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VECTOR SINGULAR INTEGRAL
OPERATORS ON A LOCAL FIELD

SERGIO A. TOZONI

A theory of vector singular integral operators in the context of the
local fields, is established. Applications to maximal functions, a diag-
onal multiplier theorem of Mihlin-Hόrmander type and applications
to Besov and Hardy-Sobolev spaces are given.

Introduction. The theory of the vector singular operators with oper-
ator valued kernels on Euclidean space was treated systematically by
Rubio de Francia, Ruiz and Torrea [6] (see also Garcia-Cuerva and
Rubio de Francia [3]). On the other hand, the classical singular in-
tegral operators of the Calderόn-Zygmund type on finite product of
local fields were considered by Phillips and Taibleson [5].

The goal of the present paper is to give a version for local fields of
some results of Francia-Ruiz-Torrea [6] that generalize from several
perspectives the quoted paper by Phillips-Taibleson.

The contents of the paper is as follows. We begin in §1 some basic
notations, definitions and results that we can find in [9]. In §2 we state
an inequality of Fefferman-Stein type and, we apply it to obtain an in-
terpolation theorem of Marcinkiewicz-Riviere type. The main results
are in §3 where we state the version of the integral singular operator
theorem given in [6], for local fields, giving also sequential extensions.
Next in §4 we obtain maximal inequalities of F. Zό and Fefferman-
Stein type. A diagonal multiplier theorem of Mihlin-Hormander type
(for the Euclidean case see Triebel [11]) that generalize the scalar mul-
tiplier theorem of Taibleson [8] is given in §5. Finally, in §6 we give ap-
plications of some results obtained in the foregoing sections to Besov
and Hardy-Sobolev spaces in local fields.

The extension of all results in this paper for a finite product of
local fields will be an immediate consequence of a M. H. Taibleson's
theorem (see [10], pp. 548-549) which states that, if K is a local
field and d is an integer greater than 1, then Kde, the ^-dimensional
vector space over K, has a field structure, as a local field, which is
compatible with the usual vector space norm of Kd.

l Preliminaries. A local field is any locally compact, non-discrete
and totally disconnected field. Let K be a fixed local field and dx a
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Haar measure of the additive group K+ of K. The measure of the
measurable set A of K with respect to dx we denote for \A\. Let m
be the modular function for K+, that is, M(λ)\A\ = \λA\ for λ e K
and A measurable. We also let \x\ = m(x). The sets

D = {xGK: \x\ < 1} and B = {JCGK: |x| < 1}

are the ring of integers of K and the unique maximal ideal of D,
respectively. Let q = pc (p prime) be the order of the finite field B/B
and π a fixed element of maximum absolute value of B. The Haar
measure dx is normalized such that |D| = 1 and thus \π\ = \B\ = q~ι .
We observe that dx/\x\ is a Haar measure on the multiplicative group
K* of K. We let

Mk = {x e K: |JC| < q~k}, k e z.

If B and R are two balls of K such that BnR^0, then B c R or
R c B, For each fceZ, there is only one sequence (Bj)jeN of balls
with radius qk that is a partition of K. We fix a character / on K+

that is trivial on D but is non-trivial on B"1 = {x e K: \x\ < q}. If
we take χy(x) = χ(x y), then the mapping y *-> χy is a topological
isomorphism of K onto the group of characters of K+ . The Fourier
transform of a function / e L1 (K) is defined by

(1) /(*)= f f(y)xx(y)dy,
JK

and the inverse Fourier transform of a function / e L£° (K) is defined
by

(2) / » = [ f(y)χx(y)dy.
JK

We denote by *S(K) the space of all finite linear combinations of
characteristic functions of balls of K. The space 5(K) is an algebra
of continuous functions with compact support that is dense in LP(K),
1 < p < oc. We observe that the Fourier transform is a homeomor-
phism of S(K) onto 5(K). The space S'(K) of continuous linear
functional on ^(K) is called the space of distributions. We will con-
sider S'(K) with the weak topology.

Let E be a Banach space. The space Is (E) is the set of all sequences
(Cj)jez of elements of E, such that the sequence of its norms is in
Is. The space of the quasi-null sequences of elements of E, i.e. of
the sequences (c;) such that Cj = 0 for \j\ > N, for some N > 0,
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will be denoted by ff(E). We denote by S(K, /§°) the space of the
quasi-null sequences of functions of S(K). The space 5(K, /Q°) is
dense in the space 27 (K, Is) for 1 < p, j < oo.

The space /[(£"), for 1 < r < oo and J G R , will be the set of all
sequences (XJ)J>O of elements of E, such that

The Hardy-Littlewood maximal function of / € £/0C(K, £) is de-
fined by

(3) Mf(x) = supqk f \\f(y)\\Edy.
kez J\y-χ\<q

The function Mf(x) is measurable,

\\f(x)\\E = Km qk [ ||/O0IU</j>,(4)

and

(5) \\f(x)\\E<Mf(x),

for almost all X E K . Moreover, Mf is of the weak type (1,1) and

of the strong type {p, p), 1 < /? < CXD .

For the details see [9].

2. The BMO(£) space.

2.1. DEFINITION. Let / e £/0C(K, J?). The sharp maximal func-
tion M*f is defined by

M*f(x) = supgk ί \\fiy)-fk{x)\\Edy9
kez J\y-χ\<q

= Qk ί f(y)dy.
J\v-x\<a-k

kez J\y-χ\<q

where

f\y-χ\<q~

2.2. DEFINITION. The space BMO(i?) of the functions of bounded
mean oscillation is the set of the functions / G ̂ /0C(K, E) such that

(i) 11/11* = II^VΊloo < oo.

2.3. REMARKS, (a) The application / »-> \\f\\* is a seminorm on
BMO(£') and ||/| |* = 0 if and only if / is constant. We consider
the space BMO(i?) like a quotient space with respect to constant
functions, (b) We can prove that BMO(£) is a Banach space analo-
gously to the real case (see [4]). (c) We have L°°(K, E) c BMO(£r),



164 SERGIO A. TOZONI

L°°(K, E) φ BMO(£) because the function f(x) = log |JC| if x e K*
and /(0) = 0 is in BMO(E) but is not in L°°(K, E).

A classical inequality of Feίferman-Stein also holds in the local field
setting.

2.4. THEOREM. Let f e £/0C(K, E) such that Mf e U(K) for
some r with 0 < r < oo. Then for every p with r < p < oo, there is
a constant Cp depending only on p, such that

(1) \\Mf\\p<Cp\\M*f\\p.

The proof of this theorem is an adaptation of the Euclidean case
(see [3], Chapter 2, Theorem 3.6). To obtain this adaptation we must
remember that the balls of K have the same properties of the dyadic
cubes. We do not need to take dilations of balls, the number 2 that
appears in the proof of [3] is the prime number q here, and the func-
tions α(ί) and β(t) that are considered in [3] are equal in this case.

2.5. REMARK. The inequality 2.4(1) is not true when p = oo (see
2.3(c)).

As a consequence of the Fefferman-Stein inequality we obtain an
interpolation theorem of Marcinkiewicz-Riviere type, which will be
fundamental in the study of the singular integrals.

2.6. THEOREM. Let E and F be Banach spaces and let T be a
linear operator from L°°{K,E) into L°(K,F) such that, T has a
bounded extension from Z/(K, E) into Z/(K, F), for some r with
1 < r < oo, and

(1) \\Tf\\*<C\\f\\L-{E), feL?(K,E).

Then T has a bounded extension from LP(K,E) into Lp(K,F),for
all p with r < p < oo.

3. Singular integral operators.

3.1. DEFINITION. Let E and F be Banach spaces. A linear opera-
tor T defined on Z£°(K, E), the space of the is-valued L°°-functions
with compact support, with values in L°(K, F), the space of all F-
valued strongly measurable functions, is a singular integral operator
with an operator valued kernel, if the following two conditions are
fulfilled:

SIO 1. T has a bounded extension from 2/(K, E) into Z/(K, F),
for some r with 1 < r < oo.
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SIO 2. There is an operator valued kernel K, locally integrable
from K x K\Δ into L(E, F), such that

(1) Tf(x)= ί K(x,y)f(y)dy,
JK

for all feL™(K,E) and for a.e. x φ supp/.

3.2. DEFINITION. Let T be a singular integral operator with a
kernel K. We say that K satisfies {H\) if

(1) / \\K{x,y)-K{xyy>)\\L{E9F)dx<C
J\χ-y'\>\y-y'\

for all y φy', and we say that K satisfies (//oo) if

(2) \\K{x,y)-K{x,yr)\\L{E%F) < Cj^yψ

for \x - y'\ > \y - y'\. Moreover, we say that K satisfies (H'r), for
r = 1 or r = oo, if K'(x, y) = K(y, x) satisfies (Hr).

3.3. REMARK. The condition (//oo) implies the condition (-ίΓi).
In fact, if \y - y'| = qι and |x - y'\ > \y - y'\, then

\\K{x,y)-K{x,y')\\L{E,F)dx = Cqι j /+

OO

k=l+\
\z\=qk

Analogously, (H^) implies (H[).
Now we are ready to state the main theorem.

3.4. THEOREM. Let T be a singular integral operator with kernel
K, which has a bounded extension from Z/(K, F), for some r with
q < r < oo. The following hold:

(i) if K satisfies (H\), then T is of weak type (I, 1) and of strong
type (p, p) for p with q <p <r\

(ii) if K satisfies (H[), then T is of strong type (L°°, BMO)
and of strong type (p,p),forp with r < p < oo.

The proof of the above theorem is obtained like the Euclidean case
(see [3] or [6]). The crucial part uses a decomposition of the Calderόn-
Zygmund type (see [9], Chapter 3, results 7.6 and 7.9). Thanks to
the decomposition it follows that T is of weak type (1, 1). The
Marcinkiewicz interpolation theorem then shows that T is of
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strong type (p, p), 1 < p < r. The proof that T is of strong type
(L°°, BMO) is similar to the Euclidean case. Finally, to conclude
that T is of strong type (p, p) for r < p < oc, we need the Marcin-
kiewicz-Riviere interpolation Theorem 2.6.

3.5. THEOREM. Let (Tj)jez be a sequence of singular integral op-
erators uniformly bounded from Z/(K, E) into Z/(K, F), for some
r with 1 < r < oc. Suppose further that the sequence of associated
kernels (Kj)jez satisfies

(1) / sap\\Kj(x,y)-Kj(x,y')\\L{EjF)dx<C,
J\χ-y'\>\y-y'\ j

yφy',

and

(2) / sup\\Kj(x,y)-KJ(x',y)\\L{E,F)dy<C,
J\v-x'\<\x-x'\ j

xφx1.

Then, given p and s with 1 < p < oc and 1 < s < oc, there is a
constant Ap,s depending only on p, s, C and r, such that

(3)

and

1<P<OO,( 4 ) UTjfj)j\\L"(Γ(F)) < Ap,s\\(fj)j\\L'(Γ(E))>

for all λ > 0 and f = (/)),• € L^°(K, Z^^1)). Moreover, the inequality
(4) can te extended for all f = (fj)j e LP{K, ls(E)).

Proof. For each positive integer m, let Tm be the operator from
L?°(K, /J(£)) into L°(κ, ^(F)) defined by

(5) , Is(E)),

and let ΛΓm be the kernel from K x K\Δ into L(ls(E), Is(F)) defined
by

(6) Km{x, y){aj)j - (Kj(x, y)aj)-m<j<m , (α,-), e /*(£).

We observe that the operators 7} are uniformly bounded from
Z/(K, £) into L p ( K , F ) for all p, 1 < p < oo. Now, we fix
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s, 1 < s < oo. The operators fm are uniformly bounded from
Z/(K, Is(E)) into Z/(K, /5(F)) and it is clear that

fm(fj)j(x)= fκm(x,y)(fj(y))jdy
JK

for all (fj)j e L£°(K, Is(E)) and a.a. x φ supp(/7)7 . Since

< S U P I I ^ ^

then it follows by (1) and (2) that the kernel Km verifies (H\) and
(H[). Therefore, by Theorem 3.4, for each p with 1 < p < oo, there
is a constant APiS depending only on p, s, C and r, such that

(7)
\j\<m

and

/Oλ WT1 ί f λ \\ <? A \\( 1* Λ λ\ c 1 *"" n ^ rsr\
\ ) \\ wi\J ])) \\jL (7 (F)) — P -, s II \ / / /11L, (I (E)) 5 -r̂  ^ ^ ?

for all A > 0 and / = (fj)j G L^°(K, Is(E)). Moreover, the inequality
(8) can be extended for all / = (/ ;)7 e LP(K, Is(E)). Then, letting
m —• oo on both sides of the inequalities (7) and (8) we obtain (3)
and (4).

3.6. COROLLARY. Let T be a singular integral operator with kernel
K satisfying (H\) and (H[). Then, given p and s with 1 < p < oo
and 1 < 51 < oo, ί/zere is a constant Ap^s depending only on p, s, C
and r, such that

(1) x: <^ 1, 5r 1ικ/ 7) 7 | |L.

and

(2) \\{Tfi)j\\υφm <

for all A > 0 and f = (/7)7 G Lf(K,

1 <p < oo,

(2)
Moreover, the inequality

extended for all f = (fj)j e LP(KS(E)).

3.7. REMARK. In our applications we shall consider singular in-
tegral operators of convolution type, that is, with kernels of the type
K(x,y) = Kf(x -y) where K! is locally integrable from K\{0} into
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4. Applications to maximal functions.

4.1. DEFINITION. Let φ e L'(K) and for each t e K*, let φt(x) =
\t\~λ φ{t~x x). The maximal operator Mφ is defined by

Λf'ftx) = sup \{φt * f){x)\, f e L~(

The Euclidean version of the following theorem is due to F. Zό (see
[6] or [12]).

4.2. THEOREM. Let φ e CC(K) such that

(1) / s\xv\φt{x-y)-φt{x)\dx<C, y φ 0.

, given p and s with 1 < p < oo αrcd 1 < 5 < oo, ίΛere w a
constant Ap<s depending only on p, s, C and \\<p\\\, such that

(2) x: Σ\M*fj(x)\s > λs

j

and

(3) \\(M*fj)j\\Lf(P) < Ap,,\\(fj)j\\L>in , K P < «>.

/or all λ>0 and f = (/))_,- € I£°(K, / 5 ) . Moreover, the inequality (3)
can &> extended for all f = (/))y e

1. Owing to continuity of the function ί ι-» (φt * f)(x),
it is enough to calculate the supremum, in the definition of Mφ , on
a countable dense subset {tjjjeN of K*, that is,

M*f(x) = sap\(φtj*f)(x)\.

Consider the operators M& defined by

Mlf{x)= sup \{φt *f)(x)\.
J

We have that M&f(x) ΐ M^f{x) for all x e K. Therefore, obtaining
estimates for M&f that do not depend on m, we shall be obtaining
also estimates for Mφf.

Step 2. For each positive integer m, let Γ w be the linear operator
from L°°(K) into L°(K, /°°) defined by

(4) Tmf=(φtj*f)ι<j<m, feL\
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and let Km be the kernel (of convolution type) from K into L(C, /°°)
defined by

(5) Km(x)λ = (φtj(x)λ)ι<j<m, λ e C.

Since | | ^ | | i = \\φ\\\ for all t Φ 0, we have

(6) \\τmf\\L»{r) = esssup sup \(φt*f)(x)\
xβK \<j<m J

< e s s s u p sup H/Hooll^ί 111 = IWIi
xβK \<j<m J

i.e., the operator Tm is bounded from L°°(K) into L00^00). On the
other hand, we have

\<j<m

and

/ ll^m(x)| |L(c,/ o o)^= / sup \φt(x)\dx
JK Jκ\<j<m

/ \<PtM\dx =

\<j<m

\\ι < o o ,

* rrij
• \ i - i - . . . f

\<j<m

= I {ψt{x~y)f{y))\<j<mdy= Km(x-y)f(y)dy9
JK JK

for all / G I£°(K) and for a.e. x φ. supp/. Consequently Tm

is a singular integral operator of convolution type with kernel Km.
Moreover, the kernel Km satisfies, for all y φO,

(7) / \\Km{x -y)- Km{x)\\L{C9n dx
J\x\>\v\

I sup \φt (x-y)-φt {x)\dx
J\x\<\y\ \<j<rn J J

< &up\φt(x-y)-φt(x)\dx<C.
J\χ\>\y\ tφQ

Step 3. The inequalities (6) and (7) show that the operators Tm

and its kernels Km satisfy uniformly the hypothesis of the Corollary
3.6. Therefore, given p and s with 1 < p < oo and 1 < s < oo,
there is a constant APiS, depending only on p, s, C and \\φ\\\, such
that

(8) <AltSλ-ι\\(fj)j\\Ll (Is)
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and

(9) UTmfj)j\\lf(l'(r)) ̂  ApMfj)j\\L"(n , I <P<OO,

for all λ > 0, m e N and / = (/}); € L?°(K, /*). Moreover, the
inequality (9) can be extended for all / = (/}); € LP(K, Is). Since

\\Tmfj(x)\\Γ=M^fj(x),

then, letting m - » o o o n both sides of (8) and (9), we obtain (2) and
(3).

From 4.2 we obtain the maximal theorem of Feίferman-Stein (see
[2] or [6]) in the context of the local fields.

4.3. THEOREM. Given p and s with 1 < p < oc and 1 < s < oc,
there is a constant Ap,s depending only on p and s, such that

(1) | x : Σ\Mfj(x)\s > λs

and

(2) \\(Mfj)j\\LP{n < ApJ\(fj)j\\LP{n , 1< p < oo,

for all λ > 0 and / = (/}), e I£°(K, Is). Moreover, the inequality (2)
can be extended for all f = (fj)j e LP(K, Is).

Proof. Let φ be the characteristic function of the ball B°. If |x| >
|>Ί, then \Γι(x-y)\ = \Γιx\ and hence φ(Γι(x-y)) - φ(Γxx).
Therefore

\9t{χ -y)- <Pt{χ)\ = \t\-χ\φ{r\x - y)) - φ(rιχ)\ = o

and consequently

(3) / s\xp\φt(x-y)-φt(x)\dx = 0.
J\χ\>\y\ tφϋ

On the other hand, we have

(I/I •*)(*)= ί\f{χ-y)\φt{y)dy
JK

= \t\~ι ί\f(x-y)\φ(Γιy)dy
JK

\f{χ-y)\dy
\y\<\t\

ί \f{y)\dy
J\y-x\<\t\
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and hence

(4) M'\f\(x)=sap(\f\*φt)(x)

= sup|ί|-1 / \f(y)\dy
r^o J\y-χ\<\t\

f \f{y)\dy = Mf{x).
J\v-x\<a~k

1k

kez J\y-χ\<q~
From (3) it follows that the maximal operator Mφ satisfies the in-
equalities 4.2(2) and 4.2(3). Then, by (4) we obtain the inequalities
(1) and (2) for the Hardy-Littlewood maximal operator.

5. A multiplier theorem on LP(K9 /
5)-spaces.

5.1. LEMMA. Let g e L2(K) and a > 0. Then, there is a constant
Aa depending only on a, such that

(1) q-« f \x\a\g{x)\2dx
JK

<Aa if \g{x+y)-g{x)\2\y\-({+a)dxdy.
J JKXK

Proof See [9], page 220.

5.2. LEMMA. Let {gj)jez be a sequence of elements of L2(K) and
suppose that there are B > 0 and ε > 0, such that

p p +OO

J JKXK J=_OO

Then, there is a constant Aε depending only on ε, such that, for all

kez,

(2) / sup \gj(x)\ dx < A£Bq-kβl2.
J\x\>qk

Proof. It follows from Holder's Inequality that

X 1/2 / X 1/2

|x|(1+e)sup|£y(x)|2rf* / \x\-^+^dx)

1/2
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Now, setting a = 1 + ε and applying Lemma 5.1, we obtain

q~aj ί \x\asnp\gj(x)\2dx
JK j

+oo

and consequently

f sup\gj(x)\dx <
J\x\>q j

5.3. THEOREM. Let (rnj)jez e L°°(K, I2) and suppose that there
are B > 0 and ε > 0, such that, for all j e Z,

J\y\<qJ J\x\=qJ j ^ - o o

Then, for all (ψj)j e S(K, /Q°) αnJ 1 <p, s <oo, we have

(2) \\((mjφj)w)j\\Lp{ι<) < C\\(<pj)j\\LP{n,

wA r̂̂  C is independent of (ψj)j.

Proo/ 5ί^p 1. Let φ^ be the characteristic function of the ball
B^ and mkj = wijφk, k e Z. Since {φj)j € 5(K, /g°) has compact
support we see that {{nήφj)y)j = ((mjφj)y)j for A: small enough.
Hence, if we wish to show (2), we only need to show that, for all
(<Pj)j e S(K, /Q°) , k e Z and 1 < p, s < oo, we have

( 3 ) II(
where the constant C is independent of fc and {ψj)j -

5ίep 2. For each A:, 7 e Z, let 7^ be the linear operator defined by

(4) Tfφ = ( m ^ ) v = (m})v * ̂ , ^ G

For all k, j eZ and #> e*S(K) we have

(5) \\T}φ\\2 = \\(mkφr\\2 = \\m
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Therefore (Tjf)jez is a sequence of singular integral operators of con-
volution type uniformly bounded from L2(K) into L2(K), with se-
quence of associated kernels ((m^)v)jez.

Step 3. Let mjΊ = m~ι - m1'1 for j , I e Z. It follows from (1)
that

(6) / /

J\v\<a*\y\<qι '

< B2q~εl.

We have also

+00

/ , / , Σ \mjl{x+y)-mjl{x)\2\y\~^dxdy
J\y\>4' J\χ\=J jZ^oo

+00

,2 Σ (|wy7(x + y)|2 + |

/
\y\>4 j o o

+00

r

=O' J\x\<a' :

+ 0 0

+ CXD
f 1

(9)

+00

Σ
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Therefore from (6), (7), (8) and (9) we obtain

+00

(10)
κxκ;=-oo

for all / G Z , where the constant C depends only on \\(mj)j\\L°°π2),
B and ε. Then, it follows by Lemma 5.2 that, for all k e Z,

(11) f sup\(mjly(χ)\dx=
J\x\>qk J

Since MjiΦ-\ — niji, the (rΠjiY{x + y) = (m7 /) v (x) for all x, y € K
with \y\ < q~ι (see [9], page 126). Therefore, for all t, j,ke% and
x j G K with \y\ < qι, we have

Hence we obtain by (11) that, for all t, k e Z,

(12) f sup\(m^(x + y)-(m^)v

J\χ\>i' J
oo

<2

and consequently for all A: G Z, we have

sup / sup |(mί)v(x - y) - (m})v(x)| ^

= sup sup ί sup |(m))v(x + y)- (m))y(x)\ dx < C.
tez\y\<q J\χ\>q j

Therefore, the sequences of kernels of convolution type ((nή)y)jez
satisfy uniformly 3.5(1) and 3.5(2). Consequently we obtain (3),
which proves the theorem.

6. Applications to Besov and Hardy-Sobolev spaces. In this section
we will give some applications of some foregoing results to Besov and
Hardy-Sobolev spaces and to spaces of Bessel potentials.

6.1 Let AJ = W - W+ι = {x e K: |x| = g~J} for j e Z.JVe will

consider the sequence (Φ/)y>o of elements of S(K), where Φ/ is the
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characteristic function of A~J for j > 1, and ΦQ is the characteristic
function of D.

For each distribution / e S"(K) and j > 0 we have that Φy * / is
a function (see [9], p. 126). We can easily see that the function Φ ;

satisfies:

(1) Φy * Φj = Φj and Φj * Φz = 0 for / ̂  7

(2) Φy(x + j;) = Φ, (x)

(3)
7=0

6.2. DEFINITIONS. Let 5 G R and 1 < /? < 00. For 1 < r < oc,

the distribution feS'(K) is in Bs

pr(K) if

For 1 < r < 00, the distribution / G Sf(K) is in /£r(K) if

6.3. REMARK. The sequence (Φj)j>o ^sed in Definition 6.2 and
given as in 6.1 is unique. In fact, if (ψj)j>o is a sequence of elements
of S(K) such that sup ψj c A~j for 7 > 1, supp ^0 c D and Σ 7 ^ 7 =
1, then ψj is the characteristic function of A~~J for 7 > 1, and ^0
is the characteristic function of D, that is, ψj = Φ7 for j >0.

6.4. REMARK. AS in the Euclidean case, there is another way to
define the spaces Bs

pr(K) and F/r(K) (see [11]). We can say that the
distribution / is in Bs

pr(K) (F*r(K), respectively) if there is a sequence
(aj)j>o of elements of S'(K) such that Σ 7 Λ7 converges in S'(K) to
/ , supply c A~i for 7 > 1, suppόo C B and

\\(aj)j>o\\ζ(Lp) < °° (ll(tf;)y>ollz/(/;) < 00 ? respectively).

But this definition is trivial because there is only one sequence
for each / , namely, the sequence (Φ7 * f)j>o - In fact,

k=0 k=0

and hence αy = Φy * / for 7 > 0.
If 5 G R and / G 5"(K), the Bessel potential of order s of / is

defined by
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For α, β € E, the map / H-> Jaf is a homeomorphism from 5"
onto 5"(K), (Ja)~ι = J'a and Ja+βf = Ja(jβf) for /eS ' (K) (see
[9], p. 137).

The next theorem shows that Js is an isometry on Fp'r and Bpr.

6.5. THEOREM. Let s, t € K α«d 1 < /? < oo. Then

(2) μ V l l j " = II/IU' , / G ^Γ(K), 1 < r < oo.
pr pr

Proof. We can easily verify that / 5 Φ ; = qsjΦj for j > 0. Then,
for > 0, s e R and / € 5"(K) we have

(3) / ' ( Φ ; * /) = (JSΦj) * / = ^ ( Φ , * / ) .

For / G Fp\{¥) and 1 < r < oo, it follows from (3) that

= \\(qίj{Φj*f})j>o\\u{n

= II/IIF

Now, for / € B^K) and 1 < r < oo, it also follows from (3) that

= \\f\\B'pr-

Now, we will give a theorem of the Littlewood-Paley type. It is a
variant of Taibleson's theorem (see [9], pp. 200 and 202), but our
proof makes use of vector singular integral operators.

6.6. THEOREM. For each 1 <p < oo, there are constants Ap and
Bp, depending only on p, such that, for all f G Z/(K) we have

(1) Ap\\f\\P < IKΦ/ * f)j>o\\L,{h < Bp\\f\\p.

Proof (Sketch). Let us consider the operator T from Lf(E) into
L°(K,/2) defined by

(2) Γ / = ( Φ , * / ) , > 0 ,

and S from L*(K, I2) into L°(K) defined by

(3) S ( , ,
7=0
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We can show that

and

Therefore we can conclude that T has a bounded extension from
L2(K) into L2(K, I2) and S has a bounded extension from L2(K, I2)
into L2(K).

Let AΓi and Kι be the kernels defined by

(4) K\{x)λ = (Φj(x)λ)j>o, x E

(5)

We have that

therefore, showing that x h-> ||(Φ7 (jc))y>oll/2 is locally integrable we
can conclude that K\ and Â2 are locally integrable. Since

\\Kx{x -y) - Kx(*)||L(Cf/2j = ||Λζ2(Jc - y ) - ^ W l l ^ . o = 0

for I*I > | j ; | , we have that K\ and ^ 2 satisfy the conditions (H\)
and (i7{) of Theorem 3.4. We can easily verify that

and

Tf(x)= ί K{(x-y)f(y)dy
JK

Sa(x)= f K2(x-y)a(y)dy,

for all x e K, / e L°°(K) and αGLc°°(K, / 2 ) . Then, it follows from
3.4 that T and S are singular integral operators of the strong type
(p9p) for 1 < p < oo, and consequently we have the inequalities
6.6(1).

In Taibleson [9] the space of Bessel potentials tPs (K) is defined for
s e R and 1 < p < oo, as the set of all distributions / G ̂ (K) such
that

The next theorem is a consequence of Theorem 6.6.
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6.7. THEOREM. If s e E and 1 < p < oo, ί/ze/2 the spaces LP

S(K)
and F*2(K) are isomorphic.

Proof. If / e S'(K), it follows from 6.6(1) and 6.5(1) that

II/IIL; = \\Jsf\\p « μ5/llF;2 = 11/11̂ .

6.8. To close this section we will show that Bs

pr(K) (F/Γ(K), re-
spectively) is a retract of l$(LP(K)) (LP(K, /J), respectively). Let us
consider mappings S and & given as follows. The mapping J^ is
defined on the elements of 5"(K) by

(1) ^ / = ( Φ ; * / ) 7 >o.

The mapping & is defined for sequences a — (α7 )y>o of elements of
5"(K) by

(2)
;=0

where the convergence is considered in S'(K). We are not saying that
& is defined on all sequences a = (α/)7>o of elements of S'(K), but
only on those sequences for which the series defining £Pa converge
in S*(K). It follows from the property 6.1(1) that ^ / / = / for all

/e^Γ(κ)uF/,(κ).

6.9. THEOREM. The space Bs

Pr(K) is a retract of lr

s(Lp(K)) and
F/r(K) is a retract of L?{K, Γs) ,fors€R and 1 < p, r<oo.

Proof First we note that

II/IU; = IWIIζ(L') and \\f\\ffr = W^fh^y

Since Φj(x+y) = Φj(x) for \x\ > \y\, it follows that {Φ/: j > 0} is a
family of scalar multipliers uniformly bounded on LP(K), 1 < p < oo
(see [9], p. 218). Thus, using properties of the functions Φy we obtain
for α = (α, )j>o€.S(K,/§0),
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On the other hand, since Φj(x + y) = Φj(x) for \x\ > \y\, it follows
from 5.3 that (Φ/)j>o is a multiplier on LP(K9 lr), 1 < p, r < oo.
Consequently, by the properties of the function Φ7 we have for a —

Hence, J" is bounded from Bs

pr(K) into US(LP(K)) and from F*r(K)
into Z/(K, /;) , and & is bounded from ΓS(LP(K)) into B™r(K) and
from LP(K, /J) into ^ ( K ) , for s G R and 1 < p, r < oo.

6.10. REMARK. Due to Theorem 6.9 it is possible to obtain inter-
polation theorems for the spaces L?(K), Bj,r(K) and F/?r5(K) as in
the Euclidean case. For instance, we have (see [1], p. 153) that

w h e r e s = ( 1 — Θ)SQ+ΘSI , 0 < θ < I , SQ ̂  S \ , l < p < o o , l < r < o c .
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