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ANNULAR BUNDLES

MARCO ABATE

This paper is devoted to the study of a particular kind of complex
manifold with non-trivial topology: holomorphic fiber bundles with
fibers biholomorphic to plane annuli.

0. Introduction. In recent years, some work has been done on func-
tion theory in complex manifolds with non-trivial topology. Two dif-
ferent approaches have been developed, a variational one and a purely
complex-theoretical one.

The origins of the former (due essentially to Bedford and Burns;
cf. [BBu] and [B1]) lie in the work of Landau and Osserman [LO1,
LO2] on multiply connected Riemann surfaces. They defined an in-
variant norm on the homology group of the surface, using a particular
family of harmonic functions. The solution of an associated extremal
problem is a harmonic measure of the surface. The invariance prop-
erties of this function can be used to get several results in function
theory, for instance the classification of the plane annuli.

Bedford and Burns, in [BBu], developed a similar theory in bounded
domains of C” of the form D;\D,, where D; and D, were smooth
strongly pseudoconvex domains with D, CC D;. They used an invari-
ant norm on the homology groups defined by Chern et al. in [CLN],
and the solution of a particular complex Monge-Ampeére equation as
harmonic measure. Bedford, in [B1], studied complex manifolds of
(complex) dimension n with H,(X, R) # (0) using several other invari-
ant norms on H,(X,R).

The second approach (due essentially to Bedford, again, and Mok;
cf. [B2] and [Mo]) is based on the classical theory of Stein manifolds,
and is devoted to the study of Stein manifolds of (complex) dimension
n with H,(X,R) # (0). In particular, Mok proved that, under some
mild assumptions, a holomorphic map of such a Stein manifold into
itself inducing an isomorphism of H,(X, R) is an automorphism.

These methods do not work on manifolds with non-trivial homology
only in low dimensions. For instance, we do not get any result on the
simplest example of non-contractible strongly pseudoconvex domain,
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that is
D ={(z,w) € C?||z]* + |w|> + |w|~2 < 3}.

Indeed, the map 7: D — Dy = DN ({0} x C) given by 7(z, w) = (0, w)
is a retraction of deformation of D onto Dy. Therefore H.(D,R) =
H,(Dy, R); in particular, H,(D,R) = (0).

As we shall see in Example 3.2, if we consider only generic holo-
morphic maps of D into itself, we cannot hope to find any result like
Mok’s. However, we may exploit the topology of D in another way.

Let p: D — C be the projection on the first coordinate; then the
fibers of p are biholomorphic to plane annuli. In other words, topo-
logically D is a (trivial) fiber bundle in annuli, with non-constant com-
plex structure on the fibers, a first example of what we call an annular
bundle. On this kind of object it is possible to develop a theory gen-
eralizing the methods of Landau and Osserman, and we shall be able
to study thoroughly the holomorphic fiber maps between annular bun-
dles. Moreover, the study of such bundles leads to some interesting
results regarding line bundles and hermitian metrics.

The content of this paper is the following. In the first section, we
shall define the notion of annular bundle and several associated in-
variants. In particular, the curvature form of a hermitian metric on
a particular line bundle correlated to the bundle, and a real function
measuring the variation of the complex structure of the fibers will turn
out to be essential to describe the structure of the bundle, deserving
the specific name of modular data. We shall also define other related
concepts and produce some examples.

In the second section we shall study the following problem: do the
modular data determine the annular bundle? Along the way, we shall
characterize the differential forms that may arise as curvature forms
of a hermitian metric on a specific holomorphic line bundle.

In the third, and last, section we shall study the fiber maps between
annular bundles. We shall define the notion of harmonic measure of
an annular bundle, which we shall exploit to develop a theory paral-
lel to the plane case. We shall be able to prove a rigidity theorem in
the spirit of Mok’s result for a large class of annular bundles (Theo-
rem 3.8). Finally, we shall study in some details the group of fiber
automorphisms of an annular bundle.

I wish to thank Paul Yang for the several stimulating conversations
during the preparation of this paper.
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1. Annular bundles: definitions and examples. A triple (4, p, B) will
be called an annular bundle if
(i) 4 and B are connected complex manifolds and p: A — Bisa
holomorphic map;
(ii) there exist an open cover { U, } of B, smooth functions p$, p$: U,
— R* with p¢ < p§ and biholomorphisms

Xo: P (Ua) = {(2.w) € Uy x C| pf(2) < |W| < p§(2)}
such that the diagram
P~ (Us) 25 {p3(2) < [W| < p§(2)} C Ua x C
1" /
Us
commutes, where 7 is the projection on the first coordinate;

(iii) there are holomorphic maps g,p: U, N Ug — C* so that x4 o
X,}"ll x5(Ua N Ug) — 2a(Us N Up) is given by

(1.1) Xao X5 (2. W) = (2, 8ap(2)W).

A is called the total space, B the base and {U,} a trivializing cover.
Unless otherwise stated, we assume that every trivializing cover is
a good cover, that is that any non-empty finite intersection of U, is
contractible. For every z € B we shall denote the fiber p~!(z) by 4.,
and we shall often write A instead of (4, p, B).

Using (ii), we can construct the real line bundle p*: #(p,R) — B,
with fiber H;(A4;,R) at z € B. Then (iii) immediately implies that this
bundle is trivial (cf. also the beginning of §3).

Actually, (iii) is equivalent to the triviality of this bundle. In fact,
for any z € B, x, o XEI(Z: -) is an isomorphism between two plane
annuli; hence we should have either y, o x;‘(z, W) = (z, gup(z)w) or

Xao X5 (2,W) = (2, gap(2)W71).

If p*: Z(p,R) — B is trivial, we can consistently choose generators
for H;(A.,R). Moreover, x, © x,}‘ must send this generator in a pos-
itive multiple of itself, and this is possible iff y, o X3 I is of the form
(1.1), and we are done.

A fiber map between two annular bundles (4;, p;, By) and (45, p,, B;)
is a holomorphic map f: 4; — A, such that there is a holomorphic
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map ¢: B, — B, so that the following diagram commutes:

A L 4,

o ]
B, —— B,

An isomorphism of annular bundles is a fiber map with a fiber in-
verse, as usual. Later, we shall define an equivalence of annular bun-
dles, a particular kind of isomorphism.

Now we shall define several objects canonically associated to an
annular bundle.

First of all, the system of nowhere-vanishing holomorphic functions
{&sp} defined in (1.1) is a 1-cocycle with coefficients in #*, and so it
determines an element of H!(B,&*). The corresponding line bundle
E , over B is the filling bundle of A.

The {g,p} satisfy a very important relation. Since y, o X;l is a fiber
preserving biholomorphism, we must have

(12)  pf=lgaplpf and p§=|guplpf on UsnUp.

In particular, p§/p$ = pg / p’f on U, N Ug; hence we may define the
modular function r: B — (1, +00) by

r(z) = p3(2)/pi(2) if z €U,

In other words, r(z) is just the modulus of the annulus 4, and so r
measures the variation of the complex structure on the fibers. Later,
we shall often identify r and r o p, if no confusion will arise (cf. for
instance (1.3)).

There is another consequence of (1.2): p§/ p'lg is the modulus of a
holomorphic function on U, N Ug. Therefore log(pf/ pf ) is plurihar-

monic, that is dd¢logp$ = dd€log pf on U, N Ug. Hence we may
define the modular form w of the annular bundle by

w=ddlogpy on U

w 1is a real closed (1,1)-form on B. The modular function and the
modular form are the modular data of the annular bundle.

To understand the meaning of w we need another element. (1.2)
yields

(09)72 = |8ap?(P?)™2  on Uy Up.
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So we may define a hermitian metric 4 on the filling bundle E ,, called
the filling metric, setting h, = (p$)~2 on U,. The curvature form of
this metric is

00 log(p$) 2 = —idd°‘ log p§ = —iw.

Therefore w essentially is the curvature form of the filling metric.
The annular bundle may be recovered starting from the filling metric
and the modular function:

ProOPOSITION 1.1. Let (A, p, B) be an annular bundle with filling bun-
dle E, filling metric h and modular function r. Then

(1.3) A={{eE|1<h()<r()?}

Conversely, given a line bundle (E, p, B) with a hermitian metric h and
a smooth functionr: B — (1, +00), the subset A of E defined by (1.3) is
an annular bundle with filling bundle E, filling metric h and modular
function r.

Proof. Let {U,} be a trivializing cover of B. Using the correspond-
ing local coordinates on E, if we set { = (z, w) € p~!(U,), we have

h(C) =wl*/p(2)> and  r({)* = (p3(2)/p}(2))%

and A is given by (1.3).

Conversely, if we have E, & and r, set p¢ = (hy)~2 and ps§ = rp
on U,; it is immediate to check that 4 is the annular bundle locally
defined by p{ and p$. 0

Let E7; be the dual bundle of E (defined by the 1-cocycle {(g, Ig)—l })-
On E* we may put the dual metric h* given by (h*), = (p$)? on U,.
Since (by (1.2))

(p3)* = 1gpal2(P5)* on UaN Uy,
h* is well defined. The dual annular bundle A* is given by
A*={CeEY|1<h* () <r()?*.

A* is an annular bundle with filling bundle £, modular function r
and modular form w* given by

w* =—-ddlogpy on U,.
w and w* are related by
(1.4) w+ 0 =—-ddlogr.
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There is a natural isomorphism x: 4 — A* given locally by
x(z,w) = (z,w™ ).

It is immediate to check that * is well defined.

A fiber map f between two annular bundles is an isometry if it
is an isometry for the filling metrics; it is a dual isometry if *f is
an isometry. An isometric isomorphism between two annular bundles
over the same manifold B inducing the identity on B is an equivalence
of annular bundles.

An equivalence induces biholomorphisms between the fibers and
preserves the filling metrics; therefore it must be linear on the fibers,
and it extends to an equivalence of the filling bundles. In particular,
an equivalence preserves both the modular data and the filling bundle
with its filling metric. Therefore, we shall identify two equivalent
annular bundles. Finally, remark that * is not an isometry.

At this point, some examples are mandatory.

EXAMPLE 1.1. Let B be a connected complex manifold, py, po: B —
R* smooth functions with p; < p,, and set 4 = {(z,w) € B x C|
p1(z) < |w| < pa(2)}. (4, p, B), where p is the projection on the
first coordinate, is an annular bundle over B. Every annular bundle
equivalent to A is called a trivial bundle. In this case, the filling bundle
is the trivial bundle B x C, the modular function is p,/p; and the
modular form is dd° log p;.

EXAMPLE 1.2. An annular bundle (4, p, B) is self-dual if there is a
trivializing cover {U,} of B and a smooth function r: B — (1, +00)
such that p~1(U,) is fiber biholomorphic to

{(zzw) e U, xC|r(z)"V? < |w| < r(2)/?}.

In this case, the modular function is r and the modular form is
—dd®logr~1/2, In particular, (1.4) yields

(1.5) w=w".

As we shall see later, (1.5) characterizes self-dual bundles up to equiv-
alence.

If {g.p} is the 1-cocycle representing E 4, (1.2) yields |g,z|r = r on
UaNUyg, and |g,p| = 1. Therefore {g,4} is a 1-cocycle with coefficients
in S!, and E ; belongs to the image of H!(B,S!) in H!(B, #*) through
the map induced by the natural inclusion of sheaves S! — #*. In
particular, the map f: A — A* defined locally by f(z,w) = (z,w) is a
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real equivalence between A4 and 4*, explaining the name of this kind
of bundle.

One may wonder if, for self-dual bundles, 4 is equivalent to A4*.
As we shall see later, this is equivalent to a strong property of the
automorphism group of the annular bundle.

ExAMPLE 1.3. Let B” be the unit ball of C", and define an annular
bundle over B” by

A={(z,w)eB"x C|||z]® + |w* + |w|™? < 3}.
A is a self-dual bundle over B” with modular function

r(z) = [k(z) + Vk(z)7 = 4] /2,

where k(z) = 3—||z||?. In particular, r is a strictly decreasing function
of ||z|| with the origin as unique maximum point. As we shall see,
using this information we shall be able to compute the automorphism
group of A.

The modular form is

w= —%ddc logr

_ . k(2
—l—(——(;)T‘—:;/z' Z zHzZY + k(Z) k( ) uy dzt /\dZ
wr=1
where J,, is the Kronecker delta.
These are the examples we need later on; anyway, using Proposition
1.1, it is very easy to construct several other examples.

2. The modular theory. Among the several objects attached to an
annular bundle, the easiest to work with are the modular data. There-
fore we want to address the following problem: do the modular data
determine the annular bundle? As we shall see, the answer is linked
to the topological structure of the base.

We need some preliminary definitions and results. Let B be a com-
plex manifold: a smooth function p: B — R is logarithmically pluri-
harmonic if log p is pluriharmonic, that is if dd°logp = 0 on B. If
f: B — C* is a non-vanishing holomorphic function, then p = |f]
is logarithmically pluriharmonic; indeed, locally we may define log f,
and we have log p = Re(log f).

Essentially, all the logarithmically pluriharmonic functions are of
this kind. Let .Z* be the sheaf of germs of logarithmically plurihar-
monic functions; then we may define a sheaf morphism m: @* — Z*
sending, at the presheaf level, a nowhere-vanishing holomorphic func-
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tion to its modulus. Then

PROPOSITION 2.1. The sequence of sheaves
0-S!' Lo Lot 0
Is exact.

Proof. The exactness at S! is obvious. Let f € #* be in the kernel
of m. Then there is a representative f of f such that |f| = 1. Then
f is a constant of modulus 1, and f € i(S!). Finally, we must prove
the exactness at .#*, that is that every logarithmically pluriharmonic
function is locally the modulus of a nowhere-vanishing holomorphic
function. Taking (locally) logarithms, this is equivalent to proving that
every pluriharmonic function is locally the real part of a holomorphic
function, a classical result. For sake of completeness, we report the
proof.

Let ¢: U — R be a pluriharmonic function, where U C B is a
contractible open set. Since

0=ddp = -2i00¢ = —-2id(09¢)

and H'(UR) = (0), there is a g € C*(U) such that 8¢ = dg =
0g + 0 g. Comparing bidegrees, we get 0 g = 0, that is g € #(U) and
0g = 0¢p. Now

dp=0p+09=00+0¢p =0g+0g =dg+dg =2d(Reg).
Therefore there is a € R such that ¢ = Re(2g + a), and the assertion
follows. DO
COROLLARY 2.2. The following long sequence is exact:
0—S'—e*B)—2%B) 5 H(BS) L HY(B oY)
2 H\(B, %) — HY(B,S!) — - -
— H*(B,S') — H*(B,6*) — H*(B, &%) — -

Now we would like to examine more closely the group H!(B, .Z).
We need

LEMMA 2.3. Let w be a real closed (1, 1)-form on a complex manifold
B. Then in every open contractible subset U of B there exists a smooth
Junction u: U — R* such that w = dd¢logu in U.
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Proof. Since w is closed and U is contractible, there is a 1-form
y = (19 4 (01 gych that w = dy. Comparing bidegrees, we get

w=09y10 4+ gy O,
a0 = 5O — 0,

Then there exist v;, v, € C®(U) such that (1.0 = 9y, and y©1 =
9v,. Therefore

@ =00V, +00v, =dd[(vi — vy)/2i].
Put v = Re[(v; — v;)/2i]; since w is real,
dd¢v = Re[dd((v; — v;)/2i)] =Rew = w.
Finally, u = exp(v) is as required. o

Denote by A!(B, R) the group of the real closed (1,1)-forms mod-
ulo the real forms of the kind dd¢log p on B. Then we have

THEOREM 2.4. Let B be a complex manifold. Then A (B,R) and
H!(B, %) are isomorphic.

Proof. We want to define a homomorphism j from the group
ZV!(B,R) of the real closed (1,1)-forms onto H!(B,.Z™).

Fix a locally finite good cover {U,} of B, and let w be a real closed
(1,1)-form on B. By Lemma 2.3, on every U, we find a smooth func-
tion p,: U, — R* such that w = ddlogp, on U,. Moreover, if
ph: Uy, — R* is another function with the same property, then p,/p,
is logarithmically pluriharmonic on U,, and therefore (cf. the proof
of Proposition 2.1) there exists a holomorphic function 4,: U, — C*
such that p/, = p,|hsl.

On U,NUpg, we have dd° log p, = dd€ log pg; therefore {p,/ppg} is a
1-cocycle with coefficients in .#’*. Moreover, by the previous remark,
if w = dd° log pl, is another local representation of w in U,, there exist
holomorphic functions A,: U, — C* such that

(pa/ Pp) gl = |hol(pa/pp) on Uy N Up.

So w determines a well defined element ji(w) € H!(B, ™), and ji
is obviously a homomorphism from Z!'!(B,R) to H'(B, . #*).

Now we want to prove that our map is onto. Let {p,5} be a 1-
cocycle with coefficients in .#*; choose a partition of unity {7,} sub-
ordinate to {U,}, and define p,: U, — R* by

po=[](pac)™.
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On U,N Up we have

pa/Pp =](Pac/Pps)™ = [ 1(Pap)™ = Pap-

Set w = dd° log p,, on U,. Since

dd¢log p, — dd‘log pg = dd‘ log(pa/pg)
=dd‘logpop =0 on U,NUp,

w is a well defined real closed (1,1)-form on B, and obviously ji(w) =
{paﬂ}'

We are left with the computation of kerji. If w = dd°logp for
some p: B — R™*, then obviously w € ker ji. Conversely, choose w €
ker ji, and write w = dd°log p, on U,. Since ji(w) = 1, there exist
0y: U, — R with dd¢logo, = 0 and

(2.1) Oa/0g = pa/pp 0O Uy N Up.

Let p: B — R* be given by p = p, /0, on U,; by (2.1) p is well defined,
and

dd¢log p = dd¢log p, — dd€loga, = dd‘logp, on U,,

that is w = dd° log p.
Hence ji defines an isomorphism between A1 (B, R) and H!(B, &%),
as required. o

AVY(B,R) is a real “Aeppeli group” of the manifold B; compare
Bigolin [Bi] for definitions and properties of the Aeppeli groups.

We shall denote by x: AV{(B,R) — H!(B,.Z#*) the isomorphism
defined in Theorem 2.4. Furthermore, if w is a real closed (1,1)-form,
we shall denote by [w] its class in A1(B R).

Corollary 2.2 and Theorem 2.4 are what we need to solve our prob-
lem:

THEOREM 2.5. Let B be a complex manifold. Then a real closed
(1, 1)-form w is the modular form of an annular bundle over B with
filling bundle E iff

ulw] = m*(E).

Proof. Fix a good open cover {U,} of B trivializing E. Suppose
that w and r are the modular data for an annular bundle (4, p, B)
with filling bundle E, and write w = ddlogp, on U,. Let {g,z} be
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the 1-cocycle representing E. Then (1.2) yields

(2.2) |8apl = Pa/pp on Uy N Up,
and therefore m*(E) = u[w], as required.

Conversely, assume that u[w] = m*(E), and let {g,p} be the 1-
cocycle representing E. This means that (cf. Lemma 2.3) we may
write w = dd°log p, on U,, and (2.2) holds. So, define a hermitian
metric 4 on E setting 4, = (p,)~2 on U, (which is possible by (2.2)).
Then

A={l€E|1<h()<r()?}
where r: B — (1,+400) is an arbitrary smooth function, is an annular
bundle with modular form w and filling bundle E. O

Actually, Theorem 2.5 proved the following statement:

THEOREM 2.5'. Let B be a complex manifold, and w a real closed
(1, 1)-form on B. Then —iw is the curvature form of a hermitian metric
on a given holomorphic line bundle E over B iff

ulw] = m*(E).

So the map m*: H!(B,&*) — H!(B, #*) is at the core of our prob-
lem: the existence or the unicity of an annular bundle with given
modular data is linked to the surjectivity or injectivity of this map.
Therefore it is natural to ask when the groups H¥(B,S!) vanish. It
turns out that the answer is very natural:

ProPOSITION 2.6. Let B be a manifold. Then for every k > 0 we
have H*(B,S') = (0) iff H,(B,Z) = (0).

Proof . By the universal coefficient theorem, for every k > 0 there
1S an exact sequence

0 — Ext(Hy_,(B,Z),S') — H*(B,S') — Hom(H,(B,Z),S') — 0.

Now, S! is a divisible group; therefore (cf. [M]) Ext(H,_,(B,Z),S') =
(0), and H*(B,S') is isomorphic to Hom(H, (B, Z),S!), the character
group of H;(B,Z). By Pontrjagin’s theorem (see [P]), where we are
considering H;(B,Z) endowed with the discrete topology and
H*(B,S') endowed with the compact-open topology, the topological
character group of H¥(B,S!) is naturally isomorphic to Hy(B,Z). In
particular, H*(B,S') = (0) iff H(B, Z) = (0). O

So, here is our result.
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THEOREM 2.7. Let B be a complex manifold, r: B — (1,+00) a
smooth function, and w a real closed (1, 1)-form on B. Then:
(i) r and w are the modular data of an annular bundle over B iff
ulw] € m*(H'(B,#*)). In particular, this happens if Hy(B,Z) = (0);
(ii) if Hy(B,Z) = (0), then r and w are the modular data of at most
one annular bundle over B.

Proof. (i) By Theorem 2.5, r and w are the modular data of an
annular bundle over B iff u[w] is in the image of m*. When H,(B,Z) =
(0), by Proposition 2.6 also H?(B,S') vanishes, and therefore m* is
surjective (by Corollary 2.2).

(ii) When H{(B, Z) = (0), by Proposition 2.6 we have H!(B,S!) =
(0), and therefore (Corollary 2.2) m* is injective. Hence the assertion
follows from Theorem 2.5. O

So the modular data determine the annular bundle when H;(B,Z) =
H,(B,Z) = (0). In this case we have

COROLLARY 2.8. Let B be a complex manifold with H\(B,Z) =
H)(B,Z) = (0). Then the line bundles over B are parametrized by
AVY(B,R).

Proof'. In fact, in this case H!(B,&*) is isomorphic to H!(B, Z*)
(by Corollary 2.2 and Proposition 2.6) which, in turn, is isomorphic
to AY1(B,R) by Theorem 2.5. o

We end this section with the characterization of the self-dual bun-
dles:

PROPOSITION 2.9. Let B be a complex manifold, and (A, p, B) an
annular bundle with modular data w and r. Then:
(1) if A is trivial, [w] = 0. The converse is true if Hy(B,Z) = (0);
(ii) A is self-dual iff ® = w*. In particular, if H|(B,Z) = (0) then
every self-dual bundle is trivial.

Proof. The only non-trivial part is to prove that w = w* implies 4
self-dual. Fix a trivializing cover {U,} of B, and let 4 be the filling
metric on E 4, so that A4 is given by (1.3). On U,, 4 is given by some
ho: Uy — R*. Then, setting p, = (hy) "2, our hypothesis (coupled
with (1.4)) yields

dd®log p, = ddlogr='/2  on U,.
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Therefore dd¢ log(p,r!/?) = 0 on U,, that is there exist holomorphic
functions g,: U, — C* such that p,r'/?2 = |g,| on U,,.

Let E’ be the line bundle over B represented by the 1-cocycle
{88 ] lga/;}, where {g,p} is the 1-cocycle representing E4. The fiber
map g: E' — E 4 defined locally by

g(z,w) = (z, ga(z)W)
is an equivalence between E’ and E4. Let A’ = g*h, and set
A={ eE|1<h() <r)?

where r is extended to E’ in the standard way. Then A4’ is an annular
bundle over B equivalent (through g) to 4; moreover, locally A’ is
given by

ho(z,w) = h(z, 8a(2)W) = pa(2)*|8a(2) PIW]* = r(2) ||
Hence A’ is locally fiber-biholomorphic to
{(zzw) e Uy, x C|r(2)" V2 < |w| < r(2)1/?}.

and we are done. O

3. Fiber maps and automorphisms. In this section we want to study
the fiber maps between two annular bundles, devoting particular at-
tention to the automorphisms.

Two tools are used studying maps between plane annuli: the topo-
logical degree and some kind of variational instrument (like Schwarz
lemma [H], invariant length [K], harmonic measure [LO1, LO2], and
so on). So, we would like to construct these tools in our setting.

Let (£ ¢): (4, B) — (A4, B') be a fiber map. Then f maps the an-
nulus 4, into the annulus A;,( 2) for every z € B; therefore f, sends
H\(A;,Z) into H, (A;,(Z),Z). Let y.: [0, 1] — A, be given by

y2(t) = (2. Vp1(2) p2(2)€?™),

where z € p~1(U) = {(z,w) € U x C|pi(2) < |w| < pa(2)} and U
is an open subset of B trivializing 4. If we change the trivialization,
the only change in y, is the origin; therefore y, defines a generator of
Hi(A..Z).

Let deg, f be the integer defined by the formula

f:k[yZ] = deng ' [y(a(z)]’
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where [y] denotes the homology class represented by y. The interesting
fact is

LEmMA 3.1. Let (f¢): (A, B) — (A', B') be a fiber map. Then deg,
is constant.

Proof. Let z € B,U C B a neighbourhood of z trivializing 4 and
U’ c B’ a neighborhood of ¢(z) trivializing A’ with ¢(U) c U'".
On p~!(U), f may be expressed as f(z,w) = (¢(z), ¥(z, w)), where
w: p~!(U) — C is holomorphic. Let y, be the generator of H;(4,,Z)
previously defined; then

1 %ﬁ-(z, w)
deng—z—m/yzmdw.

Therefore deg, f is continuous in z; since it is an integer, and B is
connected, deg, f is constant. O

So the degree deg f of a fiber map f is just deg, f for any z € B.

Later on we shall need the following general construction of fiber
maps of degree 1. Let ¢: B; — B, be a holomorphic map, and 4 an
annular bundle over B, with modular data r and w, filling bundle E
and filling metric 2. Then we can define a new annular bundle ¢*A4
over B; and a fiber map i,: ¢p*4 — A so that the following diagram

oA~ 4

L

B, —*— B,
commutes. Indeed, it is enough to define
p*A={{e9*E|1<p*h({) < 9*r({)*},
and let i, be the restriction to ¢*4 of the usual map between ¢*E and
E. Obviously, degi, = 1.

The second tool will be a variational one; to introduce it, we need
some preliminary definitions.

Let (4, p, B) be an annular bundle. A vertical k-cycle is a k-cycle I
with support contained in a fiber 4,. We shall say that a k-form 7 on
A is horizontal if for every vertical k-cycle I we have [.# = 0. In the
usual local coordinates on A, this is equivalent to requiring that # has
no components involving only dw and dw. In particular, the notion
of horizontal k-form is interesting only if k£ < 3.
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Let us define # = {n € C*®(A4)|0 < n < 1 and dd°n is horizontal}.
If n € 7, the quantity fy, d°n is independent of the trivialization. In
fact, if y is another cycle in A, homologous to y, in A;, we have

/dcn= dn,
ba Yz

by Stokes’ theorem, for dd°n is horizontal.
Now we may define a function N on B by

VzeB N(z)= sup{ d‘n
vz

ne«f?’};

N essentially is a norm on the real line bundle /# (p, R) mentioned in
the first section.
Furthermore, define x: 4 — (0, 1) by

(3.1) 2(0) = 1%’1&%

where £ is the filling metric and r the modular function of 4. y is the
harmonic measure of A. Now we may prove

THEOREM 3.2. Let (A, p, B) be an annular bundle. Then x € # and

(3.2) VzeB N(z)= [ dx.
Yz

Moreover, yx is the unique function of # such that (3.2) holds.

Proof. First of all we have to check that y € #. By (1.3), it follows
at once that 0 < y < 1. Next, using the formulas for #({) and r({)
given in the proof of Proposition 1.1, we see that in local coordinates

cyg b (1, 1
drx=mn logr(z)2 [wdw de]’
dd€y =dz; + 15,
where 7, and 7, are horizontal; therefore y € #.

Now, set

VzeB N(z):sup{/ d°#

e C®(A4;),0<ni< 1,1 harmonic},
y:

where d¢ is the differential operator of 4,. N(z) is the norm on
H,(A;,R) defined by Landau and Osserman we mentioned in the in-
troduction. Their theorem (cf. [LO2]) states that the supremum is
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achieved by exactly one function, the harmonic measure of the annu-
lus. Now, if n € #, its restriction to 4, is harmonic, because dd‘n
is horizontal; therefore N > N, for restriction commutes with d¢ and
integration. On the other hand, y restricted to A, is the harmonic
measure of the annulus A4,; so N(z) > fy, dy = N(z), and we get
(3.2). The unicity statement follows from the corresponding result of
Landau and Osserman. o

So we may explicitly compute N:

COROLLARY 3.3. Let (A, p, B) be an annular bundle with modular

Sfunction r. Then
2n

" logr’
Proof . In fact,

7= /y 4x= ﬁé;_(z_)/y ( W™ _d—> logzrn( z)’

Now we have enough material to begin our study of the fiber maps
between annular bundles. The important result is:

THEOREM 3.4. Let (f ¢): (4, B) — (A', B') be a fiber map of annular
bundles. Then

0

N > |deg flp*N'.

Proof . First of all, we want to prove that [*#’' Cc #. If n € #' and
I' is a vertical 2-cycle in 4, we have

[ aactrm = /r f*(dden) = /f ddon =0,

for f is a holomorphic fiber map and therefore f.I" is a vertical 2-cycle
in A'. Therefore Theorem 3.2 yields

N = [ ax> [ ary=[ rax)y=[ ax
¥z ¥z Yz [z
— deg f / dey = deg S N'(9(2)).
Vo)

Now, n € #Z implies 1 — n € #Z, and f d’(1-n)=-{, d°n. Then
N = [ d-ps [ dr) = deas Nip(2)

and the assertion follows. ]
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COROLLARY 3.5. Let (f¢): (4, B) — (A', B') be a fiber map of an-
nular bundles. Then

log(¢*r') > | deg f]logr.

A map of a plane annulus into itself cannot have degree greater than
one in absolute value. A similar result is true in our setting:

COROLLARY 3.6. Let (A, p, B) be an annular bundle with bounded
modular function r, and take a fiber map (f ¢): (A, B) — (A, B). Then
|deg f] < 1.

Proof. Let M = suplogr < co. If |deg f| > 1, there is z € B such
that logr(z) > M/|deg f|. Then

logr(p(z)) 2 |deg fllogr(z) > M,

impossible. o

ExAMPLE 3.1. Let B” be the unit ball of C”, and A the annular bun-
dle over B” defined in Example 1.3. In this case, the modular function
r is strictly decreasing in the radius; therefore, if (£ ¢): (4,B") —
(4,B") is a fiber map, Corollaries 3.5 and 3.6 imply that |deg f] <
1 and ¢*r > r, thatis ||p(z)|]| < ||z| for all z € B". By Schwarz’s
lemma, the last condition is equivalent to requiring that ¢(0) = 0. On
the other hand, if ¢: B” — B” is a holomorphic map with ¢(0) = 0,
then f: A — A given by f(z, w) = (¢(z), w) is a fiber map.

Now, let us examine the isomorphisms between two annular bun-
dles. If f: A — A’ is an isomorphism, obviously |deg /| = 1. But we
have something more:

PRrOPOSITION 3.7. Let (f¢): (A, B) — (A', B') be an isomorphism of
annular bundles. Then
(1) 9*N' = N and p*r' =r;
(ii) if deg f = 1, then f*x' = x, f is an isometry and ¢*®' = w;
(iil) if deg f = —1, then f*x' = 1 — x, f is a dual isometry and
(0*Cl)l — O)*.

Proof. (i) By Theorem 3.4, N > ¢*N' and N’ > (p~!)*N; therefore
N = ¢*N'. The same argument, using Corollary 3.5, works for the
modular functions.
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(i) We have
dcx>/ dc f* 1 / dCX >/ dc f—l) X)
Yo(2) Yo(2)

Therefore for all z € B we have fy, d’y = fy, d°(f*x"), and Theorem
3.2 yields f*x' = x. By (i), this implies that f is an isometry and,
since the modular forms are essentially the curvature forms of the
filling metrics, that ¢*0' = .
(1i1) We have
[eu-ns [ arn=-] ax=] aa-x)
7 ’

Yo(2) Yo(2)

/ & ((f)" / de(1- 7).

Therefore for all z € B we have fy, d(1 —y) = fyz d°(f*y') and, by
the unicity statement of Theorem 3.2, f*x’ = 1 — x. By definition,
this means that for all { € 4

log(h')*(+f(£)) _ , _ log /*#'({) _ logh({)

)’z

logp*r'(()? ~  logg*r'({)>  logr(¢)*
that is, by (i), (xf)*(#")* = h, and f is a dual isometry. Looking at
the curvature forms we get ¢*w' = w*. O

In one variable, a holomorphic map of a plane annulus into itself
of degree 1 is an automorphism. In our setting, this is in general not
true.

EXAMPLE 3.2. Let (4, p, B") be the annular bundle of Example 1.3.
The map 7: A — Ay given by 7(z, w) = (0, w) is a retraction of defor-
mation of 4 onto A4y (the homotopy is H(¢, (z, w)) = (tz, w)). Hence
the immersion 15: 49 — A induces an isomorphism iy, : H{(A4y, Z) —
H\(A,Z), and therefore every immersion i,: A, — A induces an iso-
morphism 2,.: Hy(A;,Z) — H{(A,Z). So a fiber map f: A — A is of
degree 1 iff it induces the identity on H; (4, Z). Now we shall construct
a large family of fiber (and non-fiber) maps of A into itself which are
the identity on H;(A, Z) without being surjective.

Let f: A — A be a holomorphic map, and write f(z, w) = (p(z, w),
v (z,w)). We claim that the induced homomorphism f,: H,(4,Z) —
H\(A,Z) is the identity iff w(0,w) = e?®w for some & € R. In one
direction it is obvious. Conversely, assume that f, is the identity, and
let 7: A — A, be the previously defined retraction. Then 7o fo1is
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holomorphic and (7o fo1), is the identity. Since A4 is a plane annulus,
this implies that 7 o f o0 1(0, w) = (0,e?w) for some 6 € R, which is
our claim.

Now, choose 0 < a < 1 and holomorphic functions ¢: 4 — C”",
g: A — C such that for all (z,w) € 4

le(zw)l < allzll and |g(zw)| < Bzl
where 0 < f < 1 satisfies

B2—B) _1-a?
A—p2 =3

(such a B always exists). We claim that f: 4 — C**! given by

f(z.w) = (p(z,w).e"(1 + g(z.w))w)

(where 6 € R) is a non-surjective map from 4 into 4 inducing the
identity in homology. Assume for a moment that f(4) C 4. Then,
since p(f(A)) is strictly contained in B”, f is not surjective; moreover,
since f(0, w) = (0,e®w), f, is the identity.
So we have to prove that f(4) C 4. Let 2 = ¢(z,w) and W =
e’%(1 + g(z, w))w. Then
(3.3) 2017+ |W]? + W[~
< ?||z|? + |1+ g(z )P W) + |1 + g(z, )| % |w| 2
< &llzlP + (1 + Bl 2P wl* + (1 = Bl z|) 2 w2
We claim that if x € [0, #] then
(3.4) (1+x)?<1+kx and (1-x)"2<1+kx
where k = (2 — B)/(1 — B)2. The first one is easy, for
(M+x)2-Q+kx)=x(x+2-k)<0

in [0, B] iff kK — 2 > B, which is true. The second one is just a bit
harder, for

(M+kx)—(1=x)2=x(1-x)2[kx®>+(1-2k)x+k—-2]>0

in [0, B]iff kB2 + (1 —2k)B+k—2 > 0, since k > 2. But k was chosen
so that the last expression vanishes, and the claim is proven.
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Putting together (3.3) and (3.4) we get

212 4+ 92 + 9172 < o2z + (1 + kB zIP)(Iw]? + [w]~2)
< (0 = 1+ 3kB)||z|2 - kBllz||* + 3 < 3 — k2| < 3,

by definition of 8, and so (Z,w) € 4.

Example 3.2 depends on a particular feature of the modular func-
tion: it is decreasing toward the boundary, allowing us to shrink the
base to construct a non-surjective map of degree 1. On the other hand,
if we choose a modular function with completely different behavior,
we get rid of this unpleasant possibility. We shall say that a function
r: B — R is an exhaustion if {z € B|r(z) < ¢} is compact for all
¢ € r(B). Then

THEOREM 3.8. Let (A, p, B) be an annular bundle such that the mod-
ular function r is an exhaustion with just one minimum point. Assume
either

(i) B is a bounded pseudoconvex domain of C" with analytic
boundary (and n > 1), or

(ii) B is the unit disk in C.
Then every fiber map f: A — A of degree +1 is an automorphism.

Proof. (i) Let ¢: B — B be the induced map. By Corollary 3.5,
p*r > r; therefore, since r is an exhaustion, ¢ is proper. By a theorem
of Bedford and Bell (see [BB]), ¢ is an automorphism. We claim that
o*r=r.

Let zo € B be the minimum point of r. If z = p~!(z;), we have
r(z) < r(p(z)) =r(zp); therefore z = z;, and z is a fixed point of ¢.

Now we need three classical theorems of Cartan (see [N] and [Kr]).
First of all, from the sequence {¢*} of the iterates of ¢ we may extract
a subsequence {¢*'} converging to ¥ € Aut(B). Secondly, the eigen-
values of dg,, have absolute value 1; therefore we may choose {p*}
so that d(p*k),, = (dp,,)* converges to the identity. In particular,
dy., = id and, by the third theorem, y = idp.

So, assume by contradiction that r(¢(z)) > r(z) for some z € B.
Then for all v € N we have r(p*k(z)) > r(p*~1(2)) > --- > r(p(2)),
and

r(z) = lim r(¢*(2)) 2 r(p(2)) > r(2),

V—00

contradiction.
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In short, we have proven that ¢ € Aut(B) and ¢*r = r. Hence f
sends A, biholomorphically onto 4, forall z € B, because r(¢(z)) =
r(z) and a holomorphic map of degree +1 of a plane annulus into
itself is a biholomorphism. Therefore f is bijective and, by Osgood’s
theorem (see [N]), an automorphism.

(ii) In this case we have to prove directly that ¢ is an automorphism;
the rest of the proof works in the same way.

Let zy € B be the minimum point of r, and 7 € Aut(B) such that
7(z9) = 0. Then, working in 7*4 instead of 4, we may assume that
Zpg = 0.

Exactly as in (i), we have ¢~!1(0) = {0}. In particular, since a
proper map of the unit disk into itself is a finite Blaschke product,
we must have ¢(z) = e'9zk for some 6 € R and k € N*. Assume,
by contradiction, that k > 1, and set = 6/(1 — k); remark that
p(pein) = pkein. Set r,(p) = r(pe™); then for all v € N* and for all
0< p< 1 we have

ry(P*) = r(0) _ r(p(p*e™)) — r(0)

pr pr
kY= oiny _ iny _
L AT 1) e =)
p 4
Therefore

kvy _ iny _
(0) = tim ) =) 5 rpe®) = 1(0)
V—00 P pP
But 0 is a minimum point for r,, contradiction. In conclusion, k = 1,
and ¢ is an automorphism. O

Coming back to the general situation, let us denote by Aut,(A4)
(Aut_(A)) the set of all automorphisms of degree +1 (—1) of the an-
nular bundle 4. There is a natural inclusion &: S! — Aut, (4), where
e(e'9) is locally defined by &(e'?)(z, w) = (z, e!®w). These are the only
autoequivalences of A:

PROPOSITION 3.9. Let f: A — A be an equivalence. Then f = g(e'?)
Jor some 6 € R.

Proof . Since f restricted to a generic fiber 4, is an automorphism
of A, of degree 1, locally f must have the form

fz,w) = (z,€9Pw),
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for some 0(z) € R. Using the compatibility conditions and the holo-
morphy of f, we see at once that ¢??(?) does not depend on z. o

In particular, an automorphism is essentially determined by the ac-
tion on the base:

COROLLARY 3.10. Let f f: A — A be automorphisms of an annular
bundle A of the same degree, inducing the same automorphisms on the
base. Then f = &(e'®) f for some 6 € R.

Proof . Since f and f have the same degree, /1o f is an equivalence
(Proposition 3.7), and the assertion follows by Proposition 3.9. o

Conversely, given an automorphism ¢ of the base, we would like to
know if there exists an automorphism of the bundle inducing it:

ProrosITION 3.11. Let (A4, p, B)( be an annular bundle, and ¢ €
Aut(B). Then
(i) ¢ is induced by an element of Aut,(A) iff 9*A is equivalent
to A,
(ii) @ is induced by an element of Aut_(A) iff p*A is equivalent
to A*.

Proof. (i) Since ¢ is an automorphism, i,: ¢*A4 — A is an isometric
isomorphism. Therefore, if f’: A — ¢*4 is an equivalence, f = ijo f'
is an element of Aut,(A4) inducing ¢ on B.

Conversely, if f € Aut,(A4) induces ¢ on B, then f~! o0, is an
isometric isomorphism between ¢*A4 and A inducing the identity on
B, that is an equivalence.

(ii) If f € Aut_(4) induces ¢ on B, then x(f~!0i,) is an equivalence
between p*A and A4*. Conversely, if f': 4* — ¢*A is an equivalence,
then i, o f’ o * is an element of Aut_(A4) inducing ¢ on B. O

Using the theory of the previous section, it is possible to state Propo-
sition 3.11 in a more expressive fashion:

COROLLARY 3.12. Let (A, p, B) be an annular bundle with annular
data r and w, and assume H,(B,Z) = (0). Let ¢ be an automorphism
of B. Then

(i) @ is induced by an element of Aut,.(A) iff o*r = r and ¢*w = w;
(i1) @ is induced by an element of Aut_(A) iff ¢*r = r and
0w = w*.
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Proof . One direction is contained in Proposition 3.7. Conversely,
if p*r =r and ¢*w = o (¢p*w = w*), then p*A has the same modular
data as A (A4*); therefore, by Theorem 2.7(ii), ¢*A4 is equivalent to
A4 (4%). O

Now we are able to answer the question raised in Example 1.2, about
the equivalence of 4 and 4*. We need a last definition: we shall say
that an annular bundle A4 is involutive if E 4 ® E 4 is trivial. Then we
have the following

THEOREM 3.13. Let (A, p, B) be an annular bundle. Then the fol-
lowing conditions are equivalent:
(1) A4 is self-dual involutive,
(ii) A4 is equivalent to A*;
(iii) idp is induced by an element of Aut_(A).

Proof. (i) = (ii). Let 4 be an involutive self-dual bundle. Then
we know that E, is represented in H!(B,#*) by an element of the
form i*(e), where e € H!(B,S!). Since A4 is involutive, i*(e?) = 1 in
H!(B,#*). We claim that we may represent E 4 by an element of the
form i*(é), where & € H!(B,S!) is such that & = 1 in H!(B,S!).
In fact, i*(e?) = 1 means that e2 = 9*(p) for some p € Z+(B),
where 8*: #+(B) — H'(B,S!) is the connecting homomorphism of
Corollary 2.2. Set é = ed*(p~!/2); remark that p~!/2 € #+(B). Then
i*(€) = i*(e) and &2 = e23*(p~!) = 1, as claimed.

So, up to equivalence, we may assume that there exists a trivializing
cover {U,} of B such that E, is represented by a 1-cocycle {e 5} €
Z'({U,},S!) with (e,5)? = es/ep for suitable e, € S!. Then

€aplp = eae_az = ea(eaﬂ)—lf

that is E,, and E are equivalent, and it is immediate that the equiva-
lence f: E4 — E’ defined locally by f(z, w) = (z, e,w) restricts to an
equivalence of 4 and A4*.

(i1) = (iii). Proposition 3.11(ii).

(iii) = (i). Let f: 4 — A be an automorphism of degree —1 in-
ducing the identity on B. Then, by Proposition 3.7, ® = w* and
(Proposition 2.9) A is self-dual. Let {U,} be a trivializing cover of
B, r the modular function of 4 and {g,s} the 1-cocycle associated to
E,. Locally, f may be expressed as

f(z.w) = (z, fa(z)w™") on p~™!(Ta),
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where f,: U, — C* is holomorphic. Since A4 is self-dual, the f, must
satisfy the | f|r!/? = r'/2, that is f, = e’ € S!. Now, on U, N Uy we
must have

(8ap)~"e™ = €% gup,
that is (g,5)? = e'%/e'%. This means that {(g,4)?} is a 1-coboundary,
and therefore A is involutive. o

For instance, the bundle of Example 1.3 is involutive. We may
compute its automorphism group:

ExAMPLE 3.3. Let (4, p, B") be the annular bundle of Example 1.3,
as usual. A is involutive, since it is trivial; an automorphism of degree
—1 inducing the identity on B” is

j(z,w) = (z,w™h).

So we have to compute only Aut,(A4), since Aut_(4) = j - Aut(4).
Now, if f € Aut,(A4) induces ¢ € Aut(B"), by Example 3.1 the origin is
a fixed point of ¢, that is ¢(z) = Uz, for some U € U(n). Conversely,
if U € U(n), then fy: A — A given by fy(z,w) = (Uz,w) is an
element of Aut,(A4). Hence, by Corollary 3.10, every automorphism
of A is of the form

f(z,w) = (Uz, e"wtl),

for some U € U(n) and 6 € R.

We shall conclude this paper showing that, in some particular case,
every automorphism of the total space of an annular bundle is a fiber
map:

ProPOSITION 3.14. Let B be a compact Riemann surface of genus
greater than 1, and let

A={(z,w) € BxC|pi(z) <|w| < pa(2)}

be a trivial bundle over B, where p, p,: B — R* are smooth functions.
Assume that there are ry,r, € RY such that py < r, <r, < p, on B.
Then every holomorphic injective map f: A — A is a fiber map.

Proof . Let us write f(z,w) = (pw(2), yw(2)). Put Q={weCjr <
[w| < r}; then B x Q C A. For fixed w € Q, y,, is a holomorphic
function on B, and hence it is constant. So dy/dz =0 on B xQ, and
therefore on 4. Hence f(z, w) = (pw(2), w(W)).
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For fixed w € Q, ¢,,: B — B is holomorphic. Since f is one-to-one
and its second component does not depend on z, ¢, must be one-to-
one. Therefore it is open and, since B is compact, onto. In other
words, ¢, is an automorphism of B depending continuously on w.
But, since the genus of B is greater than 1, Aut(B) is discrete, and so
@w does not depend on w.

This means that dp/dw = 0 on B x Q, and therefore on 4. In
conclusion, f(z, w) = (¢(z), w(w)) is a fiber map. O

If B is the torus T2, that is if the genus of B is 1, Proposition 3.14
does not hold. Indeed, we have:

PROPOSITION 3.15. Let A = {(z,w) € T2 x C|r; < |w| < 1y} be a
trivial bundle over T2, with ry,r, € R*,r; < r,. Then every automor-
phism of the manifold A is of one of the following two forms:

f(z.w) = (tym)(2), €7w),
f(z.w) = (tgw)(2), VFITz WY,

where 0 € R, n: Q — T2 is holomorphic (and Q = {w € C|r, < |w| <
ry}), and for all z € T2 ©, € Aut(T?) is the right translation.

Proof. Arguing as in the proof of Proposition 3.14, we find that f

is of the form
f(zw) = (pw(2), w(W)),

where ¢,, is an automorphism of T2. Now, the connected component
at the identity of Aut(T?) is isomorphic to T2, and the isomorphism
associates each z € T2 to the right translation 7,. Therefore there
exists 7: Q — T2 holomorphic such that ¢, = Ty(w)-

Finally, y is a map from Q into € and, since it does not depend on
z, it must be onto. Therefore, since a surjective map of a plane annulus
into itself is an automorphism, y € Aut(Q2), and we are done. O
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