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IRREDUCIBILITY OF UNITARY PRINCIPAL SERIES
FOR COVERING GROUPS OF SL(2, it)

COURTNEY MOEN

This paper establishes the irreducibility of certain unitary principal
series representations of covering groups of SL(2, k), where k is a p-
adic field, with p odd.

0.1. The theory of automorphic forms on covering groups of reduc-
tive groups over number fields has been shown to have important arith-
metical applications [5], [3]. It is thus natural to study the representa-
tion theory of covering groups over /?-adic fields. The representation-
theoretic results which seem to be most applicable to automorphic
forms are those concerning the reducibility of non-unitary principal
series. The main results concern GL(n) and have been established by
Kazhdan and Patterson [3]. In this paper we undertake the study of
the unitary principal series by establishing complete reducibility re-
sults for n-sheeted covering groups of SL(2, k), where k is a p-adic
field containing the nth roots of unity. For ease of exposition, we
assume p is odd. The proof uses a detailed analysis in the Fourier
transform realization. This procedure is well known, but carrying out
the details in the general case is rather involved. In particular, a care-
ful study of matrix-valued Bessel functions is necessary.

The main result of the paper states that when n is even, all unitary
principal series are irreducible, and that when n is odd, the only re-
ducible ones are those induced from non-trivial characters of order 2
of kx. The reducibility results in the case of n odd follow from [6];
the proofs here deal with the irreducibility. These results can easily
be applied to establish the reducibility of certain unitary principal se-
ries of covering groups of p-adic Chevalley groups. A more complete
study, however, requires a completeness theorem like that proved by
Harish-Chandra for reductive p-adic groups.

1.1. Let k be a p-adic field. Let n be a positive integer and assume
k contains the /2th roots of unity. Let (, ) be the norm residue symbol
of degree n. Let G = SL(2, k). There is a covering group G defined as
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follows [4]: if a = (a
c
b

d) e G, put

r c ifc^o,
\ d if c = 0.

For a, T G G, put ^(cr, T) = (x(cr),x(T))(-Jc(cr)"1x(T),Jc(tTT)). G is
the set {{o,y)\o e G, y E Z/nZ}, with multiplication defined by

We will assume in this paper that /? ^ 2 and that /? does not divide
n. Let (9 be the ring of integers in k, P the prime ideal, and U the
units in <9. Let C/w = {um | w e U}. Let # be the order of the residue
class field, t a prime element of k, and e a (q - l)st root of unity in k.
Let / be a character of k+ with conductor (9. We take {1, e , . . . , ew~l}
to be representatives for U/Un. Let C = (£> T), |JC| the absolute value
on k, and i/ the additive valuation. Once we fix n, we will let ( , )m

be the norm residue symbol of degree m, where m / n, whenever the
symbol is defined.
^ Let N = {(J*) \x ek},A = {{a

Qal)\ae kx), and B = NA. Let
N, A, B be the inverse images of N, A, B in G with respect to the
canonical surjection G-+ G.

1.2. Let / / b e a character of A;*, and let 6 be a character of Z/nZ
of order n. We will write 0()>) = / , with ? and n relatively prime.
Let i 0 = {((o*-.)'JO e i|i/(fl) s O(/i)}. Put *J = {x e kx\v{x) =
O(n)}. Then ^ 0 = ^o x z/nZ- Characters of Ao are thus of the form

Suppose first that n is odd. Then the induced representations /} =
^o/io are irreducible ^-dimensional representations. We will use the

explicit matrix realization of ft obtained by choosing as representatives
for A/Ao the set { l ^ - 1 , . . . , ^ " " 1 ) } , where r = ((5T_,),1). If x =
((ojc-i)'y) e A, with v{x) = j{n)J e { 0 , 1 , . . . , « - 1}, the matrix
ju(x) is of the form [^ Q ], where C and Z) are respectively j x 7 and
(n -j) x (n-j) diagonal matrices. In the (/, k)th place of ju(x), where
1 - k = —7 or n - j , we have fM^r^xr'^1).

Now assume that « is even. Let A1 = { ( ( Q ^ J J ) G ^4|z/(a) =
O(n/2)}. Each character of Jo c a n t>e extended to A1 in two ways.
Choose x = (( Q ^ ) , y) e A1. The two extensions of a character of AQ
defined by 0 and // are:

~irx { ^y)^) ifxeAo,
11 I 0(y)0((x, T))«/20((T, T))"/2a//(x) if x 6 i 1 - AO,

where a2 = 0((T, T))"2/4.
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We obtain irreducible representations fx = Ind^, fil of dimension
n/2, and we will use the matrix realization corresponding to the rep-
resentatives {l , r - 1 , . . . , r - ( | | / 2 - 1>} of A1 in A.

For each n, whether odd or even, we obtain in this way all finite
dimensional representations of A. We extend these to B and form the
principal series (T^.H/i) = Ind^/2. H^ consists of all locally constant
functions 0: G —• Cdim * satisfying <f>(hxg) = |JC|JQ(JC)0(£), where n G
iV and x = ((Q JC^1), y) G A Each function tf> in /f̂  is determined
by the function x —• 0((i?)» 1)- These are functions on k, so we
take Fourier transforms and obtain a realization of 7# in a space of
functions we denote by k^ (for details see [6]). The action Tp of G on
kji is given by:

_

1.3. In this paper we will study only the principal series T^ coming
from unitary characters // of kx. We will determine which of these
are irreducible. The element w = ((_!\ Q)» 1) = (w'^) ° ^ ^ a c t s o n

representations fi of A by ^ ( J C ) = fi(wxw~l). An application of
Bruhat theory [1] shows that if ju and ft? are not equivalent, then T^
is irreducible. We will now determine which JLL satisfy pfl w ft.

Suppose first that n is odd and 6 is fixed. Then

) ifx€(kx)n

Therefore, U\ « Ui o H\(x) = fci*) f° r aU -̂  in (kx)n. Also,

t r a c e d f f j x_x J ,y) = t r ace fi ((
* < /
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so fi « jxw <& fi2(x) = 1 for all x in (kx)n. The characters // which
satisfy this property are those of the form (i{x) = (a, x)2(e(TJ ,x)2n for
/, y" G {0 ,1 , . . . ,« - 1}. But there are only four inequivalent /2 coming
from these characters. They are the ones coming from the characters
ft(x) = (a,x)2, for a G {l,fi, T, fit}. It thus suffices to consider these
four characters.

Suppose now that n is even and 6 is fixed. Then

_ f 0, if jcgCfc*)11/2,
" I f a0(y)0((x, T))"/2(T, T)"/2 / / (X) if JC G (A:*)"/2.

Therefore, fi\ « #2 o /*iW = / ^ M for all x in (kx)n/2, and /i^ «
/2 <=• /^2(A:) = 1 for all x e {kx)nl2. The characters // for which this is
true are those of the form /u(x) = {eixJ', x) for /, j G { 0 , 1 , . . . , n - 1}.
If ii\{x) = (ekrl,x) is another of these, then fi « /ii o i = A: (mod2)
and j = / (mod 2). It thus suffices to consider the four characters
fi(x) = (a, JC) for a e {1, fi, tr,fiT^}. It will prove more convenient to
consider (r r ,x) than (T,X).

We can now state the main result of this paper.

THEOREM 1. Let JLL(X) = (a, x)2 ifn is odd, and let /x(x) = (a,x) if

n is even, where a e {1, fi, xl, et r}. T/ien
(a) / fn /s1 odd, T^ is irreducible ifa= 1.
(b) If n is even, Tp is irreducible for each a.

REMARKS, (a) It is also true that if n is odd and fi(x) = (a, x)i
for a G {e, rr, er r}, then 7)* splits into a direct sum of two irreducible
representations. This follows from the results of [6].

(b) Since the result is well known when n = 1 or 2, we assume in
the rest of this paper that n > 2.

1.4. We will assume in the rest of this paper that if n is odd, fi = 1
and ifn is even, fi(x) = (a,x), a G {l,e, Tr,fiT'}.

Suppose that / is an intertwining operator for 7^. Since / commutes
with all the operators f^((^ j) , 1), / is given by an End (Cdim#)-valued
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function a(x) onkx. Since / commutes with all ^( (J x
0 . , ) , 1), we have

Since / commutes with 7)j(iu, 1), we have

=> //i(Wi v)fl(M) = a(v)JfL(ut v) for all w, v e kx,

where

1.5. We will now establish some results for later use. Any II e
fc* has associated to it a p-adic gamma function r(Il) and a p-adic
Bessel function Jn(u, v) [7]. For 3; e kx, T{y) will denote r(Il), where
Yi{x) = {y,x). If y e H and /i e A:x, J$(u,v) will denote /nC^.v),
where II(JC) = (y, x)[i(x). If ̂  = 1, we will simply write Jy{u, v).

LEMMA 2. Let Us = ( 1 / w ) YHJQ C~fcJJT&{uxm:, v), where u,v eU.
(a) Ifm = -l,U0=Ui = -q~\ U2 = --- = Un-X = 0.
/l»\ Tf f\ TT YT 1 ~~-\ T T TT f\ T T

( c ) / / w e { l , 2 , . . . , / i - 3 } , Ux = Un-m-X = -q~\ Uo = Un-m =
Un-m+i =••• = Un-X = 1 - q~l. U2 = Uj, = • • • = Un..m-2 = 0.

( d ) I f m = n - 2 , Ux = - 2 q ~ l , Uo = U2 = U3 = ••• = Un-x = I - * " 1 -
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Proof.

n-l

k=\

n-\

k=\

~k uxm)T{ak+ (e~k, uxm)T{ak)] [4, p. 69],

n-1

_

k=\

Applying the identity

we obtain the result.
Recall that each II e kx can be written II(JC) = U*(x)\x\a. If n

is ramified of degree h > 1, then r(II) = Cn-qh{a~l/2) [7]. Suppose
fi(x) = (elr->,x)\x\a is a ramified character. Then

where C(T-/) = (TV, r)cy.

LEMMA 3. Lef /(, = (l/«)E^=5C~fcs^TJ(«T/M,t;), wAere u,v e U
andj^O(n).

(a) Tfs = 1 and m + 2 # 0(/i), JRS = C{x-J)q-ll2.
(b) 7 /J = 1 andm + 2 = 0(n), i?s = ^ - 1 / 2 C ( T - ^ ) + (T--/',MT'M)C(T^).

(c) Ifs # 1, ?/ze« i?5 = 0 unless s + m + 1 = 0(«), in which case it
equals (T~J', uxm)C{xj)q-xl2.
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Proof.
* n-\

1 n~l

- J2 f^K**^ v)r(e-kT~J) + (e-kx-j, uxm)T(ektj)]
k=0

k=0

n-\

k=0

l"- 1

2.1. In Part 2 of this paper we assume that n is odd and fi = 1.
We will prove that 7^ is irreducible. The first step is to construct
the matrix Jjx{u,v), for u,v e U. If x e kx and v{x) = s(n), for
5 G { 0 , 1 , . . . , n - l } 5 then/i^Q^,), 1) is a matrix with non-zero entries
only in places (i,j)9 where i — j = —s or i — j = n — s. The (/, y)th
entry is (JC, T)^1"^-2). We thus obtain

f
where Ms(y) is the n x n matrix with (y, r)t(-i+j~2^ in place (i, j), for i—
j = —s or n-s, and zeros elsewhere. Given i, j , and the corresponding
s, we thus obtain in the (i, j)th place of J/i(u, v) the term

ux + 1

k=0
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Lemma 2 shows that for 2 / + S - 2 = 0{n), (1/n) £ £ l j C~fo/e*(w, v)
is non-zero only if s = 0,1, or n - 1. The contributions to /#(w, v) in
this case are thus I - ? " 1 in (1,1), - 0 " 1 in ((/i + l)/2, (n + 3)/2), and
-tf-1 in ((/i+3)/2, (/i+1)/2). Lemma 3 shows that if 2i+s-2 £ O(n),

1-1

A:=0
W + l

2 '
if s = n-

0 in all other cases.

We set a(n+i)/2 = P(n+3)/2 = -Q~l- We have thus shown

LEMMA 4. For u,v eU,

Jfi(U,v) =

q Y

»i
0
0

0

0

0

0

0
0

0

0
0

an

0 an-\
Pn 0

with at and fi\ given above.

2.2. In this section we begin the proof that if n is odd and
any intertwining operator of T^ is scalar.

PROPOSITION 5. a{\) is scalar.

Proof. Using the relations established in §1.4, we have that

-1 / /pA: n

= 1,

and that

, l) -2k= a(l)Jji(e-2k, 1)
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Combining these equations, we see that a(l) commutes with
Jfi{e-2k, l)/2((eo e°.k), I)"1 for k = 0 , 1 , . . . , n - 1. a{\) thus commutes
with

Using the formulas for Jjx(e~2k, 1) we derived above, a calculation
shows that the matrix M has only three non-zero entries. They are:
Mn = 1 - *- i f Mlw = C(r<)tf-1/2, and Mnl = C^q-1!2.

Writing a(l) = (fly), the equation Ma{\) = a(l)M implies that for
2 < i < n - 1, we have ai/am = /̂« = fl/i = 0-

We now use the equation a(l)J^(l, 1) = //i(l, 1)^(1). Notice that
Pi = af_i for 2 < / < « and that p\ = aw. Also, 5/ = otn-i+\ and
a/Qn-i+i = g""1 for 1 < / < «.

Equating the first rows gives:

(1) 011=022,
(2) anani=ainan,
(3) a2j = 0 for 3 < j < n - 2,

(4) (*ia2,n-i =an-iain,

(5) (1 - q"l)a\n + anann = anan.

Equating the ith rows, for 2 < i < (n - 3)/2 gives:

(6) an = fl/+ifi+i,

(8) j

An inductive step is necessary here.
Equating the (« - l)/2st rows gives:

(9) a{n+\)/2,j = 0 for j

Equating the (n + l)/2st rows gives:

(10)

( 1 1 ) « ( / i ) / ( ) / ( ) / (

= fl(yi+l)/2.(/n-l)/2

/ n v .„ n +1 n + 3
(12) fl ° f i /
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Now we start at the bottom row and proceed upwards. Equating
the nth rows gives:

(13) ann = an-.\,n-\9

(14) fl»-ij

(15) an

Equating the ith rows, for n - 1 > i > (n + 5)/2 gives:

(16) m-ij = 0 for 7 # / - 1, n - i + 2,

(18) fll7 = fl/_lf|_i.

An inductive step is also necessary here.
Using (1), (6), (13), and (18), we obtain

(19) an = a22 = '- = 0(n-i)/2f(«-i)/2 a n d

a(n+3)/2,(n+3)/2 = • • • = awn.

We also have

(20) fly = 0 unless j = i or j = n - i+ 1.

Using (15) and (17) gives

(21) fl/il =fl(/i+3)/2f(ii-l)/2»(/i+3)/2(«l)" •

Using (14) and (17) gives

But (2) implies

(23) fl(ll.1)/2f(ll+3)/2

Recalling that flu = fl(W-i)/2,(«-i)/2> (10) implies that

(24) aU - fl(i)/2(l)/2 = ^ ^ - ^



UNITARY PRINCIPAL SERIES 99

Recalling that a(n+3)/2,(n+3)/2 = ann, (11) implies that

(25) 0(/i+l)/2f(/i+l)/2 - ann = -^ fl(/i-l)/

Adding (24) and (25) and employing (23), we get

(26) an-ann

0(/x+3)/2,(n-l)/2

- 1 - ! )

Using (5) we find that

\2.i) a\\ — ann — {\ — q j — — =

Comparing (26) and (27), we see that fl(W+3)/2f(n-i)/2 = 0; implying
that

= fl/2-1,2 = • ' • = fl(n+3)/2f(/i-l)/2

= &(n-l)/2,(n+3)/2 = • • • = fl2,/i-l = ^l/i = 0-

This implies also that an = aww. Recalling (19) and (20), we see that
fl(l) is scalar.

REMARK. For small values of n9 of course, the above proof is not
precisely true, but the same method applies to these special cases.

2.3. In this section we complete the proof that Tp is irreducible.
It suffices to show a(x) = fl(l) for all x e kx. Since a{x~2t) =
ii{(lx^)A)-la{t)ii{(lx^),\\ it suffices to show a(a) = a{\) for
a G {fi, T " 1 , ^ ! " 1 } . If Jjx{a,\) is invertible, then we have a(a) =
J/t(a, l)^1 a(l)Jfi(a, 1) = fl(l). We therefore proceed to calculate the
determinants of the J/i(a, 1).
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LEMMA 6.

COURTNEY MOEN

, 1) / 0 *> n = 3(4) or

Proof. We showed in Lemma 4 that
— q~^ a\ 0
Pi 0 a2

0 h 0

fix

0
Pn

an-l
0

where

1'2 if i ^ (n
if i ^ {n + 3)/25 and a(w+1)/2 = P(n+3)/2 = - ? " 1 - A n easy calculation
shows that

1=1 1=1 1=1

Using the values for a/ and /?/, we obtain f j^ / = II Pi• = -
Now consider the remaining term. a(W+1)/2 appears in this product if
and only if P(n+3)/2 appears, and this happens if and only if (n + l)/2
is even. If (n + l)/2 is even, we thus obtain (-1)(1 - q~l)q(~n~1^2.
If (n + l ) /2 is odd, we get q('n+l)/2. Combining the three terms, we
find that if (n + l)/2 is even,

1) = (-1 - ? - V ~ *

= q
-3- n)/2{l _

If (/i + l)/2isodd,

det//i(e, 1) = (1 - ?-1)^(

= fl(-i.+D/2 _ 3q(-n-l)/2 = ff(-i.

which equals zero o q = 3. If ^ = 3, however, the field cannot contain
an /rth root of unity for any n > 2, and we are not concerned with the
case n = 2.

We now construct the matrices /^(WT"1, 1), for u e U. We must
consider the sums

1, 1).
A:=0

If 21 + 5 - 2 = <9(H), Lemma 2 shows that the sum is non-zero only
if s = 0 or 1. The contributions to /^(WT"1, 1) in this case are -q~l
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in (1,1) and ((» + l)/2,(» + 3)/2). If 2/ + 5 - 2 ^ 0(«), Lemma
3 shows that the sum is non-zero only if s = 0 or 1. If s = 0, it
equals fit = (T'(2 I ' -2>,K)C(T' ( 2 '~2 ))0~ I / 2 for i\± 1. If 5 = 1, it equals
a,- = CXt^2'-1))?-1/2 for / # (n + l)/2. We set a(n+1)/2 = A = -(T1-
The a, occur in places (/, j), for / - j = - 1 or w - 1, and the /?, occur
in places (/, /). We have thus shown:

LEMMA 7. For ueU,

Jfi(ux-l,\) =

-Pi ai 0
0 02 a2
0 0 03

fin-l
0

LEMMA 8. detJn 0.

Proo/. A calculation shows det/^wr""1,1) = n"=i ai+H"=i Pi- Sub-
stituting the values for a, and /?,-, we obtain the result.

Letting u = 1 and e, we see that a(z~l) = a(eT~l) = a(l). This
completes the proof of the first part of our main result.

T H E O R E M l ( a ) . Ifn is odd and ft = 1 , 7 ^ is irreducible.

REMARK. Let J\(x,y) denote the Bessel function attached to the
trivial character of the field. It seems likely that for m > - 1 and
n = 1 (2m + 4), det//i(MTw, 1) = q(-n+lV2Ji(uTm, 1), where u € U.
Lemmas 6 and 8 show this to be true when m = -1 and 0. Additional
calculations show this is so for m = 1 and 2 and for some cases when
m = 3 and 4. The restriction on n is necessary, as the following results
show.

(a) If n = 3 (6) and n > 3,

det Ju(ux, 1) = 2<7(-"-3)/V + 1 - 6q - q{z + 2)],
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where
n-3/3

/=0

(b) If n = 5 (6), det/^wr, 1) = -
(c) If n = 5 (8), det/^wi2 ,1) = ^(-«+!)/2(4 - \2q~x + lq~2 -

3.1. In Part 3 of this paper we assume that n is even and that
fi(x) = (a,x) for a G {1, e, T', £T'}. We will show T^ is irreducible for
each ft. Since n is even, we write, letting m = n/2,

where y4riS = {y Gkx\ v{y) = mr + s(n)}.
For y G ̂ r s , /i((^ y°,) , 1) has non-zero entries only in places (i,j),

where i—j = -s if 1 < / < w - 5 , and /—7 = m—s if m-s+1 <i <m.
The (ij)th entry of £((S , - , ) . 1) is

Using the formula for p} in §1.2, we obtain the following result.

LEMMA 9. Given 1 < i, 7 < m, choose the unique s e { 0 , 1 , . . . ,
m - 1} ./or wA/cA i — j = —sori — j = m — s. Then the (i, j)
ofJ/i{u,v) is

r=0 A:=0

where for I < i < m ~ s, a{i,r,s) = /i
form-s+l<i<m, a(i,r,s) = //(Tm

3.2. In this section we assume first that n/2 is even. In this case,
we may take the value of a to be one in the definition of JLL1 . We also
take ii = 1. Consider the sum

r-«2l+s-2+mr)(U, V) , for U, V G U.

A:=0
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If r = 0 and 2i+s-2 = O(n), Lemma 2 shows that the sum is non-zero
only if s = 0 or 1, when it equals 1 - q~l and —q~l respectively. If
r = 1 and 2i + s-2 + m = O(n), the sum is non-zero only if s = m- 1,
when it equals -q~l. The only contribution to /^(u, v) in this case is
l-q"1 in (1,1), since 2i+s-2 = O(n) cannot be solved for / if s = 1,
and 2i + s-2 + m = O(n) cannot be solved for i if s = m- 1. If r = 0
and 2/ + s - 2 =£ O(n), Lemma 3 shows that the sum is non-zero only
if s = 1, in which case it equals at = (T-^2i-lKv)C(T^2i-^)q-1/2.
If r = 1 and 2i + s - 2 + m ^ O(n), the sum in non-zero only if
s = m - l, when it equals bt = (r'(2/-3), u)C{x-^2i~^)q-ll2. We have
thus shown:

LEMMA 10. For // = 1 and u,v eU,

\\~q~1 ax 0
#> 0 a2

J(i(u,v) =

0

where a/ = (T, T)1"
0

?/ = (T, x)l~lbi.

Letting a(x) denote the function on kx determined by an intertwin-
ing operator of 7^, we have:

PROPOSITION 11. a(l) is scalar.

Proof. As in the case of n odd, a(l) commutes with

k=0

The only non-zero entries of N are

and

This condition implies that for 2 < / < m - 1, we have ah = an =
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We next use the relation a(l)/^(l, 1) = Jp(l,1)0(1). Equating the
first rows gives:

(28)
(29)
(30)
(31)

Equating the

(32)
(33)
(34)

a2j =
a

a\\P\ =

second rows

ay =
a2r

an =
0 for 3

= (i-<r1

gives

a22 =
= 0 for,

^22-

<j<m-2,

*la2,m-l>

)a,\m + P\amr,

«33.

/ / 3, m - 2,

= a2«3 m-2-

Equating the ith rows for 3 < / < n/4 - 1 and using an inductive step
gives:

(35) an = <Z;+u+i,
(36) a,>2_/+i/?m_/+i = a/<Z;+i>w_;,
(37) at+ij = 0 for j ' ^ i + 1, m - i.

Equating the n/4th rows gives:

(38)
(39)

(40) 0(«/4)+ij = O for

Equating the ith rows for n/4 + 1 < i < m - 2 and using an inductive
step also gives (35), (36), and (37) for these values of i.

Equating the (m - l)st rows gives

(41) am.
(42) fl^i^^fl^.

We now have an = a22 = -•• = amm. By (31), aim = 0. Us-
ing (30), (34), (36), (38), and (41), we see that each of the elements
a2,w-i,03,w-2, • • • ,0mi is a non-zero constant times a\m and is thus
zero. We conclude that a{\) is scalar.

We now proceed to show a(x) = 0(1) for each x e kx. As in the
case of n odd, we will calculate det/^(a, 1), for a e {e, T"1, CT"1}.
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LEMMA 12. det/^e, 1) / 0.

Proof. Lemma 10 gives the matrix J^(e, 1). A calculation shows
that

fm/2 m/2 m m

z=l

Substituting the values for a,- and Pi given in Lemma 10, with u = e
and v = 1, we obtain detJfi(e, 1) = -2g-m/2(r, x)ml2 ± 0.

LEMMA 13. For u€U, det /^(MT"1, 1 )^0 .

.Proo/ The usual calculations give

0 0 5.

- I l ) =Jjx(ux-I,l) =

l<xm

Pm-\
0

with ^ = -0 - 1 , A- = c(T-'(2

o,- = q-xl\x, Ty-lC(T'(2i-V). We then obtain
),«) for i / 1, and

1,1) =
m

+ q-ll1{xt
tu)nl2}^0.

1=1 1=1

Letting u = 1 and e, we see that a(x~l) = (̂fiT"1) = a(l). This
completes the proof that 7)* is irreducible if // = 1 and «/2 is even.

Assume now that fi(x) = (e,x) and n/2 is even: the proof that 7J*
is irreducible is virtually identical to the case when // = 1, so we omit
the details.

3.3. In this section we assume first that fi(x) = {xl,x) and n/2 is
even. We first consider, for ueU, the sums

(u, 1).
k=0 k=0
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If r = 0 and 2/ + s - 3 = O(m), Lemma 2 shows that the sum is non-
zero only if s = 0, when it equals 1 — q~l, and if s = 1, when it equals
-q~l. If r = 1 and 2/ + s - 3 + m = <9(fl), the sum is non-zero only if
$ = m - 1, when it equals -q~l. If r = s = 0, there is no contribution
to Jjx(u, 1), since 2/ — 3 = O(n) is not solvable. The only contributions
in these cases are therefore r = 0, s = 1, which gives -^~ 1 in (1,2),
and r = l , s = /w—1, which gives -tf"1 in (2,1). For the cases when
2i + s -3 + mr = 0{n), the sum is non-zero only when r = 0, s = 1,
in which case it equals 0/ = C(T^2l~2^)q~1^2, for / / 1; or when r =
1, s = m - 1 , in which case it equals bt = (T ' ( 2 / - 4 ) , M)

for / / 2. We have thus shown:

LEMMA 14. For UGU,

r 0 i 0
h 0 a2
0 & 0

0
0

= (T,

Similar calculations yield the following two lemmas:

LEMMA 15. For ueU,

-2T2 n _Ju{u~lXl, 1) =

0

0

0
0

ai 0
0 a2

0 0
0 0
Ps 0
0 j8fi

fii 0 0
0

0
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where ax = p3 = - ( T , x)q~x, at = (r, T ) 'C(T' ( 2 ' - 2 ) )? - 1 / 2 for i > 1, and
Pi = (T,T)'(T'(2'-6),M-2)C(T-^-6))?-1/2/or i # 3.

LEMMA 16. For ueU,

0 ai 0
y 0 a2

Ps

Pm

Px 0 0 0
p2 o o

P3 0
04

0
0
0
0
05

0
0
0
7
0

0
0
y
0
0
0
Pi

m o
wherey = \-q~l,ax =P5 = -{T,x)q-\ai = C ^

i = (T'(2 ' -1 0) , M - 2 ) C ( T - ' ( 2 ' - 1 0 ) ) ? - 1 / 2 (/"I # 5.
ifi > 1,

PROPOSITION 17. a(l) is scalar.

Proof. Using Lemma 15, a calculation shows that

k=0

is a matrix with all zero entries except for places (2,2), (2, m), and
(m, 2), which are occupied by distinct non-zero constants. The rela-
tion a(l) A\ = A\ a{\) implies that for i / 2, m, we have a^ = fl/w =
a>u = 0m/ = 0.

Using Lemma 16, we see that

k=0

is a matrix with all zero entries except for places (3,3), ( 3 , m - l ) ,
and (m - 1,3), which are occupied by distinct non-zero constants.
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The relation a(l) A2 = A2a(l) implies that for / ^ 3, m - 1, we have
03/ = 0/3 = 0/w-i.i = fli.m-i = 0.

Now we use the relation a{\) //*(1, 1) = //i(l, l)fl(l). Equating the
first rows gives:

(43) anai = axa22 + P\am2t

(44) a{j = 0 for ; = 4, 5 , . . . , m - 2,
(45) an px =

Equating the second rows gives:

(46) an =a22 = a33,
(47) a2m = 0.

Note that (46) and (43) imply that am2 = 0. Equating the ith rows,
for 3 < i < m - 2, gives:

(48) «i+u = 0 for 7 96 f + 1-
(49) a / /= fl|+if/+i.

Equating the (m - l)st rows gives:

(50) am_i>w_i = amm,

(51) ^ - i , 3 = 0.

Employing all these identities yields the result that a(l) is scalar.
The next step is to prove that Jfi(a, 1) is invertible for a e {e, T"1 ,

LEMMA 18. det/^(e, 1 )^0 .

Proof. Lemma 14 gives the form of /#(e, 1). A calculation shows
that

I m/2 m/2 1 m m

tl t l \ U UUsing the values of a/ and /?/ from Lemma 14, we obtain det/^(fi, 1) =
(T,T)mt2q-m'2[l-q-l]?0.

LEMMA 19. det/;&(MT"1,1) / Ofor ueU.
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Proof. The usual calculations show that

[fii «i 0
0 fo <*i

where

«i = - ( T . T ) ^ " 1 , a, = (T,r)'C(T'(2i-2))^-1/2 for i > 1, and fit =
(T, T)(T'(2'-3), M)C(T- ' ( 2 J - 3 ) )9 - 1 /2 . we therefore have

m

=n«/+n A=
) = a(l). This
rr, x) and /i/2 is

Letting u = 1 and e, we see that a(r~l) = ^(eT"
completes the proof that T^ is irreducible if fi(x) =
even.

Assume now that /i(x) = {ex* ,x) and /i/2 is even. The proof that
Tfi is irreducible is virtually identical to the case when (i{x) = (rr,x)5

so we omit the details.

3.4. In §§3.2 and 3.3, the proofs are not precisely as given if n is
small, but the same methods apply and the results still hold, so we
omit the details.

As for the cases when n is even and n/2 is odd, there is nothing
new here. If fi(x) = (a, JC), where a = 1 or e, the proof is generally
the same as for n odd, // = 1. If /t(x) = (a, JC), where a = T1 or err,
we proceed as we did for n divisible by four.

Combining these remarks with the results of §§3.2 and 3.3, we ob-
tain:

THEOREM l(b). Ifn is even and/i(x) = (a,x)for a e { l , e , r',eT'},
TJX is irreducible.
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