S = B)[| < (b AT) + &)(n,(S) + ).
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We have
r(supp(|C|)) <t + s
thanks to the following three facts:

supp(|C) < supp(|(T — 4) B|) V supp(| 4S]),
supp(|(T — 4)B|) < supp(| B|),
supp(| AS) ~ supp(|S*4*|) < supp(|4*|) ~ supp(|4]).
Therefore, Proposition 2.4 implies
Bt s(TS) < (1(T) + €)(,(S) +¢). O

2.6. LEMMA. Let T be a t-measurable operator. For a projection E in
M, we get
p,(TE)=0 fort>7(E).
In particular, if (1) = a is finite, then
p(T)=0 fort>a.

Proof. 1t follows from Proposition 2.4. O

2.7. PROPOSITION. Let T be a positive T-measurable operator. Then we
have

o(T)= [ (T)adr.
0
Proof. When T is of the form
(1) Z o, E;
i=1

(a; > 0 and E,; are mutually orthogonal projections in .#), the result is
proved in p. 190-191, [26]. (In [26], the extra assumption T(E,) < + o0 is
posed. But, if 7(E;) = + oo for some i, then we obviously get co = 00.)

At first we claim that the equality remains valid for any positive
bounded T. Using the spectral projections, one can write 7" as the norm
limit of an increasing sequence { 7, } of operators having the form (1). We
have

v (T,) 7 (T).
(In fact, it follows immediately from Lemma 2.5, (1), (v) that |u,(S;) —
p,(S,)] < ||S; — S,|| for any operators S,) Therefore, [§°u,(T,)dt 7
[u(T)dt as n 7 co by the monotone convergence theorem. On the
other hand, we obviously have 7(T,) » 7(T) as n = oo.
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Let us now assume that T is a general positive T-measurable operator.
For each n, we set

E,= E[O,n](T)'
By Lemma 2.5, (iii),
p(TE,) < p,(TE,) < -+ < p,(T).

We claim that lim,_,  p(TE,) = p(T). Assume that s =
lim,  , p(TE,) < p(T). Then E 7g,.(TE,) = E g n(T) con-
verges to E ., (T) strongly. Since 7(E, 1 ). (TE,)) < t, the lower
semi-continuity of 7 implies

T(E(s,oo)(T)) = T(E[s , oo)(T)) < ﬁ:‘_{i:olf T(E(;L,(TE"),w)(TEn)) <t
which contradicts s < p,(T). Therefore we have

w(TE,) 7 1(T) and [ * w(TE,) dt 7 [ " p(T) de

as n — oo by the monotone convergence theorem. On the other hand,
T(TE,) » 7(T) as n > oo (from the definition). Therefore, the general
case is reduced to the bounded case. O

2.8. COROLLARY. Let f be a continuous increasing function on [0, c0)
with f(0) = 0. For each t-measurable operator T, we have

o(A1TD) = [ AT at.

In particular,

o0 1/p
170 = ([ wd)?at) " tor0<p <o

Proof. Apply Lemma 2.5, (iv), and Proposition 2.7. O

We now characterize spectral dominance (see [1], [3]) in terms of
generalized s-numbers. The next result was stated in Remark 5, [3]
without proof.

2.9. COROLLARY. Let T, S be positive T-measurable operators. The
following conditions are equivalent:

D) pT) < p(S), >0,
(i) A,(T) < A(S), s > 0,
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(i) 7(f(T)) < 1(f(S)) for any continuous increasing function f on
[0, o0) with f(0) = 0.

Proof. (1) = (i) follows from Corollary 2.8.

(iii) = (i1) One can approximate the characteristic function x, .,
from below by a sequence { f,} of continuous increasing functions on
[0, 00) with f,(0) = 0, and we have 7(f,(T)) < 7(f,(S)) by the assump-
tion. It follows from Lebesgue’s dominated convergence theorem (applied
to d||E(T)§||% ¢ is a vector) that f(T) 2 E .)(T) and f.(S) 7
E .)(S) strongly as n — co. Thus, the normality of 7 implies A (7') <
A(S). (1) = (i) follows from Proposition 2.2. O

When # is a factor, the above three conditions are of course
equivalent to the spectral dominance E, , (T) < E, ,(S), s = 0.

3. Convergence theorems for gages. Throughout the section, let .# be
a von Neumann algebra with a faithful semi-finite normal trace 7 (i.e. 7 is
a gage in the sense of Segal, [23]). As a direct analogue of the measure
theory, on expects for example the following “dominated convergence
theorem”: if a sequence {7, } of T-measurable operators tends to T in the
measure topology and if there is a positive integrable operator S with
|T,| < S, then one would get
(2) lim 7(7,) = 7(T).

n—oo

However, in the literature ([20], [27]) the theorem in the above expected
form has not been proved. (As explained in p. 29, [27], difficulty comes
from failure of the operator inequality |7+ S| < |T| + |S]). In fact, (2)
was proved under slightly unnatural conditions such as

~S<ReT,<S and -S<ImT,<S.

In this section, among other things, we will prove the “correct” dominated
convergence theorem based on the tools developed in §2. We will also
prove “Fatou’s lemma” for generalized s-numbers. As mentioned in §0,
this viewpoint is new, and will prove very useful.

We begin by characterizing the convergence in the measure topology
(recall 1.5) in terms of generalized s-numbers.

31.LEMMA. Let T,, n=1, 2,..., and T be t-measurable operators.
Then {T,} converges to T in the measure topology if and only if

lim u(T—T,)=0 foreacht> 0.
n—o0
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Proof. We will prove that S € V(e, 8) (1.5) if and only if pu4s(S) < e.
When S € V(e 8), we clearly have py(S) < e (Definition 2.1). Con-
versely, if ps(S) <e then E = Ey, ¢, (|S) satisfies (1 — E) =
A Ly(5)(S) < 8 (Proposition 2.2). Since

ISEI=]ISIE] < ps(S) <e,

we get S € V(g 9). ]
The next result was stated in [3] (Proposition 13) without proof.

3.2. PROPOSITION. The following three conditions are equivalent for a
T-measurable operator T
1) A(T) < + oo forall e > 0,
(i) lim, , , u,(T) =0,
(iii) there exists a sequence {T,} of T-measurable operators (bounded if
wished) converging to T in the measure topology such that t(supp|7,|) < oo
for each n.

Proof. (iii)) = (ii) For any &> 0, pick up an integer n, with
p(T — T, ) < & (Lemma 3.1). Since p (7, ) =0 for ¢ > 7(supp(|T, ])
(Lemma 2.6), Lemma 2.5, (v) implies

Au‘t(T) = “‘t—l(Tno) + H‘l(T_ Tno) =¢e

for ¢ > v(supp(|7,,)) + 1.

(i) = (i) For any & > 0, pick up 7, > 0 such that p, (T') < &. We then
get

00 > 1, > )\MO(T)(T) > A (T)
(Proposition 2.2).
(i) = (i) If T = U[s° AdE,(|T)), then the sequence
(U NdEA(T])} hera,. .
does a job. o

3.3. ReMARk. For a 7-measurable operator in the class characterized
in Proposition 3.2, we can strengthen Corollary 2.8. Namely, if 7 is in this
class and g is a non-negative Borel function on [0, c0) with g(0) = 0 (not
necessarily increasing), we get

() w(s(T) = [ &(w (7))
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To prove this, at first we note
(Soo)(S) f X, oo) S)) dt, s>0,

for any positive T-measurable S. This is obtained by approximating the
characteristic function x, from below by functions described in
Corollary 2.8. Similarly we get

7(Eoe)(5)) f Xis.o(1(S))d,  5=0.

Therefore, if T is in the above mentioned class and I is an interval in
(0, o0), we get

H(ETD) = [ x(m(T)) dr

The class of measurable subsets I in the interval (e, o) (¢ > 0 fixed) for
which the above equality holds is closed under countable disjoint union
and complement and hence includes all Borel subsets in (¢, 00). (00 — o0
does not occur when one takes a complement thanks to lim, ,  u(7T) = 0.)
Since gX (.. T & as € = 0, (3) follows.

We also remark that all L?(A#; 1), 0 < p < o0, are included in this
class. In fact, if T isin L?(#; 7) then

w(T) < 7 [ (1) ds < 7 [ (1) ds
0 0

=t Yo -0 ast— oo.

The following “Fatou’s lemma” is very useful:

3.4. LEMMA (cf. Appendix of [15]). Let {T,} be a sequence of
T-measurable operators converging to T in the measure topology.
(1) u(T) < liminf u (T,) for each t > 0.

1) p(T)= 11m p (T, if s > u,(T) is continuous at s = t, or if
p(T,) < p(T).

Proof. (1) For each ¢ > 0, Lemma 2.5(v) implies that
l"‘t+e(T) - :u‘s(T - Tn) S l"‘t(T;)

of the both sides and using Lemma 3.1, we get

b (T) < limint p,(T,).

Taking the lim inf

n — oC
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Letting ¢} 0, we get by Lemma 2.5, (i),
u(T) < liminf p (T,).
n— oo

(i1) Picking up a small ¢ > 0 (0 < & < t), we get as before
p(T,) < p,(T) +p (T, - T),
lif,llsip p(T,) < p,_(T).
If s = p (T) is continuous at s = ¢, letting £ | 0 we get
limsup p,(7,) < p(T)( < liminf p(T,)).

n— oo
When p,(7,) < p(T), the result is clear. O
The proof of the next (known) result should be compared with that in
[27].

3.5. THEOREM. Let {T,} be a sequence of positive T-measurable opera-
tors converging to T in the measure topology.
(1) (Fatou’s lemma) 7(T) < liminf, , _ 7(T,).
(i1) (Monotone convergence theorem.) If T, < T (or even if n(T,) <
p,(T), t > 0), then
(T)= lim 7(T,).
n— oo

Proof. (1) We estimate:
(T) = f p,(T)dt (Proposition 2.7)
0

IA

foo liminf p,(7,)dt (Lemma 3.4)
0

n— oo

IA

lim inf f 1, (T,) dt  (usual Fatou’s lemma)
0

n— o0

liminf 7(7},).

n— o0

(i1) It follows from (i) and
(1) = [ n(T)dis [ p(T)di = (7). 0
0 0

3.6. THEOREM. Let {T,} be a sequence of T-measurable operators
converging to T in the measure topology. Assume that there exist T-measura-
ble operators S,, n =1,2,..., and Sin L*(M; 7),0 < p < o0, satisfying
the following conditions:

(1) p(T,) <u/(S,) (it is satisfied if |T,| <|S,|, Lemma 2.5, (ii),
(ii1)),
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@) 1SN, = Lim,, _, IS, Il

(iii) p(S) < liminf, , u,(S,). (1t is satisfied if {S,} converges to S
in the measure topology, Lemma 3.4, (1).) Then; T, and T are in L?(M; T),
and we have

lim | - 7,], = 0.
n— oo

If p = 1, then we also get
lim =(7,) = 7(T).

n— oo

Of course, the dominated convergence theorem described at the
beginning of the section is included in this theorem. (Take p =1 and
S, =S)

Proof. At first we note |7(T)| < 7(|T|) whenever T € L} A; 1) (see
V §2, [24] for example). The last statement follows from
[7(T,) = «(T)| =|7(T, - T)| < +(IT, - T|) =T, = T},

Obviously, (i) implies 7, € L?(#; 7). Also, (any version of) Fatou’s
lemma implies

ITly < timint |7, |, < liminf||s, ], =S, < oo
and T € L?(#; 7). By Lemma 2.5, (iv), we have
p(T-T,)< P«z/z(T) +p,0(T,) < H;/Z(T) + ”'t/Z(Sn)’
and hence,
p(T-T,)" < Cp{p‘t/2(T)P + !‘z/z(Sn)p},

where C, = Max(1,27~1). Since lim,_,  p, (T — T,)” =0 (Lemma 3.1)
and liminf, | p, ,(S,)? = p,,(S)? ((ii), the non-negative function
C{oo(T)? + yy(8,)7) = w(T — T,)7 satisfics

liminf [C,{n,»(T)” + p,a(8,)"} = w(T = T,)"]

2 Cp{p‘t/Z(T)p + Mz/z(S)p}'

Usual Fatou’s Lemma thus implies

,/(;00 CP{“'/2(T)p + Nz/z(S)p} dt

= [}“’ linnli‘;I.}f[CP{“t/Z(T)p +1,2(8,)7 ) = (T - Tn)p] dt
< liminf fow[cp{y,ﬂ(z’)” + 1,2(8,)7) = (T = T,)7] .

n— oo
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In other words, we have
4 4 o . P P P
26,(IT1l> +1S17) < timinf (2G,(IT [ +11S,1},) =17 = T,11;)-
By (ii) and the fact that every norm is finite, we get
0 < —limsup| T — T,];,

n— oo

that is, lim IT—- T, =0. O

n — oo

3.7. THEOREM. Let T,, n =1, 2,..., and T be elements in L*(M; T),
0 < p < oo. The following two conditions are equivalent:
@) lim,, _, |IT = T,||, = 0,
(i) lim, , |7\, = IT||, and T,, = T in the measure topology.
If, in addition, 1 < p < oo, they are also equivalent to
(i) Yim, T\, =IIT|l, and T, > T in the o(L¥, L7)-topology,
where q is the conjugate exponent of p.

n — oo

Proof. (1) = (ii), (i) = (iii) are obvious. (ii) = (i) follows from Theo-
rem 3.6 with S, = |T,| and S = |T'|. In fact, (iii) in Theorem 3.6 is checked
as follows:

p(S) = p(T) < liminf p(T,) = lim p,(S,).

Here, Lemma 2.5, (ii), and Lemma 3.4,(1) were used. (iii) = (i) follows
from the uniform convexity of L?(#; 7), 1 < p < oo. (cf. [13], [14],
[34]). a

The theorem ((ii) = (i)) was previously known for special values of p
only when 7(1) < oo. (cf. [14], [21]). Also, here is one subtlety in the above
proof worth pointing out. Although we were able to check the condition
(iii) in Theorem 3.6, the following problem is still open: Let {7,} be a
sequence of 7-measurable operators converging to 7 in the measure
topology. Does the sequence {|7,|} converge to |T'| in the measure
topology? The answer is affirmative if 7(1) < + oo. More information can
be found in [19], [20] (when 7(1) < ©0).

4. Convexity and concavity inequalities. Here, we study convexity (and
concavity) inequalities involving p, and provide “real analysis” proofs to
the classical norm inequalities. Not only that, we will carefully compare
these classical norm inequalities with inequalities involving u, due to A.
Grothendieck, J. von Neumann, H. Weyl, and the first named author. We
will also show that these “semi-finite techniques” are useful in the theory
of Haagerup’s L *-spaces.
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The topics here are closely related to [1], [2], [3], [8], [9], [11], [32], and
as in [3] our philosophy is that, inside a trace, operators behave “like
functions.”

Until further notice, throughout we will assume that .# is a von
Neumann algebra with a faithful semi-finite normal trace 7.

Thanks to Proposition 2.7 and Corollary 2.8, one can derive inequali-
ties involving the trace 7 from these involving u,. The converse is also
possible to some extent thanks to

4.1. LeMmMA (c¢f. Lemma 3.3. [8]). Assume that M has no minimal
projection. For any T-measurable operator T, we have

/t p,(T)ds = sup{7(E|T|E); E is a projection in M with 7(E) < t}.
0

If |T| does not have a point spectrum, the supremum may be taken over all
projections (of trace at most t) in the von Neumann subalgebra generated by
the spectral projections of |T|.

Proof. We may assume T > 0. Let T = [° AdE, be the spectral
decomposition. Take an abelian von Neumann subalgebra A =
L*( X; m) of A containing spectral projections of 7" and with non-atomic
measure m (corresponding to 7). (Such A exists by assumption on ./#.)
Therefore, for T = f in U, we have p (T) = f*(¢) (Remark 2.3.2).

Since ( X, m) is non-atomic, the classical equality

[ r(s)ds = sup [ |f|dm
0 EcXx YE
m(E)<t

is available. (See p. 202, [26].) This means that
ft p,(T)ds = sup{7(ETE); E is a projectionin ¥ with 7(E) < 1}
0

< sup{7(ETE); E is a projection in & with 7(E) < t}.

Conversely, when a projection E in ./ satisfies 7( E) < t we estimate

7(ETE) = /oo p,(ETE)ds  (Proposition 2.7)
0
= ft u,(ETE)ds  (Lemma 2.6)
0

< /0 "u(T)ds. (Lemma2.5, (vi)). O
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The reader may think that the assumption on # (no minimal
projection) is quite restrictive. But we can always embed . into /Z ®
L>([0, 1]; dt) without changing the s-number because of the trivial fact

p(T) = p (T ®1),

where the s-number on the right is relative to the tensor product of 7 by
the trace

1

- s)ds.

= [ 1)
Let us discuss the Holder inequality:
(4) I7sll, <ITllSle  (pog.r>05p + gt =r).
Of course, (4) is well-known when p, ¢, r > 1. However, it seems that the
only proof of (4) for 0 < r < 1 is based on the Weyl inequality (see [8])
A(TS) < A(T)A(S), t > 0.
Here, A (T) is defined by
A,(T)=expft logp, (T) ds, t> 0.
0

It is easy to see that if for example T satisfies the “Lorentz space”-type
condition

(5) Ted or p(T)<Ct™™ (C,a>0),1>0,

then A (7T) is well-defined (i.e., oo — oo does not occur). Whenever
A ,(T) appears in what follows, we will always understand that 7 satisfies
(5). Actually, the assumption (5) is satisfied by “almost all” r-measurable
operators appearing in applications. (Cf. the estimate before Lemma 3.4.)

4.2. THEOREM. Let T, S be T-measurable operators.

@ I7S|, < ITNMSll, (prgor > 0; pH+ g7 =r7").
(1) A(TS) < A(T)A(S),t>0.
(iii) Jg f(p(TS) ds < [§ f(p(T)p,(S)) ds

for any increasing function f: R . — R such that t — f(e") is convex.

This result for 7-compact elements in ./# (i.e., elements in .# satisfy-
ing the conditions in 3.2) was proved in [8]. As mentioned before, not only
proofs of (i) ~ (iii) for r-measurable operators, but we will also show that
each of them can be deduced from the others.

Proof. (1) We may and do assume ||T'|| ,, ||S]|, < co. Then the result
follows from Corollary 4.4, (iii), [8], and the trick in the Appendix of [15].
But, since this trick will be repeatedly used later, for the convenience of
the reader we will recall the arguments. Let 7= U|T|and |T| = [;° AdE,
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as usual. For each n € N, we set
n
T,=U| MAdE,.
[ MdEy

As ||T||, < + o, each T, in A is T-compact (cf. p. 315-316, [8]) because
of

p(T,) < p(T) >0 ast— oo.
Define S, similarly. By Corollary 4.4, [8] (which is essentially (ii), (iii) for
T-compact operators), we get

([ nims)a)” < ([ wmyra)” ([ nis)s)

<N a0 S lo-
But 7, S, — TS in the measure topology so that

751 = { [~ n.(15)as)”

/9

n—oo

00 1/r
< {f lim inf ys(T,,Sn)'ds} (Lemma 3.4, (i))
0

) i/r
< liminf { f p(T,S,)" ds} (usual Fatou’s lemma).
0

- n—oo
Combining the above two estimates, we get the desired result. (i) = (ii) At

first, for 7-measurable 7, S, we prove
1/2r

© ([ p(TS)ds) < [ us(T)z’ds)m'(fo’ w(8)7as)

t>0,

based on (i). By the remark after Lemma 4.1, we may and do assume that
# has no minimal projection. Let T = U|T| and S = V|S| be the polar
decompositions. Let E be a projection in # which commutes with |TS|
and satisfies 7(E) < t. Let F be the support projection of |ES*| and W
be the phase part of the polar decomposition of ES*. Then

W*W = F,

WW* = supp(|SE|) < E.
It is then straightforward to check

E|TS|'E = (ES*W*E)(EW|T |"'W*E)(EWSE).
Thus, (1) implies that
IE|TS|"E||, < || ES*W*E s |[EW|T|'W*E|, | EWSE s,
1/4r 1/2r
t 4r t 4r ! 4r
<[ u(s ds} { (T ds} { (s ds}
([ nls) [ (1) [ (s)

1/4r



288 THIERRY FACK AND HIDEKI KOSAKI

Here, Lemma 2.6 and Lemma 2.5, (ii), (vi) were used. Notice ( E|TS|*E)"
= E|TS|*E. By taking % which includes E in the proof of Lemma 4.1
(where T is replaced by |T'S|*"), we obtain (by Lemma 4.1)

1/2r

{/: Ms(TS)zrds}l/r < {fot MS(T)4rds}l/2r{/(;t ,us(S)‘"ds} ,

which is exactly (6) since r > 0 is arbitrary. Dividing the both sides of (6)
by /7, we get

{j: HS(TS)r'ii}l/rg {fot HS(T)z’%}1/2r<L' “S(S)z’%}l/zr.

We now assume that 7, S (hence 7S) satisfy (5). By the well-known
equality:

: ds . ‘ rds\Y”
exp [ logl £(5)| 5 = tim | ['17(5)[ 2}
if/tlf(s)lrés— < + oo for some r > 0.

0 t

(see p. 74, [22] for example), we get
A(TS) < A(T)'A,(8)"".

(i) = (iii)) This follows from Corollary 4.2, [8], if T and S are
bounded. Using the same trick as in the proof of (i), it is clear that (iii)
remains valid for any 7, S. (ii1) = (i) follows from the classical Holder
inequality (with f(s) = s*/"and t = + ). O

We now discuss the Minkowsky inequality:

1T+ Sl <ITlp +1ISl,  p=1.

It was shown in [8] that this can be deduced from the von Neumann
inequality:

O (T+S)<®,(T)+ d,(S), t>0,
where

o(T) = j: p,(T)ds  (recall Lemma4.1).

4.3 LEMMA (cf. [1], [15], [32]). Let T, S be t-measurable operators.
Then there exist partial isometries U, V in M such that

IT + S| < U|T|U* + V|S|V*.
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4.4. THEOREM. Let T, S be t-measurable operators.
(@) IT + S, <IITIl, + ISll, p = 1
(i) ®(T + S) < ®(T) + ®,S), t > 0,
(iit) fof(p (T + 8))yds < [5f(u(T) + p(S))ds, t >0,

for any convex continuous increasing function f: R, — R.

Proof. Of course (i) is well-known. (For example it follows from the
L? x Li-duality). Also, as mentioned before Lemma 4.3, it can be proved
from the von Neumann inequality (see the proof below). Therefore, as
before, our main concern is to clarify relation among (i) ~ (iii).

(i1) As usual, we may assume that .# has no minimal projection. Let
E be a projection in # with 7(E) < t. Using U, V in Lemma 4.3, we
estimate

T(E|T + S|E) < 7( EU|T|U*E) + 7( EV|S|V*E)

IA

[ w(EUIT|U*E) ds + ftus(EVlS]V*E)ds
0 0

< j: p(T)ds + j(;t p,(S)ds

due to Lemma 2.6. hence Lemma 4.1 implies (ii).

(i) = (111) By Lemma 4.3, (i), [8], (iii) follows from (ii) when S and T
are bounded. For general T, S, (iii) remains valid by the trick in the proof
of (i) in Theorem 4.2.

(iii) = (i) follows from the usual Minkowsky inequality (with f(s) =
s?, t = ). O

We point out the formula

®(T) = if{[| T3, + T ]l..},

where the infimum is taken over all decompositions 7 = T, + T,. This
also proves (ii), and it is very important in the theory of real interpolation.
Let T=T, + T, be an arbitrary decomposition. For 0 < « <1 and
s > 0, we estimate

po(T) < poo(Ty) + I"(l—a)s(TZ) (Lemma 2.5, (v))
< poo(Th) + ol (Lemma 2.5, (i),

t 0
q)t(T) < p’us(Tl) ds + t"TZHw < p‘as(Tl) ds + t”TZHoo
0 0

(o]
= [ (T) ds + T3] = @I + AT
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Letting a 11, we get ®(T) < inf{||T3||; + ¢||T5]l,}- To show the reversed
inequality, let 7 = u|T'| be the polar decomposition and |T|= [{° AdE,
be the spectral decomposition. We set a = pu (T'),

T,=uf (A\-a)dE,, T,=T-T.
Since |T,| = [2(A — &) dEy = f(|T]) with

_ /0 f0<A<a,
f(}\)_{A—a if A>a,

we get
po(Ty) = f(u,(T))  (Lemma?2.5, (i), (iv))

={p.s(T)—a if0<s<t,
0 if s>t

Since ||T5]|, < a, we get

1T+ AT) < [ " u(T) ds + 1a

~

t
[(w(T) = @)ds + ta= [ p(T)ds.
0 0
Thus the above formula was proved.

It is also worth pointing out that when positive 7-measurable opera-
tors 7, S satisfy ®,(7T) < ®,(S), ¢t > 0, S is said to “submajorize” T. In
fact, this ordering is one of the most important orderings in the majori-
zation theory.

Before investigating a counterpart of Theorem 4.4 for 0 < p < 1, we
prove Jensen-type inequalities ([3]) which may be of independent interest.

4.5. LEMMA. Let T be a positive T-measurable operator, and U be a
contraction in M. For any continuous increasing convex function f on R _
with f(0) = 0, we get

r(f(UTU¥)) = f(p(UTU*)) < p,(Uf(T)U¥).

If f is concave instead, we get the reversed inequality.

Proof. We will just consider the convex case. (The concave case can be
handled similarly.) Since f is convex, it is of the form

f(¢) = sup(azt+0b,), t>0,

el
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with a, > 0 and b, < 0. For each unit vector £ and ¢ € I, we have
(UA(T)U*EE) = (U(a,T + b,)U*E¢)
= a,( UTU*¢E) + bJ|U*¢|” > a,( UTU*E|E) + b,

since b, < 0 and ||U*¢||? < 1. Taking the supremum over ¢, we have
(UA(T)U*E) = £(( UTU*EE)).

By making use of the expression right before Proposition 2.2, we get
u(Uf(T)U*) = infsup( Uf(T)U*£[§) > infsup f(( UTU*¢}¢))
= f(inf sup( UTU*¢|¢)) (since f is continuous and increasing)
= f(u (UTU)). 0

4.6. PROPOSITION. Let f be a continuous increasing function on R, with
f(0) = 0. Let a, b be elements in M with a*a + b*b <1, and T, S be
T-measurable operators.

(1) When f is concave. If T, S are positive, we have

p(a*f(T)a + b*f(S)b) < p,(f(a*Ta + b*Sb)), 1> 0,
hence,
t(a*f(T)a) + 7(b*f(S)b) < 7(f(a*Ta + b*Sh)).

Also, for general T, S, we have

(T +SD) < (7(1TD) + =(£(S1).
(i1) When f is convex. If T, S are positive, we have
w(a*f(T)a + b*f(S)b) = p,(f(a*Ta + b*Sb)), 1> 0,
hence,
r(a*f(T)a) + 7(b*f(S)b) = 7(f(a*Ta + b*Sh)).
For positive T, S; we also get

T(f(T + 8)) 2 7(f(T)) + 7(£(5)).

Inequalities in (1) are implicit in [3], but for the sake of completeness
we will give full details. More detailed information can be found in [3].

Proof. (1) Consider the von Neumann algebra .# ® M,(C) equipped
with the trace 7 =[] %]. Applying Lemma 4.5 to the contraction [§ J]*
and the positive (7-measurable) operator [} ], we get

“I([a*f(T)a g b*f(S)b g ) < ut([f(a*Ta(;- b*Sh) g]).
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Here, the s-numbers are relative to 7. But this obviously means the first
inequality in (i). To show the last inequality in (i), we at first assume T,
S >0.Since T, S < T + S, there exist contractions U, ¥ in . such that

TV2 = U(T + S)?, SV>= V(T + 8)"?,
U*U + V*V = supp(T + S).
We then estimate
7(f(T)) + 7(£(8)) = 7(f(U(T + S)U*)) + = (f(V(T + S)V*))
> 7(Uf(T + S)U*) + 7(Vf(T + S)V*)
(Proposition 2.7 and Lemma 4.5).
= 7(f(T + )" ?U*Uf(T + 8)"%) + 7( f(T + 8)*V*Vf(T + 5)'7?)

= 1(f(T + S)*supp(T + S)f(T + 8)"%) = 7(f(T + 8)).
For general T, S, we choose partial isometries U, V' in .# such that
|T + S|< U|T|U* + V|S|V* (Lemma4.3).
Since U|T|\U*, V|S|V* = 0, we get
(f(IT + SI) < 7(F(UIT|U* + VIS|V*))
(Lemma 2.5, (iii), and Corollary 2.8)
< 7(f(UIT|U*)) + =(f(V|S|V*)) (the previous case)

< (£(T) + =(£(IS])).

Here, the last inequality follows from p,(U|T|U*) < p,(|T])) and
p,(VISIV*) < p,(|S). (i) is proved by the same arguments as (i). (But,
notice that the last part based on Lemma 4.3 breaks down.) a

We now discuss the following inequality:

(7) IT+ Sl <ITI, +ISl5,  0<p=<1,

that replaces the Minkowsky inequality, p > 1. It can be proved that (7)
is equivalent to the Grothendieck inequality proved in [9] for 7-compact
elements in /:

A +|T+ S|)<A,Q+]|T)A, (1 +]S]), t>0,
and hence to

(8) f g(p (T +S)) ds <f0 g(n (7)) ds +f0t g(n,(S))ds. t>0,

for any increasing function g on R which is operator concave ([7]) and
g(0) = 0 (cf. [1], [9]). However, operator concavity is a strong condition
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and (8) was proved in [3] (when ¢ = +o00) for any increasing concave
function f with f(0) = 0. We now state

4.7. THEOREM. Let T, S be T-measurable operators.
. 4 t !
Q) [ g(w(T+8)ds < [ g(u(T)ds + [ g(n,(S))ds, >0,
0 0 0
for any increasing concave function g on R _ with g(0) = 0.
(i) A1 +g(T+5s))<A0+g(TNA(+g(s)), >0,
for any g as in (1).

Of course (7) follows from (i) (actually from the last inequality in
Proposition 4.6, (i)). We will prove (it) and the bi-implication (i) < (ii).
But, before its proof, some remarks are in order. For a positive T-measura-
ble operator 7, we have

p(T)+1 ifr<(1),

”’(HT):{O if r > 7(1),

(by comparing the spectral projections of 7 and those of 1 + T'). There-
fore, if ¢+ < 7(1) (7(1) € (0, o0]), then we have

A1+ T)=exp /t log(1 + (7)) ds.
0

On the other hand, if ¢ > 7(1), then (since we are assuming (5) and
log(1 + p,(T)) ~ log(p,(T)) when pu (T) is large) we get

T(1

0 sf()log(us(l + T))ds < + o0,

0

and consequently
AQ+T)=0.

Proof. (i) As usual we may and do assume that .# has no minimal
projection. Also, by Lemma 4.3, we may and do assume that 7, S are
positive. For a projection E in #, 7(E) < ¢, commuting with T + S, we
estimate

r(Eg(T + S)E) = 'T(g(E(T+ S)E))
< 7(g(ETE)) + 7(g(ESE))  (Proposition 4.6(i))

=f0’ g(n,(ETE)) ds +f0’ g(p,(ESE))ds  (Lemma?2.6)

Sfot g(p,(T)) ds +f0t g(p,(8))ds.

Thus, (i) follows from Lemma 4.1.
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(1) = (i1) By the comment before the proof, we may and do assume
t < 7(1). We apply (i) to the function: s — log(1 + g(s)) and get

[ tog(1 + g, (T + 8))) ds < ["tog(1 + g(w.(T))) s

+f0' log(1 + g(p,(S))) ds.

Since g(p (T + S)) = pn,(g(|T + S)), this is exactly (it) (thanks to the
other comment before the proof).

(1) = (1) To show (i), we may and do assume that 7 and S are
bounded by the usual approximation arguments. Lemma 3.2, [9], asserts
that

[o0]
[ &u (1)) ds = & psin(p) [ log A, (1 + rg(|T]))r~ "7 ar
0 0
for each 0 < p <1 (and similar formulas for S and 7 + §). Thus, (ii)
implies
t P t P t p
[ g(u (T +5)) ds < [ g(p(T))"ds + [ g(n,(5))" ds.
0 0 0
Letting p 7 1, we get (). O

We now assume that .# is a general von Neumann algebra and
A = #x, R 1s the crossed product explained in 1.6. In the rest of the
section, we prove norm inequalities of the Haagerup L?(.#) based on the
techniques developed so far.

4.8. LEMMA. Forany T in L*(M),0 < p < o0, we have
[,L,(T) = t—l/pHT“P’ > O’
where ., is relative to the canonical trace on .

This lemma is proved in [15]. Actually, it is an immediate conse-
quence of Lemma 1.7 and Lemma 2.5, (iv). This lemma implies that an
element in L?(#),0 < p < oo, satisfies the condition (5). Also, for T in
LP(AM),0 < p < oo, it is elementary to compute

{QI(T) =q"T|, if1<p<ooandp™+q'=1,
t
A(T) = {(a™)IT 5} -

4.9. THEOREM (cf. [12], [13], [15)).
(i) For Tin L*(M) and S in LY\ M) (p,q,r > 0; pt + gt =r1),
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we have
IZSllr < [T llpI1S flo-
(i) For T, Sin LP(M),1 < p < o0, we have
17+ Sl <ITllp + 1S,
(i1) For T, Sin L?(M),0 < p < 1, we have

» P P
1T+ Sl <IT > +1IS .

Proof. (1) Setting ¢ = 1 in Theorem 4.2, (ii), we get
e TS|, < /7| T [lpe*/ 4| S |l

(i) When p =1, oo, the result is trivial. (The case p = 1 is actually
proved as (ii1).) When 1 < p < oo, setting ¢ = 1 in Theorem 4.4, (ii), we
get

T+ Sl < qlT > + 4l |5

(iii) Choose p’ with 0 < p’ < p(< 1). Setting g(s) = s” and ¢t = 1 in
Theorem 4.7, (i), one directly computes

1 =p/p) T+ Sl < =p/p) (ITI> +1SI7)
based on Lemma 4.8. Clearing (1 — p’/p)~" and letting p’ 7 p, we get
(ii1). a
As pointed out in 1.6, tr (used to define ||||,) and the canonical trace
ron U = # xR are different. But, it is possible to relate the L7-norm on
L?(A) to 7. Namely, the explicit computation of ®, before Theorem 4.9
and the formula (with ¢ = 1) after Theorem 4.4 imply that

1Tl = ¢ tinf{| Tyl +1 T30}, T eLP(A),1<p <o,

p~' + q7!' = 1, where the infimum is taken over all decompositions T =
T, + T, (T, are T-measurable operators affiliated with %) and the L'-norm
in the inf sign is relative to the canonical trace on .

We now specialize ourselves to the commutative case. The following
fact does not seem to have been noticed in classical analysis. Let ( X, m)
be a measure space, and f be a measurable function on X. For1 < p < o0
(p~' + g~' = 1), define the function fon X X R by

f(x,t)=f(x)e'’?, x€X,teR.
Then, ||fll, = ([x|f|” dm)'/? is given by
£, = ¢ tinf{Jl Al + 11 /20 )-

Here, the infimum is taken over all decompositions f= f, + f, (f, are
functions on X X R) and || ||; in the inf sign is relative to the measure
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dm ® e~'dt on X X R. Full details are left to the reader. (It is indeed an
amusing exercise.)

Finally let us point out the reason why “semi-finite techniques” were
useful in Theorem 4.9. Actually, the Haagerup L7-space is sitting in-
side the “non-commutative weak L7-space” (i.e., the Lorentz space
LPe(A; 7) associated with A =.# X R and the canonical trace )
on A (although LP(A)C LP(A; 7) is false). Furthermore, |7,
T e L?(M), is exactly the weak LP-space norm of 7. Details on this
theory will be published elsewhere.

5. The Clarkson-McCarthy inequalities. This section is devoted to a
study of the Clarkson-McCarthy inequalities:

©) T+ Sy +17 =Sl <277 (IT1> +1S15),  2<p <o,

)q/p, 1<p<?2,

(10) 7+ Sl +17 = 1> < 2(171> + 1S

p '+ g' =1, where T, S are in the Haagerup L”(#). Of course, these
inequalities, which imply uniform convexity for the L?-spaces,1 < p < oo,
are known. (cf. [4], [5], [30], [34] for the semi-finite case and [12], [13] for
the general case.) The inequality (9) is relatively easy to prove.

LEMMA 5.1. Assume 1 < p < oo, and let T, S be in L¥*( M) .. Then we
have

— P P 4
20T+ S <IT W +IS1> <IT + S5

Proof. The first inequality is valid for any 7, S in L?(.#), and it is
just Theorem 4.9, (i1) together with the convexity of ¢?, ¢t > 0. The second
inequality is basically the last statement of Proposition 4.6, (ii) (in the
semi-finite case). Since tr and 7 are different, the arguments in Proposi-
tion 4.6 should be modified as follows:

IT 1[5 + 181> = te((U(T + S)U*)”) + u((V(T + 5)v*)7)
(Here, T2 = U(T + S)'/?, V> = V(T + §)/*,
U*U + V*V = supp(T + S), U, V € M)
= w1, ((U(T + $)U*)”) + p,((U(T + S)V*)”)  (Lemma 4.8)
w(U(T + 8)°U*) + p,(V(T + §)*V*)  (Lemma 4.5)
t(U(T + S)"U*) + u(V(T + S)7v*)

In

I

= (T + )" supp(T + S)(T + 5)"7)
(7 + 8)”) =T+ s> O

If
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When 0 < p <1, all the inequalities in the above Lemma are re-
versed. In fact, the first inequality follows from the operator concavity of
t?,t > 0(0 < p < 1) (see[7]) while the second is just Theorem 4.9, (iii).

5.2. THEOREM. Let A be a general von Neumann algebra, and T, S be
in LP(M) with 2 < p < oo. Then we have

T+ S| +17 = Sl < 227 Y(IT |5 +1S1f7)-
Proof. Set p’ = p/2 € [1, o). We have
IT+ 51 +17 = s = IT+ sPIL +| 1T - sP|[.
<| |7+ s’ +|T - S|2||':, = 27| T +Is/[],
<227+ 1))
= 277Y(I|T |, +1IS1f5)-
Here, Lemma 5.1 was used twice. O

From the above proof and the remark after Lemma 5.1, it is clear
that, when 0 < p < 2, the inequality (9) is reversed.

The inequality (10) is more difficult to prove, and some false proofs
exist in the literature. Basically, all correct proofs have been done in the
framework of the “complex interpolation method” (cf. [13], [34]), and the
first named author would like to point out that the “real analysis” proof
of (10) presented in [9] is incorrect. We present a direct proof by adopting
a method due to Cleaver, [4].

5.3. THEOREM. Let A be a general von Neumann algebra, and T, S be
in LP(M) with1 < p < 2. Then we have

P /|
\T + Sl +1T = Sl> < 211 +1S1) ™,
wherep™ + q7' = 1.

Proof. Let T+ S =U|T + S| and T — S = V|T — S| be the polar
decompositions, and

A=|T+S|2°\T+sF'ux, B=|T-s|5"|T- s/ 'v=
Then, A, B arein L9 .#); and we have

t(A(T + 8)) =|T+ S| =)4ls t(B(T-S))=|T~- S|, =|Bls
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It is easy to see that the theorem follows from
|tr(A(T + S) + B(T - S))]|
p P\1/ P\1/
<2747 +1S1) (14l +1B1s)
for any A, B in LY #) and any T, S in L?(MA). Let A = U|A| and

B = V|B| be the polar decompositions, and let 7= HX and S = KY be
the right polar decompositions (H, K > 0). For1/2 < Rez < 1, we set

T(z) = H*X, S(z)=K’?Y,

(11)

z—q(l—z) (1-2)
A(z) =147 Tula|™ T,

z—q(l—-2) (1-2z2)
B(z)=|Bly " “viB|" 7.
Then the function

f(z) = t(4(2)(T(2) + S(z2)) + B(z)(T(z) — S(2)))
is bounded continuous on 1/2 < Rez < 1 and holomorphic in the inter-
ior. For Rez = 1, we have

|tr(A(2)T(2))| = || 415 (U] 4]

~1qlmz

iplmz 4 ?
HPH X )| < |4l T
Using similar bounds for the other terms, we have
p P 4 P
1f(2)] < (“A”q +”B||q)(||T”p +”S”p), Rez = 1.

For Rez = 1/2, all of T(z), S(z), A(z), and B(z) arein L?(.#) and we
have

|f(2) [ =14(2) [LIT(2) + S(2) o + 1 B(2) LI T(2) = S(2) Il

< (14(2) 5 +1B() ) (1T(2) + S(2) I3 +17(=2) = S(2) 1))
1/2

2 2\1/2 2 2
= V2(14(2) 2 +1B(2) ) (IT(2) 2 +S(2) 1) 7
where the parallelogram law was used. But we estimate

2 2
I7(2) |2 <) B2 =IT1I5,

1/2

2 2
I1S(z) 1 <l &*72 2 =S 5.
We similarly get
2 p—q /2112 P 2
l4() I <ll4le | 14l™|, =14l 1B(2) ]2 <I B

Therefore we have proved

F() < V2 (14l +1B1) (715 +1S15)7, Rez=1/2.
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By the three line theorem, we get

|f(1/p)| < (aﬁ)(l/p—l/Z)Z(‘[f‘/E‘/'E)(l‘1/1’)2 = QV/agl/Pg1/p,

where a, B are ||4||7 + ||B||2, IIT||5 + [|IS||5 respectively. Since [F(1/p)|is
exactly the left side of (11), the proof is complete. O

The main emphasis of the present article has been real analysis
methods. Yet, the authors’ effort to obtain a real analysis proof of (10) has
not been successful. Even in the B(§) case, the authors are very interested
in a real analysis proof of (10). Let us point out that a “real analysis
proof” of (10) presented in [17] is incorrect. (Actually, the argument in
[17] is based on false inequalities for real numbers.)
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